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After the permutation (125634) of the indices the minimal zero support set becomes {1, 2,5}, {1, 2, 3},
{2,3,4},{3,4,5},{1,4,5},{3,4,6},{1,2,6},{1,4,6}. By possibly exchanging the indices 5,6 we may
assume that Ajg > Ay5. The principal submatrices Af12345y and Ajfi346y are T-matrices, and there
exist angles ¢1,...,¢5,&1,...,& > 0 such that Z?Zl ¢; < mand

1 —cospy  cos(¢ps+ds) cos(ga+¢3)  —cosgy  —coséy

— COS ¢y 1 — oS ¢ cos(p1 + ¢5) cos(ps + pg) —cosés

cos(¢q + ¢5) — COS ¢ 1 — cos ¢1 cos(¢1 + ¢p2) —cosés

cos(¢2 + ¢3)  cos(o1 + ¢5) — Cos ¢ 1 — COS g —coséy

—cospz  cos(¢3 + da) cos(¢r+d2)  —cos¢p 1 —cosé;p
—cos & —cos s —cosés —coséy —cosés 1

The zeros with support {3,4,6},{1,2,6},{1,4,6} lead to the conditions

1+ +8U =1+ + o =m—2— 3+ &+ =T

Resolving with respect to &1, ..., &4, we obtain

S1=¢3+E = —d3—Ps—§, =T — 1 — P2 +§, L4 =02 ¢,

where £ € [0, ¢2) is another parameter.

Since A is irreducible with respect to Esg, there must exist a minimal zero u with support equal
to one of the sets {3,4,5},{1,2,5},{1,4,5},{3,4,6},{1,2,6},{1,4,6} such that (Au)s = (Au)s = 0.
Each of the relations leads to the same condition cos € + cos {5 = 0. We hence obtain &5 = 7 — €. The
submatrices Afi256), A{1456}, A {3456} are then positive semi-definite.

Lemma 0.1. Let A be a real symmetric n X n matriz with the following properties. The principal
submatriz Agy . n—1y 18 positive semi-definite. There exists an index set J C {1,...,n} such that
n € J and Aj is positive semi-definite. Moreover, for every index i ¢ J, there exists a zero u® € R’}
such that uf, = 0, suppu’ \ J = {i}, and such that (u*)T Au’ = 0, (Au®),, > 0. Then A € S+ (n)+N,.

Proof. Suppose without restriction of generality that there exists a vector v € R’} with v, > 0 and
suppv C J such that v Av = 0. Otherwise we may subtract a positive number from the element A,,,,
to enforce this condition.

Let B be a partial positive semi-definite matrix whose principal submatrices By; .. 1}, B coincide
with those of A and whose other elements are undetermined. Then B has a positive semi-definite
completion. This completion is unique and determined by the relation Bv = 0. Note that this relation
can be resolved with respect to the undetermined elements due to the relation v, # 0. We shall denote
the positive semi-definite completion also by B.

Let now i € J. Then we have (u!)” Bu® = (u*)T Au’ = 0, and hence Bu® = 0. We have 0 < (Au?),, =
((A = B)u'),, = (Ani — Byi)ul, which in view of u! > 0 yields A,; > B,;. Hence the difference A — B
is a nonnegative matrix, which completes the proof of the lemma. O

Consider now the submatrix Assss6. The principal submatrices Asysg, A23s4 are positive semi-
definite, and there exist zeros u**® u?® € RS of A with supports {345}, {346}, respectively. Since
Agsas, Aozas are copositive, we have (Au3?)y > 0, (Au®)y > 0. Application of the lemma leads to
Aozase € Sy (5) + Ns.

Consider now the submatrix Ajs356. The principal submatrices Ajo56, A123 are positive semi-
definite, and there exist zeros u'?®,u'?® € RS of A with supports {125}, {126}, respectively. Since
Aja3s, A1236 are copositive, we have (Au'?®)3 > 0, (Au'?®);3 > 0. Application of the lemma leads to
Aio356 € S+(5) +N5.

Consider now the submatrix Aj3456. The principal submatrices Aq456, A345 are positive semi-
definite, and there exist zeros u'*® u'4 € RS of A with supports {145}, {146}, respectively. Since



Ay345, A1346 are copositive, we have (Aul?%)3 > 0, (Au'#)3 > 0. Application of the lemma leads to
Aizase € Sy (5) +Ns.

Consider now the submatrix Ajs456. The principal submatrices Aj456, A125 are positive semi-
definite, and there exist zeros u'*® u'4® € RS of A with supports {145}, {146}, respectively. Since
A1aas, A1246 are copositive, we have (Au'?®)y > 0, (Au'?6)y > 0. Application of the lemma leads to
Ai24s6 € S4(5) + Ns.

Hence all principal 5 x 5 submatrices of A are copositive. If now A is not copositive, then the
set {u € R |u"Au < 0} must be confined to the interior of RS. This is possible only if A is of
signature ++ -+ + +— with the cones of elements {u € R® |u” Au < 0} confined to £RS. Thus all 5 x 5
principal submatrices of A must be positive semi-definite. But then Aqs345 is positive semi-definite and
S0 ¢i =, a contradiction. Hence A € Cg.

Finally, we shall show that A is extremal. The zeros of A are given by the columns of the matrix

sin ¢5 0 0 sin ¢ sin(¢3+¢4) 0 sin(¢2—¢)  sin(¢stdats)
sin(¢pa+es) sin ¢1 0 0 sin ¢3 0 0 sin(¢s+£)
sin ¢4 sin(¢p1+¢s) sin ¢o 0 0 sin(¢p2—¢&) 0 0
0 sin ¢s sin(¢1+¢2) sin ¢3 0 sin(f1t¢2—€)  sin(¢z+§) 0
0 0 sin ¢1 sin(¢2+¢3) sin ¢4 0 0 0
0 0 0 0 0 sin ¢1 sin(¢2+¢3) sin ¢4

For these zeros u we have (Au); = 0 for

J ={1,2,3},{2,3,4},{3,4,5,6},{1,4,5,6},{1,2,5,6},{3,4,5,6},{1,4,5,6},{1,2,5,6}, respectively.
Let C be a copositive matrix having these zeros and satisfying this linear system. The first 5 zeros
imply that Cia345 is proportional to the T-matrix Ajo345. The zeros 1,2,6,7,8 imply that Ciosgs is
proportional to the T-matrix Ajs346. By multiplication of C' with a positive constant we achieve that
these submatrices of C' are equal to the corresponding submatrices of A. Finally, if w is the third zero,
then (Cu)g = 0 implies Cs6 = Asg. Hence C' = A and A is extremal.

Note that if we assume Ajg < A5, then we obtain & € (—¢s, 0], the rest of the discussion being
similar. Hence the variety of extremal exceptional copositive matrices corresponding to this case is
given by

1 — COS 4 cos(p4 + ¢s) cos(p2 + ¢3) — COs ¢3 —cos(¢3 +§)
—COS ¢y 1 — €oS @5 cos(p1 + ¢5)  cos(ds + d4)  cos(¢z + ¢4 + &)
cos(¢4 + ¢5) — €os @5 1 —cos @1 cos(¢1 + ¢2)  cos(p1 + ¢ — &)
cos(¢a + ¢3) cos(¢1 + ¢5) — CoS ¢ 1 — COS ¢ —cos(¢a — &)
—COs ¢3 cos(¢3 + ¢a) cos(¢1 + ¢2) — oS g2 1 cos§
—cos(¢3 +&) cos(pz+ ga+&) cos(pr +d2 —§)  —cos(p2 — &) cos§ 1

with ¢; >0, S0_ ¢y <, € € (— 3, ba).



