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Zeros and linear conditions

The minimal zero supports are given by (1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 3, 6), (2, 4, 6), (3, 4, 6), (3, 5, 6)

1 —cos(¢2) —cos(¢1)  cos(po + @3) cos(pa + Pg)  cos(d1 + ¢5)
— cos(¢2) 1 cos(¢1 +¢2)  —cos(¢s) —cos(¢a)  cos(¢3 + ¢s)
_ | —cos(¢1)  cos(¢r+ ¢2) 1 cos(¢s + ¢g) cos(¢s + ¢7)  —cos(¢s)
cos(¢g2 + ¢3)  —cos(dz)  cos(ds + de) 1 by — cos(¢e)
cos(¢pa + ¢4) —cos(pg)  cos(¢s + ¢7) b1 1 — cos(¢7)
cos(¢1 + ¢5)  cos(ps + ¢dg) — cos(¢s) — cos(¢g) —cos(¢7) 1
The zeros are given by the columns:
sin(¢1 + ¢2) sin(¢3) sin(¢4) sin(¢s) 0
sin(¢1) sin(¢2 + ¢3) sin(¢2 + ¢4) 0 sin(¢g)
B sin(¢s) 0 0 sin(¢1 + ¢5) 0
(u1, uz, us, g, us, ug, u7) = 0 sin(¢2) 0 0 sin(¢s + ¢¢)
0 0 sin(¢pz) 0
0 0 0 sin(¢pq) sin(¢s)
0 0
0 0
sin(¢s) sin(¢r)
sin(¢s) 0
0 sin(¢s)
sin(¢s + ¢6)/ \sin(¢s + ¢7)
0
8 cos(¢1 + ¢ + ¢p3) > — cos(ds + ¢6)

e e ettty
1 2 5) = — 3 6

sin(¢gz) cos(P1 + ¢ + @) + sin(Pa) cos(¢s + ¢7)
sin(¢1) cos(P1 + ¢2 + ¢5) + sin(¢1) cos(ds + ¢ds)

0
0 + o+ 3) > — +
5. Auy = sin(¢2) cos(p1 + @2 + ¢;Z)) + sin(¢p2) cos(ds + Po) R {zlossbéos(zj ! Z)Z,)) cos(¢s + ¢s)
by sin(¢g) — sin(¢p2) cos(ps — P4) cos(¢1 + @5) = — cos(d2 + b3 + o)

sin(¢s3) cos(p1 + ¢s5) + sin(¢s) cos(da + ¢3 + P6)

0
0 e
3 4 sin(¢2) cos(p1 + P2 + ¢4) + sin(p2) cos(ps + ¢7) N ZOS£¢1 * 92+ 9a) 2 = coslgs + 1)
A= b1 sin(¢z) — sin(¢2) cos(ds — d4) 1= cos(¢3 — Pa) .
0 sin(¢a) cos(¢1 + ¢5) + sin(ga + Pa) cos(¢s
sin(¢4) cos(¢1 + ¢5) + sin(¢z + ¢4) cos(¢s + d6) — sin(¢2) cos(¢7)
0
() coslon + 02 G) +sin(Gr) coslds +00) | fcos(1 + 62+ 63) > — cos(@s + do)
4 Aug = sin(¢s) cos(d2 + ¢3) + sin(@s) cos(d1 + d5 + og) = | c08(92 + 65) = —cos( + @5 + )
sin(¢s) cos(da + ¢4) + sin(ds) cos(¢1 + ds + ¢7) cos(¢2 + ¢4) = —cos(¢1 + ¢5 + ¢7)

0



sin(¢3) cos(¢1 + ¢5) + sin(@s3) cos(pz + @3 + ¢¢)

0
5. Aus — sin(gg) cos(p1 + ¢2) + s(i)n((,b(;) cos(¢s + &5 + ¢g) N
by sin(¢s + ¢g) — sin(d) cos(p4) — sin(d3) cos(¢7)
0
cos(¢1 + ¢5) > — cos(¢p2 + d3 + ¢g)
cos(p1 + ¢2) > —cos(P3 + ¢5 + ¢))
by sin(¢s + ¢6) — sin(ge) cos(¢a) — sin(ps3) cos(¢r7) > 0
sin(¢s) cos(d2 + ¢3) + sin(¢s) cos(p1 + d5 + ¢6)
sin(¢e) cos(d1 + ¢2) + sin(ge) cos(¢s + ¢5 + ¢6)
0
6. A'LL(; = 0 =
by sin(¢s) — sin(gs) cos(pg — ¢7)
0

cos(¢1 + ¢p2) > — cos(p3 + ¢5 + ¢¢)
by > cos(¢ps — ¢7)

sin(¢s) cos(¢a + pa) + sin(¢s) cos(d1 + ¢s + d7)
—sin(¢s) cos(¢s) + sin(¢r) cos(dr + ¢2) + sin(¢ps + ¢r7) cos(¢z + ds)
0
bi sin(¢s) — sin(¢s) cos(de — ¢7)
0
0

{cos(qﬁz + ¢3) > —cos(P1 + ¢5 + ¢6)

7. AU7 =

—sin(¢s) cos(¢a) + sin(¢r) cos(p1 + d2) + sin(ds + ¢7) cos(pz + ¢g) > 0

{cos(d)g + ¢4) > —cos(¢1 + ¢5 + ¢7)
b1 > cos(¢s — ¢7)

From inequalities on ¢; we get:
P1+ P2+ P3+Ps+gs <7
Pr+d2t Qs+ Pst+dr<m

Copositivity:

Sets (1’ 374)7 (2’ 3’ 4)7 (]" 3’ 5)7 (27 3’ 5)7 (174’ 5)’ (2747 5)’ (37 47 5)’ (1737 47 5)’ (2737 47 5)7 (17 27 6)7
(2’3’6)7(1’4?6)7(135’6)7( ( ( )

1. I =(4,5,6),b1 > cos(¢s — ¢7) => 6 + 7 > |ps — ¢7| performs strictly

2.1 = (1,4,5,6),(1,5,6) : u = e5 + g : cos(dg — ¢7) > cos(¢g), cos(da + ¢a) > —cos(¢y + ¢5) =>
b2 + ¢4 + P1 + ¢5 < 7 performs

3. I =(2,5,6):pa+7T— 3 — 6 + O7 > T => s+ d7 > P34+ @6
4. 1=(1,4,6) : o+ 7 — o — 3+ 7T — 1 — ¢p5 > T => 7 > ¢1 + ¢p5 — ¢ + P2 + ¢3 performs strictly

5. 1=(1,3,4,5),(1,3,4),(1,3,5) :u=e1+e3:3)m > ¢1 + ¢2 + P + 5
5)m > ¢2 + ¢4 + ¢5 + ¢7 performs strictly

6. 1 =1(2,3,4,5),(2,3,4),(2,4,5) :u=-ea+e4:3)1 > ¢1 + d2 + ¢6 + &5
5) cos(pz — Pa) > cos(gs) => P4 > |3 — P4| performs strictly

7. 1=(2,38):ds+m—1 — o+ T — 5 — 7 > 7T =>7 > P1 + ¢5 — P4 + P2 + ¢7 performs strictly

8. I=(1,4,5):7m—|¢p3 — Qa| + T — P2 — 3+ T — pa — Py > 7™ => 21 > 22 + 3 + P4 + |d3 — (4| performs
strictly



9. I =(3,4,5):7m—|pg — 7| + 7T — 5 — p7 + T — 5 — pg > T => 21 > 205 + P6 + ¢7 + | — ¢7| performs
strictly

10. I:(].,?,G)Z¢2+7T—(]51—¢)5+7T—¢)3—¢)6Z7T2>7T2(b1+¢5—¢2+¢3+¢6 performsstrictly
11. 12(2,3,6)Z¢5+7T—¢1—¢)2+7T—¢3—d)627r:>71'2¢1—¢5+¢)2+¢3+¢6 performsstrictly

That proves coposititvity with additional condition on ¢; : ¢4 + ¢7 > ¢3 + ¢g, using it we get conditions
P1+ P2+ Qs+ g5 +or<m
b1+ @7 > P3 + b6
additional minimal zero (2, 5, 6) = ¢4 + ¢7 > ¢3 + ¢6

There is a symmetry 123456 <> 361452, that means for ¢; : ¢ <> @5, P3 <> dg, P4 <> @7 and it follows we can
let by = cos(¢g — ¢7)

on ¢; : All remain inequalities fulfilled. If ¢4 + ¢7 = ¢3 + ¢ , then there is

0.1 Parametrization:

1 — cos(¢2) —cos(¢1)  cos(ga + ¢3) cos(da + 1) cos(d1 + ¢s5)
— cos(¢2) 1 cos(p1 + ¢p2)  —cos(¢s) —cos(¢pyg)  cos(¢ps + ¢g)
—cos(g1)  cos(¢r + ¢2) 1 cos(¢s + dg) cos(os + d7)  —cos(ds)
cos(¢2 + ¢3)  —cos(¢s)  cos(¢s + ¢6) 1 cos(¢e — ¢7)  —cos(¢e)
cos(g2 + ¢a)  —cos(da)  cos(ds + d7)  cos(de — ¢7) 1 — cos(¢7)
cos(¢1 + ¢5) cos(dz + ¢s)  —cos(¢s) — cos(¢s) — cos(¢7) 1
with conditions : ¢; € (0,7),¢1 + ¢p2 + s + ¢5 + ¢7 < T, P4 + P7 > ¢3 + P, [Pa — P3| > [P — @], or
1 —cos(¢2) —cos(¢1) cos(¢2 + ¢3) cos(pa + p4) cos(Ppr + ¢s)
— cos(¢2) 1 cos(¢1 + ¢2)  —cos(¢s) —cos(ds)  cos(ds + d6)
—cos(¢1)  cos(d1 + ¢2) 1 cos(¢s + d6) cos(¢s + 7)) —cos(¢s)
cos(¢pa + ¢3) —cos(¢3)  cos(¢s + ¢e) 1 cos(¢3 — ¢4) — cos(¢pg)
cos(po + @pg)  —cos(py)  cos(Ps + @7)  cos(ds — ¢p4) 1 —cos(¢7)
cos(¢1 + ¢5)  cos(gps + ¢dg) — cos(¢s) — cos(¢g) —cos(¢7) 1

with conditions : ¢; € (0,7),¢1 + P2 + dg + ¢5 + d7 < T, Py + 7 > b3 + b6, |04 — P3| < |7 — P

Extremality:

The submatrix Ajs34¢ is isomorphic to a T-matrix. Any B in the face of A is hence such that Biozsg is
proportional to A12346. In particular, only the diagonal element Bss may differ from the other diagonal elements
of B. But either of the zeros ug, u7 ensures that Bss equals the other diagonal elements. Hence B is proportional
to A and A is extremal.

Result

1 — cos(¢2)
—cos(¢p2) 1
—cos(¢1)  cos(¢1 + ¢2)

cos(pa + ¢3)  —cos(¢s)
cos(pa + ¢a)  —cos(¢a)
cos(¢1 + ¢5)  cos(¢s + ¢d6)

The extremal copositive matrices with the given minimal zero support set are given by A =

under the conditions : ¢; € (0,7), p1 + ¢2 + P4 + ¢5 + d7 < T, da + P7 > P3 + Ps.
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