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A�ne di�erential geometry

studies hypersurface immersions

f : Mn → An+1

into real a�ne space, endowed with a transversal vector �eld ξ
one is interested in properties of the immersion that are invariant
under a�ne transformations of An+1

the following objects are induced on M

I a torsion-free connection ∇, the a�ne connection

I a symmetric bilinear form h, the a�ne fundamental form

I a 3-tensor C = ∇h, the cubic form

if h is non-degenerate, then the immersion is called non-degenerate
and h is called the a�ne metric (possibly inde�nite)



Equia�ne immersions

if we �x a volume form ω on An+1, we can in addition de�ne on M

I the induced volume form θ

if ∇θ = 0, then the immersion is called equia�ne
for equia�ne immersions the cubic form C is totally symmetric in
its three indices

examples of equia�ne immersions:

I graph immersions: ξ is a constant vector �eld

I centro-a�ne immersions: ξ(x) = f (x)− a0, a0 ∈ An+1

I Blaschke immersions: induced volume form θ equals volume
form

√
| det h| of a�ne metric

for centro-a�ne immersions, we may consider a0 as the origin and
the a�ne space An+1 as a real vector space Rn+1



Parallelism conditions

assume that the a�ne fundamental form is non-degenerate
then it has its own Levi-Civita connection ∇̂

the di�erence K = ∇− ∇̂ is called the di�erence tensor,
K l
ij = −

1
2h

klCijk

we are interested in classifying the immersions which satisfy one of
the parallelism conditions

∇C = 0 ∇K = 0

∇̂C = 0 ⇔ ∇̂K = 0

research ongoing since late 80s [Vrancken 88; Nomizu, Pinkall 89;
Bokan et al 90; Dillen, Vrancken 91,94,98; Dillen et al 94; Gigena
02,03,11; Hu et al 08,09,11; Hu, Li 11; Li 14; Fujioka et al 16;
Cheng et al 17]



Outline of method

immersion f : Mn → An+1 with transversal �eld ξ

potential F

metrised algebra (A, σ)



Potentials for graph immersions

let f : M → An+1 be a graph immersion

for every x ∈ M there exists a neighbourhood U of x and a
potential F : Rn ⊃ D ' U → R such that

I f is locally isomorphic to the embedding
U 3 x 7→ (x ,F (x)) ∈ Rn × R

I the �eld ξ maps to (0, 1) under this isomorphism

then we get
h = F ′′, C = F ′′′, ∇ = ∂

if the graph immersion is also Blaschke, then it is an improper
a�ne hypersphere
this happens if and only if detF ′′ ≡ ±1





Parallelism condition

the parallelism condition ∇̂C = 0 can be rewritten as a quasi-linear
4-th order partial di�erential equation on the potential F

F,αβγδ =
1

2
F ,ρσ (F,αβρF,γδσ + F,αγρF,βδσ + F,αδρF,βγσ)

here F ,ρσ is the inverse of the Hessian F ′′ and F,αβγ etc. are partial
derivatives



Integrability condition

di�erentiating with respect to xη and substituting the fourth order
derivatives by the right-hand side, we get

F,αβγδη =
1

4
F ,ρσF ,µν (F,βηνF,αρµF,γδσ + F,αηµF,ρβνF,γδσ

+ F,γηνF,αρµF,βδσ + F,αηµF,ργνF,βδσ + F,βηνF,γρµF,αδσ

+ F,γηµF,ρβνF,αδσ + F,βηνF,δρµF,αγσ + F,δηµF,ρβνF,αγσ

+ F,δηνF,αρµF,βγσ + F,αηµF,ρδνF,βγσ + F,δηνF,γρµF,αβσ

+ F,γηµF,ρδνF,αβσ)

anti-commuting δ, η gives the integrability condition

F ,ρσF ,µν (F,βηνF,δρµF,αγσ + F,αηµF,ρδνF,βγσ + F,γηµF,ρδνF,αβσ

−F,βδνF,ηρµF,αγσ − F,αδµF,ρηνF,βγσ − F,γδµF,ρηνF,αβσ) = 0



Algebraic formulation

raising the index η we get

K η
αµK

µ
δρK

ρ
βγ + K η

βµK
µ
δρK

ρ
αγ + K η

γµK
µ
δρK

ρ
αβ

− Kµ
αδK

η
ρµK

ρ
βγ − Kµ

βδK
η
ρµK

ρ
αγ − Kµ

γδK
η
ρµK

ρ
αβ = 0

(recall that Kα
βγ = −1

2F
,αδF,βγδ)

this is satis�ed if and only if

K η
αµK

µ
δρK

ρ
βγu

αuβuγv δ = Kµ
αδK

η
ρµK

ρ
βγu

αuβuγv δ

for all tangent vectors u, v

consider K as structure tensor of a commutative algebra A with
multiplication • on the tangent space TxU, then the above is
equivalent to

(u2 • v) • u = (u • v) • u2



Jordan algebras

De�nition

An algebra J is a Jordan algebra if

I x • y = y • x for all x , y ∈ J (commutativity)

I x2 • (x • y) = x • (x2 • y) for all x , y ∈ J (Jordan identity)

where x2 = x • x .

De�nition

A pair (A, σ) of an algebra A with multiplication • and a
non-degenerate quadratic form σ is called metrised algebra if
σ(u, v • w) = σ(u • v ,w) for all u, v ,w ∈ A.

if we take σ = h on the tangent spaces TxU, then the above
relation is satis�ed by the symmetry of the cubic form
Cαβγ = −2K δ

αβhγδ



Main result (graph immersions)

Theorem

A graph immersion f : M → Rn+1 satisfying ∇̂C = 0 de�nes a

metrised Jordan algebra (A, h) with structure tensor K on the

tangent spaces TxM.

Isomorphism classes of algebras are in one-to-one correspondence

with isomorphism classes of graph immersions.

M is an improper a�ne sphere if and only if A is nilpotent and

det h = ±1.

I metrised algebras at di�erent points isomorphic by parallelism
condition ∇̂K = 0

I recovery of graph immersion from the algebra via the potential

F (x) =
∑∞

k=2
(−1)k

k h(x , xk−1)

classi�cation of improper a�ne hyperspheres with ∇̂C = 0
equivalent to classi�cation of nilponent metrised Jordan algebras
(A, σ) with detσ = ±1



Potentials for centro-a�ne immersions

let f : M → Rn+1 be a centro-a�ne immersion, let x ∈ M and U a
neighbourhood of x

de�ne the potential F on
⋃
α>0 αU by

F (αf (x)) = logα

then

h = f ∗F ′′, C = f ∗F ′′′, −1

2
F ,γδF,αβγf

β = δγα

but now F is de�ned on D ⊂ Rn+1



Parallelism condition

the parallelism condition ∇̂C = 0 is again equivalent to the 4-th
order PDE

F,αβγδ =
1

2
F ,ρσ (F,αβρF,γδσ + F,αγρF,βδσ + F,αδρF,βγσ)

integrability condition is again the Jordan identity

but

I the Jordan algebra A is de�ned on TxM × R
I f is a unit element

if the centro-a�ne immersion is also Blaschke, then it is a proper
a�ne sphere



Main result (centro-a�ne immersions)

Theorem

A centro-a�ne immersion f : M → Rn+1 satisfying ∇̂C = 0 de�nes

a metrised unital Jordan algebra (A, σ) with structure tensor

−1
2F

,γδF,αβγ and quadratic form F ′′ on the spaces TxM × R.

Isomorphism classes of algebras are in one-to-one correspondence

with isomorphism classes of centro-a�ne immersions.

M is a proper a�ne sphere if and only if σ is the trace form

τ(u, v) = tr Lu•v of the algebra.

I metrised algebras at di�erent points isomorphic by parallelism
condition

I recovery of centro-a�ne immersion as integral manifold of the
1-form ζ = σ(x−1, ·)

classi�cation of proper a�ne hyperspheres with ∇̂C = 0 equivalent
to classi�cation of semi-simple metrised Jordan algebras



Proper a�ne spheres with ∇̂C = 0



Other parallelism conditions

commutative metrised algebras associated to di�erent classes of
equia�ne hypersurface immersions with parallelism conditions

Blaschke graph centro-a�ne

∇C = 0 nilpotent Lu general quadratic factor

∇K = 0 nilpotent associative associative quadratic factor

∇̂C = 0 semi-simple Jordan / Jordan unital Jordan
nilpotent Jordan



Thank you


