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Copositive cone

Definition
A real symmetric n x n matrix A such that x” Ax > 0 for all
x € RY is called copositive.

the set of all such matrices is a regular convex cone, the copositive
cone C"
(C™)* = conv{xxT : x € R7} - completely positive cone

the cone C” is difficult to describe and has many applications in
optimization
» graph stability number
graph clique number
graph chromatic number
standard quadratic optimization problem
quadratic programming

convex quadratic underestimator over polytope

vVvYvyVvVvyVvyy

mixed-integer programs



Standard Quadratic Optimization Problem

> min x" Ax

st. x e RY, elx=1

It's reformulation [Bomze et al.’00]:
» min (A, X)

st. xe R, (E,X)=1,X € (C")*



Convex underestimation

» Find best convex quadratic underestimator:
gr(x) = xTAx +2bTx + ¢, A € ST of non-convex functions
f(x) = xT Qx over polytope P = conv{vi, ..., v,}
s.t. f(x) > gp(x),Vx € P.

[Locatelli/Schoen "10]

» Can be reformulated as:
min (E + 1, X)
st. X=Qp—Up, X €(C",
where Qp = VT QV,
Up=VTAV + (VTb)e" +e(VTb)+ cE,Ac ST



Graph clique number

Given an undirected graph G = (V, E)

Clique S C V is maximal if S is not contained in a larger clique
Finding the clique number w(G) = Sp.x is an NP-complete
combinatorial optimization problem

» w(G) = max{S:S clique in G}
[Motzkin/Straus '65, Bomze et al.’00]
> ﬁ =min{(Qs,X) : (E,X)=1,X € (C")*} =
=max{y e R: Qs —yE €C"},Qc = E — A¢
Reduce problem to line search.



Classical results



Exceptional copositive matrices

Related cones:
» completely positive cone (C")*
> sum A" + S of nonnegative and positive semi-definite cone
> doubly nonnegative cone NN S7
(€M) CcN"NST c N+ 8T cC”

the cones N/, S and their sum are semi-definite representable
and hence easy to describe

Theorem (Diananda 1962)
For n < 4 the cones C" and N + S coincide.

Definition
A copositive matrix A € C"\ (N + S7) is called exceptional.

exceptional copositive matrices exist for n > 5



Extreme rays

Definition

Let K C R" be a regular convex cone. An non-zero element u € K
is called extreme if it cannot be decomposed into a sum of other
elements of K in a non-trivial manner. In other words, u = v + w
with v, w € K imply v = au, w = Bu for some o, 8 > 0.

The conic hull of an extreme element is called extreme ray.

applications:

suppose K C 8" is an inner approximation of C", i.e., K C C"

if all extreme rays of C" are contained in K, then K =(C"
knowledge of the extreme rays of C" allows to test the exactness of
inner approximations



Classical results

in [Hall, Newman 63] the extreme rays of C" belonging to
N+ 87 have been described:

> the extreme rays of N Ej and Ejj + Eji

» rank 1 matrices A= xx| with x having both positive and
negative elements

» Baumert 1966: duplicating rows and columns allows to
construct new extreme rays from known ones

» Hoffman, Pereira 1973: extreme rays of C" with elements in
{-1,0,+1}



Reduced copositive matrices

Definition (Dickinson, Diir, Gijben, Hildebrand 2013)

A copositive matrix A € C" is called reduced with respect to a
subset M C 8" if it cannot be in a non-trivial manner represented
as a sum A= B + C with B copositive and C € M.

reducedness with respect to N/ and S is necessary for being
exceptional extremal
reducedness with respect to N/

» Diananda 62: first studied

> Hall, Newman 63: reduced matrices satisfy A; < \/A;jAj;

» Baumert 65: sufficient conditions



(Minimal) zero support sets

Definition (Baumert 65)

A non-zero nonnegative vector u € R} is called zero of A € C" if
uTAu=0. The index set suppu = {i|u; > 0} is called the
support of u.

The set of supports of all zeros of A is called the zero support set
(initially zero pattern) of A.

Definition

A zero u of a copositive matrix A is called minimal if there exists no
zero v of A such that the inclusion supp v C supp u holds strictly.
The set of supports of all minimal zeros of A is called the minimal
zero support set of A.

the (minimal) zero support set is a subset of 2{1:-n}



Scaling and Permutations

» the transformation A — DAD preserves the copositive cone
and the minimal zero support set of A, where D is diagonal
matrix with strictly positive diagonal

> Ac S" permutation matrix P € R"™*". Then A — PAPT
. T
preserves the copositive cone and VPAP" = PYA where P
permute elements of zeros.



Reducedness

Theorem (Dickinson, Diir, Gijben, Hildebrand 2013)
Let A€ C", n>2,and let 1 < i, j < n. Then the following
conditions are equivalent.

(i) A is reduced with respect to Ej;,

(i) there exists a zero u of A such that (Au); = (Au); = 0 and
ui + uj > 0.

"zero" can be replaced with "minimal zero”

Theorem

A copositive matrix A € C" is reduced with respect to the cone S
if and only if the linear span of the minimal zeros of A equals R".
Equivalently, the number of linearly independent minimal zeros
equals n.

in particular, the number of minimal zero supports is at least n



Low dimensions

the number of equivalence classes (with respect to the action of
Sp) of minimal zero support sets of matrices A € C" which satisfy
all restrictions derived for reduced matrices is

> Oforn<4
> 2forn=>5
» 44 forn==6
> 12378 forn=7



Extremal rays of C°

the two equivalence classes of minimal zero support sets have
representatives

{{1,2},{2,3},{3,4},{4,5}, {1,5}},

{{1,2,3},{2,3,4},{3,4,5},{1,4,5},{1,2,5}}
realized by the Horn matrix and the matrices
1 —cos iy cos(tg +15)  cos(thn +13) — cos3
—cosily 1 — cos g cos(tg + /1) cos(ibz + )
T(¥) = | cos(tha + 15) — cos s 1 —cosn cos(1by + 1)

cos(tn +13)  cos(vs + 1) — cos il 1 — cos il
— cosfs cos(th3 + 1) cos(thy + 1a) —cos 1 1

with ¢1,...,95 >0and Y5_ ¢ <7
the Horn matrix is of the form T(%) with ) =0

these correspond to the exceptional extreme rays of Cs



The extreme rays of the 6 X 6
copositive cone



All cases

No. | Mo, in [17] | supp Vatm
T 2 {1.27.{1,55 {1.4),02,5).{3.6),(4.5.6]
2 3 {12} {1.3}.{1.4}.{2,5}.{3,5.6}.{4,5.6}
3 1 {1.2} .{1.3}.{1.4}.{2.56}.{3.5.6}.{1.5.6}
4 5 {1.2) .{1.3).{2.4}.{3,4.5).{1,5.6}.{1,5.6}
5 6 {12} {1.3}.{1.4,5}.{2.4.6}.{3.4,6}.{4,5,6}
6 8 {1.2} {1.3}.{2.4,5}.{3.4,5}.{2.4.6}.{3.5.6}
T 2 {1.53 .{2.61.{1,2,3}.{2.3,4}.{3,4,5}.{4,5,6}
8 13 {1.2}.{1.3.4}.{1,5.5} .{2.4.6} .{3.4.6} .{2.5.6}
o 15 £1.2}.{1.3.4} .{1.3,5} 42,46} .{3.4.6} .{4.56}
10 16 {1.2}.{1.3.4} .{1,3.5} .{2,4.6} .{3.5.6} .{4.5.6}
11 21 {1.2,3},{1,2,4},{1,2,5},{1.3,6}.{2.4.6}.{3.4.6}
12 22 {1.2.3}.{1.2.4}.{1.2.5}.{1.3.6}.{2.4,6}.{3.5.6}
13 31 {1.2.3}.{2,3,4}.{3.4,5},{4.5,6}.{1,5.6}.{1.2.6}
14 36 {1.2}.{1.3}.{1.4}.{2.5}.{4.5}.{3.6}.{5.6}
15 37 {1.2}.{1,3.,4} .{1.3,5} .{1.4.6} .{2,5,6} .{3.5.6} .{4.5.6}
16 41 {1.2.3}.{1.2.4} .{1.2,5}.{1.3.6}.{2.4.6}.{3.4.6}.{3.5.6}
17 42 {1.2.3},{1,2,4}.{1,2,5},{1.3,6}.{2,4,6}.{3.5.6}.{4.5,6}
18 43 {1.2.3}.{2.3.4}.{3.4,5}.{1.4.5}.{1,2.5}.{3.4.6}.{1.4.6}.{1.2.6}
19 23 {3.4.5}.{1.4,5}.{1.2,5},{1.2,3}.{1,5.6}.{2.3.46}
20 1 {1.23 .{1,3).{1,4).{2.5).{3.6}.{5.6)
21 11 {1.2}.{1,3,4} .{1,3.5} .{1,4.6} .{2,5.6} .{3.5.6}
22 12 {1,2} .42.3.4} .{3,4.5} .{1,5.6} .{2.5.6} .{2,3.6}
23 17 {1.2} .{1,3.4} .{2,3.5} .{3.4.5} .{2,4,6} {346}
24 24 {1,2.3},{1,2,4},{1,2,5},{1.3,6},{3.4,6}.{3.5.6}
25 25 {1.2,3},{1,2,4}.{1.2,5},{1,3.6}.{3.1,6}.{1.5.6}
26 28 {1.2.3},{1,2,4}.{1.3,5},{24,5}.{3.4,5},{2.3.6}
27 30 {1.2,3},{1,2,4}.{1.3,5},{2.4,5}.{3.4,6},{3.5.6}
28 32 {1,2,3},{1,2,4},{1.3,5},{2.4,5}.{1,5,6} {1.5.6}
29 39 {1.2.3},{1,2,4}.{1,2,5},{1.3,6}.{1.4,6}.{2.5.6}.{3.5.6}
30 7 {1,2}.{1.3}.{24,5}.{3.4,5}.{ 24,6} .{34.6}
31 10 {1.2}.{1,3,4}.{1,3.5} .{2.3.6} .{3,4.6} .{3.5.6}
32 14 {1,2} .41.3.4} .{1,3.5} {2,4,6} .{3.4.6} {3,5.6}
33 18 {1.2.3},{1,2,4}.{1,2,5},{1.3,6}.{ 14,6}, {1.5.6}
34 19 £1,2,3},{1,2,4}.{1,2,5},{1.3,6}.{1.4.6}.{2.5.6}
35 20 {1.2.3},{1,2,4}.{1,2,5},{1.3,6},{ 14,6}, {3.5.6}
36 26 {1.2.3},{1,2,4}.{1,3,5},{1.4,5}.{2.3.6},{24.6}
a7 27 {1,2,3},{1,2,4},{1,3,5},{1.4,5}.{2.3,.6},{3.4,6}
38 38 {1.2} .{1,3.4}.{1,3.5} {2,4.6} .{3,4,6} {2,5.6} .{3.5.6}
39 40 {1.2,3},{1,2,4}.{1,2,5},{1.3,6}.{ 14,6} ,{3.5.6}.{4,5,6}
40 44 {1.2.3},{1,2,4}.{1.3,5},{1.4,5}.{2.3,6},{2.4,6}.{3.5,6}.{4.5.6}
41 35 {1.2,34}.{2,34,5}.{3.4,5.6}.{1.4,5.6},{1,2.,5,6}.{1.2,3.6}
42 33 f1.2.5},{1.4.5}.{1.2.3}.{3.4.5}.{2.3.6}.{3.4.6}
43 31 {1.2.5},{1.4.5}.{1.2.3}.{3.4.5}.{1.3.6}.{3.5.6}
44 20 §1,2,3}.{1.2,4}.{1,3,5}.{2.14,5}.{2.3.6}.{2.5.6}




General algorithm

» Parametrization
» First order conditions
» Copositivity and absence of additional minimal zeros

> Extremality



Parametrization

» Diagonal elements of A are positive and normalized to 1 by
A— DAD

» Hall and Newman: Aj; = —cos ¢j;, ¢;; € [0, ], Vi, j.

» Zeros imposes conditions on the elements Aj;

» Aj; not covered by zeros are parameterized by b; € [-1,1].

Lemma

Let A€ C, with A =1 for all i, and let u € V4. with
suppu = {i,j} for some indices i,j € {1,...,n}. Then Aj = —1
and the two positive elements of u are equal.



Parametrization

Lemma

Let A € C, be extremal and A;; =1 for all i. Suppose

{i,j},{j, k} € supp Véin, where i, j, k are mutually different
indices. Then Ay «y is a rank 1 positive semi-definite matrix with
A = *A,’j = *Ajk =1.

Lemma

Let A € Cp, have unit diagonal and suppose there exists a minimal
zero u of A with support {i,j, k}, where i,j, k € {1,...,n} are
mutually different indices. Then the submatrix Ay; ; 1y is given by

1 —COS Q) — COS @
— COS Pk 1 —cos ;i |,
—COsp; —CosQ; 1

where ¢;, ¢j, ¢k € (0,7) and ¢; + ¢j + ¢ = m. Moreover, there
exists A > 0 such that Aug; j 1 = (sin ¢j, sin ¢j,sin gy) T



Linear dependency of minimal zeros

Reducedness of A € C, with respect to S¥:

In cases 30-42 there is linear dependency of the minimal zeros, so
this excludes the extremality



First order conditions

> If u € VA, then Au > 0 and (Au); is zero whenever u; > 0
» Zeros imposes conditions on the elements Aj;

> b; are expressed explicitly as a function of the angles ¢;;



First order conditions

Lemma

Let T C 2111} pe an index set and let A € Cn be an exceptional
extremal copositive matrix such that A;; = 1 for all i and such that
supp VA =T. Let B be the set of all matrices B € S" such that
Bjj = Ajj for all elements Aj; covered by I, and Bu > 0 for all
minimal zeros u € Vnﬁin.

Then A is an extremal element of the polyhedron B. In particular,
there exists a subset of equalities (Aw/)x = 0 which determine the

values of the uncovered elements of A uniquely.

bl

b2




Incompatibile F.O.C

In cases 43, 44 happens that first order conditions are incompatible
constraints on the angles. There are no copositive matrices with
the corresponding minimal zero support set.



Copositivity

Theorem
A matrix A € §" is copositive if and only if for every non-empty
index set | C {1,...,n}, the submatrix A, is copositive or there

exists v € R\ (—=R’) with suppv C | C supp>q(Av).



Copositivity

> For |I| ={1,2},v=>"i &

» For | containing the support of a minimal zero u we may take
v =uand |/| = {5,6} turn always out to be supersets of a
minimal zero support

» |/| = 4 we provide a vector v for each case individually



List of vectors

Case No.

Index subset

Certifying vectors v

D oo =1 T T W RS

—
— o

12

13
15
16

17
18

23,45
{2,3,4,5},{2.3,4,6}
{2,3,4,5},{2.3,4,6}
{2.3,5,6}
{2,3,4,5},{2.3,5,6}
{1,4,5,6}

{1.3.4.6}
{1,4,5,6}.{2.3,4,5}
{2,3,4,5}.{2.3,5,6}
{2.3,4,5}
{1,3,4,5},{2.3,4,5}
{1,4,5,6}

{2,3,5,6}
{1,3,4,5},{2.3,4,5}
{1,4,5,6}
{1,2,4,5.{1,3,4,6}.{2,3,5,6}
{2.3,4,5,{2.3,4,6}
{1,456}
{1,3.4,5},{2,3,4,5}
{1,3.4,5},{2,3,4,5}
{1,3,5,6},{2,3,5,6}
{2,4,5,6}

€3 — €3

€3 — €2, 62 + €g
€+ €5, + €g
€5+ €g

€3 — €p,6) — €3
€1+ €5
ez ey
€1+ €g,
€3+ €4,
€3+ €5
€1+ €3, 6+ €y

sin(¢g — @3 )er — sinfeg + g )eq + sin(oe + ¢3)e;
sin(¢1 + g2 + 0g)ea — sin ggez + sin(dq + o )es
€1+ €3, 6+ €y

sin(¢y — @3)er — sinfea + ¢y )eq + sin(ga + ¢3)es
€4C08 Q4 + €5, €1 + €5, €2 + oS Poey

€3+ €5,65 + €

e5 1 eg (206 > ¢7) or e cos g + e (96 < o7)
€1t ez e tey

€1+ es, ez ey

el +es (*(‘)3 < 2()5) or e; + eg (C)p, < (‘)3), e+ ez,
ey +e; (2(‘)(, < C)g) or eq + e (*(I‘)-z < (')r,)

€3+ ey (f‘)l < 2(133) or €3+ €5 (6)1 < 201)
e5+eg (9.1) or ez +e6 (9.2)




Copositivity

» |/| = 3 we check copositivity of A; by the following criterion:

Lemma
Let
1 —COS¢1 —COSPo
A= | —cos¢; 1 —cos ¢z | € §3
—COS ¢y — COS 3 1

with ¢1, ¢2, 3 € [0,7]. Then A is copositive if and only if
$1+ 2+ g3 > .



Absence of additional minimal zeros

Lemma
Let A€ C, and let w be a minimal zero of A with support set I.
Let u e R"\ (—R7) be such that supp u C | C suppq(Au). Set
B = A; and v = u;. Then v is proportional to w; with a positive
proportionality constant and Bv = 0.

» For | = {i,j, k} the absence can in many cases be certified by

verifying the strict inequality ¢; + ¢; + ¢ > 7
» For |I| > 4 the absence is certified for all occurring cases

P In other cases this inequality has to be added as a constraint



Existence of additional min. zeros

In cases 20-29 one of non-strict inequalities happens to be possible
only as the equality ¢; + ¢; + ¢x = m, which leads to the
conclusion that a minimal zero with corresponding support / does
indeed exist and this excludes these cases.



Extremality

Theorem

Let A€ C". Then A is not extremal if and only if there exists a
matrix B € S", not proportional to A, such that (Bu); =0
Yue VA i ¢ suppAu.

min>

P It is linear system and we need to determine its rank



Our approach to check extremality

Reduction of system by linear change of variables:
FTU,' = 0, B/ = (FPFT)/

FTUJ'ZO,BJ:(GQGT)J,j#I'

by b
bz bm;
bz bag

* b24
* *

FPFT =

x by

*
bay
bag
byy
bys
byg

*

*
bag
bag

b—l 6
*

b(j 6

bi
bia
GoGT = | *
=1,

bz
bis

bia
baa
*
*
bas
bg

N T

by bis bug
* by by
* * *

by by #

E)-1 ] b':': b 6
* b:‘:ﬁ 6

Got equations to express more entries of B as a function of P



Extremality results

Cases 1-5, 11, 12, 17, 18: the extremal matrices correspond to the
interior of the polytope of possible angles.

Cases 7, 8, 13, 15, 16: parts of the boundary of the polytope also
correspond to extremal matrices

Cases 7-10, 13: there exist submanifolds in the interior of the
polytope corresponding to non-extremal matrices.



Extreme rays of the cone C°
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Extreme rays of the cone C°
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Extreme rays of the cone C°

Dimensions of exceptional extremal matrices with unit diagonal:

Case No. | Dim. || Case No. | Dim. Case No. Dim. Case No. | Dim.
1 2 6 3 11 G 16 7,6,6,5
2 3 7 5.4 12 T 17 T
3 4 8 6,5,5,4 13 6,6,5,5,4,3 18 6
4 4 9 6.6 14 0 19 8.7
B} B} 10 6 15 6.,5.5

Respective maximal dimension equals the number of free
parameters in the expressions for the factor A



Extreme rays of the cone C°

Generators and types of the non-trivial symmetry groups of
minimal zero support sets with the additional inequalities on ¢;

Case No Group | Inequalities

1 Sy

2 5, Sa P2 < o3

3 5,6):(1,2,4,3,5,6); (1,2,3,4,6,5) | S3 x Sy | @2 < g3 < g0

5 ; Sz ¢3< ¢y

G Sa P2+ 1 +os < T

7 S 1S s

8 S P3+ s < L+ e

11 > 5o

13 1):(6,1,2,3,4,5) Do | 1+ o+ éa > ba+ ds + o,
Patdst s = b1+ da+ b

14 5,6):(5,2,6,4,1,3) S3

15 5 So

16 Sy s+ g = Dy + D7

17 Sy

18 ,5):(4,3,2,1,5,6) S3

19 . 1,6) So b7 — g — s — g = Ps + g — T — o




All cases

No. | No. in [17] | supp Vi result

T z 12].{L3){ 1A} {2,51.(3.6). (5.6} exceptional extremal
2 3 1.2).{1.3}.{1.4}.{2,5}.{3.5.6}.{1.5.6} matrices with this
3 4 12}.{1.3}.{1.4}.{2.5.6}.{3.5.6}.{4.5.6) minimal zero support
4 5 1.2}.{1.3}. }.{4.5.6} set exist

5 © 1.2} ,6}.{4.5.6}

[ kS 12}

T o 1.5}

e 13 1.2}

9 15 1,2},

10 16 1,2},

11 21 1.2.3]

12 22 12,3 1. (1.3.6). (24,6 {35:

13 ET] 12,3} }.{4.5.6).{1.5.6}.{1.2.6}

14 36 } (-15) 3.6).{5.6}

15 a7 6

16 41

17 42

18 a3 ,l,ﬁ} {14,6}.{1.2 8}

19 23

20 1 R 1. copositivity and
21 11 4] .{1,3.5) {146} extremality enfarce
22 12 4} .{3.4.5}.{4.5.6}. additional minimal
23 17 4} .{2.3.5}.{3. 4.5}, zero supports

24 24 4} {

25 25

26 28

27 30

28 az

20 30

30 T Tinear span of

31 10 minimal zeros is
a2 14 a proper subspace
a3 18

a4 19

35 20

36 26

a7 27 6}

a8 38 6} .{3.5.6)

39 40 5.6}.{4.5.6}

40 4 4.6}.{3.5.6}.{4.5 6}

11 35 25.6}.{12.3.6

12 33 A8}

13 ET } first order conditions
11 20 are incompatible

[} = =



Essential cases

Definition

Let M, be the stratified real algebraic manifold of extreme rays of
the copositive cone C,,. A stratum S of M, is called essential if
there does not exist a stratum &’ # S such that S C 9S’.

Case 19 of dimension 14 is essential, because no other stratum has
larger dimension.



Future

outlook

Suppose K C 8" is an inner approximation of C", i.e., K C C"
if all extreme rays of C” are contained in K, then K =C"
knowledge of the extreme rays of C" allows to test the
exactness of inner approximations

What are the essential cases?
Check X € C% => DXD G?K,}



Thank you for your attention!

Preprint is available on:
http://www.optimization-online.org/DB_HTML/2019/11/7489.html
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