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Linear relations

The minimal zero supports are given by (1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 3, 6), (2, 4, 6), (3, 5, 6), (4, 5, 6)

1 —cos(¢2) —cos(¢1)  cos(po + @3) cos(pa + Pg)  cos(d1 + ¢5)
— cos(¢2) 1 cos(¢1 +¢2)  —cos(¢s) —cos(¢a)  cos(¢3 + ¢s)
A—| - cos(¢1)  cos(¢r + ¢2) 1 by cos(¢s +¢7)  —cos(¢s)
| cos(¢2 +¢3)  —cos(e3) by 1 cos(¢e + ¢7)  —cos(¢e)
cos(p2 + 1)  —cos(da)  cos(¢s + ¢7) cos(ge + P7) 1 — cos(¢7)
cos(¢1 + ¢5)  cos(pz + ¢dg) —cos(¢s) —cos(¢g) —cos(¢7) 1
The zeros are given by the columns:
sin(¢1 + ¢2) sin(¢3) sin(¢4) sin(¢s) 0
sin(¢1) sin(¢2 + ¢3) sin(¢2 + ¢4) 0 sin(¢g)
sin(¢s) 0 0 sin(¢1 + ¢5) 0
(u1, uz, us, g, us, ug, u7) = 0 sin(¢2) 0 0 sin(¢s + ¢6)
0 0 sin(¢pz) 0
0 0 0 sin(¢q) sin(¢3)
0 0
0 0
sin(¢7) 0
0 sin(¢7)
sin(¢s) sin(¢s)
sin(¢s + ¢7)/ \sin(de + ¢7)
0
8 by > —cos(p1 + ¢2 + ¢3)

L Auy = by sin(¢p2) + sin(¢z) cos(Pp1 + P2 + ¢3) = {COS(¢1 02+ 91) 2 —cos(ds + )
sin(es) cos(d1 + b3 + ba) + sin(gs) cos(@s + ér) cos(d1+ @2 + ¢5) 2 — cos(@s + do)
sin(¢1) cos(p1 + ¢2 + ¢5) + sin(¢1) cos(ds + ¢s)

0
. . 0 b1 > —cos(¢1 + P2 + ¢3)
2. Auy busin(a) + Sm(¢2()) Costor 02+ 09) = {COS(% + ¢7) > cos(¢p3 — ¢4)
—sin(¢2) cos(¢3 — ¢a) + sin(¢z) cos(ds + ¢7) cos(p1 + ¢5) > — cos(da + ¢3 + )
sin(¢3) cos(d1 + ¢5) + sin(¢3) cos(pa + ¢3 + @)
0
. o cos(p1 + P2 + ¢pa) > — cos(ps + ¢7)
3. Auy = SHi((b‘Q) cos(¢y + ¢2_+ o4) +.SIH(¢)2) cos(¢s + ¢7) = { cos(es + b7) > cos(ds — ba)
s coston = o) e sinloa) eon(e ) Sin(4) cos(61 + ds) + sin(ga + 1) cos(ds -
sin(¢4) cos(d1 + ¢5) + sin(¢a + ¢4) cos(p3 + ¢g) — sin(p2) cos(¢r)
0
sl eos(@n ot ¢%) Fonl0n) costs o) cos(P1 + ¢z + ¢5) = — cos(ds + o)

4. Auyg = by sin(e1 + ds) + sin(és) cos(da + ¢s) — sin(e1 ) cos(de) = ( by sin(¢py + ¢5) + sin(Ps) cos(de + ¢3) — sin(p1) cos(gg

sin(¢s) cos(pa + ¢4) + sin(Ps) cos(d1 + ¢5 + ¢7) cos(¢2 + ¢4) = —cos(¢1 + @5 + d7)
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sin(¢s3) cos(p1 + ¢s5) + sin(¢s) cos(da + ¢3 + Pe)
0

5 Aue = | T sin(¢3) cos(¢s) + sin(¢e) cos(¢1 + ¢2) + by sin(¢s + d6)
. 5 = 0
— sin(¢g) cos(¢s) + sin(¢e) cos(pz + ds + ¢7)
0

{cos(¢1 + ¢5) > — cos(¢a + ¢3 + ¢6)

=

—sin(¢3) cos(¢s) + sin(¢g) cos(¢1 + ¢2) + by sin(¢s + ¢) > 0
cos(p3 + g6 + ¢7) > cos(¢a)

sin(¢s) cos(¢2 + ¢a) + sin(ds) cos(d1 + ¢5 + ¢7)
—sin(¢s) cos(pa) + sin(¢r) cos(pr + ¢2) + sin(¢s + ¢7) cos(¢ps + ¢7)
0
by sin(¢7) — sin(¢7) cos(ds — ¢s)
0
0

6. AU(; =

—sin(¢s) cos(¢a) + sin(¢r) cos(p1 + ¢2) + sin(ds + ¢7) cos(pz + ¢7) > 0
by > cos(¢5 — ¢6)

sin(¢g) cos(da + ¢4) + sin(@r7) cos(pdo + ¢3) + sin(Pg + ¢7) cos(Pp1 + Ps)
—sin(¢g) cos(d4) + sin(¢g) cos(¢s + d6 + d7)

{cos(@ + ¢4) > —cos(¢1 + ¢5 + ¢7)

7. Auy = by sin(¢r) — Sin(o¢7) cos(¢s — ode) _
0
0
) +sin(de + ¢7) cos(¢1 + ¢5) > 0

cos(p3 + pg + ¢7) > cos(¢a)

{sin((%) cos(¢2 + ¢4) + sin(¢r) cos(pz + ¢3
b1 > cos(ds — d)

Consider equation 4.5 and let ¢1 + ¢5 + ¢7 > T => ¢P1 + ¢5 + d7 — P2 — pg > 7 - doesn’t hold, because of
inequality from set (2, 3, 5) in Copositivity section =
1+ Ps+Pr+ g2+ s <

From inequalities on ¢; we get:

¢3+ ¢ + 07 < Py
P1+¢2+P3t+Ps+ds < =
PL1+ods5+drt+dat s <

Copositivity:

Sets (1,3,4),(2,3,4),(1,3,5),(2,3,5),(1,4,5),(2,4,5), (3,4,5),(1,3,4,5), (2, 3,4,5), (1, 2,6),
(2,3,6),(1,4 6) (3,4,6),(1,5,6),(2,5,6) have to be considered.

1. I =(2,5,6),04 + ¢7 > ¢35 + ¢¢ performs strictly
2. I = (1737475)7(17375)7(173,4) LU = e +63 . ¢2 +¢3 —+ |(b5 — ¢6| S 7'["¢2 +¢4 +¢5 _l’_(b? S T perfOI'mS

strictly
3. 1=1(2,3,4,5),(2,3,4),(2,4,5) cu=re2 +eq: ¢1+ g2+ [¢5 — ¢6| < 7, 96 + ¢7 < ¢4 performs strictly
4. 1=(1,5,6): 97+ T — 2 — s+ 7 — 1 —¢5 > 7 =>7 2> 1+ ¢5 — ¢7 + ¢p2 + ¢4 performs strictly
5. I =1(3,4,6) : ™ — |5 — dg| + ¢5 + ¢g > 7 performs strictly
6. I =(1,4,6) : 7 — o — b3 + ™ — $1 — ¢5 + ¢¢ > 7 performs strictly
7. 1=(2,3,6): 1 — ¢1 — P2 + 7T — ¢3 — ¢ + ¢5 > m performs strictly
8. I=(1,2,6):m—¢1 — ¢5+ 7 — Pp3 — ¢ + ¢2 > 7 performs strictly
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9. I =1(2,3,5):7m—¢1 — ¢p2 + 7 — ¢5 — 7 + ¢4 > 7 performs strictly
10. IT=(1,4,5): 7 — ¢p2 — 3+ 7 — ¢ — g — ¢ — ¢d7 > 0 performs strictly
11. I=(3,4,5): w1 — ¢ — o7 + 7 — ¢5 — o7 — | — d7| > 0 performs strictly

Extremality:
X = FPFT
bir biz biz bis bis bis fi
bor bag baz bas b5 % fo
b31 b3z bzz *  x b3 f3
X = F =
ba1  bao * baa * x|’ f4 ’
bs1 bsa  *  x bss  x Is
ber * bez x  *  bes fe
F * (uyugusuyg) = 0
sin(¢9) 0
0 sin(¢9)
po | s +¢2) —sin(¢1)
— sin(¢3) —sin(¢a + ¢3)
—sin(¢a) —sin(¢pz + ¢4)
sin(¢1 + g2 + ¢5)  sin(¢p1 + ¢5)
Y — GQGT
by % boy *  bog 92
* b3z x  b3s bsg g3
Y=1|bso * bua bss bsc|,G=|ga],
*  bsa bss bss  bsg g5
be2 bez bea bes bes 96

G * (usuguy) =0

—sin(¢s + ¢g) —sin(¢s3)
sin(¢s) sin(¢s — ¢¢)

G = sin(¢e) 0
— sin(¢7) —sin(¢e + ¢7)
0 sin(¢s)
Necessary equalities, that are constraints on elements of matrices P and Q:
L22 = Y22
T24 = Y24
T33 = Y33
T36 = Y36 =
T44 = Yaa
L55 = Ys5
T66 = Y6
0 0 —sin? (¢g)
— cin?(y + 62) -2 *m(lis(pg}ri;n()@)(as ) e ¢23()¢Si;‘(¢2)
The coefficient matrix of the system is given by |sin(e; + 62)sin(o1 + 6 + 65)  sin(é1 + o) sin(é1 + 65) + sin(é1) sin(é1 + és + o5)  sin(é1) sin(é1 + o5)
—sin? (¢3) —2sin(¢g + ¢3) sin(43) —sin? (g2 + b3)
— sin2 (éy) —25in(dg + ¢4) sin(dg) —sin?(¢g + ¢4)
sin?(¢1 + ¢ + ¢5) 2sin(é1 + ¢2 + ¢5) sin(é1 + ¢5) sin? (61 + ¢5)
0 0
) 0 sin(¢s) sin(¢2)
—sin“(¢1 + ¢2) —2sin(¢1 + ¢2) sin(p1)
sin((bl + (7252) S1112(¢1 + d)Q + ¢5) Sin(¢1 + ¢2) sin(d)l + ¢5) + Sin(¢1) sin(d)l + d)g + ¢5)
—sin (¢3) -2 Sin(¢2 + ¢3) sin(q§3)
— sin?(¢y4) —2sin(¢2 + ¢4) sin(gpq)
sin?(¢1 + ¢2 + ¢5) 2sin(¢1 + ¢ + ¢5) sin(¢1 + ¢s5)



—sin’(¢2) sin®(¢3 + @) 2sin(@3 + @) sin(¢s) sin®(¢3)

sin(¢a + ¢3) sin(¢2)  —sin(ds + ¢g) sin(pe) — sin(¢g) sin(¢3) 0
—sin®(¢1) sin?(¢s) 2sin(¢s — ¢ ) sin(¢s) sin?(¢5 — ¢)
sin(¢q) sin(¢p1 + ¢5) 0 sin(¢s ) sin(¢g) sin(¢s — ¢¢) sin(¢e)
—sin®(¢2 + ¢3) sin® (¢) 0 0
—sin®(¢2 + ¢4) sin®(¢7) 2sin(¢s + ¢7) sin(¢r) sin®(¢g + ¢7)
sin?(¢1 + ¢s5) 0 0 — sin®(¢g)

Consider determinant of submatrix with rows (1,2,5,6,7) and columns (1,2,4,5,6) :
det = —2sin®(¢3) sin® (¢) sin(¢) sin(¢1 + P2+ s+ ds+ ) sin(ds — d7 — p3 — dg) sin(d1 +da+ Ps +Pa+d7)=;
$1+ 2+ G5+ 3+ e =T
rank of this matrix less than 5 if G4 = P7 + P3 + @6
Pr+odet+ds+datr=m
The first equation cannot hold because the other two hold with inequality and ¢7 > 0. In the other two cases
of equalities, the zeros are contained in a proper subspace because every 6 x 6 minor of the matrix U of the
zeros vanishes.

Result

The extremal copositive matrices with such minimal zero support set are given by

1 — cos(¢2) —cos(¢1)  cos(pa + ¢3) cos(p2+ ¢a) cos(¢1 + ¢5)
— cos(¢2) 1 cos(¢1 +¢2)  —cos(¢3) —cos(¢s)  cos(¢3 + ¢s)
A= | —coslé)  cos(dr + o) 1 by cos(¢s + ¢7)  —cos(¢s)
cos(¢2 + ¢3) —cos(¢3) b1 1 cos(¢g + ¢7) — cos(¢e)
cos(dz2 +¢a)  —cos(ds)  cos(¢s + d7) cos(¢e + ¢7) 1 — cos(¢7)
cos(¢1 + ¢5) cos(dz + ¢s)  —cos(¢s) — cos(¢s) — cos(¢7) 1

¢3 + d6 + P7r < P4

under the conditions ¢; € (0, ), {¢ st dr b byt e <
1 5 7 2 4 T
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