Reconstruction of Finite Signal Derivatives from Multiscale Extrema Representations:

Application to Transient Estimation and Signal Approximation

Sylvain Meignen^∗ LMC-IMAG Laboratory, University of Grenoble, France Tel:0033-4-76-51-43-95 FAX:0033-4-76-63-12-63 E-mail: sylvain.meignen@imag.fr Pierre-Yves Guméry TIMC-IMAG Laboratory, University of Grenoble, France Tel:0033-4-76-63-74-55 FAX:0033-4-76-63-71-86 E-mail : pierre-yves.gumery@imag.fr

Abstract- In this paper, we propose a novel approach to the reconstruction of finite signal derivatives from the extrema of a multiscale representation, first introduced by Berkner. We show that this reconstruction procedure naturally leads to the definition of a signal characteristic scale. We also focus on signal approximation from the multiscale extrema representation of one of its derivatives. Numerical applications involve the use of the signal characteristic scale for transient estimation and also the study of the new signal approximation method we propose.

Keywords- Berkner Decomposition, Multiscale Extrema Representation, Transient Estimation, Signal Approximation.

EDICS Category: RECO,WAVL

I. INTRODUCTION Image and Signal approximation from wavelet transform modulus maxima (WTMM) representation or from zero-crossing representation has received a lot of interest in the past decade [8][9][10]. These representations are based on irregular sampling of the continuous dyadic scale wavelet transform at points which correspond to singularities or edges in the signal. However, Berman [2] and Meyer [12] showed that the corresponding (discrete-time or continuous) signal is not, in general, unique, the uniqueness being related to the completeness of the wavelet sampling basis in the signal subspace [7]. In spite of the non-uniqueness, it is possible to build a consistent signal having the same properties as those of the original signal described by the WTMM representation. A number of reconstruction methods were proposed for the 1-D WTMM reconstruction problem such as the projection-based method [8] [7][3], the conjugate gradient error minimization method [4] and the least square eigenspace method [6]. For the 2-D WTMM reconstruction problem, different methods were proposed based on projection onto a convex space [8][5]. In [13], a consistent discrete-time signal reconstruction from discrete-time wavelet transform extrema and zero-crossings is proposed.

All these multiscale extrema representations are based on the dyadic scale wavelet transform but in many applications, such as transient estimation, this scale representation is much too sparse. Furthermore, extrema of wavelet coefficients are known (for a specific choice of wavelet) to make up maxima lines in the time-scale space. These maxima lines cannot be constructed from the dyadic scale wavelet transform but are very useful to compensate for time-shifts of extrema with scale [11].

In this paper, we use a multiscale representation that behaves asymptotically like a wavelet transform [1] (section II). The corresponding multiscale extrema representation leads to a simple construction of maxima lines which were recently used for transient estimation [11]. We show here that a perfect finite signal derivative reconstruction is achieved with this multiscale extrema representation. The reconstruction procedure leads to a characteristic scale which we use for transient estimation (section III). We then introduce an approximation to compute the (k-1)th order signal derivative from the kth order signal derivative multiscale extrema representation. From this, any signal can be approximated from the multiscale extrema representation of any of its derivatives (section IV). Numerical applications involve the use of the characteristic scale mentioned above for transient estimation and also the study of our new signal approximation method which we compare to another method based on WTMM at dyadic scales (section V).

II. SHIFTED BERKNER DECOMPOSITION The decomposition we use is close to the discrete B-spline decomposition. Let us recall that the discrete B-spline of order n > 0, at scale m, is defined by [14]:

b^n_m = n+1 b^0_m ∗ b^0_m ∗ · · · ∗ b^0_m, (1)

where b^0_m =^1_m {1, 1, · · · , 1} is the normalized sampled pulse of width m ≥ 2, with support { −^{m−1}_2 , · · · ,^{m−1}_2 } when m is odd and { −^m_2 + 1, · · · ,^m_2 } otherwise. We also define b^{−1}_m = δ_0 where (δ_l[p])_{p∈Z} is the sequence that equals 1 if p = l and zero otherwise. Using probability theory we obtain the approximation for large n: b^n_m[p] ≈ √ 6 π(n + 1)(m^2 − 1) exp ( 6(p − ϵ^{n+1}_2 )^2 (n + 1)(1 − m^2) ) , where ϵ = 1 if m is even and 0 otherwise [11]. We suppose that this is the case for the rest of the paper. To derive approximations of the derivatives of the Gaussian function at discrete points location, we consider ρ = {1, −1}, ρ_k = k ρ ∗ · · · ∗ ρ, and b^n_{m,k} = ρ_k ∗ b^n_m. With these notations and for large n we have:

b^n_{m,k}[p] ≈ √ 6 π(n + 1)(m^2 − 1) [ exp(

6x^2 (n + 1)(1 − m^2) ) ]_{(k)}

(p − ϵ(n + 1) + k 2 ). (2)

For a proof see [11]. To get an approximation of the kth order derivative of the Gaussian function we shift the filter b^n_{m,k} properly ; we define:

α^n_{m,k}[p] = b^n_{m,k}[p + ⌊ ϵ(n + 1) + k 2 ⌋] (3)

where ⌊.⌋ denotes the integer part, to obtain unshifted approximations of the derivatives of the Gaussian function. Therefore, for large N and k ≥ 1 the filtering of a signal f by α^n_{m,k} is like a wavelet transform. By analogy with wavelet decompositions that are convolutions with reverse time version of wavelets, the decomposition we use is the correlation of the signal f with α^n_{m,k} defined in (3):

∀p ∈ Z c^n_{m,k}[p] = ∑ j∈Z α^n_{m,k}[j]f[j + p] = ∑ j∈Z α^n_{m,k}[j − p]f[j] for n ≥ −1. (4)

In the following, as n is a dilation factor, we will call it ”scale” n.

III. EXTREMA DEFINITION AND SIGNAL DERIVATIVES RECONSTRUCTION FROM MULTISCALE EXTREMA REPRESENTATION A. Extrema Definition and Properties

We define the maxima (respectively minima) of the sequence c^n_{m,k} as the strictly positive (respectively negative) coefficients c^n_{m,k}[p] such that c^n_{m,k}[p − 1] ≤ ( resp. <)c^n_{m,k}[p] > ( resp. ≥)c^n_{m,k}[p + 1] (resp. c^n_{m,k}[p − 1] ≥ ( resp. >)c^n_{m,k}[p] < ( resp. ≤)c^n_{m,k}[p + 1]). The specificity of the case m = 2 is that an extremum at scale n arises from a unique extremum of the same nature at scale n − 1 [1] [11]. These extrema define curves in the time-scale space which are called maxima lines. Let us note that, when m = 2, the decomposition satisfies

if n + k odd, c^n_{2,k}[p] = 1 2 (c^{n−1}_{2,k} [p − 1] + c^{n−1}_{2,k} [p]) else c^n_{2,k}[p] = 1 2 (c^{n−1}_{2,k} [p] + c^{n−1}_{2,k} [p + 1]) (5)

which enables us to prove the following result on extrema:

Theorem 1: If n + k is odd (resp even) and if there is an extremum at p in scale n then there is an extremum of the same nature either at p or p − 1 (resp. at p or p + 1) at scale n − 1. PROOF: We consider the case n + k odd and we assume there is a maximum at p in scale n of the form:

c^n_{2,k}[p] > 0 c^n_{2,k}[p − 1] ≤ ( resp. <)c^n_{2,k}[p] > ( resp. ≥)c^n_{2,k}[p + 1] ⇔ c^{n−1}_{2,k} [p − 1] > ( resp. ≥)c^{n−1}_{2,k} [p + 1] c^{n−1}_{2,k} [p − 2] ≤ ( resp. <)c^{n−1}_{2,k} [p]. (6) Then, using (5), if c^{n−1}_{2,k} [p] ≤ 0 we deduce c^{n−1}_{2,k} [p − 1] > 0 ; the second inequality of (6) permits us to conclude that c^{n−1}_{2,k} [p − 1] is a local maximum. On the contrary, if c^{n−1}_{2,k} [p] > 0, when c^{n−1}_{2,k} [p − 1] ≤ 0 there is a local maximum at p, using the first inequality of (6) ; when c^{n−1}_{2,k} [p − 1] > c^{n−1}_{2,k} [p] there is a local maximum at p − 1 (second inequality of (6)) ; finally, when c^{n−1}_{2,k} [p] ≥ c^{n−1}_{2,k} [p − 1] there is a local maximum at p (first inequality of (6)). The same reasoning holds for the other kind of maxima and also for minima. The proof is the same for n + k even ■.

Theorem 1 tells us that multiscale extrema make up maxima lines in the time-scale space. An illustration is given in Figure 1, where we display a noisy sin function and corresponding maxima lines for k = 1. The graph ordinate for the maxima line plot is

√_{n+1}

2 (cf (2)), which corresponds to the definition of scale in the usual sense. Each singularity (i.e an extremum of the discrete derivative) belongs to a single maximal line (one must not misinterpret the graphic representation ; it may seem that there are sometimes two maxima lines for one singularity but this is due to a change in the extrema position from one scale to another).

Fig. 1. Computation of the maxima lines with k = 1 (lower graph) corresponding to a noisy sin function (upper graph)

B. Finite Signal Derivatives Reconstruction from Multiscale Extrema Representation Finite signal derivatives reconstruction from their multiscale extrema representation is an application of Theorem 1. With our notations, the kth order discrete derivative (which we call derivative for simplicity) of f is c^{−1}_{2,k}. Indeed, applying (4) and (3) we get:

c^{−1}_{2,k}[p] = ∑ j∈Z ρ_k [ j + ⌊ k 2 ⌋ ] f[p + j],

where ρ_k[. + ⌊^k_2 ⌋] is the centered kth order finite difference operator.

We notice that the multiscale extrema representation of the kth order signal derivative up to scale n enables us to compute many coefficients at smaller scales. More precisely:

Theorem 2: Assume that c^n_{2,k}[p] is an extremum in scale n and that the value of the coefficients along the corresponding maxima line is known up to scale n, then we can compute c^{n−2q}_{2,k} [l] for l ∈ {p − q, · · · , p+q}, c^{n−2q+1}_{2,k} [l] for l ∈ {p−q, · · · , p+q −1}, when n+k is odd and for l ∈ {p−q +1, · · · , p+q} when n + k is even.

PROOF: We assume n + k odd, the case n + k even can be treated in the same way. The proof is by induction on q. When q = 1, if c^n_{2,k}[p] is an extremum then c^{n−1}_{2,k} [p] is an extremum or c^{n−1}_{2,k} [p − 1] is an extremum (cf Theorem 1), so one of these coefficients are known by hypothesis. Using (5), both c^{n−1}_{2,k} [p − 1] and c^{n−1}_{2,k} [p] are known. Then, there is an extremum at p − 1, p or p + 1 in scale n − 2 (using Theorem 1). If it is at p − 1, one computes c^{n−2}_{2,k} [p] and then c^{n−2}_{2,k} [p + 1], both using (5). If it is at p (resp. p + 1), we compute c^{n−2}_{2,k} [p − 1] and then c^{n−2}_{2,k} [p + 1] similarly (resp. c^{n−2}_{2,k} [p] and then c^{n−2}_{2,k} [p − 1]). This ends the proof for q = 1.

We now assume that c^{n−2q}_{2,k} [l] for l ∈ {p−q, · · · , p+q} and c^{n−2q+1}_{2,k} [l] for l ∈ {p−q, · · · , p+q −1} are known. As there is an extremum in the sequence c^{n−2q−1}_{2,k} [l] (Theorem 1), l ∈ {p − q − 1, · · · , p + q}, and as c^{n−2q}_{2,k} [l], l ∈ {p − q, · · · , p + q} are known, we compute c^{n−2q−1}_{2,k} [l] for l ∈ {p − q − 1, · · · , p + q} with (5). Indeed, assume that an extremum is at l^∗ then, applying (5) iteratively, we compute c^{n−2q−1}_{2,k} [l^∗ − 1], · · · , c^{n−2q−1}

2,k [p − q − 1]. Similarly, we compute iteratively c^{n−2q−1}_{2,k} [l^∗ + 1], · · · , c^{n−2q−1}_{2,k} [p + q]. The algorithm to compute these coefficients is written in the Appendix. At scale n − 2q − 2, we compute c^{n−2q−2}

2,k [l] for l ∈ {p − q − 1, · · · , p + q + 1}, noticing that n − 2q − 1 is even and using (5) (see the Appendix for details). This ends the proof ■.

We derive from Theorem 2 a simple algorithm for the reconstruction of the kth order finite signal derivative (i.e c^{−1}_{2,k}) from its multiscale extrema representation. Theorem 2 tells us that the knowledge of c^l_{2,k}[q] along the maxima line corresponding to the extremum at p in scale n enables to compute c^{−1}_{2,k}[l] for l ∈ I^n_k [p] = {p −^{n+1}_2 , · · · , p +^{n+1}_2 }, when n is odd, for l ∈ I^n_k [p] = {p −^n_2 − 1, · · · , p +^n_2 }, when n is even and k odd and for l ∈ I^n_k [p] = {p −^n_2 , · · · , p +^n_2 + 1} otherwise. We can therefore state the following theorem:

Theorem 3: Assume that f is finite, that it is not the null sequence and that S(c^{−1}_{2,k}) is the support of c^{−1}_{2,k}. Let us denote M^n_k the set of indices corresponding to R^n_k extrema in scale n. Then the smallest scale for the reconstruction of c^{−1}_{2,k} with our scheme is:

N_k = argmin_N N⋃ n=−1

R^n_k⋃

r=1 I^n_k [M^n_k [r]] ⊂ S(c^{−1}_{2,k})

. (7)

Proof: We first prove that N_k exists.

R^n_k⋃ r=1 I^n_k [M^n_k [r]] is the set of indices l corresponding to the coefficients known from the extrema that propagate up to scale n (Theorem 2).

Let us first assume that c^n_{2,k}[l] has no extremum. Either it is strictly increasing or strictly decreasing or constant. As it has a finite support, if it were strictly increasing (resp. decreasing) it would have a maximum at the least upper (resp. lower) bound of its support. Now, if c^n_{2,k}[l] were constant, it would necessarily be the null sequence, since it has a finite support. (5) then tells us that c^{n−1}_{2,k} would be such that c^{n−1}_{2,k} [p] = −c^{n−1}_{2,k} [p − 1]. Since c^{n−1}_{2,k} has a finite support this would mean c^{n−1}_{2,k} is the null sequence, and iteratively c^{−1}_{2,k} would also be the null sequence. This would finally lead to f is the null sequence which contradicts the hypothesis. c^n_{2,k} necessarily has one extremum. Let then p_n be the location of an extremum at scale n ; then |I^n_k [p_n]| (where |A| is the cardinal of A) is strictly increasing with n and thus covers S(c^{−1}_{2,k}) for some n_0. As I^{n0}_k [p_{n0} ] ⊂

R^{n0}_k⋃ r=1 I^{n0}_k [ M^{n0}_k [r] ] ⊂^{n0} ⋃ n=−1

R^n_k⋃ r=1 I^n_k [M^n_k [r]], N_k exists.

Now, N_k is the minimal scale for the reconstruction of the kth order signal derivative with this multiscale extrema representation, since for N_k − 1 there exists some indices q for which c^{−1}_{2,k}[q] is undetermined if we only use the values of the extrema up to rank N_k − 1 ■.

The reconstruction of c^{−1}_{2,k} is based on the application of the algorithm detailed in the Appendix, considering the extrema at scale N varying from 0 to N_k. The case N_k = −1 corresponds to the case where every point of c^{−1}_{2,k} is an extremum and is treated separately. We will compare in the Numerical Applications section the characteristic scale N_k just obtained to that computed in [11] for transient estimation.

IV. SIGNAL APPROXIMATION FROM kTH ORDER DERIVATIVE MULTISCALE EXTREMA REPRESENTATION We here show how to use the kth order derivative multiscale extrema representation we have just introduced to approximate the signal. In the Numerical Applications section, we will draw a comparison between our method and an existing method based on WTMM at dyadic scales [8].

A. (k-1)th Order Signal Derivative Approximation from kth Order Signal Derivative Multiscale Representation

Formula (5) enables us to write, for −1 ≤ l ≤ N − 1 [11]:

c^l_{2,k−1}[p] = c^N_{2,k−1}[p + ⌊

N − l 2 ⌋] + 1 2 N−1∑ n=l c^n_{2,k}[p + ⌊ n − l + 1 2 ⌋] l+k even

c^l_{2,k−1}[p] = c^N_{2,k−1}[p + ⌊

N − l + 1 2 ⌋] + 1 2 N−1∑ n=l c^n_{2,k}[p + ⌊ n − l + 2 2 ⌋] otherwise, (8)

where ⌊.⌋ denotes the integer part. We first establish a general property of the sequence c^n_{m,k}. Let us recall that: c^n_{m,k}[p] = 1 m ∑ i∈I c^n_{m,k}[p − i], (9) where I is a set of indices of length m centered at 0 modulo a shift by one (cf (3)). The following relation between C^{n−1}_{m,k} and C^n_{m,k} holds:

C^n_{m,k} = ∑ p∈Z ( c^n_{m,k}[p]

)_2 = 1 m^2 ∑ p∈Z ( ∑ i∈I c^{n−1}_{m,k} [p − i]

)_2

= 1 m^2 ∑ p∈Z m ( c^{n−1}_{m,k} [p]

)_2 + 2 ∑ p∈Z ∑ (i,j)∈I^2,i>j

c^{n−1}_{m,k} [p − i]c^{n−1}_{m,k} [p − j]

≤ 1 m^2 m ∑ p∈Z ( c^{n−1}_{m,k} [p]

)_2 + 2 m(m − 1) 2 ∑ p∈Z ( c^{n−1}_{m,k} [p]

)_2 , using the Cauchy-Schwarz inequality

= ∑ p∈Z ( c^{n−1}_{m,k} [p]

)_2 = C^{n−1}_{m,k} . (10)

The inequality is an equality if and only if c^{n−1}_{m,k} [p−i] = c^{n−1}_{m,k} [p−j], i > j. Consequently, the sequence ( C^n_{m,k} ) n converges (decreasing and positive) and c^n_{m,k}[p] tends to zero with n whatever p. When m = 2, and for large N, we deduce from formula (8) the following approximation:

c^l_{2,k−1}[p] ≈ 1 2 N−1∑ n=l c^n_{2,k}[p + ⌊ n − l + 1 2 ⌋] = d^{l,N}_{2,k−1}[p] k+l even

c^l_{2,k−1}[p] ≈ 1 2 N−1∑ n=l c^n_{2,k}[p + ⌊ n − l + 2 2 ⌋] = d^{l,N}_{2,k−1}[p] otherwise. (11)

We now study the (k-1)th order signal derivative approximation obtained taking l = −1 in (11):

c^{−1}_{2,k−1}[p] ≈ 1 2 N−1∑

n=−1

c^n_{2,k}[p + ⌊ n + 2 2 ⌋] = d^{−1,N}_{2,k−1}[p] k odd

c^{−1}_{2,k−1}[p] ≈ 1 2 N−1∑

n=−1

c^n_{2,k}[p + ⌊ n + 3 2 ⌋] = d^{−1,N}_{2,k−1}[p] otherwise. (12)

To assess the quality of the approximation, we compute the quantity

E^N_k = ∑ p∈Z (c^{−1}_{2,k−1}[p] − d^{−1,N}_{2,k−1}[p])^2 ∑ p∈Z ( c^{−1}_{2,k−1}

)_2 (13)

and then study the rapidity of convergence with N for different k and for different signal frequency bandwidths. The signals we use in simulations are generated through the filtering of a Gaussian white noise by a Butterworth filter with varying frequency bandwidths.

Numerical simulations show a faster convergence of E^N_k when k increases and also when the signal frequency bandwidth is shifted towards higher frequencies. These two results correspond to the same phenomenon since signal differentiation leads to a higher frequency signal. We give in Figure 2 an example of this phenomenon for signals with respective frequency bandwidth 20-200 Hz and 200-400 Hz (the frequency sampling is 1kHz and the results are averaged over 500 realizations).

(A) (B)

Fig. 2. (A): Computation of E^N_k , for k = 1, 2, 3, for a signal with frequency bandwidth 20-200Hz, (B): idem but for a signal with frequency bandwidth 200-400Hz. The sampling frequency is 1 kHz

B. Signal Approximation from the kth Order Signal Derivative Multiscale Extrema Representation The signal approximation from the kth order signal derivative multiscale extrema representation we introduced is carried out using the following procedure: we first reconstruct the kth order signal derivative from its multiscale extrema representation (see section III) and we then iteratively build approximations of the derivatives of order k − 1, · · · , 1 and finally of the signal f using (12). In practice, the approximation of the signal f is better from the first derivative than from higher order derivatives. Indeed, in these later cases, only an approximation of the first derivative (obtained from the kth derivative) is used to approximate f. Note also that the quality of the approximation increases with N ; this will be discussed in the Numerical Applications section.

V. NUMERICAL APPLICATIONS We showed that the reconstruction of the kth order signal derivative from its multiscale extrema representation leads to the definition of a scale N_k, which we now prove to be characteristic of signal frequency bandwidth. We also show how to use this characteristic scale for transient estimation following the same procedure as in [11]. Finally, we numerically compare our new signal approximation method to a WTMM at dyadic scales method [8].

A. Computation of the Signal Characteristic Scale N_k, Application to Transient Estimation We investigate the evolution of N_k with signal frequency bandwidth and with the order k of the derivative. We carry out simulations for signals with frequency bandwidth 50 − 150 Hz, 150 − 250 Hz and 250−350 Hz (with sampling frequency 1kHz). For each k and each bandwidth, we compute the mean and the variance of N_k over 500 realizations (each signal lasting 1.5 s). The results, depicted in Table I, show that N_k is characteristic of signal frequency bandwidth whatever the order k of the derivative. As signal differentiation increases the mean frequency, it results in a larger number of extrema when k increases leading to smaller a N_k. Also, shifting the frequency bandwidth towards higher frequencies with fixed k makes N_k decrease for the same reason. We must also stress that N_k increases with signal length, so N_k can discriminate different frequency bandwidth signals provided they have the same length.

k = 1 k = 2 k = 3 50-150 Hz mean(N_k ) 9.1 8 7.2 variance(N_k ) 1.3 0.9 0.5 150-250 Hz mean(N_k ) 4.5 4.3 4.2 variance(N_k ) 0.3 0.2 0.2 250-350 Hz mean (N_k ) 3 3 3 variance(N_k ) 0 0 0

TABLE I COMPUTATION OF THE MEAN AND THE VARIANCE OF N_k OVER 500 REALIZATIONS FOR k = 1, 2, 3

In another direction, the characteristic scale N_k can be used for transient estimation purpose. One crucial issue in transient estimation problems in a multiscale framework is the scale of analysis. When the transient estimation is carried out with maxima lines methods this amounts to seeking up to which scale the coefficients on the maxima lines are relevant. The maxima lines method proposed in [11] is a particular case of the proposed scheme for k = 1. In that paper, the largest scale for the study of maxima lines corresponds to the minimum of the l_2 reconstruction error when the signal is approximated using formula (12) for k = 1 and keeping only the coefficients that are extrema. Once this characteristic scale (called N_0 in the paper) is computed, an estimator of transients is proposed, using features extracted from each maxima line L at rank q ≤ N_0. These features were: D_{L,q} = ∑ (p,n)∈L

(c^n_{2,1} [p])^2 ‖α^n_{2,1} ‖^2 and FL,q =

O(L_+(q)) − O(L), where O(L) is the origin of the maxima line L, and L_+(q) is the maxima line that follows L at rank q.

This approach suffers from the lack of a theoretical proof of the existence of N_0 for any signal. Furthermore, the transient estimator in [11] is based on the multiscale extrema of the first order signal derivative. We find it of interest to study the role of the order of the derivative for transient estimation.

To investigate the influence of the characteristic scale and of the order of the derivative we slightly change the transient estimator proposed in [11]. For each maxima line L of the kth order derivative multiscale extrema representation and for q ≤ N_k, we consider: D^k_{L,q} = ∑ (p,n)∈L

(c^n_{2,k} [p])^2 ‖α^n_{2,k} ‖^2 and F k L,q = O(L_+(q)) − O(L). Applying the transient estimator described in [11], but with these new features, we compare the influence of the different parameters with frequency changes and variations of amplitude. We display in Figure 3, the ROC curves (Figure 3.A) to assess the quality of detection as well as the mean absolute deviation from the true transition (Figure 3. B) for a frequency bandwidth change from 20- 200Hz to 200-400Hz. In this case, the improvement brought about by the use of higher order derivatives (k = 3) is both in terms of detection performance and in terms of better localization of the transition. When the transition is from 200-400 Hz to 20-200Hz, we also notice an improvement using higher order derivatives. When the change arises from a variation of amplitude, the order of derivative does not change much the estimation and the detection results. We do not display those results due to the lack space. Finally, one must remark that in any case, the behavior of the estimator with k = 1 and taking N_0 as the characteristic scale ([11]) is very close to the new estimator we propose for k = 1 and taking N_1 as the characteristic scale.

B. Signal Approximation: Comparison with WTMM at Dyadic Scales

We compare the signal approximation we propose to the WTMM at dyadic scales [8] implemented in the WaveLab software [15]. First, we recall that, as given by (2), the scale n of our decomposition corresponds to the scale

√_{n+1} 2 (since m = 2 in our case) in usual sense. We compare the average normalized reconstruction errors for our method when the signal is approximated from the first derivative (i.e. E^N_1 ), with the corresponding quantity for WTMM at dyadic scales. We notice that the approximation is very good with WTMM at dyadic scales for low frequency signals. For instance for 20-200Hz frequency signals (see Figure 4.A) a good reconstruction is obtained when we use only the dyadic scale J = 2.

(A) (B)

Fig. 3. (A): Computation of ROC curves for k = 1 and N0, and for k = 1 and N1, for k = 2 and N2 and for k = 3 and N3, for a frequency bandwidth change from 20-200Hz to 200-400Hz, (B): Mean absolute deviation (in ms) for the same parameters and the same frequency bandwidth change as in A

However, the quality of the approximation deteriorates drastically when the signal frequency bandwidth increases (see Figure 4.B). The reason for such a behavior is that WTMM at dyadic scale is designed to approximate signals with isolated singularities. Furthermore, the quality of the approximation also worsens when unnecessary dyadic scales are taken into account. To use dyadic scales corresponds to a too sparse representation in wavelet coefficients subspace. Furthermore, as already mentioned such representations do not allow for the construction of maxima lines that are useful for other purposes (section V A.).

The signal approximation method we propose behaves better for high frequency signals (see Figure 4.B). In the case of Figure 4.B, the results are better from dyadic scale J = 2 which corresponds to N = 7 with our scheme. This means that the signal approximation improvement is achieved at a reasonable computational cost.

VI. CONCLUSION In this paper, we proposed a new scheme to reconstruct the kth order signal derivative from its multiscale extrema. We first showed that this reconstruction enabled the definition of a characteristic scale that we used for transient estimation purpose. Second, the reconstruction procedure helped us to define a new signal approximation method. The use of the characteristic scale associated with the

(A) (B)

Fig. 4. (A): Computation of E^N_1 and the corresponding quantity for signal approximation with WTMM at dyadic scales for signals with frequency bandwidth 20-200Hz ; (B): idem but for a signal with frequency bandwidth 200-400Hz. The sampling frequency is 1 kHz. The results are averaged over 500 realizations

reconstruction procedure for transient estimation allowed us to clarify the role of the order of derivative for such problems. A remaining problem that we will address is how to deal with noise with the maxima lines approach we propose. As far as signal approximation is concerned, we showed that while our method is converging to the true signal, to the detriment of computational cost for low frequency signals, WTMM at dyadic scales does not converge to the true signal. Numerical applications suggested that WTMM at dyadic scales and our signal approximation method are complementary since the former is well adapted to low frequency bandwidth signal while the latter is better for high frequency bandwidth signal. Another points we will develop is the extension of the proposed method to the bidimensional case.

ACKNOWLEDGMENT This work is partially supported by the European project IHP ”Breaking complexity” HPRN-CT-2002- 00286 and by the ”Région Rhône-Alpes”.

APPENDIX We detail the algorithm used for the reconstruction of the kth order signal derivative reconstruction from its multiscale extrema. We assume there is an extremum at scale n at p and that the extrema along the maxima line corresponding to this extremum is known for scales smaller or equal to n. We note

M^n_k [p] the corresponding set of points [l, q], l standing for the scale and q for the time. We also define a table E whose coefficient E[l, q] is 1 when c^l_{2,k}[q] is known and 0 otherwise. Initialization:

for [l, q] ∈ M^n_k [p], E[l, q] = 1; Iterations:

for l = n − 1, · · · , 0,

if (l + 1 + k) odd if ([l, q] ∈ M^n_k [p]), c^l_{2,k}[q − 1] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q]; E[l, q − 1] = 1; else c^l_{2,k}[q] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q − 1]; E[l, q] = 1; q = p − 1;

while (E[l + 1, q] = 1), c^l_{2,k}[q − 1] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q]; E[l, q − 1] = 1; q = q − 1; q = p + 1;

while (E[l + 1, q] = 1), c^l_{2,k}[q] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q − 1]; E[l, q] = 1; q = q + 1; else

if ([l, q] ∈ M^n_k [p]), c^l_{2,k}[q + 1] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q]; E[l, q + 1] = 1; else c^l_{2,k}[q] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q + 1]; E[l, q] = 1; q = p − 1;

while (E[l + 1, q] = 1), c^l_{2,k}[q] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q + 1]; E[l, q] = 1; q = q − 1; q = p + 1;

while (E[l + 1, q] = 1), c^l_{2,k}[q + 1] = 2c^{l+1}_{2,k} [q] − c^l_{2,k}[q]; E[l, q + 1] = 1; q = q + 1;

REFERENCES

[1] K. Berkner and R. O. Wells, A New Hierarchical Scheme for Approximating the Continuous wavelet transform with Applications to Edge Detection, IEEE Signal Processing letters, vol. 6, no.8, pp. 1993-1995, 1999.

[2] Z. Berman, Generalization and properties of the multiscale-maxima and zero-crossings representation, PhD dissertation, University of Maryland, College Park 1992.

[3] A. E. Cetin and R. Ansari, Signal Recovery from Wavelet Transform Maxima, IEEE Transactions on Signal Processing, vol.42, pp. 194-196, 1994.

[4] N.F. Law and A.W.C Liew, Wavelet Maxima Reconstruction by Conjugate Gradient, Electron. Lett., vol. 33, pp. 1928-1929, 1997.

[5] A.W.C Liew and N.F. Law, Reconstruction from 2-D Wavelet Transform Modulus Maxima using Projection, IEE Proc.-Vis.

Image Signal Process., vol. 147, pp. 176-184, 2000.

[6] A.W.C Liew, N.F. Law and D. T. Nguyen, Direct Reconstruction for Wavelet Transform Extrema Representation, IEE.

Proc.-Vis. Image Signal Process., vol. 144, pp. 193-198, 1997.

[7] A.W.C. Liew and D.T. Nguyen, Reconstruction from Wavelet Transform Modulus Maxima using Non-expansive Projections, Electron. Lett., vol. 31, pp. 1038-1039, 1995.

[8] S. Mallat and S. Zhong, Characterization of Signals from Multiscale Edges, IEEE Trans. Pattern Anal. Mach. Intell., vol.14, pp. 710-732, 1992.

[9] S. Mallat, Zero Crossings of a Wavelet Transform, IEEE Trans. Inform. Theory, vol. 37, pp. 1019-1033, july 1991. [10] S. Mallat and W.L. Hwang, Singularity Detection and Processing with Wavelets, IEEE Trans. Inform. Theory, vol. 38, pp.

617-643, march 1992.

[11] S. Meignen , S. Achard and P-Y. Guméry, Time Localization of Transients with Wavelet Maxima Lines, IEEE Trans. on Signal Process., vol. 53, pp. 2251-2258, june 2005.

[12] Y. Meyer, Un contre-exemple à la conjecture de Marr et à celle de S. Mallat, preprint, 1991. [13] Z. Cvetkovic and M. Vetterli, Discrete-Time Wavelet Extrema Representation: Design and Consistent Reconstruction, IEEE Trans. on Signal Process.,vol. 43, pp. 681-693, march 1995.

[14] Yu-Ping Wang and S.L. Lee, Scale Space derived from B-Splines, IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 20, no.10,pp. 1040-1055, 1998.

[15] www-stat.stanford.edu/ wavelab/