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Abstract

This paper presents a new and efficient method for computing the flow of a non-Newto-
nian fluid. The approach is based on two independent concepts:

Time-dependent simulation of viscoelastic flow: A new decoupled algorithm, presented in
P. Saramito, Simulation numérique d’ecoulements de fluides viscoélastiques par éléments
finis incompressibles et une méthode de directions alternées; applications, Thése de I'Institut
National Polytechnique de Grenoble, 1990 and P. Saramito. Numerical simulation of
viscoelastic fluid flows using incompressible finite element method and a #-method, Math.
Modelling Num. Anal., 35 (1994) 1-35. enables us to split the major difficulties of this
problem, and to solve it more efficiently. Moreover. this scheme is of order two in time. and
can be used to obtain stationary flows in an efficient way.

Conservative finite element method: this method combines the incompressible Raviart
Thomas element, the discontinuous Lesaint—Raviart element. and a finite volume element
method. It satisfies exactly the mass conservation law. and leads to an optimal size for the
nonlinear system in terms of the total degree of freedom versus the mesh size.

We apply our numerical procedure to the Phan-Thien—Tanner model with a classical
benchmark: the four to one abrupt contraction. The numerical solutions exhibit good
behavior, especially near the singularity, in the vicinity of the re-entrant corner. The
numerical experiments present the main features of such flows: vortex development and
overshooting of the velocity profile along the axis of symmetry in the entry region.

Kevwords: Viscoelastic fluids; Viscoelastic flow

1. Introduction

The numerical simulation of viscoelastic fluid flows is a major challenge: it
appears as both a test for assessing the robustness and efficiency of numerical
methods, and a qualification of models for complex flow geometries.
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Intensive research has pointed out the theoretical difficulties in solving the large
nonlinear system obtained from the approximation of the boundary value problem.
Keunings [23] provides an exhaustive survey of the considerable work performed in
this domain. There are three main difficulties in the previous approaches:

@ The so-called high Weissenberg number problem: simulations were stopping
before a limit value (approximately 4) of this dimensionless parameter, which
expresses the memory effect of the material. It is now well accepted that the
reasons for this difficulty are numerical: the use of inappropriate boundary
conditions and numerical schemes associated with the type of governing
equations [22].

® The approximation strategy: finite element spaces have to satisfy compatibility
conditions (i.e. the well-known inf-sup conditions [2,5,13]). These conditions
guarantee that the approximate problem is well-posed and that convergence
occurs with mesh refinement.

® The tremendous amount of computation needed, thus limiting the size of the
system that can be simulated.

In 1987, Crochet and Marchal [7] presented the first result above the “critical”
Weissenberg number. They solved the stationary problem by using Newton’s
algorithm and a global Gaussian inversion of the Jacobian matrix. This direct
method allowed them to reach numerical results using the Oldroyd model for
Weissenberg numbers (We) up to 14 for a plane contraction, and We = 20.8 in the
axisymmetric case, using two meshes (We = 64 for the lower mesh). The authors
presented a subelement approximation strategy for stress tensor components. In this
approach the number of degrees of freedom of the system was large, therefore
requiring considerable computing time on a supercomputer.

In 1989, Fortin and Fortin [11] proposed a decoupled algorithm, based on the
GMRES method, for solving the stationary problem of an Oldroyd fluid. They
developed discontinuous approximation of the stress tensor. Using this approach,
they obtained up to We = 8, with the Oldroyd model and for a plane contraction.
However, their solutions present oscillations: the authors pointed out that stress
schemes were not strictly TVD (total variation diminishing) and that computing
time was important on a workstation.

We propose here an efficient method for computing flows of non-Newtonian
fluids. Moreover, we apply this method by using a realistic viscoelastic model: the
Phan-Thien~Tanner model. Section 2 develops constitutive and conservation laws
of viscoelastic fluids of the Phan-Thien—Tanner type. Section 3 presents the study
of viscometric properties and one-dimensional Poiseuille fluid flow, using Phan-
Thien—Tanner model.

In Sections 4 and 5 we develop our numerical approach. On the one hand, we use
a time-dependent decoupled algorithm [36,35]. As shown in Section 4, this algorithm
enables us to split the major difficulties of this problem, and to solve it more
efficiently. Moreover, this scheme is of order two in time, and can be used to obtain
stationary flows in an efficient way. On the other hand, we develop an original
conservative finite element approximation of the problem in Section 5. This element
is based on a combination of the incompressible Raviart—Thomas element, the
discontinuous Lesaint—Raviart element, and a finite volume element method. It
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satisfies exactly the mass conservation law, and leads to an optimal size for the
nonlinear system, in terms of the total degree of freedom versus mesh size.

We apply our numerical procedure to the Phan-Thien—Tanner model with a
classical benchmark: the four to one abrupt contraction (Sections 6 and 7). By
drawing a first normal extra-stress component near the re-entrant corner, we can
check the high quality of the numerical approximation. Then, we point out vortex
development, and overshooting of the velocity profile along the axis of symmetry in
the entry region.

2. The governing equations

In this section we present the formulation of constitutive and conservative laws,
and the mathematical formulation of the problem.

2.1. Constitutive laws

The Cauchy stress tensor is given by the relation:
o= —pl+2n,Du)+ 1. (n

We use the following notations: p is the pressure field, u is the velocity field, 7 is an
extra-stress tensor. In addition, D(u) = (Va + Vu');2 denotes the rate-of-deforma-
tion tensor, and #, represents the Newtonian viscosity of the fluid. The extra-stress
7 satisfles a constitutive law. First, we consider the Oldroyd model [30],

AT+ 1—2n,D(u)=0, (2)

where 4 1s the relaxation time of the fluid memory, 7, a second viscosity, and (.)
represents a material derivation of a tensor [30,26]

-
T =%§+u Ve—W() - t+71 Wu)—a(D(u) - t+ ¢ - D(u)). (3)
In the last relation, « is related to a material parameter: ¢ € [—1.1]. and

Wi{u) = (Vu — Vu')/2 1s the vorticity tensor.

This model includes a retardation time u= a4, where x=n_/(5,+#,) 1s a
retardation parameter. Let us denote by # = 5, + #, the total viscosity. For |a| <1
in (2), we obtain the Johnson-Segalman model, and for 4, = 0, the Maxwell model.

Some extra properties can be obtained by modifying the Oldroyd model (2): the
Phan-Thien-Tanner model [38,27] is given by the following constitutive equation:

1 €A
AT+ exp<— tr(r)) —2n,D(u) =0, (4)
7,
where tr( - ) is the trace of a tensor, and € is a parameter of the model. This gives
rise to the following properties:
—the shear viscosity 7, (y) decreases with the shear rate ; (for a| < 1). and
~the elongational viscosity 5, (€) reaches a maximum (for € > 0).



P. Saramito | J. Non-Newtonian Fluid Mech. 60 (1995) 199-223

202
2.2. Equations of conservation
The momentum conservation law leads to
p<§+ﬂ'Vu>+Vp—mAu—dWr=0, (5)
where p is the (constant) density of the fluid. Mass conservation leads to the
incompressibility relation:
divu=0. (6)
2.3. Dimensionless parameters
Let U and L be a typical velocity and length of the flow. We introduce the
Weissenberg ' number We = AU/L, the Reynolds number Re = pUL/n, a retarda-
tion parameter [21] a =4, /(y, + #,), and we set
i U .- L p
— t=—1 =—1, =—. 7
" T ”UT p U (7
(8)

X =—,

| e

u=—,
U
where tildes are attached to dimensional variables. The dimensionless constitutive
=0,
9

momentum equations are

E@j+ﬁ§f—pw)

2 2
+u~Vu>+divr+(l —a)Au—Vp =0,
0, (10)

Rel
¢ ot
divu
where
(11)

Wi
fln)= exp(g—aE Jtr r).
For ¢=0, we obtain a fluid of Oldroyd type.

2.4. Mathematical formulation
conditions. For « € [0,1[ and a =1, the system (8)—(10) is found to be of mixed

The set of equations (8)~(10) have to be used together with initial and boundary
parabolic—hyperbolic type [22,33]. Let Q be the flow domain. The required
(12)

boundary and initial conditions are as follows:
—a velocity condition on the boundary I' = 8Q:
(13)

u=uronl.
—a stress condition on the inflow boundary section: I'_ = {x e T'; (u - n)(x) < 0}:

t=tronl_,
! This formal definition will be applied in Section 3.4 to the Poiseuille flow, and flows in contraction.
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where #n is the outward unit normal vector to Q at the boundary T';
—initial conditions for 7 and u:

Ty—o = Tg, U, _o) =, in Q. (14)

Some results concerning the existence of solutions (r,u.p) of Egs. (8)-(10), (12)-
(14) are known. Renardy [32] has obtained existence of stationary solutions for any
value of , 0 <2 < 1. Guillopé and Saut [20] have proved a global existence result
of the solution in the unsteady case, for small values of z.

The existence results are obtained for a fluid of Oldroyd type, and are valid under
assumptions made for boundary and initial data wu,-, 7. u,, 7.

3. Steady simple flows

This section briefly presents the viscometric data of Phan-Thien—Tanner fluids,
and the choice of material parameters. We also study here steady Poiseuille flows.
We use Poiseuille flows for the computation of inflow and outflow boundary
conditions in an abrupt contraction (Section 7).

Finally. we precise the formal definition of the Weissenberg number of Section 2,
and give a practical one for converging flows: this definition takes into account
elongational properties of Phan-Thien-Tanner fluids. Moreover, Section 7 shows
that this practical definition fits vortex activity in an abrupt contraction.

3.1. Elongational flows
The version of the Phan-Thien—Tanner model with an exponential relaxation

coeflicient (4) is chosen here, because the exponential term results in a maximum in
the steady state elongational viscosity. This behaviour (Fig. la) is in better

4,00 \log Me 1e=0 4.00} log 7e

2.5

1.00 e =01
-0.%
= -2.00 -
-2.00 -0.50 1.00 2.50 4.00 | o) -2.00 -0.50 1.00 2.% 100 Loai
Fig. 1. Normalized steady state elongational properties of Phan-Thien-Tanner model, «=0.8.

2 =0.875: (a) exponential law, (b) linear law.
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Fig. 2. Phan-Thien—Tanner model (x=0.875): Normalized shear viscosity (a), first normal stress
difference (b), and second normal stress difference (c).

agreement with experimental data for polymer melts [26, p. 204] than the version
with a linear coefficient (Fig. 1b). Note that the Johnson-Segalman model (¢ =0)
predicts an infinite value for the steady state elongational viscosity.

3.2. Simple shear flows

The Phan-Thien—-Tanner model shows shear thinning and a non-constant first
normal stress coefficient (Fig. 2a). Let f.(47) be the unique value satisfying

L 2ea(A7)?
fo(49) = exp</suy')2 F- aZ)(ﬂy'f)' -

Then, the shear viscosity is given by
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(A
._l_a—’—a-a.ZfS(I)vn.ﬁ'
ny SSAPY + (1 —a*)47)”
The model predicts first and second normalized stress difference. ¥, and ..
respectively (see also Figs. 2b,c):

det 0|5
s = =

(16)

R
24 20477 (AP + (1 —a®) (A5

(17

and y/, o (02> — 033)/7% = (1 — a)y, . Therefore, the second normal stress difference
vanishes for « = | (upper-convected derivative).

Nevertheless, for |a| <1 and up to a critical value .(¢) of «, the model predicts
an excessive shear thinning; in this case, the shear stress ¢,,=7#,7 becomes
non-monotonic (Fig. 3). Conversely, when 0 < & < a,.(¢), the shear stress is always
monotonic. For the Johnson—Segalman model, we have x.(0) = 8/9.

3.3. Poiseuille flows

We find in Refs. [21,29] an analytical resolution and stability study for Poiseuille
flows of Oldroyd fluids. We need here a numerical approach to solve the Poiseuille
flow of a Phan-Thien—Tanner fluid. Both analytical and numerical approaches start
by reducing the one-dimensional Poiseuille problem to a scalar nonlinear character-
istic equation. We solve the characteristic equation and obtain numerical solutions
by a continuation algorithm.

Such solutions can exhibit pathological cases depending on material parameter
values: we point out loss of existence or unicity of solutions, and existence of
non-regular solutions.

Let g and 2g be the constant pressure gradients driving the plane and axisymmet-
ric Poiseuille flows, respectively. By integration of the momentum conservation law,
we obtain the characteristic equation

Loy ol N
2.00 us=0

-1.w

00 )

-2 -1.00 0.00 1.¢o ERLY

Fig. 3. Shear stress as predicted by the Phan-Thien- Tanner model: /=1, a =0.8 and +=0.015.
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Fig. 4. Characteristic curves for the Phan-Thien—Tanner model: ¢ = 0.015.

gx=rn,7, 0<x<r, (18)

where r is the radius of the section. Fig. 4 shows the characteristic curves of the
fluid: /1 —a?4p versus /1 —a%igx. Up to the critical value a.(¢) of «, the
characteristic curve admits two turning-back points denoted by y~ and x™,
0 <y~ < y*. The situation is characterized as follows:

—For 0 < a < a.(¢), we obtain one regular solution (Figs. 5a—c).

—For a = a.(¢), x* =y, this solution remains regular if . /1 —a2igr < ¥y~ (Fig.

5d), and becomes singular otherwise (Figs. Se,f).

~For a.(g) <a < 1, we have one regular solution if \/1 —a?igr <y~ (Fig. 5g),

or a continuum of solutions if ./1 —a?igr> y~. Moreover, one of these
solutions remains regular for /1 —a?igr < y* (Fig. 5h). When /1 — a%igr >
¥t all solutions are singular (Fig. 5i), and present discontinuous rates of
deformation.

—For a« =1 (Maxwell-like model), we have only one solution for \/1 —a%igr <

2+ (Fig. 5j), and no more solution otherwise.

There are different opinions in the literature about the interpretation of such
solutions (i.e. when a > «_.(¢) and high values of the rate of deformation appear
near the wall). Malkus and co-workers [29] developed a description of a spurt flow
as a trigger mechanism for the melt instabilities: they referred to this as an apparent
slip, despite the fact that there is no actual slip, due to the relative thinness of the
wall layer. However, as the pressure gradient increases, this wall layer thickens.
Schowalter [9] proposes sharp velocity gradients near the wall as a possible model
for fluid slip in the context of continuous velocity profile.

This model is not completely satisfactory: discontinuous rates of deformation
have not been observed in the flow domain by experimenters, when macroscopic slip
phenomena appear [39,25,24]. This leads us to argue that we have reached a possible
limit of such differential models when a discontinuous rate of deformation appears.



P. Saramito ! J. Non-Newtonian Fluid Mech. 60 (1995) 199-223 207

Nevertheless, this “rheological artifact™ [27] is of great interest from mathemati-
cal and numerical points of view; it is helpful in understanding and writing
constitutive equations. Moreover, the critical case before the appearance of a
discontinuous rate of deformation can be viewed as a significant benchmark for
testing the robustness and the efficiency of algorithms for viscoelastic flow prob-
lems. This last point is discussed in the following sections.

3.4. Definition of the Weissenberg number

We consider here the Poiseuille flow, which will be treated in the next paragraph.
The shear-thinning character of the Phan-Thien-Tanner fluid makes it difficult to
define We using directly 7 at the wall. Instead, we use an average value 7, defined
by 7. = 4U/r for axisymmetric flow, and 7, = 3U/r for plane flow where U denotes
the average velocity. Let We be the Weissenberg number, as introduced in ref. [4]
for the White—Metzner fluid:

(a)A=09
xr
0.5 1
a < o, u
%12 3
(d) Ax=09
1 T :
x
0.5+ h
a X Qe u
00 1 2 3
1 (g) A=0.72
xr
0.5 R
a > o u
00 1 2 3
j)A=1028
) _
xz
0.5¢
a=1 U
0

o 1 2 3

Fig. 5. Solutions of Poiseuille flow (¢=0.015, g=1): x=0875 < 2.1 4 =0.9 (a); A =1.2(b); 2= 1.5 (¢).
2a=0901=%.:4=09(@);A=1()i=15()ka=095>2:4=072(g); A=08(h); i=09(i);x=1:
i=0.8 ().
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Fig. 6. Weissenberg number versus ij.; a = 0.8, ¢=0.015.

We= 1,7, (19)
where 4, is the natural time of the fluid:
fo= Oags72/60 127 (20)

Note that the definition (20) of the natural time /, uses the first normal stress
difference o, in uniaxial extension &= 7,,. A representative rate of elongation ¢ is
given by: é=7,,. Thus the definition given in Ref. [4] for the White—Metzner fluid
has been modified in order to include elongational properties. Moreover, Section 7
shows that this definition of We corresponds to vortex development.

Therefore, when ¢ > 0, the Phan-Thien—Tanner model predicts bounded values of
the Weissenberg number (Fig. 6). Conversely, with ¢= 0 (Johnson-Segalman and
Oldroyd models), the Weissenberg number is not bounded for high values of 17, .
As pointed out in Ref. [4], the prediction of bounded values of We is in better
agreement with experimental data.

Definition (19) of We applies to flow in contractions, by considering Poiseuille
flow at the downstream section.

4. Time approximation using a @-scheme

We shall now restrict our study to the problem (8)-(10), (12)—(14), where the
inertia term (# - V)u in (9) is neglected, since only slow flows are investigated.

In this section, we present a new method for solving unsteady viscoelastic
problems. This method is related to the alternating direction implicit technique
[31,17,16] for decoupling the main two difficulties: the nonlinearities of Eq. (8), and
the incompressibility relation (10).
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4.1. Splitting the problem

We consider the following two operators:

w
zr~D(u)
A(taup)= |divt+(l —a)Au—-Vp |, 2n
divu
—ZLT( )T 4—121—11
A>(tup)= (22)
0
0

As mentioned above, the advective part of the momentum equation (u - V)u is
neglected, since only slow flows are investigated.

In (21)-(22), we introduce w € ]0,1[, a parameter associated with the splitting.
The Laplace operator A in (21) is related to the boundary conditions (12) for . and

the transport operator T(u) = (u-V)+ p,(-,Vu)in (22) is related to the inflow
boundary condition (13) for z. The bilinear form f,( .- ) is defined by

B, Vay=1 - Wu)— W) 1 —a(Dm) 7+ 7 - D(u)). (23)
Let us consider the following problem:

find # = (z,u,p) defined in Q, such that

dw , )
m-ar—-f-Al(VZ/)—l—Az(ﬂl/):O. 24)
and satisfying the initial condition (14). The diagonal matrix in (24) is defined by
m = diag(We/2a,— Re,0). The parameter w is related to a numerical relaxation
parameter of the splitting.

4.2. Time approximation
Using these definitions, we build a time approximation sequence #" = (t".u".p")

of a solution #(¢) = (t(¢),u(t),p(1)) of (24). For a given #°, the sequence (#"), ., is
defined by the following three-step procedure [15]:

J/VI+(/_U”’I
'—(}A[—+A1(%n+”): — Ay (U"), (25)
4 n+17()_(,”n+()

m T Y A A A (26)
JZ/"“*'I_UZJ"‘FI*H

m / HAt +Al(u?/n+])= __AZ(,]/n-klf ())- (27)

where At is the total time step, and 6 € ]0,3{ is the parameter of the time scheme.
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4.3. The 0-method

The definitions of Section 4.1 and the time scheme of Section 4.2 lead to our new
algorithm [35,36] for solving unsteady flows of viscoelasticity fluids. This scheme is
of order two in time, and allows us to compute steady solutions efficiently. We can
also decouple the computation of stress and velocity—pressure; we get two standard
sub-problems: Stokes-type, from steps (25) and (27), and transport type, from step
(26).

First, let us study step 1. For ", #” given, we search (" *?u"+? p"+% such that

e X ooty = < Hpme L
-

—Re =4 div T (I - o)A —Vpr O =0, (29)

divu"t?=0, (30)

w" " = ur((n + 6)At) on T. &)
We set

p"=(We — (f(r") — w)O At)r" — (WeO At)T(u")r". (32)
From (28), we get

= m (7" + 20 AtD(u"+%). (33)
Since diva"*?=0, we have 2div D" %) = Au"*?, and Eq. (29) becomes

ku"t? — sAu" 9 = [, (34)
with

k = Re/(0At), (33)
and

Pk — i, (37)

We + wi At

Step 1 can be solved as follows:
—7" and #" being known, compute successively y” and f" using (32) and (37),
respectively;
~f" being known, compute (#"*?p"*?¢ as the solution of the Stokes-type
problem (34) and (30) with the boundary condition (31);
—y” and u"*? being known, compute " *¢ in an explicit way, using (33).
Now, we can study the second step. We search (¢”*' % u”+'! 9 such that
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We.[n+17()__,rn+() © f‘(,[n»flrﬁ)_w
_ — T n+1l—0y n+1 -0 S n+ 1l
2w (—20Ar T Wt - 2w

— —ifn+(’+D(lln+(1), (38)

2
ur1+l ")du"'*'”
ARCW: ‘—le T"+”—(1 . x)Au”*”ﬂ—Vp”*”, (39)
"t Y= ((n+ DAr) on I (40)
From (29) and (39), we obtain
1—0 1—20

n+l—0 n+6 __ " 4
u o u r u (40

Step 2 reduces to the transport-type problem (38) with the boundary condition (40).
Moreover, using Oldroyd or Maxwell models (f = 1), this problem becomes linear
in 7. The resolution of step 3 can be deduced from (32)—(37) by substituting #,
(n+0)by (n+1—0), (n+ 1), respectively. Finally, we can solve the time-depen-
dent problem using a #-method. We obtain a succession of Stokes-type and
transport-type problems.

The choice 0 =1 /\/E presents some good convergence properties, as shown in
Ref. [37]. Since our numerical experiments on the Phan-Thien—Tanner model, and
previously {35] on an Oldroyd-B model, are concerned, the parameter w of the
splitting has no influence on the convergence rate of the (/-schema towards the
stationary solution. The convergence rate is related to the residual term
A, (#)+ A,{() of the stationary problem. The time step Ar is automatically
adjusted during iterations, in order to optimize the convergence rate.

We point out that the 0-method is independent of the approximation with
respect to space: as a consequence, this method is worth using for other space-ap-
proximations than the one presented in the following section.

4.4. Resolution of the sub-problems

The sub-problems of Stokes-type are solved using a conjugate gradient method.
The preconditioning is obtained by means of the augmented Lagrangian method
[12]. The efficiency of this method is particularty spectacular for the test problem of
Section 6, as the initial problem is ill-conditioned due to the domain length and the
presence of the re-entrant corner.

The transport sub-problems are solved by using a symmetrized successive over-
relaxation method (SSOR, see Ref. [18]). Numerical tests of this procedure have
shown fast convergence of the residual terms.

5. Approximation with respect to space

In the finite element approach, the use of classical approximation methods for the
velocity (for example, the P, — P, element) leads to a questionable approximation
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of conservation properties, especially the incompressibility relation (10). This is all
the more troublesome as the velocity field u is likely to transport the stress tensor
7 in relation (8).

We present in this section an original mixed finite element method for the
approximation of the viscoelastic fluid flow problems. This approximation is based
on a combination of Thomas—-Raviart element [14, ch. 3] for velocity-pressure
fields, piecewise constant functions for normal stress components, and linear
continuous functions for the shear stress components (see Fig. 7). We have shown
in Ref. [36] that this method leads to a well-posed problem for We = 0.

For We #0, a scalar transport term (u - V)t,; appears for each component t,; of
the extra-stress tensor 7. We use the Lesaint—Raviart scheme [28] for the transport
term of the normal stress components 1,, and 75, (7,,, 7.. and t,, in the axisymmet-
ric case). These approximations are generally discontinuous at interfaces between
elements. Upwinding techniques are possible in schemes involving right-side or
left-side values, according to the direction of the flow. We use the Bab-Tabata
scheme [1,34], based on a finite volume element formulation on an approximate
Riemann solver, for the shear component 7,, (z,, in the axisymmetric case). This
approximation of (u - V)t is used for all three steps of the §-method.

It should be pointed out that the incompressibility relation is exactly satisfied
when using the Thomas—Rawviart element, and both Lesaint—Raviart and Baba—
Tabata schemes are TVD (total variation diminishing), so no artificial numerical
oscillations can occur. This is an improvement on the previous method [35], where
the SUPG method [6] was used for approximation of the transport term of shear
stress component. In fact, the SUPG scheme is not TVD [19], and numerical
oscillations can occur near singularities, associated with strong effects at high
Weissenberg numbers.

Moreover, this finite element method was found to be of optimal cost in terms of
the total number of degrees of freedom versus the number of element of mesh: six
or seven degrees of freedom per element, for six or seven scalar fields, in plane or
axisymmetric geometry, respectively.

Table 1 gives a comparative synthesis of this cost with other authors. The test
value (Nyor/6N,jem ). is the asymptotic value of the number of degrees of freedom
Ngyop versus the number of elements N,,.,, and the number of scalar fields: (six, for

? O o7,
¥ u.n

T e < ¢ TH TZ? p

o, il

Fig. 7. Incompressible finite element.
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Table 1
Comparative cost of three finite element methods

"Vclcm ‘Vdof ("Vdnf ’/6Ne]cm ), Ref.
210 16 719 9.5 (57/6) 7]
326 19 532 9.83 (59/6) [10
1 144 23 645 3.33(20/6) [
1196 7403 1 This work

planar geometry): t,,, 715, T2y, #;, %4, and p. We use the Euler relation N g, + 1 =
Ngem + Nooae and suppose that the mesh is regular, made only of quadrangles, and
satisfies N, ,qc = C(Ngem)-

Finally, this element can be easily extended to approach three-dimensional
problems, always with an optimal cost.

6. Numerical experiments in an abrupt contraction

We now describe the application of both the #-method and the incompressible
finite element method to the computation of viscoelastic flows in an axisymmetric
contraction. We recall briefly the main features of such flows, and give the
conditions of our numerical experiments on the Phan-Thien-Tanner model.

6.1. General features of the flow in an abrupt contraction

Such a flow is of greatest interest from both theoretical and practical points of
view (e.g. in relation to polymer processing problems) and has been investigated in
numerous experimental works. In the entry flow region, before the contraction, the
fluid particles are accelerated close to the central part of the duct, while vortices
appear close to the edges (see Fig. 8).

This flow can be considered as a complex one, because it is roughly a shear flow
close to the solid wall, and becomes rather elongational at the vicinity of the centre.
Experiments related to the axisymmetric contraction have shown increasing recircu-
lating zones when the Weissenberg number We increases. We refer to the recent
paper of Binding [3] for a review and an analysis of such intriguing flow behaviours.

6.2. Numerical and geometrical conditions

In our numerical experiments, the abrupt contraction was considered to be
axisymmetrical (x, =z, x, =r, x;=0), involving an axis of symmetry r=0. We
may consider a half-flow domain Q, as shown in Fig. 9.

We have chosen the upstream radius R =4, and the downstream radius r= 1.
This corresponds to the classical four-to-one contraction generally investigated in
numerical works. Both upstream and downstream lengths are assumed to be
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Fig. 8. Description of the 4:1 abrupt contraction (from Ref. [3], p. 29).

sufficiently long so that fully developed conditions can exist; we have chosen /; = 64
and /, = 200.

6.3. Choice of material parameters

The Phan-Thien—-Tanner model predicts realistic elongational viscosity, which
reaches a maximum (see also Section 3.1). Furthermore, the choice £¢=0.015 with
an exponential coefficient is consistent with data for polymer melts [26, p. 205].
Moreover, this choice, also used in Ref. [8], is convenient for a cross-checked
approach.

The use of the derivative parameter « allows us to control the level of shear
thinning (see Section 3.2): ¢ #0 and |¢| <1 lead to non-vanishing second normal
stress difference and bounded values of We at high shear rates; 0.8 <au<1 is
consistent with the experimental data. The results of Section 7 use a = 0.8.

The choice 0 < a < «.(¢) guarantees a strictly monotonically increasing shear
stress, and the existence of one unique regular solution of the Poiseuille flow

I2

R

WALL

UPSTREAM

1 DOWNSTREAM
gL -

[,) o /1 I

Fig. 9. Specification of the domain of computation.
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Fig. 10. The finite element mesh family.

problem (see Section 3.3). The choice x = 7/8, near the critical value, satisfies those
properties, and allows important viscoelastic effects.

The Weissenberg number is defined by (19). considering the downstream
Poiseuille flow. Here, the Reynolds number has no influence on the stationary
solution, since only slow flows are investigated: the inertia term (& - V)u in (9) is
neglected.

6.4. Mesh family

Starting from a rough mesh .7”, we build a family (.7'"),.., by using a refining
procedure of 7® near the re-entrant corner (see Fig. 10).
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On 79, the length of the element close to the re-entrant corner is given by

,
3x 2

The sizes of the elements are given by a geometric progression of constant factor,
starting from the re-entrant corner.

(42)

i
i

7. Phan-Thien—Tanner fluid in an axisymmetric contraction

We present the computation of the flow through a four-to-one axisymmetric
contraction of a Phan-Thien—Tanner fluid with a constitutive equation given by (4).
Section 6.3 develops the main motivation for this choice.

7.1. Convergence tests

The velocity and stress profiles are given by reference to the average velocity U
at the downstream section. The mesh convergence properties can be observed by
drawing velocity profiles along the axis of symmetry for the meshes 1, 2 and 3 (Fig.
11). We notice an important overshoot near the entry section. We also notice that
the mesh convergence of the solution is remarkable for fine meshes 2 and 3, while
the rough mesh 1 gives only qualitative results; the convergence velocity of the mesh
family is considerable.

Fig. 12 presents the first normal component of the extra-stress tensor along the
line r =1 close to the re-entrant corner, for the three meshes 1, 2 and 3. In the
vicinity of the re-entrant corner, stresses become singular, and the theoretical value
is infinite at the corner. As expected, the peak of the stress approximation becomes
sharper with the mesh refinement near the singularity. Nevertheless, we can check
that convergence occurs outside the vicinity of the re-entrant corner.

P o ————
w/U
3F
Mesh 3
—————— Mesh 2
2+ Mesh 1
1+ i
VA
%% o T 10 20 30

Fig. 11. Mesh convergence of the velocity profile along the axis of symmetry at 47, = 9.30: meshes 1, 2
and 3.
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Fig. 12. Mesh convergence of the first normal stress component along the line r=1 close to the
re-entrant corner at 4;, = 4.50: meshes 1, 2 and 3.

7.2. Velocity and stress profiles

Let us observe in Fig. 13 the velocity profile along the axis of symmetry as a
function of Z7,. At We =0, a tiny overshoot of the velocity profile theoretically
exists, but is not perceptible in Fig. 13(a). From small values of 4y, > 0 (Fig. 13b),
an overshoot of the velocity clearly appears near the entry section. This overshoot
increases with A7, (Fig. 13c).

Fig. 14 presents the first normal component profile of the extra-stress tensor
along the line r =1 close to the re-entrant corner, as a function of We. At We =0
(Fig. 14a), the peak of the Newtonian extra-stress takes negative values, but from
small values of We > 0, the extra-stress profile changes type, and the peak becomes
positive (Figs. 14b,c). As expected, the relaxation process of the stresses along the

[ S - T
-10 0 10 20 30

Fig. 13. Velocity profile along the axis of symmetry. as a function of A7, (mesh 3).
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Fig. 14. First normal stress component along the line r = | close to the re-entrant corner, as a function
of We (mesh 3).

wall after the re-entrant corner becomes slower as We increases; the downstream
length must be sufficiently long for fully developed stress conditions to exist.

Note that the dimensionless first normal component of the extra-stress tensor
7,, - r/nU at upstream grows to a maximum value (Fig. 14d), and starts to decrease
for higher values of iy, (Fig. 14e). For high values of the flow rate (see Fig. 14f)
this quantity tends to zero, as predicted by relation (17); the lack of interest of the
branch of solutions for large values of 17, could define a limit of the Phan-Thien—
Tanner model for high flow rates.

7.3. Vortex development and intensity

Fig. 15 shows the vortex development as a function of We and 4}, . For We =0
(Newtonian fluid), we observe a small vortex close to the salient corner of the
contraction. The change in concavity can be observed between Figs. 15(b) and (c).
We notice in Figs. 15(c) and (d) the growth of the vortex size. The development of
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the vortex reaches a maximum (nearly Fig. 15d) and is followed by a slow decrease
for high values of the flow rate.

Figs. 16(a) and (b) present the vortex instensity as functions of /7 and We.
respectively. The vortex intensity is defined by the ratio of the recirculating flow
rate in the vortex to the flow rate through the contraction. Vortex intensity grows.
reaching a2 maximum value for 43, ~ 13.8 (We = 6.60), and then slowly decreases to
the asymptotic Newtonian value. When /7, x 13.8, the vortex intensity reaches
nearly 10% of the main flow rate; the corresponding Newtonian value 1s nearly
0.2%. Note that in Fig. 15(b) the variations of We fits the variations of the vortex

(a) We = (b) We = 2.92, (M, = 2.60)
0
l;;m\ . T25x107? [N .
T — ﬁ\) - ] \j\f\\'\\ ~89x 10
- T~ e - ~ W
3 = N

(] \
0.6
0.3
1

(¢) We =5.84, (M = 7.60) (d) We = 6.55, (Mw = 11.4)

\ N ~5.7x 1072
T~ N

~3.5 x 102
@T :

Fig. 15. Vortex developments as a function of We.
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Fig. 16. Vortex intensity as a function of 47, (a) and We (b).

development (see also Fig. 6). This leads to argue that both the Weissenberg
number (defined by relation 19) and the vortex activity of converging flows are
related to the elongational properties of Phan-Thien—Tanner fluids.

These numerical results have been found to be qualitatively and quantidtatively
consistent with those of ref. [8]. Note that in Ref. [8] the authors used We* = A0 /r
as a definition of the Weissenberg number, where U is the average velocity at the
downstream section, and r is the radius of the downstream section (We* = 1y, /4
for an axisymmetric contraction, and We* = i}, /3 for a plane contraction). As a
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(853
(3]

Table 2
Comparative efficiency of three decoupled algorithms

Algorithm No. of iterations
Picard method 2100

GMRES method 210 (7 x 30)
{/-method 42 (21 x2)

consequence, the Weissenberg number, as defined in Ref. [8], is a linear function of
the flow rate.

8. Conclusions

The efficiency of our time-dependent decoupled approach (#-method) is con-
firmed by the numerical results of this paper. The #-method is used here as a fast
algorithm for reaching stationary solutions.

However, in Ref. [8], Debbaut et al. used a coupled Newtonian method. This
approach, combined with a sub-element approximation of stress components,
requires long computation times on a supercomputer. Following Fortin et al. [10],
we point out that decoupled methods seem to be the only realistic alternative for
three-dimensional flow problems.

Combining the §-method with the finite element approximation presented in
Section 5, we obtain a fast solver for viscoelastic fluid flow problems. This method
is shown to be much more efficient than the Picard or the GMRES method [10].
Using the plane four-to-one abrupt contraction, the Oldroyd-B model and starting
with stationary solution at 2 = 2.5 as in Ref. [10], the #-method converges in just 21
time steps to the stationary solution at A = 2.75. After 21 time steps the L norm of
the residual term of the approximate stationary system takes the value of
9.1 x 10~*. One time step is roughly equivalent, from a computational point of
view, to two Picard iterations. Table 2 gives comparative test results of these three
decoupled algorithms. We can conclude that the #-method is five times faster than
GMRES method, and 50 times faster than the Picard method.

The good quality of numerical solutions given by TVD schemes for the stress
transport term is exhibited: in particular, we observe no numerical oscillations near
the re-entrant corner at high values of the flow rate, which is not the case in
previous works [7,11,35].

Finally, the main flow features of the Phan-Thien—Tanner fluid are presented.
This model allows realistic predictions of elongational properties and shear thin-
ning. We have introduced a new definition of the Weissenberg number in converg-
ing flows. This definition takes into account the elongational properties of the flow.
Moreover, we have shown that this dimensionless number fits the vortex activity in
an axisymmetric abrupt contraction.
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