Case 21

The minimal zero supports are given by (1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 3, 6), (2, 4, 6), (3, 4, 6)

1 —cos(¢2) —cos(p1) cos(pa + ¢3)  cos(pa + dg)  cos(d1 + ¢4)
—cos(¢2) 1 cos(¢1 + ¢2)  —cos(p3) —cos(¢s)  cos(¢z + ¢5)
—cos(¢1)  cos(d1+ ¢2) 1 cos(da + ¢s5) by —cos(a)
cos(¢p2 + ¢3)  —cos(¢s)  cos(ds + d5) 1 ) —cos(¢s)
cos(d2 + ¢6) —cos(¢g) b1 by 1 ba
cos(d1 + ¢a) cos(ps + ¢5) —cos(¢4) —cos(¢s) b3 1
The zeros are given by the columns:
sin(¢1 + ¢2) sin(¢s) sin(¢e) sin(¢q) 0 0
sin(¢1) sin(pg + ¢3) sin(pa + ¢g) 0 sin(¢s) 0
_ sin(¢g) 0 0 sin(¢1 + P4) 0 sin(¢s)
(ur, ua, us, s, us, ug) = 0 sin(¢2) 0 0 sin(¢s + ¢s) sin(éq)
0 0 sin(2) 0 0 0
0 0 0 sin(¢1) sin(¢s) sin(¢q + ¢5)
0
8 cos(p1 + g2 + ¢3) > —cos(¢s + ¢5)
L Auy = sin(p2)cos(op1 + P2 + ¢3) + sin(pa)cos(ps + ¢5) == 4 b= —cos(d1+ 62 + Je)
bsin(gpa) + sin(d2)cos(p1 + P2 + Pg) cos(¢1 + @2 + ¢a) = —cos(d3 + ¢s)
sin(¢1)cos(p1 + d2 + ¢4) + sin(¢1)cos(ds + ¢s)
0
0 + ¢+ ¢3) > —cos(¢a + ¢
9. Auy — sin(¢a)cos(dp1 + g2 + qﬁg(,)) + sin(¢2)cos(ps + ¢5) . {sti¢clos(§§ ! 23 cos(¢ps + ¢s)
basin(pa) — sin(p2)cos(ps — ¢g) cos(¢2 + @3 + ¢5) > —cos(p1 + ¢a)
sin(pz)cos(p1 + ¢a) + sin(¢s)cos(p2 + ¢3 + ¢s)
0
0
3 Aua — bisin(pz) + sin(p2)cos(p1 + g2 + ¢¢)
- AUz = basin(pa) — sin(pa)cos(ps — ¢g)
0

bysin(p2) + sin(¢e)cos(d1 + da) + sin(p2 + dg)cos(ds + ¢s)
by > —cos(¢1 + d2 + d6)
=> 4 by > cos(¢3 — ¢¢)

bsin(pz) + sin(pe)cos(p1 + da) + sin(Pa + ¢g)cos(¢s + ¢5) > 0

0
sin(¢1)cos(dr + ¢2 + ¢4) + sin(¢r)cos(ds + ¢s)
0
sin(p4)cos(d2 + ¢3) + sin(¢s)cos(p1 + ¢4 + ¢s)
bysin(p1) + brsin(¢r + ¢a) + sin(pg)cos(p2 + dg)
0

4. AU4 =

cos(pa + ¢3) > —cos(p1 + da + ¢s5)
b38iﬂ(¢1) + blsin(¢1 + ¢4) + sin(¢4)cos(¢2 + ¢6) >0

sin(¢3)cos(¢r + ¢a) + sin(¢z)cos(pz + ¢3 + ¢s5)
0 {cos(qbl + ¢4) > —cos(¢a + ¢3 + ¢s5)
=>

{cos(qﬁl + ¢ + d4) > —cos(¢3 + ¢s)
=>

5. Aus — sin(¢s)cos(opr + d2) + sin(¢s)cos(ds + da + ¢5) cos(B1 + 6a) > —cos(ds + b + ds)

0
bgsin(¢s) + basin(ds + ¢5) — sin(ds)cos(dg) bysin(¢s) + basin(¢s + ¢5) — sin(¢s)cos(¢g) = 0

0



sin(pa)cos(¢a + ¢3) + sin(¢a)cos(d1 + ¢pa + ¢5)
) o)

sin(¢s)cos(pr + d2) + sgn( 5)c0s(¢3 + b4 + P5) cos(¢1 + b4+ d5) > —cos(da + ¢3)
6. Aug = 0 => § cos(¢3 + da + ¢5) > —cos(P1 + ¢2)
b28iﬂ(¢4) + blsm(¢5) + b38iﬂ(¢4 + ¢5) b287;n(¢4) + blszn(¢5) + b38i’ﬂ(¢4 + ¢5) >0
0

Consider inequalities on ¢; :
Because of cyclic structure of zeros 1,2,4,5,6: ¢1 + ¢o + ¢3 + g + o5 < @

Copositivity:

For above domain of parameters copositive inequalities for sets (1,3,4),(2,3,4),(1,2,6),(2,3,6),(1,4,6)
holds true.

Consider sets, that relates to b; :
fo1+ga+tgs<m

1. T=(1,3,5) : by > —cos(¢p1 + ¢2 + ¢g) => ¢1 + P2 + b6 + ™ — P2 — g + 1 > 7 holds true strictly
2. I =1(2,3,5):b1 > —cos(¢1 + ¢p2 + ¢6) => 1 + P2+ P + T — 1 — P2 + ¢6 > 7 holds true strictly
3. I =1(1,4,5) : by > cos(¢3 — Pp) => T — |p3 — ds| + T — 2 — Ppg + T — P2 — 3 > m holds true strictly
4. I =1(2,4,5) : by > cos(¢p3 — ¢g) => ¢3 + Pps + ™ — |3 — Ppg| > 7 holds true strictly

5 1=(3,45): 01+ ¢a+¢s+7T—|p3— 6| +7—Ps—5 >

$3 > 96t P1+ Do+ 6+ T — 3+ — s — ¢5 > 0,0 < P + 2+ + T — @3+ P — P4 — P53 <
Pr1+ P2+ G+ T — s — s < P11+ P2+ P3+ T — Dy — @5,P1 + P2+ P33+ s+ 5 <7
O > P3: P1+ o + P+ T+ P3 — g — P4 — 5 > 0,01 + P2 + P3 + P4 + @5 < 7 holds true strictly

Similar inequalities hold true if ¢1 + ¢o + ¢ > 7
Consider inequality conditions on bs:

LI = (1,56): b3 = cos(¢), T — ¢a — b6 + T — ¢p1 — ¢a > ¢ => if ¢g + 6 + ¢1 + ¢4 > 7 : cos(p) >
cos(¢2 + ¢ + d1 + P4)
if o + g + P1 + P4 < 7 holds true strictly

2. I = (3,5,6) : b3 = cos(¢),by = —cos(dp1 + ¢2 + P6), P2 + ¢6 + 1 + Pa > G, P2 + P + p1 < ™ => if
G2+ P + ¢1 + ¢4 < 1 bg = cos(P) > cos(¢a + P + D1 + ¢a)
if @2 + ¢g + ¢1 + P4 > 7 holds true strictly

3. I =(4,5,6) : b3 = cos(¢), by = cos(p3 — ¢6), ™ — |3 — d6| + 5 > ¢ => if P > P3 + ¢5 : b3
—cos(¢3 + ¢5 — ¢P6)
if ¢ < 3 + ¢5 holds true strictly

4. I =1(2,5,6) : bg = cos(¢),m — ¢35 — 5 + dg > ¢ => if ¢ < P35 + @5 : by = cos(P) > —cos(p3 + 5 — P6)
if pg > 3 + ¢5 holds true strictly

cos(¢) >

It was gotten , that by > —cos(¢s + ¢5 — dg), b3 > cos(¢p2 + ¢ + P1 + P4)

1. If by ==sin(datde)cos(datds)—sin(@s)eos(@rtds) > rog(ghy + ¢ + 1 + B4) from inequality 3.3

sin(p2)

— cos(¢1 + P2 + d4) > cos(ps + ¢5) => P1 + P + P35 + P4 + ¢d5 > 7 - holds only if it’s an equation

2. Tf by = =5in(a)cos($atde) —bisin(ditda) > cos(¢2 + ¢ + @1 + P4) from inequality 4.3

sin(¢1)

— cos(¢1 + d2 + ¢6) > by - holds only if it’s an equation

3. If by =5 (¢s)cos(és) —basin(éstds) -, —cos(¢3 + ¢5 — ¢g) from inequality 4.3

sin(¢s)

cos(¢3 — ¢g) > b - holds only if it’s an equation



It follows, that by = ‘bQSi;$§4f(;Z§"(¢5) from inequality 6.3 b3 > —cos(¢3+¢5 —ps) => —b1sin(¢s) > —cos(pz+

b5 — ¢6)sin(ds + ¢5) + cos(p3z — ¢e)sin(ps) = —sin(¢s)cos(ps + ¢s5 + @3 — ¢g) => —cos(d1 + P2 + ¢g) <
cos(¢4 + ¢5 + P3 — @)

Consider domain of ¢; under gotten conditions:
L m>¢1+¢a+ g5+ ¢3+ Q2,01+ @5+ ¢3 > g6, 01+ P2+ 6 <7
2. m < 1+ 206 — @5 — @3 — s+ 2,0 + P5 + P3 = ¢6, P1 + P2 + P = 7 doesn’t hold
3. m< ¢1+ Qs+ @5+ @3+ P2, 04+ &5 + 93 < P6, 1 + P2 + ¢ > m doesn’t hold
4T > P14+ 206 — 5 — P3 — Pa+ P2, 00 + @5+ P3 < @6, P1 + P2+ 6 < T

b3 > cos(¢1+da+ 6+ Pa) => —basin(s) = cos(P1+ G2+ ¢e + da)sin(ds+ ¢5) — cos(p1 + d2 + P)sin(Ps) =
sin(¢4)cos(d1 + ¢2 + da + ¢5 + ¢g) => —cos(d1 + g2 + P4 + ¢5 + d6) = cos(dz — ¢e)
Consider domain of ¢; under gotten conditions:

Lo <1+ ¢a+ ¢5+ ¢3 + b2, 03 > ¢ doesn’t hold

2. m< 1+ Qs+ 95 — 93+ P2+ 206, 03 < 96, T > 1+ P2 + Pa + P5 + ¢

3. > 1+ Ga+ b5+ @3+ P2, 03 < P, ™ < P1 + P2 + du + G5 + P
Finally, consider 4-elem sets:

1. I=(1,3,4,5):u=¢e€1 +e3

2. I1=1(2,3,4,5):u=ex+ey

3. I=(1,4,5,6) : u=sin(¢de — ¢3)e1 — sin(Pa + Pg)es + sin(pa + d3)es =>
0

Au =

OO OO

a
a = sin(¢s+ ¢s)[sin(de — d3)cos(P1 + ¢a) + sin(d2 + ¢e)cos(ds)] + sin(d2 + ¢3)[cos(d1 + ¢2 + P ) sin(ds) —
cos(gs — p3)sin(da)],

cos(p1 + 2 + Pa + ¢5 + ) < —cos(p3 — ) => a > sin(¢p4 + ¢s5)[sin(ds — P3)cos(p1 + Pa) + sin(Pa +
¢6)cos(¢s)+cos(p1+da+dato6)sin(pa+d3)] = sin(ps+ds)sin(pz+oe) [cos(P1+ P2+ d3+¢a)+cos(¢s)] >
0,01 +¢2+P3+ Qs+ @5 <

There is the symmetry, acting as g2 < — > ¢9,01 < — > @3,04 < — > @5, < — > T — P2 — Pg , as result
1<—>23<—-—>45<—>56<—>6=>1456 < — > 2356.

by = —cos(p1 + P2 + dg), ba = cos(p3 — dg), bs :_005(%—¢e)si"(st122)(;:(f(;<:)1+¢2+¢s)sin(¢s)

Extremality

The submatrix Ajs34¢ is isomorphic to a T-matrix. Any B in the face of A is hence such that Biossg is
proportional to A12346- In particular, only the diagonal element Bss may differ from the other diagonal elements
of B. But either of the zeros us ensures that Bss equals the other diagonal elements. Hence B is proportional
to A and A is extremal.

Result

There are extremal copositive matrices under conditions on parameters ¢; : ¢1 + @2 + ¢3 + ¢4 + @5 < 7,

T— @1 — P4 — @5+ @3 — P2 <206 < T — P1 + @5+ P3 + D4 — P2
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