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Preliminaries

The presence of a minimal zero with support of size 4 leads us to study positive semi-definite 4 x 4
matrices of rank 3 with positive kernel vector. Let
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be a partially positive definite matrix, i.e., Ajoz = 0, Aazq > 0, where ¢1, @5, 7, ds, b9 € (0,7). The
positive definiteness of the principal submatrices yields the conditions

max(|m — ¢5 — 7|, |1 — d1 — do|) < dg < Min(w — [p5 — P7[, T — |p1 — Po). (1)

A consequence of these relations is

¢7 < ¢1 + 5 + ¢, P9 < @1+ @5 + @7 (2)

The matrix is positive semi-definite completable, and there exists a closed interval [amin, Gmax] for
possible values of the missing corner element a which makes A positive semi-definite. The extremal
values of the interval yield a rank 3 matrix. If a equals an extremal value, then there exists a non-zero
kernel vector u of A. Since Ajs3 = 0, the element uy cannot vanish. Likewise, u; does not vanish,
because Aszq = 0.

The matrix uu” generates the face which is orthogonal to the face of A in the cone St. If a = amax,
then adding a positive multiple of F14 to A leads out of the cone S%, while adding a small negative
multiple leads into the interior of Si. Hence (E14,uuT> = 2uquyg < 0. Likewise, for a = apmi, we get
<E14,uuT> = 2ujug > 0. Thus a = api, is a necessary condition for having a positive kernel vector.
We shall henceforth assume that a = ayi,. We have the explicit value

COS (1 COS 5 + COS 1 COS P7 COS hg + COS P5 COS g COS Pg + COS P7 COS g
a= —5 —
sin® ¢g

\/(sin2 $1 sin? g — (cos by + cos ¢y cos ¢8)2)(sin2 ¢5 sin? ¢g — (cos ¢7 + cos @5 cos ¢g)?)

sin? ¢g

We also assume that the elements i, uq of the kernel vector are positive.
The submatrix Aja4 is also positive semi-definite, and hence a > cos(¢1 + ¢5). Likewise, Ajz4 = 0
yields a > cos(¢7 + ¢9). Note that a = cos(¢1 + ¢5) and a = cos(¢7 + ¢g) implies

u = (sin ¢1, sin(¢1 + ¢5), 0, sin ¢5)T, u = (sin ¢y, 0, sin(¢7 + ¢g), sin ¢7)T, (3)

respectively.
Define v = (sin ¢y, sin(¢1 + ¢5),0,sin ¢5)7 and w = (sin ¢g, 0, sin(p7 + @9 ), sin ¢7)T. We obtain

Av = ((a—cos(¢1+¢5)) sin @5, 0, x, (a—cos(¢1+¢5)) sing1)T  Aw = ((a—cos(dr+¢)) sin g7, x,0, (a—cos(dr+¢o)) sin ¢o) "
We have u? Av = uT Aw = 0, because u is the kernel vector of A. This yields

(Av)sus = —(a—cos(p1+¢5))(sin psus+sin pruq), (Aw)aus = —(a—cos(Pr+og))(sin druq +sin gouy).
(4)



Hence uz = 0 implies a = cos(¢1 + ¢5) and uy = 0 implies a = cos(¢7 + ¢g). This in turn gives the
values (3) for u, respectively, which by Au = 0 implies (Av)s = 0 and (Aw)s = 0, respectively. Hence
us = 0 is equivalent to (Av)s = 0 and ug = 0 to (Aw)s = 0.

If uz # 0 and uy # 0, then the right-hand sides of equations (4) are negative, and we obtain

uz >0 & (AU)3<O, u >0 & (AU))2<0,

respectively.
Thus v > 0 if and only if

cos ¢7 sin 1 +cos g sin(p1+¢5)+cos pg sin gy > 0,  cos @5 sin Ppg—+cos Pg sin(p7+pg)+cos ¢ sin ¢7 > 0,

()

a > cos(¢1 + ¢5), a > cos(p7 + ¢g). (6)

implying also

Let us now derive a condition on the kernel vector. Divide A into 2 x 2 blocks I, I1 of equal size.
Then the kernel vector satisfies

Arrur + Arrrurr = AIT,UUI + Arrrurr = 0.
It follows that

T T T
uy Arrur = —up Ar rrurr = A rrurg. (7)

Basic structure

The minimal zero support set is equivalent to {{3,4,5},{4,5,1},{5,1,2},{1,2,3},{1,5,6},{2,3,4,6}}.

Let the corresponding zeros be u!, ..., ub. It follows that A has the form
1 — COS ¢y cos(¢g + ¢5)  cos(pa + ¢3) — Cos ¢3 cos(ps + d6)
— COS 4 1 — Cos @5 agq cos(p3 + b4) a6
A |cos(@atds)  —cosgs 1 —cosgr  cos(d1 + d2) ase
cos(¢pa + ¢3) a24 —cos ¢y 1 — COS (o Qa6
— CoS ¢3 cos(¢s + ¢d4) cos(py + ¢P2) — COS ¢ 1 — COS ¢g
cos(¢3 + de) a26 ase a46 — oS ¢g 1

We also set agg = — cos ¢, azg = — COS Ps, agg = — oS ¢g. Here ¢1,...,¢9 € (0,7), and @1 + ¢, P2 +
G3, 03 + 1, P4 + G5, 03 + P < T.

The minimal zeros w1, ..., ug are given by the columns of the matrix
0 sin ¢o sin(¢s + ¢4) sin g5 sin ¢g 0
0 0 sin ¢3 sin(¢4 + ¢s) 0 Ug2
sin ¢)2 0 0 sin ¢4 0 U3
sin(¢1 + ¢2) sin ¢3 0 0 0 Ue4
sin ¢1 sin(¢2 + ¢3) Sin ¢4 0 sin(¢s +¢6) 0
0 0 0 0 sin ¢3 1

We have the symmetry (123456) — (543216).

First order conditions

The minimal zero supports cover all elements, and irreducibility with respect to N follows.

Conditions on (Auj), (Aus)s, (Aus)s, (Aug)s: We have the inequality
(Au)1 = cos(pa+¢s) sin da+cos(Pa+s) sin(¢1+¢2) —cos ¢3 sin ¢y = (cos(Ps+¢s)+cos(d1+¢2+¢3)) sin gy > 0,
which yields either ¢ + ¢ + ¢3 + Pg + @5 < T or ¢1 + P + ¢3 > 7T+ P4 + ¢5. Further

(Aug)s = cos(@y + ¢5) sin ¢o — cos @1 sin @3 + cos(d1 + ¢2) sin(pa + ¢3) = (Auq )1,



(Aug)s = cos(¢ps+¢s) sin(pz+4)—cos @5 sin gp3+cos(P1+¢2) sin dg = (cos(P3+Pa+ds)+cos(p1+¢2)) sin gy > 0,
which yields either ¢1 + ¢o + ¢3 + ¢s + @5 < 7 or ¢3 + Ps + ¢5 > T+ P1 + Po. Hence if the first case
does not hold, then combination with the above inequality yields ¢3 > 7, a contradiction. Thus

O1+ P2+ d3+ Py + 5 < . (8)

Similar to the relation (Aug)s = (Auy); we prove

(Auyg)s = — cos g3 sin @5 + cos(Ps + @4) sin(py + ¢s5) + cos(¢1 + ¢2) sin oy = (Aus)s.
The four quantities are hence zero if and only if in (8) we have a equality.

Conditions on (Auq)sa, (Aus)a, (Aug)s, (Aug)s: The submatrix Assge is positive semi-definite of
rank 3 with positive kernel vector. This yields conditions (1),(5), and by virtue of (6) ass4 > cos(¢1+ds),

agq > cos(dr + do).

The strict lower bound cos(¢1 + ¢5) on agq implies that the submatrix Aja345 is a sum of a T-matrix
and a positive multiple of Ea4, and in particular copositive. It implies also that (Auy )2, (Aus)a, (Aus)y, (Aug)s >
0, because these quantities are already nonnegative if asq = cos(¢1 + ¢5).

Conditions on (Aug)g, (Aus)2, (Aus)s, (Aus)s: The first two quantities give rise to the condition

aze > — cos(p3 + b4 + @), 9)

while the last two yield
ase > cos(¢p2 — ¢o).- (10)

Conditions on (Auj)s, (Aug)s: The inequalities amount to

< sin ¢y sin(¢q +¢2)) 326 S ( €O ¢ Sin ¢y ) (11)
sin(¢q + ¢5) singy aig — \—cos(¢3 + ¢6)sings )

Conditions on (Aug)1, (Aug)s: Set u = (ug2, ugs, uss)”. Then the inequalities can be written as

( —Cos ¢y cos(ps + ¢5)  cos(pg + ¢3)> u> (— cos(¢p3 + ¢6)) .

cos(¢3 + ¢4) cos(d1 + ¢2)  —cosga - Cos ¢g
Set further P = Ag3s = 0 and a = (ags, aze, aas)’ - Then a = —Pu and conditions (11) can be rewritten
as
COS ¢5 sin ¢ — ag4 sin(¢p1 + ¢2) cos(¢1 + P2) sin ¢y — sin ¢ cos ¢ u> €Os (g Sin ¢y
— €OS Py Sin @5 cos(pa + ¢5)sin g5 —ag4sin(¢gs + ¢5) + cos ¢y sin ¢y —cos(¢p3 + ¢g)sings )

Now

—ag4 SIN(Pa+@s5)+cos ¢ sin oy < — cos(d1+¢5) sin(pa+ds)+cos ¢1 sin ¢4 = — cos(P1+d4+¢5) sin ¢5 < cos(pa+d3) sin ¢s,
and hence (Aug)g > 0 implies (Aug); > 0. Likewise,
COS @5 8in g — agy sin(gy + ¢g) < cos(¢s + ¢4) sin ¢s,
and (Aup)e > 0 implies (Aug)s > 0.
Condition on (Aus)s: The corresponding inequality yields

— cos(¢4 + ¢s5) sin g — cos(¢1 + ¢2) sin(¢s + de)

asg > .
36 = sin ¢3

From Asss = 0 we obtain ¢g < m — |¢1 — ¢g| and hence cos g > — cos(¢1 — ¢g). Combined with
the first condition in (11) this yields

cos(p1+pa—g) sin ¢; = — sin ¢, cos pg+sin(dy+¢2) cos(p1—¢g) > — sin ¢ cos pg—sin(p1+¢z) cos pg > cos ¢ sin ¢.



Thus |¢1 + @2 — ¢s| < ¢6, which yields s > ¢1 + 2 — ¢s.
Now suppose that ¢1 + ¢2 — ¢ > 0. Then we obtain azg = — cos g > — cos(p1 + ¢2 — ¢g). Then,
however,

— c0os(¢4 + ¢5) sin ¢ — cos(¢1 + ¢2) sin(¢s + ¢e) < cos(¢1 + ¢2 + ¢3) sin g — cos(p1 + ¢2) sin(ds + Ps)
sin ¢3 - sin ¢3
= —cos(p1 + ¢2 — ¢6) < asze.

Likewise, from Asgzg > 0 we obtain ¢7 < 7 — |5 — ¢s| and hence cos ¢p7 > — cos(¢ps — ¢g). Combined
with the second condition in (11) this yields

cos(Patps—Psg) sin g5 = sin(Ppa+¢s) cos(¢s—pg)—sin ¢4 cos pg > — sin(p4+ds) cos p7—sin ¢4 cos pg > — cos(Pp3+¢pg) sin Ps.

Thus |¢4 + ¢5 — ¢g| < T — ¢3 — d6, which yields ¢3 + ¢4 + ¢5 + ¢ < 7 + 5.
Now suppose that ¢3 + ¢4 + @5 + ¢ > 7, then we get cos(¢s + ¢4 + ¢5 + dg) < — cos pg = agg. It
follows that

— cos(¢y + ¢5) sin g — cos(P1 + ¢2) sin(pz + ¢s) < cos(p4 + ¢5) sin g + cos(p3 + P4 + ¢5) sin(P3 + ¢¢)
sin ¢3 - sin ¢3
= cos(p3 + ¢4 + @5 + Ps) < ase.

Finally, assume that ¢ + ¢o — ¢ < 0 and ¢3 + ¢4 + @5 + g < w. Then we get

— cos(pa + P5) sin g — cos(d1 + ¢2) sin(¢s + ¢g) <= cos(m — ¢ — o) sin g — cos gosin(gs +ée) _ | <a
sin ¢3 sin ¢ = 36-

Thus in any case

—cos(¢4 + ¢5) sin g — cos(¢1 + ¢2) sin(dz + dg)

sin ¢3

ase >

and (Aus)s > 0.

Further relations on ¢y: From the first condition in (11) and the constraint ¢g < ™ — |$1 — P9
we get
sin ¢ cos(¢1 — ¢g) — sin(¢1 + P2) cos dg = — cos(p2 + ¢g) sin @1 > cos ¢g sin ¢y

Hence |m — ¢pg — ¢2| < g and —gpg < ™ — pg — 2. On the other hand, (10) yields 7 — ¢g < |pg — P2,

and hence ¢z — ¢ < |6 — P2|, implying ¢ > ¢s.
Likewise, from the second condition in (11) and ¢s < m — |5 — ¢7| we get

—sin(¢4 + @5) cos d7 + sin @4 cos(Ps — ¢7) = — cos(pg + ¢7) sin s > — cos(¢3 + Pg) sin Ps.

Hence | — ¢7 — 4| <7 — ¢p3 — ¢g and ¢p3 + ¢ — ™ < m — ¢p7 — ¢4. On the other hand, by (9) we have
T—¢7 < |T—d3— 6 — ¢al, and hence —m+ @3+ @6+ Pa < |7 — 3 — P6 — Pal, implying 7 > ¢z + P4+ Ps.
Thus conditions (9),(10) can be rewritten as

¢7 > ¢3+ Q4+ P, P9 > T+ P2 — s, (12)

and we obtain as a consequence

P2 < P < T — P3 — P4, o7 + g > .

Note that ¢3 + ¢g < 7 also follows.

Again conditions on (Au;)g, (Aug)s: We obtain 0 < 7 — ¢g < dg — ¢ < 7 and hence cos g <
— cos(¢g — ¢2). Multiplying with sin ¢ this further gives

— COS (g COS 2 SN P71 — Sin g Sin Pg Sin ¢1 = — €08 ¢g sin(P1 + ¢2) + sin 2 cos(P1 + ¢g) > cos g sin @1 .



Now cos(¢1 + ¢g) = — cos(|m — ¢1 — ¢g|) < — cos ¢, and hence

— €08 g sin(py + P2) — sin ¢a cos Pg > €os Pg sin Py .

Thus (Aus)s > 0.

Likewise, 0 < ¢3 + ¢ < ¢p7 — ¢4 < 7 and hence — cos(¢p3 + ¢g) < — cos(¢4 — ¢7). Multiplying with
sin ¢5 this further gives
— COS ¢h4 COS 7 Sin 5 —sin ¢4 sin @7 sin g5 = — cos Pz sin(Pg+Ps ) +sin Py cos(Ps+d7) > — cos(Ps+@g) sin ¢s.
Now cos(¢s + ¢7) = — cos(|m — ¢5 — P7]) < — cos ¢g, and hence

— cos @7 sin(py + ¢5) — sin ¢y cos pg > — cos(Ps + Pg) sin @5.

Thus (Aug)e > 0.

Again conditions on (Auj)i, (Aus)s, (Aus)s, (Auyg)s: Inserting cos(¢s + ¢d7) < — cos ¢g into the
first condition of (5) we obtain
0 < cos @7 sin @1 + cos ¢g sin(P1 + ¢5) + cos ¢g sin ¢ < cos 7 sin gy — cos(¢s + @7) sin(¢1 + ¢5) + cos g sin P

= (cos g — cos(¢1 + ¢5 + ¢7)) sin ps.
This yields |7 — ¢1 — ¢5 — 7| < ™ — ¢g and in particular
1+ @5 + 7+ Pg < 2. (13)

Combining with (12) we obtain
1+ P2+ ¢33+ Py + P5 <,
and (Aul)l, (AU2)3, (AU3)3, (AU4)5 > 0.

Conditions Ug2, Ue3, Usa, Ugs > 0
We now consider constraints (5). Note that ¢7 + ¢g9 > 7, ¢1 + ¢5 < m. Hence (5) can be written as

COS (7 Sin 1 + oS ¢g sin @5 COS @5 Sin g + cos @1 sin ¢
sin(¢1 + ¢5) sin(¢7 + ¢g)
From (13) and taking into account ¢7 + ¢9 > 7 we obtain cos¢s > cos(¢p1 + ¢d7 + ¢g). After
multiplying by sin ¢g and transforming we get

Cos ¢5 sin g9 + cos @1 sin d7 > cos(¢1 + ¢g) sin(p7 + ¢o).

< cos g < —

This further yields

_ cos @5 sin g + cos @1 sin 7
sin(¢7 + ¢o)

Thus ugz > 0 is satisfied automatically.
By the first relation in (2) and ¢1 + ¢5 < T < ¢7 + ¢dg we have —¢g < ¢1 + ¢5 — d7 < g and hence
cos(¢1 + ¢5 — ¢7) > cos ¢g. Multiplying by sin ¢5 we get
cos(¢s — ¢7) sin(g1 + @5) — cos @7 sin @1 = cos(¢1 + ¢5 — @P7) sin g5 > cos Pg sin Ps.
It follows that

> cos(m — @1 — dg) > cos pg.

COS (g Sin @5 + cos ¢7 sin ¢
- sin(¢1 + ¢s5)
Likewise, by the second relation in (2) we get —¢7 < ¢1 + ¢d5 — g < @7 and hence cos(¢1 + ¢5 — pg) >
cos ¢7. Multiplying by sin ¢; we get
cos(p1 — ¢g) sin(@1 + d5) — cos g sin g5 = cos(¢1 + ¢5 — ¢g) sin ¢y > cos @7 sin ¢y .
It follows that

cos(m — |5 — ¢7|) = cos(m — g5 + P7) <

COS (pg Sin @5 + oS @7 sin @1

sin(¢1 + ¢s)

cos(m — |1 — do|) = cos(m — @1 + ¢g) <

Thus ugs > 0 implies max(|m — @5 — @7, |7 — d1 — dg|) < Ps.



Parametrization

We parameterize A by the angles ¢1,...,¢9. We are left with the constraints ¢ € (0,7), ¢7 >
¢3 + G4+ P6, P9 = T — P6 + P2,

COS (7 Sin 1 + €os ¢g sin ¢

sin(¢1 + ¢5)

Note that (2) and (13) follow from this relation, and these are the conditions obtained by projecting
out ¢g. Projecting out ¢g, @7, pg consecutively we obtain

b7 — P1 — ¢5 < P9 <MIN(2T — P1 — 5 — P, P1 + G5+ P7), T — 6 + P2 < Py,

T—¢1+ ¢2 — 5 — P6 < o7 < min(m, 7 — 1 — P2 — ¢5 + P6),  G3 + da + s < D7,
P2 < P < T — P3 — P4,
O1+ P2+ d3+ Qs+ 5 < .

< cos g < —max(cos(¢ps + ¢7), cos(p1 + ¢g)). (14)

The element aq4 is given by

COS (1 COS P55 + COS (b1 COS 7 COS (g + COS P COS g COS (g + COS D7 COS Pg
sin? g
\/(sin2 ¢1 sin? gg — (cos g + cos @y cos ¢g)?)(sin? p5 sin® pg — (cos ¢y 4 cos ¢ cos Pg)?)

Sin2 qf)g

(15)

a24 =

Copositivity

Copositivity of A will be checked by the criterion in Theorem 4.6 of [1]. For each non-empty index set
I c{1,...,6} we have to find a vector v € R® such that I contains the support of v and is contained
in the nonnegative support of Av, or prove directly that A; is copositive.

For I of size 1 or 2 we may take v = Eie] e;. For I containing the support of a minimal zero
u we may take v = u. Index sets which are contained in {1,2,3,4,5} not be considered because the
corresponding submatrix is already copositive. The same holds for subsets of {2,3,4,6}. The other
index sets I are

{1,2,6},{1,3,6},{1,4,6},{1,2,4,6},{1,3,4,6},{2,5,6},{3,5,6},{2,3,5,6},{4,5,6},{2,4,5,6}.
(16)
The submatrices of size 3 are copositive because

s+ (T —d3— @) + 7 > 204 +7 > 7T, (T—ds—¢5)+ (T —d3—¢6) + g > —pa+T—p3— b6 + 7 > 7,

(m— 2 — P3) + (T — Pp3 — P6) + P9 > 3T — 23 — 26 > 7, (T — P3 — Pa) + P7 + g > T+ 2¢6 > 7,
(m— @1 — P2) + P + P > —o + Pg + g > 7, 2 + g + g > T+ 202 > 7.

For the index sets {1,2,4,6},{2,4,5,6} we may choose the vectors e; + e3, e4 + e5, respectively,
because cos(pa+¢3)+azs > cos(pa+ds)+cos(p1+¢s5) > 0, cos(ps+dg) > cos @7 and agg+cos(ds+dq) >
cos(¢1 + ¢5) + cos(¢z + ¢a) > 0, cos(m — ¢g) > cos Pg.

Index set {1,3,4,6}: Set & =7 — ¢y — b5, Eo =T — Ppa — @3, 3 = ™ — 3 — dg. The other angles
involved in the description of the off-diagonal entries of A1346 are @1, ¢s, pg. All six angles are in (0, 7).
Further we have the inequalities

pr+dst+pg>m, E1+E3+ P> T3 —Ps— g+ Pr>m, & +E =2T— Py — 3 — g — 75 > T,

E1F+0o+¢s > 2T—Pa—Ps—P1 > T, Eotdg > 2m—ps—¢3 > T, &E1+Ea+PotPs > IT—pa—p3—Ps—Ps—P1 > 2.



These strict linear inequalities define the interior of a polytope with 32 extreme points, of which 28
can be obtained by increasing the elements of one of the four remaining extreme points. These four
are given by

&1 T ™ 0 0
&2 0 T T T
&l ol o] o] [~
ol = lol =] lol ]o
b9 s 0 0 T
g o/ \o/ \z) \o
Therefore
1 — COS(¢1 + 1/)2) cos Py COS(¢1 + o + ¢3)
_ —cos(¢1 + 12) 1 — CoS o — cos 3
Arsae = cos — cos g 1 cos(tg + 13) +N (17)
cos(Y1 + b2 + 93) — cos 3 cos(tha + 3) 1

for some 1,9, 13 > 0 with ¥+ 413 < 7w, where N is a non-zero nonnegative matrix. The left ma-
trix summand is PSD of rank 2 with kernel vectors (0, sin(2+1)3), sin 13, sin 12)7 and (— sin 1, sin 1, sin(¢; +
12),0)T. Hence Aj3q46 is copositive.

In a similar way copositivity of Aszsg is proven.

This proves copositivity of A.

Absence of other minimal zeros

By construction there are no further minimal zeros with supports of size 1 or 2. Index sets which
contain a minimal zero support are excluded by definition. The submatrix Aj2345 contains only the
zeros of the T-matrix component which do not contain {2,4} in their support, and these are exactly
the first 4 zeros u;. The submatrix Aszss does not have other zeros than ug by construction. Hence
the index sets which remain to be checked are those in (16).

The inequalities on the angles proving copositivity of the submatrices corresponding to sets with
cardinality 3 are strict, and hence there does not exist a zero with these supports.

The submatrix Aj346 cannot have a positive kernel vector because the summand N in (17) is
non-zero. In a similar way there does not exist a zero with support {2,3,5,6}.

Thus there do not exist additional minimal zeros.

Extremality

We use the extremality criterion Theorem 17 point 5 in [2]. The matrix A is extremal whenever every
matrix B satisfying (Bu;); = 0 whenever (Au;); = 0 is proportional to A. Let us consider the elements
(Au;);.

The following elements are always zero:
(Au1)sa5, (Aug)ias, (Aus)ios, (Aua)i s, (Aus)ise, (Aug)2346. (18)
The following elements may become zero: If ¢7 = ¢3 + ¢4 + ¢g, then
(Aug)e = (Aus)2 = 0.

If g9 = 7 + @2 — ¢, then
(A’LLQ)G = (AU5)4 =0.

The following elements are always positive:

(Auy)i2,6, (Auz)2,3, (Auz)z 4, (Aus)ase, (Aus)s, (Aue)1,s.

We now consider these cases separately.



Case ¢7 > ¢z + ¢g + Pg, dg > T+ ¢ — ¢g: In this case there are only 19 linear relations on the 21
elements of B, and the solution space is at least 2-dimensional. Hence in this case A is not extremal.

Case ¢7 = ¢z + ¢4 + ¢g, P9 > T + 2 — ¢g: Let us construct the face of A in the copositive cone.
Let F be a full rank 6 x 3 matrix such that u! F = vl F = vl F = 0 and let G be a full rank 6 x 2
matrix such that v G = uI'G = uf'G = 0. Then for every B in the face of A there exist positive

definite matrices P € 8§, Q € 87 such that

b11 b12 b13 * * *
biz bag baz bas  x by
b b b b b b
pppT — [b13 D23 bz bas bss bss
bos b3s bas bas  bag
* Kk bzs bys bss  x
*  bog bz bag  x  bes

,  GeGT =

bir biz * bia bis bis
bia boy x % bas  bag
* ok Kk x x  *
by * Kk bag bz x (19)
bis bas K bas bss  bse
bie b * * bsg bes

The products have the elements 11,12, 22, 26,44, 45,55, 66 in common, which yields 8 relations on the

9 elements of P, Q. The matrix of the system in the elements pi1,p1o, ...

fh 2f11f12 2f11f13
firfor fuifee + farfiz fiifes + faifis
I3 2f21 fa2 2f21 fa3
forfer  forfe2 + ferfoz  fa1fe3 + fe1/fe3
fh 2fa1 fa2 2fa1 fas
farfs1 farfse + fs1fae  farfs3 + fs1faz
f3 2f51 f52 2f51f53
fé 2fe61f62 2fe61f63
A possible choice of F,G is
__Ug2 __Uas 0
U4q1 U411
1 0 0
0 1 0
F=1 9 0 1
0 _ w3 _uia
Uuls Uuls
__ Ue2 __Ues Uea
ue6 ue6 Uue6
1 0
_usl _u3s
832 832
G= _u21  __uzs
U24 uU24
0
Us1 __Uss
Us6 Uus6

The coefficient matrix becomes

i 2fifi 0 fi2 0
fu fi2 0 0 0
1 0 0 0 0
fe1 fo2 fo3 0 0
0 0 0 0 0
0 0 0 0 [52
0 0 0 f2, 2fsafss
& 2feifee 2fe1fes [ 2fs2fes

, Q22 is given by

fia 2f12f13 fis —9% —2911912
fiafo2  fiafes + foaf1z fizfez —g11921 —9g11922 — 921012
13 2f22 fo3 f3 —93, —2g21922
foofe2  foofes + feafos  fosfes —g21961 —921962 — ge1922
fi 2fa2fa3 I3 —9i —2941942
faofs2  faofss + fsofas  fazfszs —ga1951 —9a1952 — 951042
N 2f52f53 f3s —93 —2051952
[ 2f62fo3 f3s —g4 —2961962
_sin(¢at¢s) _ singa 0
sin ¢s5 sin ¢s5
1 0 0
0 1 0
0 0 1 ’
0 _singy _ sin(¢i1+¢2)
sin ¢1 sin ¢1
_ ue2 _ ue3 _ uea
U66 U66 Uue66
1 0
__ sin(¢p3+¢a) _ singy
sin ¢3 sin ¢3
0
= _ sings _ sin(¢a+¢3)
sin ¢3 sin ¢3
0 1
_ singe _ sin(¢3+¢e)
sin ¢3 sin ¢3
0 -1 0 0
0 —921 —go2 0
0 —93 —2g21G22 —939
0  —g21961 —g21962 — 961922 —Y22962 (20)
1 —93 —2941942 —9i>
f53 0 —041 —3g42
12 0 0 -1
[ 94 —2961962 — 9o

The solution pair (P, Q) producing the initial matrix A is positive definite. In particular, the diagonal
elements of P, are non-zero. We look for a second linearly independent solution. We may hence

—Q%Q
—3g12922
—952
—922962
—922
—942952
*9?2
*932




assume that for this solution ¢oo = 0. We need to check whether the left 8 x 8 submatrix of the
coefficient matrix has zero determinant. We shall look for a left kernel vector z.

From the first six columns we obtain x4 = —2fs128, 1o = —2f1171, 3 = fH21 + fo 28, T7 =
2 2 2 2
2 2 fs: —2f5
_f12ﬂ71+2f62938, Tg = _2f52f53917f+2f62f63938 _ 2fs3fieit f53f63f”8 f02f62f63x87 T5 = —f5376 — f523$7 _
f52 2 2 2 2 2 2 2 f52
_ _ 2 — .. .
fers = aalio01=F5sJepws +2 52 sa o2 foats —J32/63%s  The remaining two columns give

f52

T1 4 2172 + 951 T3 + g21961%4 + 91135 + ggy s = 0,

1
5(922@ + 2921922%3 + 921962%4 + Go1922%4 + 2941 942T5 + ga1 %6 + 2g61962%s) = 0.

Collecting the coefficients at z; and xg in these expressions and multiplying by f2, we obtain the
matrix

13, (1—g21£11)° =93, fos fia 135 (921 fo1—961)>— g3, (F53 foz—Fs2 fo3)>
fiaf53941 (1—gaz f53)—go2 f11 f2,(1—ga1 f11)  f25(g21 fo1—ge1) (922 fo1r —ge2)+9a1(f53 for— f52 fos) (foo—gaz f53 for+ga fsz fos) )

We get,
sin? ¢y sin ¢4 (sin® (g3 + ¢4 + ¢5) — sin?(p1 + ¢2))
sin? ¢4 sin? ¢ sin® ¢s

sin? ¢ sin® 4 (sin(ps + ¢a + ¢5) sin(da + ¢5) — sin(dy + g2 + ¢3) sin(p1 + ¢2))

sin? ¢y sin? ¢g sin? ¢

f522(1 - 921fll)2 - 9§1f523f122 =

Siaf53921 (1=ga2 f53) g2 f11 o (1—go1 f11) =
o sin2 ¢2
 sin® ¢y sin? ¢

F25(g21 fo1 — g61)(g2af61 — go2) + ga1 (fs3 for — fsafe3)(foa — gaafsafoz + guafsafoz) =

— sin? ¢o ((sin($3+b4) f61 —Sin ¢g) (sin b4 f1 —sin(b3+dg)) = (sin(P1 +d2) fga —sin ¢o fg3) (sin(d1 +da+é3) feo —sin(da+d3) f63))
sin2 ¢ sin? ¢3

f2a (921 for—g61)? =931 (fss foa—fo2 fe3)® ((sin(¢s + ¢4) for — sin ¢g)* — (sin(¢1 + B2) fo2 — sin é2 f3)°)

Thus the coefficient matrix is degenerate if and only if
((sin® (¢3+pa+ps)—sin®(¢1+¢2))(sin da for —sin(ds+d6)) — (sin($s+da+ds) sin(@a+ds)—sin(¢1+pa+ps) sin(1+¢2))(sin(ds+da) for —sin @) ) (sin(ps+pa) fo

=((sin®($3+a+ds)—sin’ ($1402)) (sin(b1+b2+d3) for —sin(d2+63) fos) — (sin(pa+da+ds) sin(da+és) —sin(¢1+d2+03) sin(1+02)) (sin(d1+¢2) foz—sin ¢2 f
This simplifies to

((sin(¢1+g2+¢3+¢a) sin(¢p1+¢p2)—sin ¢s sin(ps+pa+ds)) for +(sin(d1+p2—pe) sin(p1+¢2) —sin(pa+pa+ds+oe) sin(dz+pa+ds)))(sin(pz+da) fe1 —sin pe)=

=(sin(¢1+¢2+d3+Pa+ds) sin(ds+dat+¢s) for+(sin 1 sin(p1+d2) —sin(p2+¢3+da+¢s) sin(pz+da+és)) foz) (sin(p1+¢2) fo2 —sin ¢2 fe3).

Hence the matrix A is not extremal if and only if
(sin(@1+a+ds+da) sin(pr+¢2)—sin g5 sin(ds+¢atos)) sin(Ps+a)ugo+(— sin(ps+da) sin(¢1+da—de) sin(p1+¢2)+sin gg sin(
On the other hand, by (7) we have

u — 2cos(¢ps + P4 + Pg)us2ties + u66 = u&3 2 cos ¢ ug3Ugy + u64

Set A = “n(d’ﬁ%)C°°(¢1+¢2)+5m(¢3+¢4+¢5)COb(¢3+¢4+¢5) and subtract A times this equation from the

condition above. Multiplying by 2 we obtain the equivalent condition

T
U62 — 5 sin2(¢14+¢2+d3+¢a)— 3 sin 2¢5 COS(¢5+¢6 ¢2)Sin(¢1+¢2+¢3+¢4+¢a) Ue2 | _
U66 COS(¢5+¢6 P1—p2) sin(¢p1 +¢2+¢3+¢4+¢5) 5 sin 2(¢3+¢4+¢5+¢6) 5 sin 2(¢1+d2—¢s) Ug6
(21)
T
_ [ Us3 — 3 sin2(¢1+p2+ds+Pateds) COS(¢>2+¢>3+¢4+¢5) Sin(¢1+¢2+¢3+¢4+¢5) U63
Uea COS(¢2+¢3+¢4+¢5) sin(¢1+¢2+¢3+0s+¢s) 5 sin2(¢2+¢3+¢a+ds)—35 sin2¢; Ugs )



The difference of the left and right-hand side turns out to be of different sign at different points
of the manifold of matrices A in the above parametrization. Hence there is an open dense subset of
matrices which are extremal, and a submanifold, given by the equation (21) above, of matrices which
are not extremal. We may express the condition entirely by the angles ¢4, ..., ¢9 by noting that the
zero ug has elements

w1 Sin2 ¢8)
w1 (cos ¢ + €os P7 cos Pg) + ws(cos Py + cos ¢g cos ¢g),

.9
Ugs = Ws Sin” ¢g,

U2

U3

ugs = w1 (cos @7 + €os 5 cos gg) + ws(Cos g + cos ¢y cos Pg),

where

wy = \/sin2 ¢1 sin? gg — (cos g + cos ¢y cos ¢g)2,

ws = \/sin2 ¢5 sin? gg — (cos 7 + cos 5 cos ¢g)2.

Case ¢7 > ¢35 + ¢4 + ¢, 9 = T+ ¢o — ¢g: This case is obtained from the previous one by
applying the symmetry. There is again an open dense subset of extremal matrices and a submanifold
of non-extremal matrices, which is given by the relation

N———

T
Up4 — % sin2(2+da+dates)—3 sin 261 — cos(—d1+¢3+datdstdo)sin(pr+a+dstdates) \ [ Uea
U6 —cos(—¢1+¢3+Pa+ds+ds) sin(p1+p2+¢3+Patos) 1 sin2(p1+p2—¢6)+ 3 sin 2(ps+datds+de) U6
(22)
T
_ Ue3 —1sin2(p1+pat+ds+datos) cos(p1+pa+da+oa)sin(pr+da+os+datos) Ue3
U2 cos(p1+2+¢s+¢a) sin(dp1+2+ds+Patds) — 1 sin2(¢1+p2+¢s+¢a)— 3 sin 245 Uga )

Case ¢7 = 3+ ¢4+ dg, P9 = T+ ¢d2 — dg: In this case the additional linear constraints (Bug)s =
(Bus)s = 0 on B can be expressed as the element (4,6) in the matrix GQG” in (19) being equal to
bys. The coefficient matrix (20) then has an additional row corresponding to this element, namely

(fa1 fo1, far foa+fe1 faz, far fos+fe1fa3, faafo2, fao fe3+foo faz, fa3 fo3, —ga1961, —941962— 61942, —Gaage2) =

= (0,0, f61,0, fo2, f63, —941961, —941962 — 61942, —942962)

Consider this coefficient matrix without the rows corresponding to the elements bog, bys. It is given by

f121 2f11f12 0 f122 0 0 -1 0 0
fi1 fi2 0 0 0 0 —gan —g22 0
1 0 0 0 0 0 —93, —2921922 —G3y
0 0 0 0 0 1 —gh —29m942 —9i2 | - (23)
0 0 0 0 fs2 fs3 0 —ga1  —Yga2
0 0 0 f% 2fsafss f5 0 0 -1

& 2feifer 2feifes [ 2feafes [ —981 —2961962 —9is

Its rows are linearly independent. Indeed, let x be a left kernel vector of this matrix. Then the third
column implies that 7 = 0. Columns 1, 2,4, 5,6 allow to express all elements of z as a linear function
of 1. The last three columns then after simplification yield the conditions

(sin(¢z + ¢4 + ¢5) — sin(¢1 + ¢2))x1 =0,
(sin(¢s + ¢4 + ¢5) sin(ds + ¢5) — sin(¢1 + g2 + ¢3) sin(¢1 + ¢2))z1 =0,
(sin(¢s + ¢5) — sin(¢1 + @2 + ¢3))z1 = 0.
By ¢1 4+ ¢2 + ¢3 + ¢4 + ¢5 < 7 this has only the solution x; = 0 and hence x = 0.

It follows that A is not extremal if and only if both rows corresponding to the elements bog, byg can
be expressed as a linear combination of the rows in (23). Equivalently, both relations (21),(22) hold.
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Result

In Case 23 the extremal matrices with unit diagonal are given by

1 —cosps  cos(ps+ ¢5) cos(da+ ¢3)  —cosgs  cos(¢s + P)

— COS Py 1 — o8 @5 N cos(¢p3 + P4) — €O 7
cos(¢4 + ¢5) — cos ¢s 1 — cos ¢ cos(¢1 + ¢2) — Cos ¢g
cos(¢2 + ¢3) a4 —cos ¢y 1 — €08 o —cosge |’

—cos¢z  cos(¢z+ ds) cos(¢1 + P2) — Cos P2 1 — cos ¢
cos(¢3 + ¢¢) — cos ¢ — COS (g — COS ¢g — COos ¢g 1

where a4 is given by (15) and the angles ¢1,...,¢9 € (0, 7) satisfy
min(¢7 — ¢3 — ¢4 — ¢, P9 — T+ 6 — P2) =0

and (14). If ¢7 = ¢3+ P4+ P, then (21) does not hold, if ¢pg = m — ¢¢ + @2, then relation (22) does not
hold. The submanifolds defined by these relations consist of non-extremal copositive matrices. The set
of extremal matrices corresponding to this case is hence parameterized by 8 angles.
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