Case 22

The minimal zero supports are given by (1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 3, 6), (2, 4, 6), (3, 5, 6)

1 —cos(¢2) —cos(p1) cos(pa + ¢3)  cos(pa + d4) cos(¢p1 + ¢5)
—cos(¢2) 1 cos(¢p1 + ¢2) —cos(¢p3) —cos(¢4) cos(¢3 + ¢g)
—cos(p1)  cos(¢1 + ¢2) 1 b1 cos(ps + ¢7) —cos(¢s)
cos(Pz + ¢3)  —cos(¢3) by 1 ) —cos(¢s)
cos(d2 + P4) —cos(¢4) cos(¢s + ¢7) ba 1 —cos(¢r7)
cos(d1 + ¢5)  cos(ps + ¢e) —cos(¢s) —cos(¢pe) —cos(¢p7) 1
The zeros are given by the columns:
sin(¢1 + ¢2) sin(¢s) sin(¢pa) sin(¢s) 0 0
sin(¢1) sin(pg + ¢3) sin(pg + ¢4) 0 sin(gg) 0
B sin(¢2) 0 0 sin(¢1 + ¢s) 0 sin(d7)
(ulau27u37u47u5;u6au7) - 0 Sln(¢2) 0 0 5in(¢3 +¢6) 0
0 0 sin(¢2) 0 0 sin(os)
0 0 0 sin(¢1) sin(¢s) sin(¢s + ¢7)
0
8 by > —cos(¢1 + ¢2 + ¢3)
1. Auq = bysin(ds) + sin(a)cos(b1 + ds + bs) => < cos(p1 + d2 + Pa) > —cos(¢ps + ¢7)
sin(pa)cos(d1 + do + d4) + sin(pa)cos(ods + ¢d7) cos(p1 + g2 + ¢5) > —cos(¢3 + ¢g)
sin(¢1)cos(¢pr + ¢z + ¢s5) + sin(p1)cos(Pp3 + ¢6)
0
) ) 0 by > —cos(¢1 + ¢2 + ¢3)
9 Auy — bysin(¢2) + sm(gbgo)cos(qh + P2 + ¢3) — by > cos(ds — )
basin(pa) — sin(pa)cos(ps — ¢4) cos(¢2 + ¢3 + d6) = —cos(¢1 + ¢5)
sin(¢3)cos(¢p1 + ¢s5) + sin(¢sz)cos(dz + P3 + ¢¢)
0
0
3 Aua — sin(pa)cos(p1 + ¢2 + ¢a) + sin(pz)cos(ps + ¢7)
’ 3= basin(da) — sin(po)cos(ps — dq)
0

sin(¢a)cos(p1 + ¢s) + sin(p + da)cos(dz + ¢g) — sin(pz)cos(dr)
cos(p1 + ¢2 + da) > —cos(¢s + ¢7)
=> q by > cos(¢3 — ¢a)

sin(pq)cos(p1 + @s5) + sin(da + da)cos(ds + dg) — sin(pa)cos(¢p7) >0

0

sin(¢1)cos(P1 + 2 + ¢5) + sin(d1)cos(ds + ¢e) cos(d1 + b2 + ¢5) > —cos(d3 + dg)
0 . . .
4. Aug = busin(1 + ¢s) + sin(¢s)cos(da + ¢s) — sin(¢1)cos(¢) |~ {blsm(qﬁl + ¢5) + sin(gs)cos(9z + ds) — sin(gr)eos(s
sin(¢s)cos(da + ¢a) + sin(ps)cos(d1 + o5 + ¢7) cos(p1 + ¢5 + ¢7) > —cos(p2 + ¢a)
0
sin(¢s)cos(¢1 + @) + sin(ds)cos(d2 + ¢3 + ¢6)
0
5. Aus — —sin(dz)cos(¢s) + Sin(¢6)085(¢1 + d2) + bisin(ds + @) | _
basin(¢s + ¢g) — sin(de)cos(¢s) — sin(¢s)cos(dr)
0

—sin(¢3)cos(¢s) + sin(¢g)cos(p1 + ¢p2) + bisin(ds + ¢g) > 0

{cos(@ + ¢34+ ¢g) > —cos(¢p1 + ¢s5)
basin(¢s + ¢e) — sin(pe)cos(ps) — sin(ps)cos(¢pr) >0



sin(¢s)cos(p2 + ¢a) + sin(¢s)cos(d1 + @5 + ¢7)
—sin(¢s)cos(Pa) + sin(dr)cos(d1 + d2) + sin(ds + ¢7)cos(¢3 + @)
0
basin(¢s) + bysin(dr) — sin(os + ¢7)cos(dg)
0
0

6. AU,6 =

cos(¢1 + @5 + ¢7) > —cos(d2 + ¢a)
—sin(¢s)cos(¢a) + sin(pr)cos(dp1 + ¢2) + sin(¢s + d7)cos(Pps + ¢g) > 0
basin(¢s) + bysin(¢r) — sin(ds + ¢7)cos(ps) > 0

. o ot ot ost st <
System of inequalities on ¢;:
Pr+d2+ Qs+ ds+dr <7
Copositivity:

Sets (1,3,4),(2,3,4), (1,3,5),(2,3,5), (1,4,5), (2,4,5), (3,4,5), (1,3,4,5), (2,3,4,5), (1,2,6),
(2,3,6),(1,4,6),(3,4,6), ( ( ( (

1. I=(1,3,5) : ¢1 + 7T — 2 — 4 — ¢5 — ¢p7 > 0 holds true

2. I =1(2,3,5): pa+m— p2 — p1 — ¢p5 — ¢7 > 0 holds true

3. I =(1,2,6): ¢+ 7 — 1 — 5 — d3 — ¢ > 0 holds true

4. 1 =(2,3,6):¢5 + 7 — 2 — d1 — ¢3 — ¢ > 0 holds true

5. I =(1,4,6) : 7 + 7 — ¢p2 — ¢p6 — 5 — ¢1 > 0 holds true

6. I =(1,5,6):¢7 +7 — 2 — 6 — ¢5 — ¢1 > 0 holds true

7. 1=1(2,56):¢s+d7 > b3+ ¢

8. I=(1,3,4): by > —cos(¢p1 + ¢pa+ ¢3), D1 — P2 — ¢3 + d1 + P2 + ¢3 > 0 holds true
9. I =(2,3,4) : by > —cos(¢p1 + ¢p2+ ¢3), b3 — P2 — d1 + d1 + P2 + ¢3 > 0 holds true
10. 1 =1(1,4,5) : by > cos(¢p3 — ¢4), ™ — 3 — P2 — |p3 — Pa| + T — P2 — ¢4 > 0 holds true
11. I=(2,4,5) : by > cos(¢3 — ¢a), d3 + da — |¢3 — ¢a| = 0 holds true

12. 1= (3,4,5) : by > —cos(1 + d2 + ¢3), b2 > cos(ds — ¢a), ™ — b5 — b7 = |¢3 = al + ¢1 + b2 + d3 2 0

if o3 > 4 => 7T — 5 — P7 + s + $1 + ¢p2 > 0 holds true

fps>d3=>m— 5 —Pr+d3—bs+d1+d2+¢3>0,m— 5 — Pp7r — g >0
holds true

13. I =(3,4,6) : by = cos(9), ¢5 + 6 > ¢ => by = cos(¢) > cos(¢s + ¢s)
14. I =(4,5,6) : by = cos(d), o7 + ¢g > ¢ => if ¢7 + g > 7, 07 + d6 > ¢ - holds true
if g7 + g < ™ => by = cos(¢p) > cos(p7 + dg)

1. If by = —cos(¢1 + d2 + ¢3) > cos(ds + dg) => d1 + d2 + ¢35 + 5 + dg > 7 - holds only if it’s an equation

2. If by :Si"(d)l)Cos(if;zlz;ﬁ(f;))cos(¢2+¢3) > cos(¢5 + ¢6) from inequality 4.2

— cos(pa + ¢3) > cos(p1 + &5 + Ps) => 1 + P2 + 3 + P5 + ¢ > 7 - holds only if it’s an equation

3. If by :S”"@B)COS(@;@;Tj;;S”"“’l+¢2> > cos(¢s + ¢g) from inequality 5.2

— cos(¢3 + @5 + d6) > cos(P1 + Pa) => P1 + P2 + P35 + ¢5 + 6 > 7 - holds only if it’s an equation

4. If by =n(PsFér)cos(de)—bsin(ds) cos(¢s + ¢g) from inequality 6.3

sin(¢r)

cos(¢g — ¢7) = by



by = cos(p3 — P4), d7 + P3 + 6 > P4

by = in(a)con(rlbeon(Guainldn) 4, > ot gy G5 => b+ b < Wby > cos(gs + br) => cos(a) > cos(s +

b6 + ¢7) => P4 < P3 + P + Pr-contradiction
= by = cos(p3 — ¢a), b7 + 3 + P > P4 cos(Ps — P7) > ba > cos(dp3 — Pp4) => |3 — da| > |6 — D7

cos (s — r) > by > nlsleogrieamulatnlonl = 6, > |y + g — o1

Consider domain of ¢; under gotten conditions:

1. ¢3 > 4,06 > ¢7 => {Zi 1 z: i Zj 1 zz => ¢7 > ¢¢ - contradiction

2. ¢4 > P3,06 > P7 => ¢4+ P7 > ¢34 @6

G4+ P71 > D3+ &

=> ¢4 + ¢7 = ¢3 + ¢ - additional minimal zero (2, 5, 6)
¢3 + P6 = ¢7 + ¢4

3. @3 > P4, 07 > 6 =>{

¢4+ P > ¢3 + Pr 4+ P = P3 + P7
4. ¢4 > P3,07 > P =>  P7 + P4 > 3+ @6 => 3+ ¢6 = O7 1§ P74+ P4 > P3+ s
¢4 > P34+ 6 — P71l 3+ ¢g > o7
P4+ P > P3 + @7
> :
01 = O3t o {¢7z¢3+¢6

But, if ¢4 + ¢g = ¢d3 + d7 => by = cos(¢ds + ¢¢) => additional minimal zero (3, 4, 6) Finally, consider 4-elem
sets:

1. I=(1,3,4,5):u=-¢e1+e3
2. 1=(2,3,4,5):u=-ex+es
3. 1 =(1,4,5,6) : u=u= sin(¢s — ¢3)er — sin(p2 + ¢4)es + sin(da + d3)es =>

Au =

QOO O OO

a = sin(gy — ¢3)cos(p1 + @5) + sin(pa + Pa)cos(pg) — cos(op7)sin(pa + ¢3),

7 > |3 + P — pa| => —cos(d7) > —cos(p3 + d6 — pa) => a > sin(ps — ¢3)cos(Pp1 + ¢5) + sin(P2 +
ba)cos(¢g) — cos(Pp3 + 6 — Pa)sin(Pa + ¢3) = sin(¢s — ¢3)[cos(p1 + ¢5) + cos(¢2 + ¢3 + ¢6)] > 0,

$1+ P2+ P3+ o5 +de <7

by :5in(¢5+¢7)C05(¢6)_005(¢3—¢4)5in(¢5),bg = cos(p3 — ¢4)

sin(¢7)
Extremality
X = FPFT |
b1 b1z b1z by b5 % bil sin(¢1) 0
bai b2 bag bas bas  bog P —sin(¢1 + ¢2) —sin(¢2)
P IS R T S I N 0 sin(¢1)
by baa  * bag x by |’ Ja sin(¢1 + ¢2 + ¢3) sin(¢z + ¢3)
bsi bsa  x ok bss  x Is sin(¢1 + ¢2 + ¢a) sin(¢z + ¢4)
¥ bea  * bea x  beo fe —sin(d1 + g2 + 3 + ¢6)  —sin(d2 + ¢3 + d6)
Y = GQGT
b11 * b13 * * b16 g1 Sln<¢1> 0
* ok ok k% * g2 0 0
v [t * bsox bas b G=|%|a= 0 sin(¢1)
x k% k% * ga 0 0
* ok bsz x bss bse g5 sin(¢s + ¢7)  sin(é1 + ¢5 + ¢7)
b1 * bez * bes bes g6 —sin(¢s) —sin(¢1 + ¢5)



Necessary equalities, that are constrains on elements of matrices P and Q:
11 = Y
T31 = Y31
L33 = Y33
L55 = Ys5
Le6 = Y66
P11 = d4n
P12 = q12
=>q P22 = q22
P2 + P2a) — sin®(Ps7)]p11 + 2[sin(Pr + oa)sin(Pas) — sin(Pr + ¢s7)sin(ds7)|p12 + [sin®(P2a) — sin®(P1 + ¢s7)|p22 = 0
¢1 + Pas6) — 5in*(¢5)|p11 + 2[sin(P1 + Pase)sin(pase) — sin(¢1 + ¢s)sin(ds)pr2 + [sin®(P2se) — sin*(¢1 + ¢5)]paz = 0
s5in(¢1 + ¢o4 + ¢s57) = 0

Consider 2 last equations of above system: ) or
sin(¢1 + ¢a36 + ¢5) = 0

[sin?

—~~

[sin?

sin(¢1 + Pase — ¢5)p11 + 28in(daze — P5)p12 + sin(—o1 + Paze — P5)paz = 0| * sin(P1 + das — Ps7)
sin(P1 + P24 — P57)p11 + 25in(P2a — P57)p12 + Sin(—P1 + Paa — Ps7)paz = 0] * sin(p1 + Paze — ¢5)

(
(
{ in(paze — ¢5)sin(P1 + daa — Ps7) = sin(¢as — Ps7)sin(P1 + Paze — ¢5)
(
(

»

. . R X =>
sin(¢1 + ¢a3e — ¢5)SiN(—P1 + P24 — P57) = sin(—¢1 + daze — ¢5)sin(d1 + Pp2a — P57)
sin sin — — + =0 ]
. #1) .(¢5 P57 — P236 + P24) . sin(ds — dsr — dazo + daa) = 0
sin(2¢1)sin(ds — ds7 — Pasze + P24) =0
As result, there is no extremality, when : ¢1 + ¢ + @3 + ¢5 + g = T Or ¢1 + P2 + ¢4 + @5 + ¢7 = ™ or
¢7+ ¢3 + 6 = P4
But, it is already known, that ¢7 + ¢3 + ¢ > ¢4 and ¢4 + d7 > P33+ g => P1 + P2+ P3 + s + P <7
It follows, that one remaining case should be considered : ¢1 + ¢o + ¢4+ 5 + Pp7 =7

1+ P2+ Qs+ s+ 7 =1
Additional equalities :

(Auy)s =0 sin(p1 + ¢2)bs1 + sin(o1)bse + sin(pa)bszs =0
(Auz)z = . 5in(¢a)b31 + sin(da + ¢a)bsa + sin(¢a)bzs = 0
(Aug)s =0 sin(¢1 + d2 + ¢4 + ¢7)bs1 + sin(p2 + ¢a + ¢7)bsz + sin(¢p1)bse =0
(Aug)1 =0 sin(¢7)biz + sin(¢1 + ¢2 + ¢4 + ¢7)bis + sin(P1 + a2 + ¢a)bie = 0
sin(¢r) 0 sin(¢r) 0
—sin(p1 + ¢2) —sin(psz) 0 0
r_ 0 sin(¢1) G 0 sin(¢1)
sin(¢1 + ¢2 + ¢3) sin(¢2 + ¢3) 0 0
sin(¢1 + ¢z + ¢4) sin(¢a + da) sin(¢1 + ¢2 + ¢4) sin(¢a + da)
—sin(¢1 + 2 + g3+ d6)  —sin(d2 + ¢3 + do) —sin(¢1 + 2 + ¢s + ¢7)  —sin(d2 + g1 + ¢7)

It’s not difficult to show, that substituting into the above system b;; using F, G factors every equation becomes
identity. As result, there aren’t any additional non-dependent equalities and there is no extremality.

Result

There are extremal copositive matrices under conditions on parameters ¢; : ¢1 + @2 + ¢35 + ¢5 + dg < 7,
1+ P2+ Pa+ ¢ + 7 < T, Qs+ G7 > 3+ P6, Pa + P6 > P3 + P17, 07 + P3+ P6 > Pa
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