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Basic structure

The minimal zero supports are given by {1,2},{1,3,4},{1,3,5},{1,4,6},{2,5,6},{3,5,6}. We may
write a copositive matrix with this minimal zero support set as

1 -1 — cos(¢p2) —cos(¢p1)  cos(po + @3)  —cos(da)
-1 1 b1 ba cos(¢s +¢6)  — cos(¢s)
e — cos(¢2) by 1 cos(¢py + ¢p2)  —cos(gps)  cos(ps + ¢5)
—cos(¢1) ba cos(¢p1 + ¢2) 1 bs cos(¢p1 + ¢4) |’
cos(p2 + ¢3) cos(ds + ¢g)  —cos(¢s) bs 1 —cos(¢s)
— cos(¢a) —cos(dg)  cos(dz +¢d5) cos(d1+da)  —cos(¢s) 1

where ¢; € (0,7), j =1,...,6; ¢; + ¢; < m, for the terms cos(¢; + ¢;) appearing in the matrix.
The minimal zeros of A are given by

1\ /sin(¢1 + ¢2) sin(¢3) sin(¢1 + ¢4) 0 0

1 0 0 0 sin(¢s) 0
(ul,UQ,u37U4,U5, UG) = 8 2122(;53 Sln(¢20+ ¢3) sin(()¢4) 8 Smng)

0 0 sin(¢s) 0 sin(¢s) sin(¢s + ¢5)

0 0 0 sin(¢1) sin(¢s + ¢s) sin(¢3)

First order conditions

The conditions (Au;); > 0 amount to

0
0 b1 > cos(¢2)
_ by — cos(¢2) by > cos(¢1)
b= ( b2 y COS<¢1(> | 7 cos(@s + ¢s) + cos(@s + ¢s) > 0
cos(pa + ¢3) + cos(¢s + ¢ _ _
bact bo) 1 conlto & o cos(6u) — cos(ég) = 0
0
by * sin(py) + b * sin(¢2) — sin(¢y + ¢2) by * sin(dy) + b * sin(g2) — sin(¢y + ¢2) > 0
2. Auy = 8 = Qb > —cos(¢1 + b2 + b3)
bs * sin(¢a) + sin(¢z) cos(p1 + d2 + ¢3) cos(¢3 + ¢5) — cos(¢2 — ¢4) =2 0
sin(¢1)(cos(ps + ¢5) — cos(dy — d4))
0
— Sin(d)g) —+ b1 * Sin(d)g —+ ¢3) —+ Sin(¢2) COS(¢5 —+ ¢6)
0
5. Aus = b * sin(s) + sin(62) cos(g1 + 63 + ¢s) =
0

—sin(¢s) cos(pa) + sin(¢s) cos(¢2 + d3 + ¢5)
—sin(¢s) + by x sin(d2 + ¢3) + sin(gz) cos(ds + ¢dg) > 0
by > —cos(¢1 + ¢2 + ¢3)
—cos(¢4) + cos(pa + ¢3 + ¢5) > 0



0
by * sin(¢>4) — sin(d)l =+ d)4) — Sin(¢1) COS(¢6)

4. Auy = — sin(¢y) cos(pz — ¢4)0+ sin(¢1) cos(¢ps + ¢s) N
by sin(61) + sin(61 + 1) cos(dz + 6a) — sin(61) cos(s)
0
by * sin(¢4) — sin(¢1 + ¢a) — sin(¢1) cos(¢g) > 0
—cos(p2 — ¢a) + cos(¢3 + ¢5) > 0
b3 * sin(gy4) + sin(@1 + ¢4) cos(Pa + ¢3) — sin(py) cos(ds) > 0
—sin(¢s) + sin(¢ps) cos(¢2 + ¢3) — sin(¢ds + Ps) cos(¢a)
0
5 Aue — by * sin(gs) + cos(¢s + @5 + ¢¢) sin(ps) N
’ 5T by x sin(¢s) + b3 * sin(¢g) + sin(ds + @) cos(P1 + ¢4)
0
0
—sin(¢s) + sin(gg) cos(da + ¢3) — sin(ds + dg) cos(ps) > 0
b1 > —cos(¢3 + ¢5 + ¢e)
by * sin(¢s) + bs * sin(¢g) + sin(¢s + ¢¢) cos(p1 + ¢4) >0
—sin(¢3) cos(ds) + sin(¢3) cos(pa + ¢3 + ¢s)
by * sin(¢s) + sin(¢s) cos(¢s + ¢5 + @)
0
6. Aug = sin(¢s) cos(¢1 + @4) + sin(¢ps) cos(¢p1 + ¢p2) + bz sin(gs + ¢5) =
0
0

by > —cos(p3 + ¢ + o)

{ cos(¢4) + cos(pa + ¢35 + ¢5) > 0
sin(¢sz) cos(p1 + ¢4) + sin(Ps) cos(d1 + P2) + bz sin(ps + ¢5) > 0

G2+ 3 < T —Ps5 — g
T— 6 < P4
ities ¢; + ¢; < m above except ¢1 + ¢4 < 7.

We also have

from inequalities on ¢; get . This implies ¢2 + ¢3 + @5 < ¢4 and all inequal-

1+ ¢+ P33+ @5 <m, @1 < .

Now under these conditions

sin ¢3 — sin ¢y cos(gs + ¢g)

oS ¢ > max(  ———— , —cos(¢3 + ¢5 + b))
and hence by = — cos ¢s.
Further
cosdy > sin(¢y + ¢4). + sin ¢ cos (;’)67 sin ¢ cos ¢5 — sin(.¢1 + ¢4) cos(da + ¢P3) > _ cos(n + ba-+63),
sin ¢4 sin ¢4
_ cos @1 sin @5 + sin(@s + @) cos(¢p1 + ¢4) - sin ¢ cos(¢p1 + P4) + sin @5 cos(P1 + P2)
sin ¢g - sin(¢3 + ¢5) )

We therefore get the following possibilities for the values of bo, bs.

Case 1 If Sin1c0s 65 —sin(é1+¢4) cos(o+¢3) ~, _ cos¢i sin ¢s+sin(éstdo) cos(@1+¢a) 5 _ sin g cos(+¢a)-+sin g cos(

P1+92)
b

sin ¢4 = sin ¢g - sin(¢3+¢5)

then
sin ¢ cos 5 — sin(p1 + @4) cos(pa + Ps3)

sin (Z)4

by =cos¢1, b=



If _ cos ¢ sin b5 +sin(ds+dc) cos($r+¢a) ~, sin i cos s —sin(di+¢a) cos(patds) ~, _ sinds cos(di+¢a)+sin ¢s cos(¢r1+d2)
sin ¢g = sin ¢4 = sin(¢ps+¢s5) ’
then the constraint (Aus)s > 0 which involves both bs, b3 is active and we have the possibilities

Case 2:

— sin ¢ cos ¢5 sin ¢ + sin(d1 + P4) cos(Pa + ¢3) sin g — sin(Ps + Pg) cos(p1 + ¢4) sin Py

by =
2 sin ¢4 sin ¢5
be — sin ¢1 cos ¢5 — sin(d1 4 P4) cos(P2 + ¢3)
3 sin ¢4 ’
Case 3:
by = cos by, by = ~ cos @1 sin @5 + Sin(.(bg, + ¢¢) cos(o1 + ¢4).
sin ¢g
If — cos ¢1 sin ¢s+sin(¢s+¢e) cos(p1+a) > _ sin ¢z cos(¢1+¢4)+sin ¢5 cos(p1+¢p2) > sin ¢1 cos ¢s—sin(p1+¢4) cos(Ppa+ps3)
sin ¢e = sin(¢3+¢s) = sin ¢4 ’
then the constraint (Aus)s > 0 is active and we have the possibilities
Case 4:
by = sin ¢3 cos(p1 + ¢4) sin g + sin 5 cos(P1 + ¢2) sin g — sin(¢s + Ps) cos(P1 + ¢4) sin(¢z + ¢s)
sin g5 sin(¢ps + ¢5)
_ —cos(¢1 + ¢a) sin(¢s + ¢5 + ps) + sin g cos(d1 + ¢2)
sin(¢sz + ¢5) ’
by — _ sin gz cos(¢1 + ¢a) + sin g5 cos(¢1 + ¢2)
sin(¢s + ¢5)

or again Case 3.

Copositivity

Consider the submatrix A4s61. Set by = —cos, ¢ € [0,7). Then we must have p+¢5+m—d1—¢4 > 7,
otherwise the submatrix is not copositive or (in case of an equality) we get another minimal zero with
support a subset of {4,5,6}. This is equivalent to ¢ > ¢1 + ¢4 — ¢5. But ¢1 + ¢4 — ¢5 € (0,7), hence

we get bg > — cos(¢1 + P4 — @5).
It needs to be checked whether we can have

oS @1 sin @5 + sin(¢s + Pg) cos(P1 + Pa) sin @1 cos g5 — sin(¢1 + P4) cos(d2 + P3)
sin ¢g ’ sin ¢y

1. —cos(¢1+da— ¢P5) sin(pg) < —(cos ¢ sin @5 +sin(¢s + dg) cos(P1 + d4)) => cos(¢p1) < —cos(p1 +
Ga+¢6), p1+¢a+ds > T => T > ¢ps+¢¢ = Performs only if 7 = ¢4 +¢g, b3 = — cos(p1+ds—¢s5)
And there is additional zero with sup (4,5,6)

2. —cos(¢p1 + ¢4 — ¢5)sin(ps) < sin ¢y cos ¢5 — sin(d1 + Pa) cos(d2 + ¢3), —cos(d2 + ¢3) < —cos(Pg —
d5) => —cos(d1 + ¢4 — d5)sin(Ps) < sin gy cos ps — sin(¢y + P4) cos(pg — ¢d5) => 0 < 0 =
Performs only if cos(¢a + ¢3) = cos(¢ds — ¢5),b3 = —cos(¢p1 + ¢4 — ¢5) And there is additional
zero with sup (4,5,6).

— cos(p1+ps—¢s) < max(—

).

Result

There are no extremal exceptional copositive matrices with such a minimal zero support set.



