Case 16

The minimal zero supports are given by (1,2),(1,3,4),(1,3,5),(2,4,6),(3,5,6),(4,5,6).

1 -1 —cos(pa)  cos(¢y + ¢2)  cos(gz + ¢3) b3
-1 1 b1 cos(p4 + ¢5) bo —cos(¢s)
—cos(¢2) by 1 —cos(¢1) —cos(¢3)  cos(dz + ¢e)
cos(¢1+ ¢2) cos(¢s+¢s5)  —cos(¢1) 1 cos(ps+ dg)  —cos(¢4)
cos(p2 + ¢3) bo —cos(¢3)  cos(ps + ¢g) 1 —cos(¢g)
b3 —cos(¢s)  cos(ps + )  —cos(¢4) —cos(¢g) 1
The zeros are given by the columns:
1 sin(¢p1) sin(¢p3) 0 0 0
1 0 0 sin(¢q) 0 0
0 | sin(o1 + ¢2) | | sin(d2 + ¢3) 0 sin(¢g) 0
(ulau27u37u47u5au6) = 0 SZTLl(QbQ) ? % s szn(¢5) 0 ¢ SZTL(QS(;)
0 0 sin(¢pz) 0 sin(ps + ds) sin(p4)
0 0 0 sin(¢4 + ¢s) sin(¢s) sin(¢a + b6)
0
0 b1 > cos(¢p2)
1. Au — b1 — cos(¢2) _ Jcos(91+ ¢2) + cos(pa + d5) 2 0
’ P cos(¢r + ¢2) + COS(¢4)+ #s) | by > —cos(pa + P3)
by + cos(pa + ¢
i bs — 0082(¢5) ’ bs 2 cosls)
0
—sin(¢1) + bisin(¢r + ¢02) + sin(¢2)cos(ps + ¢5) —sin(¢r) + bisin(dy + do) + sin(da)cos(da + d5) >
2. Aus = 0 => < —sin(¢pa)cos(p1 — ¢3) + sin(pa)cos(ps + ¢d6) >0
—sin(pa)cos(Pp1 — ¢3) + sin(pa)cos(ps + ¢e) bysin(¢1) — sin(pz)cos(da) + sin(g1 + ¢2)cos(dz +
bysin(¢py) — sin(pa)cos(dy) + sin(Ppy + ¢2)cos(d3 + og)
0
by * sin(pa) — sm(qﬁ%) + by * sin(¢o + ¢3) by * sin(¢pz) — sin(pz) + by * sin(pz + ¢3) >0
3. A'U'?) = —sin(¢2)cos(¢1 _ ¢3) + sin(¢2)cos(¢4 + ¢6) => 7*%‘”(9252)603((151 - ¢3) + 5in(¢2)cos(¢4 + ¢6) Z 0

0 by > —cos(¢2 + ¢3 + d6)

bzsin(pz) + sin(pz)cos(d2 + ¢3 + ¢¢)

—sin(a) + bysin(ps + ¢5) + sin(¢s)cos(d1 + ¢2)
0

4 Aus — bisin(py) — sin(ds)cos(p1) + sin(dy + ¢5)cos(d3 + ¢dg)
. 4 — O

basin(pa) — sin(¢a)cos(¢ps — bg)
0

bysin(¢s) + sin(ps)cos(pa + 3 + dg)

bisin(py) — sin(os)cos(P1) + sin(ds + ¢5)cos(ps + ¢

{sz’n(@) + bgsin(ds + ¢5) + sin(ps)cos(d1 + ¢2) >
=>
bosin(py) — sin(¢s)cos(ps — ¢g) > 0

bisin(¢e) + basin(ds J(; p6) — sin(¢s)cos(¢s) bysin(ds) + sin(ds)cos(da + ¢3 + ¢g) > 0
5 Aus = [ . ) => ¢ bysin(gg) + basin(gs + ¢g) — sin(¢s)cos(¢s) > 0
sin(¢e)cos(d1) + 8”(1)(¢6)005(¢3 + ¢1 + ¢6) sin(dg)cos(éy) + sin(de)cos(da - da + do) > 0
0
sin(pa)cos(p2 + ¢3) + basin(ps + ¢e) + sin(de)cos(d1 + ¢2)
~ basin(¢a) — sin(da)cos(¢s — ¢o) sin(¢a)cos(dy + ¢3) + basin(pa + de) + sin(de)
6. Aug — —sin(ge)cos(¢y) + 8276(%)008(@53 + ¢4+ ¢6) . {bgsin(¢4) — sin(a)cos(ds — dg) > 0
0 —sin(pe)cos(¢1) + sin(¢e)cos(ds + da + ds) >
0



Considering inequalities on ¢; we get: ¢ ¢4 + ¢ < |p1 — @3] =>

P11+ P2+ Qs+ s <

Q1+ P2+ Qs+ 95 <
{¢3+¢4+¢6§¢1

¢34+ P4+ 9 < @1

Case ¢3 + ¢4 + ¢g > 7 is unreal

by = cos(d2),
by = cos(¢5 — ¢s)
bz = cos(¢s)

Other inequalities are fulfilled.

Parametrization:
1 -1 —cos(¢2)  cos(p1 + ¢p2)  cos(d2 + ¢3) cos(¢s)
-1 1 cos(¢2) cos(ds + ¢5)  cos(ps — ¢e) —cos(¢s)
—cos(¢2) cos(¢2) 1 —cos(¢1) —cos(¢3) cos(ds3 + ¢s)
cos(p1 + ¢2)  cos(pa + @5) —cos(¢1) 1 cos(o4 + ¢g) —cos(d4)
cos(¢2 + ¢3) cos(¢s —ds)  —cos(¢3)  cos(da + @) 1 —cos(¢s)
cos(¢s) —cos(¢s)  cos(¢sz+ )  —cos(da) —cos(¢e) 1

O1+ P2+ P4+ @5 < T, P3 + s+ P < P1

Copositivity:

It’s necessery to consider next sets for I:

(2,3,4),(2,3,5),(

1. I=(1,5,6)

1,4,5),(2,4,5),(3,4,5),(2,3,4,5), (1,3,6),(2,3,6), (1,4,6), (1,5,6), (2,5,6), (3,4, 6)

13 > —cos(pa+P3+6) => o+ 3+ +T—Pa—P3+pg > T => pa+d3+de > P2+ P3— s

performs strictly

=(1,4,6
=(2,3,4
=(3,4,6

1,3,6

I=( )
I=( )
I=( )
I=1(25,6)
I=( )
I=(2,3,6)
I=( )

1,4,5

© ® 3N o ooe W

I=(234,

2 bs > cos(¢5) => @5 + ¢1 + d2 — ¢4 < m performs strictly

2 bo = cos(¢ps5 — ) => 5 + P4+ |d5 — g — &1 < 7 performs strictly

D1+ ¢4 > ¢3 + ¢g performs strictly

2 bo = cos(¢s — ¢pg) => ¢ + ¢5 > |5 — ¢g| performs strictly

1bg > —cos(da2 + ¢35 + ¢6) => P2+ P3 + 6 + P2 — P3 — P > 0 => ¢o > 0 performs strictly
t—¢9 + ¢5 + T — ¢3 — ¢pg > 0 performs strictly

P=@1— Q2+ T — 2 — g3+ T — dps — ¢ > 0 performs strictly

5),(3,4,5)(2,3,5) : u = e3 + e5,ba = cos(ds — ¢g) => cos(pa) + cos(ds — Pg) > 0 => ¢o <

T — |¢5 — o]
— cos(¢1) + cos(ps + ) > 0 => ¢1 > ¢4 + ¢ performs strictly

10. T =(2,4,5)

by = cos(ps5— ) => T—ds—P5+7— |5 —d6| — da— P > 0 => 21 > 2¢4+d6 +|d5 — D] + 5

performs strictly

That proves copositivity.

Extremality:
X =FPFT
bi1 b2
| bar b2
X= b31 *
b41 *
Y = GQGT

bis  bia fi sin(¢p2) 0

S I u21 f1 + u23f3 + u2afs =0 o | —sin(é2) 0
bss bsa |’ | Fs| \fi=—fo U 0 sin(pa)
bz bas fa —sin(¢y) —sin(p1 + ¢2)



b11 * b13 * b15 * g1

* b22 * b24 * b26 g2 U3191 + U3393 + Ussgs = 0
y— |0t *x bas ox bss bas | o[98 us393 + Uss95 + usege = 0
¥ bag ok bag bas b | 94 | | ueaga + ugsgs + uesgs =0
bsi * b5z bsa bss Dse 95 Uq292 + Us49s + Usegs = 0
*  bea bez besa bes bes g6
sin(¢2) 0
—sin(¢s — ¢5 + ¢6)  —sin(p2 + ¢z — ¢5 + P6)
- 0 sin(¢pa)
—sin(p3 + ¢4 + )  —sin(d2 + ¢3 + P4 + ¢)
—sin(¢s) —sin(¢2 + ¢3)
sin(os3 + bp) sin(d2 + ¢3 + ¢6)
Necessary equalities, that are constrains on elements of matrices P and Q:
11 = Y11
T22 = Y22
T33 = Y33
31 = Y31
T44 = Ya4
P11 = 411
sin®(¢2)p11 = sin*(d3 — ¢5 + ¢6)qu1 + 2sin(ds — s + d6)sin(p2 + d3 — d5 + ¢6)qa1 + sin? (P2 + ¢3 — P + ¢6)g22
- P22 = ¢22
P21 = G21
sin® (¢ + ¢4 + d6)p11 + 25in(d3 + P4 + dg)sin(Pz + b3 + da + ¢6)p12 + sin* (P2 + 3 + da + ¢)p2z = sin*(d1)qr1+
+2sin(¢1)sin(d1 + d2)qi2 + sin®(P1 + ¢2)q22

Let bi1 = b =0=>p11 =¢q11 =0
( 25in(¢3 — @5 + d6)sin(pz + ¢3 — ¢5 + ¢e) sin®(¢o + ¢3 — ¢5 + P6) )
—25in(¢3 + ¢4 + s — ¢1)s1n(P3 + da + P6 + 1 + P2)  —sin(Pz + ¢4 + ps — P1)sin(P3 + P4 + P + 1 + 2¢2)
There is no extremality in common case, when : sin(¢gs + ¢35 — ¢5 + ¢g) = 0 or sin(¢s + ¢4 + ¢ — ¢1) = 0 or
det =0 => sin(¢1 + g3 + ¢4 + ¢5) = 0 =>
1+ P2+ s+ s =7
G2+ ¢3 — ¢5+ 6 =0,
$3+ s+ g6 — 1 =0

Consider case ¢1 + ¢2 + ¢4 + ¢5 = m Determinant of matrix behind is 0, let’s prove it.

1 sin(¢1) sin(¢s) 0 0 0

1 0 0 sin(éa) 0 0

0 [ sin(o1+ ¢2) | | sin(p2 + ¢3) 0 sin(gpg) 0

0 sin(¢p2) 0 sin(p1 + P + P4) 0 sin(gg)

0 0 sin(¢2) 0 sin(¢s + dg) sin(¢q)

0 0 0 sin(¢p1 + ¢2) sin(¢s) sin(pq + dg)

det = (1) + (2) + (3)
(1) = sin(pa)(sin(p1+¢2)[sin(de)sin(pa)sin(@s)]—sin(pa+¢s)[sin(pz) [sin(ps+de)sin(pa+os) —sin(pz)sin(ps) |+
sin(pg)[sin?(¢o)sin(ps + ¢6)])
(2) = —sin(¢1)(sin(Pa + ¢3)[sin(P1 + 2 + ¢4)(sin(P3 + d6)sin(ds + ¢¢) — sin(¢Pz)sin(¢s)) — sin(de)sin(pr +
B2)sin(p3 + ¢g)] + sin(ge)[sin(p2)sin(p1 + ¢2)sin(ps) — sin(P2)sin(P1 + ¢2 + ¢a)sin(¢s + ¢6)])
(3) = sin(¢s)(sin(o1 + ¢2)[sin(d1 + ¢2 + ¢a)(sin(ds + ¢6)sin(¢s + ¢e) — sin(ps)sin(¢a)) — sin(¢s)sin(d1 +
$2)sin(ps + ¢6)| + sin(de)[—sin(p2)sin(d1 + ¢2)sin(pa)])
After simplification:

(1) = sin(p2)sin(¢e)sin(¢gs)sin(pa)[sin(p1 + ¢2) — sin(¢s + 2 + da + ¢)]
(2) = —sin(¢1)sin(pq)sin(ds)sin(¢e)[sin(p1 + 2¢2 + @3 + d4 + P6)]
(3) = sin(¢ps)sin(da)sin(p1 + d2)sin(¢e)[sin(dr + P2 + P3 + da + Ps) — sin(p2)]
det = sin(¢g)sin(ds)sin(ps) *0 =0
So, in this case there is no extremality.

Also, in the case ¢1 + ¢4 + ¢g = ¢3 zeros usq, us, us, ug are dependent and there is no extremality. The case
P2 + ¢p3 — ¢5 + ¢pg = 7 is unreal.



Result

There are copositive extremal matrices on conditions ¢; > 0,1 + ¢2+ P4+ @5 < T, d3+ P4+ P < @1 ,excluding
$2+ ¢33 — ¢5+ 6 =0



