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Case 13

The minimal zero supports are given by (1, 2), (1, 3, 4), (1, 3, 5), (2, 4, 6), (3, 4, 6), (2, 5, 6). We have
the symmetry (123456) — (216453).

1 -1 — cos(¢2) cos(¢1 + ¢2)  cos(ga + @3) by
-1 1 by cos(ps + ¢5) cos(gs + dg)  —cos(¢s)
— cos(¢2) by 1 —cos(¢1) —cos(¢3)  cos(pr + ¢4)
cos(¢1 + ¢2)  cos(ps + ¢s) —cos(¢1) 1 bs —cos(¢4)
cos(¢o + ¢3)  cos(¢s + ¢g) — cos(¢3) b3 1 — cos(¢g)
bo —cos(¢s)  cos(d1 + dg)  —cos(gq) — cos(¢g) 1
The zeros are given by the columns:
1 sin(¢1) sin(¢s) 0 0 0
1 0 0 sin(¢a4) 0 sin(¢s)
| O | sin(¢1 + ¢2) | | sin(ds + ¢2) 0 sin(¢y) 0
(u17u27uS,U4,U5;U6) - 0 Sinl((bQ) 2 30 2 Sin(¢5) Sin(¢1 _ﬁ¢4) 0
0 0 sin(es) 0 0 sin(s)
0 0 0 sin(¢s + ¢s5) sin(¢1) sin(¢s + ¢¢)
0
0 by — cos(¢a) >0
1 Aus — b1 — cos(¢2) N cos(¢1 + ¢2) + cos(ps + ¢5) > 0
C T L cos(¢1 + ¢2) + cos(¢a + ¢s) cos(¢g + ¢3) + cos(ds + ¢g) > 0
cos(pz + ¢3) + cos(ds + ¢e) by — cos(¢s) > 0
by — cos(¢s) B
0
— sin(q’)l) + by Sin(¢1 + (boz) + Sin(qﬁg) COS(¢4 + ¢5) _ sin(¢1) + by sin(¢1 + ¢2) + sin(qbg) COS(¢4 + ¢5)
2. Aug = 0 = by — COS(d)l — ¢3) >0
bz sin(¢2) — sin(¢2) cos(p1 — ¢3) by + cos(¢1 + ¢2 + ¢a) >0
by sin(¢1) + sin(¢1) cos(p1 + ¢2 + P4)
0
—sin(¢s) + by sin(¢ + ¢3) + sin(p2) cos(Ps + ¢¢)
0
5. Aus = b sin(gs) — sin(gs) cos(d1 — ¢3) i
0

by sin(@3) + sin(d1 + ¢3) cos(Pr + P4) — sin(¢ps) cos(dg)
—sin(¢3) + by sin(¢pa + ¢3) + sin(¢pz) cos(ds + ¢s) > 0
bs — cos(¢p1 — ¢p3) >0
bz sin(@3) + sin(¢1 + ¢3) cos(¢1 + ¢4) — sin(¢2) cos(¢s) = 0

—sin(¢4) + sin(ps) cos(pr + ¢2) + b sin(ps + ¢5)

0
4. Auy = b 5in(gs) +Sin(94) cos(6 + 91 +95) .
bs sin(¢s) — sin(¢s) cos(ds — dg)
0
)

b1 + cos(¢p1 + s+ ¢5) > 0

{ sin(¢p4) + sin(¢s) cos(p1 + ¢2) + basin(¢s + ¢5) > 0
b3 — cos(ps — ¢g) > 0



by sin(¢1) + sin(¢1) cos(¢p1 + d2 + ¢4)
by sin(g4) + sin(dy) cos(pr + P4 + ¢5)

5. A’LL5 =

by + COS(¢1 + o + ¢4) >0
b1 + cos(p1 + ¢4 + ¢5) > 0
by sin(¢1 + ¢4) — sin(¢s) cos(¢3) — sin(¢1) cos(dg) > 0

sin(¢s) cos(d2 + ¢3) — sin(dg) + bz sin(¢s + ¢6)
0

— sin(¢s) cos(¢z) + by sin(ge) + sin(ds + Ps) cos(Pp1 + ¢4)
b3 sin((b5) — sin(()¢5) COS(¢4 — ¢6)
0
sin(¢s) cos(d2 + ¢3) — sin(ge) + bz sin(¢s + ¢g) > 0
—sin(¢s) cos(¢3) + b1 sin(¢) + sin(ds + dg) cos(¢1 + ¢4) = 0
b3 — COS(¢4 — ¢6) Z 0

6. Au6 = =

1+ P2+ Qs+ Ps <

P2+ @3+ g5+ P <
If by > cos(¢2) all conditions are fulfilled on by, except 6.2
If bo > cos(¢s) all conditions are fulfilled on by, except 3.3

From inequalities on ¢ we get

COpOSitiVity: Sets (2a 3; 4)7 (2a 37 5)7 (1a 4a 5)7 (27 4a 5)7 (37 4a 5)) (27 37 4v 5)7 (17 3a 6)) (27 37 6)7 (1? 47 6)v (17 57 6)a
(3,5,6),(4,5,6),(1,4,5,6) have to be considered.

1. T=(2,3,4) :u=e3+eq,by > cos(dz),cos(pz) + cos(ps + ¢5) > 0 => ¢ + ¢4+ ¢5 < 7 - True
2. IT=1(2,3,5):u=eg+es b > cos(pa),cos(p2) + cos(ds + ps) > 0 => ¢2 + ¢ + ¢p5 < 7 - True

3. 1 =(1,4,5) :u=e1 +es5(d3 > ¢1),c08(p1 + ¢2) +cos(p1 — ¢3) >0 => o+ 3 < 7
u=e1+es(ps < ¢1)

4. I=(2,4,5) :u = ez +es(ps > ¢g6),co8(ps + ¢6) + cos(ps — ¢g) > 0=> 5 + ¢4 <7
u = ez +es5(ps < )

5. 1 = (2,3,4,5), (3,4,5) U =e3 + 64(¢3 2 gf)l), 7COS(¢3) + COS(¢1 — qf)g) Z 0=> *Qﬁl S 0
u=e3+e5(¢1 > @3), —cos(¢1) + cos(d1 — ¢3) > 0=> —¢p3 <0

6. 1 =(1,3,6) :u=es + ez, co8(d5) + cos(d1 + ¢a) > 0=> ¢y + ¢ps + ¢5 < 7 - True

7. 1 =(2,3,6):u=ey+es,co8(p2) + cos(pr + da) > 0 => ¢1 + dpg + 2 < 7 - True

8. I =(1,4,6) : u=eq + eq,co8(d1 + ¢2) — cos(¢1 + dp2 + ¢4) > 0=> ¢4 >0 - True

9. I =(1,5,6) : u = e5+ e, by > cos(ds), cos(¢pa + @3) + cos(ps) > 0 => ¢y + ¢3 + ¢5 < 7 - True
10. T =(3,5,6) : ¢p3 — ¢p1 — pa + ¢ > 0
11. I =(1,4,5,6),(4,5,6) : u = e5 + (¢4 > ¢),cos(dps — pg) > cos(ds) => —dg < 0

u = ey + es(Ps > ¢4),c08(Ps — ¢g) > cos(pg) => —ps < 0- True

That proves copositivity with new condition on ¢; : ¢3—@1—ps+@g > 0. The inequality is strict in order
to prevent a minimal zero with support {3, 5,6} from appearing. It also follows that ¢1+pa+ds+¢s < 7
is fulfilled automatically.

Consider this condition and get by = cos(¢2), ba = cos(¢s)



The condition ¢35 — ¢1 — P4 + ¢ > 0 implies that

sin ¢4 cos ¢3 + sin ¢ cos ¢g
sin(¢1 + ¢a)
conp - ) < S0 s cong
cos(¢1 — ¢3) = cos(da — ¢6) & 1+ d6 = 3+ ¢
It follows that by £ Singacosdsdsing cosds ginee the first two conditions together contradict ¢; > 0.

sin(¢1+¢4)
Hence bg = cos(¢1 — ¢3) if ¢1 + ¢ > ¢3 + ¢4 and by = cos(dps — ¢g) if ¢1 + P < P3 + @a.

cos(¢p1 — ¢3) < < G321+ P+ g,

P > 1+ O4 + ¢3,

Parametrization
We obtain
1 -1 —cos(¢2)  cos(¢1 + ¢p2)  cos(pa + ¢P3) Cos ¢
-1 1 CoS ¢ cos(da + ¢5) cos(ds + ¢s)  — cos(¢s)

— cos(¢2) COS ¢ 1 —cos(¢1) —cos(¢3)  cos(py + ¢4) (1)
cos(d1 + ¢d2) cos(opg + ¢5)  —cos(d1) 1 bs —cos(¢y) ’
cos(¢2 + ¢3)  cos(os + ¢g) —cos(¢3) b3 1 — cos(¢g)

oS @5 —cos(¢s) cos(¢1 + ¢4) —cos(¢4) — cos(¢g) 1

by = max{cos(¢p1 — ¢3),cos(¢s — ¢6)}, ¢i >0, d3 + dg > P1 + da, P2 + 3+ P54+ 6 < 7.

Extremality
X = FPFT
bir bz by b5 % fi sin(¢1 + ¢2) 0
b31 bz b3s b3s bsg f3 ug1 fi + U3 fz 4+ ugafa =0 —sin(¢1) —sin(¢2)
X=|ba baz bag x bag |, F=|fa],qusifi+ussfs+ussfs=0 ,F= 0 sin(¢1 + ¢2)
bs1 bss = bss * f5 us3 f3 + usafa + use fo = 0 Sin(fbl — %3) _Sin(?252 +03)
*  bes bea *  beg fe sin(¢4) —sin(¢1 + @2 + ¢4)
Y = GQGT
bit b1z x  *  big g1 uazgz + Uaaga + taggs = 0 —sin(¢4 + ¢s) 0
b21 b22 b24 b25 b26 g2 U292 + Ue595 + Ue6gde = O Sin(¢4 + ¢5) O
Y= % by by * bs|,G=|ga|,{02=—0n ,G = 0 sin(¢4 + ¢s
* b52 * b55 b56 95 (Bul)z =0: b13 = —b237 Sin(d)4 — ¢6) Sin(¢5 + ¢6
bs1 be2 bes bes bes 96 — sin(¢4) — sin(¢s)

bs1 = —bsa(d2 + @3 + ¢5 + ¢ = )
Necessary equalities, that are constrains on elements of matrices P and Q:

11 = Y1
T44 = Ya4
Tss = Ys5 =
Te6 = Y66
Te4 = Y64

sin®(¢1 + ¢2)p11 = sin®(¢s + é5)qu1
sin(¢1 + ¢2)paz = sin® (¢4 + b5)qa2

+sin®(¢5 + ¢6 )22

sin(¢1 + ¢2)(sin(pa)p21 — sin(p1 + ¢ + Ga)p22) = sin(pa + ¢5)(— sin(¢a)qiz — sin(¢ps)go2)

Let there B be a solution such that byy = 0. Then it follows, that pss = 0, g2 = 0 and we get

matrix of above system of equations on p11, p12,¢11, q12:

sin?(p1 — ¢3)p11 + 2sin(py — p3) sin(da + ¢3)p1a + sin®(do + ¢3)paz = sin? (¢4 — ¢g)qu1 + 2sin(ds + ) sin(Ps — ¢6)q1o-

sin®(d4)p11 — 2sin(da) sin(dr + 2 + ¢a)p12 + sin’(¢1 + Po + ¢a)p2o = sin®(¢4)q11 + 2sin(pa) sin(ds)qr2 + sin®(¢s)ge2



sin®(¢1 + ¢2) 0 —sin®(¢4 + ¢s) 0
sin?(¢1 — ¢3)  2sin(dy — ¢3)sin(po + ¢3)  —sin®(¢g — dg) —2sin(ds + o) sin(ps — P)
sin(a) —2sin(¢1 + d2 + ¢4) — sin(¢a4) —2sin(¢s)
0 sin(py + ¢a) 0 sin(¢y + ¢5)
Set p11 = sin® (¢4 4 b5), P12 = a-sin(ps+ ¢5), g1 = sin® (1 + P2), 12 = —a-sin(é1 + ¢2). Then the 1st
and 4th rows in the above system equal 0. Note that p11 = 0 would imply sin(¢q + ¢o + ¢4 + ¢5) = 0,

sin®(¢a+¢s)—sin®(¢1+¢2)
2sin(¢1+p2+datos)

sin2(¢1 — ¢3) sin2(q§4 + &5) + a xsin(pg + ¢5) * 2sin(¢ — @3) sin(d + ¢3) — sin2(¢4 — ¢6) sin2(q§1 + ¢2) + 2sin(¢5 +
sin(¢a)(—sin®(¢1 + ¢2) + sin® (¢4 + ¢5)) + 2a * (sin(¢s) sin(¢1 + ¢2) — sin(¢s + ¢5) sin(d1 + ¢z + ¢4)) = 0
sin(¢s) sin(¢1 + ¢2) — sin(pa + ¢s) sin(¢p1 + P2 + ¢a)
sin(¢s + ¢6) sin(ps — ¢6) sin(¢1 + ¢2) + sin(ps + ¢5) sin(¢1 — ¢3) sin(p2 + ¢3)

sin(¢s) (sin®(¢1 + ¢2) — sin® (¢ + ¢5))
sin® (¢4 — ¢6) sin®(p1 + ¢2) — sin®(¢1 — @3) sin®(pa + B5)

and hence P, @ have the above form for a =

sin(¢p4) sin(p1 + 2 + ¢4 + ¢5)
—sin(¢1 + ¢2 + ¢4 + ¢5) +sin(p1 — d3 + s — @) cos(a + P53 — P — ) + sin(pa + 3 + d5 + dg) * cos(Pp1 — P3 — Pa + ¢

sin(¢4) sin(¢1 + ¢2 + ¢4 + ¢5) sin(-
—sin(g1 + d2 + Ga + @) SIN(—G1 — @2 + ba + P5) — sin(¢1 — b3 + b — de) sin(d1 — b3 — b + G) — 0.5(— sin(261 + ho —

=sin(—¢1 — g2 + ¢ + ¢5)(sin(P1 — d3 + ¢a — ¢6) cos(P2 + @3 — 5 — P6) + sin(p2 + 3 + P5 + Pg) *
cos(¢p1 — 3 — da + ¢6)) =
—sin(¢1 — ¢3 + ¢4 — ¢g) sin(dp1 — ¢3 — ¢u + ¢6) — 0.5(—sin(2¢1 + ¢ — ¢3 — 24 — d5 + ¢¢) sin(¢2 +
¢3 + @5 + ¢g) — sin(201 + P2 — @3 + 2¢4 + @5 — P) sin(P2 + ¢3 — d5 — P6))

0.5sin(p1 — 3+ da — d6) (— sin(d1 — @3 — ps 4 ¢) —sin(d1 + 202 + 3 — d4 — 205 — ) ) + 0.5 sin(p2 +
$3 + @5 + d6)(—sin(2¢1 + g2 — ¢3 — 204 — ¢5 + P6) — sin(P2 + ¢3 — ¢5 — P6)) = —sin(¢1 — 3 + P4 —
¢6) sin(¢p1 — @3 — s+ d6) — 0.5(—sin(2¢1 + ¢z — ¢3 — 204 — ¢5 + P ) sin(po + ¢34 ¢5 + Pg) — sin(2¢1 +
B2 — ¢3 + 204 + @5 — @) sin(d2 + ¢3 — ¢5 — ¢6))

sin(¢1 — @3 + pa4 — ) (sin(p1 — 3 — da + d6) — sin(1 + 22 + ¢3 — pa — 205 — ¢g)) + sin(¢2 + ¢35 —
¢5 — P6)(sin(2¢1 + p2 — 3 + 204 + ¢5 — P6) — sin(P2 + ¢3 + ¢5 + P6))

sin(¢2 + ¢3 — ¢5 — ¢6) Sin(—¢1 + d3 — ¢pa + ¢6) (cos(P1 + P2 — ¢a — ¢5) — cos(p1 + P2 + da+ ¢5)) =0

The second and third factor are always positive. Hence the coefficient matrix is degenerate if and
only if ¢o + @3 = @5 + ¢g. If this condition is not fulfilled, then A is extremal.

We shall henceforth assume ¢ + ¢3 = ¢5 + ¢g. There are further conditions which involve bs.
If only (Aug)s = (Aus)s = 0, then we get the conditions

sin ¢1b15 + sin(¢y + ¢2)bss + sin pabys = sin pzbis + sin(pz + ¢3)bas + sin abys = 0,

which are equivalent to X45 = bss, and no further conditions on P, arise.

If only (Aug)s = (Aug)s = 0, then the ensuing conditions on B are equivalent to Y5 = bys and no
further conditions on P, @ arise.

If (Aug)s = (Aus)s = 0 and (Auq)s = (Aug)s = 0, or equivalently ¢1 + ¢pg = P35 + ¢4, then we get
the condition X45 = Yy5 on P, @, which under the condition byy = 0 is expressed by

sin(¢1 + ¢2) sin(¢r — ¢3)p12 = sin(¢y + ¢5) sin(ds — ¢6)q12-

We have sin(¢1 —¢3) = sin(¢s—dg) # 0, and the condition becomes sin(¢1 +¢2)p12—sin(Ps+d5)g12 = 0.
This is incompatible with the condition x4 = y46 which gives a similar equation with reverted sign.
Hence in this case there is only the trivial solution B = 0 and A is extremal.

4



If ¢ + @3 + ¢5 + ¢ = m, then additional equalities are imposed on B. Namely, we also have
(BU1)5 = (B’u?,)g = (Bu6)1 =0. Let ¢ + ¢3 = @5 + ¢ = %, then

1 -1 —cos(ga)  cos(¢r + ¢2) 0 CoS @5
-1 1 COS ¢y cos(¢pa + ¢s) 0 —cos(¢s)
— cos(¢2) oS ¢ 1 —cos(¢p1)  —singy cos(¢r + ¢a) 2)
cos(¢1 + ¢2) cos(ps + ¢5)  —cos(ér) 1 bs —cos(dg) |’
0 0 — sin ¢o b3 1 — sin ¢5
oS ¢ —cos(¢s)  cos(pyr + ¢dg)  —cos(gy) — sin ¢5 1

b3 = max{sin(gbl —|— d)g), sin(¢4 —+ ¢5)}
The additional condition X5; + Y50 = 0 gives sin(¢1 — ¢3) sin(p1 + ¢d2)p11 + sin(¢dy + ¢2) sin(¢dg +

¢3)p12 + sin(Ps + ¢5) sin(ds — de)qr1 + sin(gs + @) sin(ds + ¢6)qi2 = 0. With p1y = sin®(¢4 + ¢5),
P12 = asin(ds + d5), q11 = sin’(¢1 + ¢2), q12 = —asin(py + ¢2) gives

sin(¢1 — ¢3) sin(py + ¢5) + sin(¢dg — @) sin(P1 + ¢2) + a(sin(ps + ¢3) — sin(¢s + ¢g)) = 0.
This gives — cos(¢1 + ¢2) sin(gg + ¢5) — cos(Ps + Ps5) sin(Py + ¢2) = — sin(P1 + 2 + ¢4 + ¢5) = 0, which
is not possible. Hence in this case no solution B with by = 0 exists, and A is extremal.
Result

The extremal matrices have the form (1) with ¢; > 0, ¢o + d3 + @5 + g < 7, P35 + P > P1 + @4, With
either ¢2+¢3 75 ¢5+¢67 or with ¢2+¢3 = ¢5+¢6 = g, or with ¢2+¢3 = ¢5+¢67 (bl +¢6 - ¢3+¢4



