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Abstract 

Consideration is given to the influence of elongational properties on flow 
characteristics in the case of shear-thinning highly elastic fluids in an abrupt 
contraction. Sufficient data has been published to demonstrate that vis- 
coelasticity can have a significant effect on flow characteristics in abrupt 
contractions. This paper reports on numerical experiments with four repre- 
sentative test-fluids of Phan-Thien-Tanner models. Furthermore, a new 
dimensionless number that takes into account elongational properties is 
proposed. 

Of major importance is the observation that the vortex enhancement and 
the energy loss in the entrance region both vary strongly with the elonga- 
tional properties of Phan-Thien-Tanner models. Numerical results are 
qualitatively in good agreement with experimental measurements on poly- 
mer solutions and melts. 

Finally, this numerical study provides a fundamental basis, which may be 
quite useful for the prediction of viscoelastic fluid flows by using numerical 
modeling, and for the calculation of rheometrical properties of viscoelastic 
fluids through constitutive equation parameter adjustment. 
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1. Introduction 

One of the difficult problems in viscoelastic fluid mechanics is to analyze 
the relationship between macroscopic features of complex flows in an 
abrupt contraction, such as vortex pattern, energy loss, . . . and its viscous 
behaviour in simple shear and extensional flows. 

Understanding entry flow of viscoelastic fluids is of importance in funda- 
mental flow-property measurement and in extrusion of polymer melts and 
solutions. Furthermore, the characteristics of vortices and flow curves are of 
particular interest in the design of extrusion dies. 

In a number of cases, numerical simulations of complex flows predict a 
correct qualitative behavior but fail to produce quantitative agreement on 
the value of the Weissenberg number. In a recent paper, Boger, Crochet and 
Keiller [l] have proposed a definition of the Weissenberg number in abrupt 
contraction flow problems. By using the White-Metzner model, that pre- 
dicts a finite time relaxation parameter for high shear rate, they obtain finite 
values of the Weissenberg number for high flow rates. Nevertheless, this 
definition is not completely satisfying: it does not apply successfully to other 
models, such as the Phan-Thien-Tanner model. Furthermore, it does not 
take into account the elongational properties of viscoelastic flows in abrupt 
contractions. However, experimental results show that elongational proper- 
ties in the entrance region appear as a major factor for the vortex enhance- 
ment [2,3]. It was also shown on the basis of numerical simulation that the 
elongational viscosity leads to an increase of the vortex activity and pressure 
drop (see [4-71 and related works). 

In this paper, four shear thinning fluids in a circular 8 to 1 abrupt 
contraction are considered. The first fluid presents a monotonically decreas- 
ing elongational viscosity versus the elongation rate. The second one 
develops an elongational viscosity that reaches a maximum and then decays. 
The third and the fourth have monotonically increasing elongational vis- 
cosities that reach plateaus. 

The second section presents the Phan-Thien-Tanner models [8,9], which 
make relatively good predictions for shear and elongational material prop- 
erties, and allows one to cover expected properties both for polymer 
solutions and melts for the full range of molecular weight variations. A 
preselection of models based on simple kinematics like uniaxial elongation 
and shear flows will be considered. The Weissenberg number defined in [l] 
and a dimensionless number that takes into account elongational properties 
of such models will be introduced. 

The third section gives an overview of the numerical method: a time-de- 
pendent approach and a finite element method [ 10,111. This numerical 
strategy will allow us to obtain in an efficient way stationary solutions for 
complex flows of viscoelastic fluids. 
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The fourth section presents numerical results for a circular abrupt 8 to 1 
contraction. Flow patterns and vortex activity are exhibited for a large 
range of flow rates. The computation of the energy loss in the entrance 
region is also provided. A careful analysis of the flow curves and the 
Couette correction is also given in this section. This analysis points out the 
effect of the elongational properties upon the energy loss in the entrance 
region. Section 4 finishes with a study of the elongation rate and first 
normal stress difference along the axis of symmetry. 

2. Phan-Thien-Tanner models 

We split the Cauchy stress tensor into a spherical part pZ, a Newtonian 
contribution, with a first viscosity m, and an extra-stress component 2: 

Q = -pz + 2r/,D(u) + z, (1) 

where D(U) = ( 1/2)(Vu + VU’) denotes the rate-of-deformation tensor. The 
extra-stress component z satisfies a constitutive equation. In the exponential 
version of the Phan-Thien-Tanner model, a material parameter E of the 
model is introduced: 

At + exp 
EL 

( > 
7 tr z z = 2y,D(u), 

0 
(2) 

where 1 is the time-relaxation parameter and qO is a second viscosity. The 
linear version introduces a linear term instead of the exponential one: 

The material derivative 

0 a2 

in 

(3) 

(2) and (3) is defined by 

(4) 

where the bilinear form jIa( ., .) is given by 

fi&, VU) = - W(U) ’ z + z * W(u) - f@(u) l z + z l D(u)). (5) 

a E [ - 1, l] is a material parameter and W = ( 1/2)(Vu - Vu’) is the vorticity 
tensor. 

2.1 Shear and elongational viscosities 

The present section shows the sensitivity of steady shear and elongational 
viscosities to the variations of the material parameters E, a, and LY = qU Iv,,, 
where ‘lo = qn + vu. 
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Fig. 1. Simple flows: (a) shear viscosity (E = 0.015, a = 0.9, exponential version); (b) 
elongational viscosity (a = 0.875, a = 0.9). 

The shear viscosity q is a decreasing function of the shear rate j (Fig. l(a)). 
For high values of shear rate, the steady shear viscosity is mainly governed 
by a. When a vanishes, q = qo, and the behavior is Newtonian. When 
0 < tl < 1, q tends to a plateau. The asymptotical value of the plateau depends 
strongly upon CC. A large amount of shear-thinning appears at the vicinity of 
a = 1. For a = 1, q tends to zero for high values of j, and the model is 
Maxwell-like. The material parameters a and E and the model family 
(exponential or linear) have little impact upon q outside the vicinity of the 
Oldroyd-B model (a = 1 and E = 0). 

In the case of the exponential Phan-Thien-Tanner model, the elongational 
viscosity qe, as a function of the elongational rate 6, reaches a maximum, and 
decreases for high values of Z (Fig. l(b)). For the linear version, re increases 
monotonically with 6, and tends to a plateau. When E vanishes, the 
Johnson-Segalman model is obtained: qe becomes infinite for a finite value 
of 6. The material parameters a and a have very little impact upon Q outside 
the vicinity of the Oldroyd-B model. 

2.2 Dimensionless numbers 

Since the shear rate at the downstream wall jw takes large values for 
shear-thinning fluid models in contractions, we introduce an average value 
x (overlined), defined by 

Q is the flow rate, and r. is the downstream channel radius. 
The Weissenberg number We is defined in an abrupt contraction by [l] 

we _ ?i=G 
or+ =r ’ w 
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Fig. 2. Weissenberg number: (a) exponential version, and (b) linear version (a = 0.875, 
a = 0.9). 

where N1 is the first normal stress difference in shear, a,_the total shear 
stress in shear. Figure 2 shows the variations of We versus A?,,,. For both the 
exponential and the linear versions, We presents a maximum and decreases 
for high values of AK. We will see in section 4 that these variation are not 
correlated to vortex enhancements. 

Let .A’, be the following dimensionless number: 

(7) 

where bE is the first normal stress difference in uniaxial extension. Figure 3 
shows the VariatiOnS Of xE versus AK,. For the exponential version (Fig. 
3(a)), xE shows a maximum, and decreases for high values of AK. For the 
linear version (Fig. 3(b), X, increases with A?,, and tends to a plateau. We 
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Fig. 3. Dimensionless A’, number: (a) exponential version and, (b) linear version (c( = 0.875, 
a = 0.9). 
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will see in section 4 that the variations of X, correspond to the vortex 
developments,For the exponential version, vortex size and intensity as a 
function of 23,) increase, reach a maximum, and then decrease. For the linear 
version, vortex size and intensity reach a plateau for high values of AK. 

In fact, definition (7) takes into account the elongational properties of the 
models, while the expression (6) for We only contains shear properties. Note 
that X, can be expressed by using the Trouton ratio X, = log,,(~,/3~) and 
takes advantage of the log,, function to reduce the range of qe/3q. 

3. Numerical method 

We introduce in this paragraph the partial derivative formulation of the 
problem and the numerical strategy. The set of equations contains the 
constitutive eqn. (8), the conservation of momentum (9), and the conserva- 
tion of mass ( 10) : 

+divz+q,Au-Vp=O, 

div u = 0. (10) 

We add initial conditions for z and U, boundary conditions for U, and 
upstream boundary conditions for r. The inertia term u l VU is neglected in 
(9), since only slow flows are investigated. The material function f(z) 
switches between the two versions of the Phan-Thien-Tanner model: 

1 
EA 

exp ( > - trz 
rl” 

f(r) = or 

1 + ++ tr z. 
0 

3.1 Operator splitting 

Let T(U) be the stress transport operator: T(u)r = u * Vz + fiJt, Vu). 
Let A be the following operator: 

4% u, P) = 
(11) 
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associated with the boundary conditions for z and u. As mentioned above, 
the inertia term u. Vu is neglected in ( 11). 

Let m be the constant diagonal matrix: m = diag(A/2q,, - p, 0). 
The problem can be rewritten in a more compact way: 

(P): Find %! = (z, u, p) such that 

mg+A(4)=0 (12) 

We propose a time-approximation of problem (I’). Our goal is here to 
obtain fast convergence to stationary solutions. We use an operator splitting 
procedure [ 12, 131: 

A =A, +A& (13) 

where Al contains the elliptic part of the operator A, and A2 the hyperbolic 
non-linear part [lo, 11, 141. 

3.2 Time approximation 

Using results of operator splitting procedure, we solve problem (P) by a 
three-step algorithm: 

(P)bt : a0 given; 

n 2 0, %!” being known, find an+’ such that 

92 ?I+0 -a!” 
m 

8 At 
+A#w+e) = -A2(4v), 

42 n+l-8 _ qp+e 

m (1 -20) At +A2(@ 
n+l--8) = -A#&“+@), 

m 9Yn+l _ipfl-6 

0 At 
+ A#&“+‘) = -A&4Y!n+1-e), 

where At is the time step and 6 is a parameter of 

(1) 
I I (2) I 

(14) 

(15) 

(16) 

the method (see Fig. 4). 

I 
I I I I I 

t t+0At t + (1 - 2O)At t+At 
Fig. 4. Time-approximation by using a O-method. 
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This algorithm enables us to split up the two main difficulties of the 
problem, i.e. the non-linearity of the constitutive equation (8) and the 
incompressibility relation (10). The choice of the time-step At is related to 
a conditional stability condition [ 11,151. 

Furthermore, this time-approximation leads to fast convergence to sta- 
tionary solutions [ 10,141. The critera for determining that a steady state 
solution is reached, is related to the discrete L2-norm of the stationary 
solution A(&) = 0. 

3.3 Finite element method 

We use here the light element proposed in [ 10,l l] (see also Fig. 5). This 
element leads to roughly ten times smaller non-linear systems than the other 
elements [ 16, 171. It is a combination of the Raviart-Thomas [ 181 element 
for the velocity-pressure field, a PO discontinuous element for normal stress 
components, and a linear continuous element for the shear stress compo- 
nents (see Fig. 5). Note that this finite element method appears as an 
extension of a Marker and Cell finite difference scheme. 

We use an upwinding scheme for the stress transport term u * Vz in (8). 
We develop the Lesaint-Raviart scheme [ 191 for the normal stress compo- 
nents, and the Baba-Tabata scheme [20] for the shear stress components. 
These two schemes are Total Variation Decreasing. This property guaran- 
tees non-artificial oscillating solutions, as shown in paragraph 3.5 for profile 
along the axis of symmetry. We refer also to [ 141 for a study of this 
numerical technique and related results for stresses at the vicinity of the 
reentrant corner. 

Note that the SUPG and the SU methods [ 11,16,21] do not guarantee this 
property (see also Ref. 22). 

I \ 
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/ 

Fig. 5. Finite element method. 
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4. Numerical experiments in an 8:l abrupt contraction 

In the present section, we wish to investigate the linear and the exponen- 
tial version of the Phan-Thien-Tanner model. An axisymmetric 8: 1 abrupt 
contraction is considered. The material parameters are qv/qO = 0.875 and 
a = 0.9. For the exponential version, we choose E = 1 (tiny elongational 
effects) and E = 0.015 (large effects), and for the linear version E = 0.35 (tiny 
effects). E = 5 x lop4 (large effects). 

As the boundary condition are concerned, we consider Poiseuille flows at 
upstream and downstream sections, a symmetry condition along the axis, 
and u = 0 at the wall. 

Starting from a Newtonian solution, a branch of viscoelastic solutions is 
computed by using a continuation process. The parameter of command is 
2g during the computation. This parameter increases with the flow rate Q 
and with the time relaxation parameter 1. 

4.1 Finite element meshes 

Two finite element meshes (Fig. 6) of domain R are considered for the 
study of this section. They have in common entry and exit lengths respec- 

-10 -5 0 5 

-10 -5 0 5 

Fig. 6. Partial view of the finite element meshes. 
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Table 1 
Relevant data for the finite element meshes 

Mesh Number of 
elements 

Number of 
nodes 

Number of 
degrees 
of freedom 

Size of the 
corner element 

1 525 592 3810 0.16 
2 3264 3445 23211 0.08 

tively equal to 64 and 150 radii. Both upstream and downstream lengths are 
suthciently long so that fully developed conditions can exist. Mesh 1 is 
coarse and is useful to experiment models and test convergence with mesh 
refinement. Mesh 2 present a quasi-regular spacing in the entry region (axial 
and radial directions). Relevant data about these meshes are summarized in 
Table 1. 

4.2 Flow Patterns 

Let us observe the flow pattern versus the command parameter AK. 
Figure 7(a) shows the Newtonian behavior. A small vortex is present in the 
salient corner of the contraction. 

The set of pictures in Fig. 7 shows the evolution of the exponential model 
with E = 0.015. The elongational viscosity reaches a maximum and tends to 
zero for high ratios of the elongational rate (see Fig. 1 (b)). For small values 
of AC, the vortex develops from the salient corner to the reentrant corner 
(Fig. 7(b)). When 1z increases, the vortex grows in intensity, and the 
borderline separating the main flow from the vortices goes from concave to 
convex (Fig. 7(c)). For higher values of AZ,, the vortex size increases 
rapidly and the vortex develops in the upstream domain. The maximum 
vortex intensity, i.e. the ratio of the recirculating flow rate to the main flow - 
rate, reaches a maximum for nlj, = 42 (Fig. 7(d)) while its maximum size is 
reached for Az = 206 (Fig. 7(e). For higher values of AK, the vortex 
decreases slowly in size and intensity (Fig. 7(f)). We refer also to [ 14,231 for 
numerical experiments of the exponential Phan-Thien-Tanner model in a 
4: 1 abrupt contraction. 

Let us now consider the exponential model with E = 1. We get a 
monotonically decreasing elongational and shear viscosity (see Fig. l(a) and 
l(b). Figure8 show that the vortex decreases in size and intensity for high 
values of A&,, and becomes smaller than for a Newtonian fluid. 

A second approach to elongational effects can be obtained by using the 
linear model with E = 5 x 10p4. The elongational viscosity is an mono- 
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F&, 7. Exponential version (E_= 0.015): vortex developments: (a) AC = 0; (b) AC = 1.5; CC) 
A+$, = 4.5; (d) AL = 42; (e) ;cf, = 206; (f) 2% = 626. 
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tonically increasing function of AK (see Fig. l(b)). For small values of AK, 
the situation is comparable with the previous one (exponential version, 
E =0.015). wh en A& increases, the vortex grows in intensity (Fig. 9(a)), 
and we observe alsothe change of the borderline concavity (Fig. 9(b)). For 
higher values of A&,, the vortex develops rapidly in the upstream channel 
(Fig. 9(c)). The vortex size ‘,and activity is a monotonically increasing 
function of A&, and tends slowly to an asymptotical behavior (Fig. 9(d)). 
Note also the movement of the’vortex center from the salient corner region 
(Fig. 9(a)) to the vicinity of the reentrant corner (Fig. 9(b)) and then 
upstream (Fig. 9(c)) and 9(d)). See Refs. 2, 24-26 for related experiments 
with real fluids. 

Finally, the linear model with E = 0.35 is considered. The vortex develops 
from the salient corner to the reentrant corner of the contraction (Fig. 
10(a)). The vortex intensity reaches a maximum for Ah = 77 (Fig. 10(b)). 
For higher values of Alj,, the vortex size continues to increase, and tends 
slowly to asymptotical behavior (Fig. 10(c) and 10(d)). 
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F&. 8. Exponential version (E = 1): vortex 
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-12 -10 -8 -6 -4 -2 0 2 

F&. 9. Linear version (t = 5 x 10-4): vortex developments: (a) AC = 2,O; (b) c -4.6; (c) 
& = 34: (d) AK-69. 

4.3 Yortex activity and reattachment length 
Figure 11 shows the vortex activity for the various fluids under consider- 

ation. Vortex acti_vity is considered as a function of both A& and X,. For 
small values of +W, the vortex activity isan increasing function of &, (Fig. 
11, first column). For large values of jW, exponential and linear versions 
exhibit different asymptotical behaviors. In the exponential ease (Fig. 1 l(a) 
and I l(b)), the vortex activity decreases. This is not surprising, since qe 
asymptotically decreases too. In the linear case (Fig. 1 l(c) and 1 l(d), as 
expected, the vortex activity tends to an asymptotical value, while qe reaches 
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Fig. 10(a). 
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F&. 10. Linear version (E = 0.35): vortex developments. (a) AK = 7; (b) AC = 77; (c) 
,I?, = 768; (d) AL = 1667. 
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Fig. 11. Vortex activity: exponential version: (a) E = 0.015, (b) e = 1; linear version: (c) 
E = 5 x 10-4, (d) E = 0.35. 

a plateau. Note the logarithmic scale used for icy. The second column of 
Fig. 11 uses X, to show in a dimensionless way the correlation between the 
variations of the vortex activity and the elongational effects. In the exponen- 
tial case, the curves go back to the origin, and in the linear case, a fixed 
point is reached. While elongational effects and vortex activity are clearly 
correlated, no simple analytic law can yet be deduced. The vortex develop- 
ment phenomena appears as a complex one. 
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Fig. 12. Reattachment length: (a) exponential version; (b) linear verions 

Let L, be the reattachment length and R,, the upstream channel radius. 
The dimensionless quantity L, /2Ro as a function of X, is reproduced in Fig. 
12. Significant vortex growth is generated for the exponential and linear 
version both for small values of E (exponential version E = 0.015 (Fig. 
12(a)), and linear version E = 5 x 10e4 (Fig. 12(b)). The linear version with 
E = 0.35 shows moderate vortex growth (Fig. 12(b)). We refer to Ref. 24, p. 
173 for related results with polymer solutions. The exponential model with 
E = 1 point out shear-thinning eflects. As expected, the vortex reattachment 
length is decreasing. 

Note that the ratio L,/2Ro takes the Newtonian value 0,17 associated 
with X, = 0. For the exponential model at high values of ;l&,, the elonga- 
tional properties become negligible, and the shear properties are predomi- 
nant (see also Fig. 1). As a consequence, the ratio re/q and X, decrease - 
when IJ& becomes large. As expected, the vortex size reaches a maximum 
and start to decrease, according to the variation of X, (Fig. 12(a)). For the 
linear model, the elongational and shear viscosities tend to constant values 
when LE becomes large. Thus, X, tends to a constant. According to this 
prediction, the vortex reattachment length tends to a constant at high values 
of ;1L (Fig. 12(b)). 

4.4 Pressure drop in the entrance 

The total pressure drop in the flow domain n is given by 

Ap(R; 2, u) = -% 
s 

(u*n)p ds, 
I- 

(17) 

where Q is the flow rate, and n the outward unit normal onto the boundary 
r = CXI of !ZI. According to Green’s formula, the sum over l? in ( 17) can be 
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also expressed as 

s 
r (U l n)p ds = 

s 
u . Vp dx, 

n 

since div u = 0. 
The solution is assumed to be stationary (au/at = 0). The conversion of 

momentum (9) leads to Vp = div(2q,D(u) + z) since only slow flows are 
considered (the inertia term u l VU is neglected). 

By using a second integration by part, ( 17) becomes 

Ap(R; 2, u) = 2 s Q n 
D(u): (2qzD(u) + 2) dx 

-2 j (2@(u) +z): (uOn) ds, 
r 

(18) 

where u @ n = (uini)ij denotes the tensorial product of the two vectors II and n. 
The pressure drop associated with the fully developed Poiseuille flow is 

defined by 

Api = Ap(Qi; Zi, Ui), 1 I i I 2, 

where Q (resp. a,) is the upstream (resp. downstream) channel, and rl, u1 

(resp. 21, u2) the fully developed Poiseuille flow at upstream (resp. down- 
stream). 

Following Ref. 24, we define the energy loss in the entrance region of the 
contraction by taking away the energy loss caused by the Poiseuille flow from 
the total energy loss in the contraction: 

Ap,n = AP( R; 7, U) - i Api. 
i=l 

As specified in paragraph 4.1, both upstream and downstream lengths are 
sufficiently long so that fully developed conditions can exist. This property 
guarantees that Ap,, is independent of the length of both upstream and 
downstream domains. 

The Couette correction (C) is given by 

Apen 
C=2rlo”jw* (19) 

The Couette correction expresses (in a dimensionless way) the energy loss in 
the entrance region. 

Since Ap,, depends on the dimension of our system, a dimensionless version 
of this quantity is introduced: 
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Fig. 13. Exponential version: pressure 
E = 0.015, (d) E = 1. 
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Figures 13 and 14 plot 6p, and C versus AZ. For both the exponential 
version (Fig. 13) and the linear version (Fig. 14), different flow regimes can 
be observed. The first flow regime is Newtonian-like. The flow curves 02 
Figs. 13(a), 13(b), 14&a), and 14(b) exhibit a slope of 1, and Sp,, = CJf,., 
for small values of &, where Co = 0.46. 

For high values of A&, the flow curves also show a slope of 1, and 
6p,, = C,Az, except on Fig. 13(a), where the asymptotical behavior is stiJ 
not reached. In this case, the expected asymptote for very high values of &, 
is indicated by a dotted line. Note that C, depends on the material 
parameters of the model, while C, is constant. 

The intermediate flow rzime presents roughly a power law character: 
6p,, is proportional to (&) “. The linear case with E = 5 x 10m4 shows 
k > 1. We refer to Refs 26, 27 for the experimental study and the modeling 
of the pressure drop associated with solutions in thick solvents. We point 
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Fig. 14. Linear version: pressure drop: (a) E = 5 x 10d4, (b) E = 0.35; Couette correction: (c) 
E = 5 x 10-4, (d) E = 0.35. 

out that the behaviors of Phan-Thien-Tanner fluids are qualitatively in 
good agreement with experimental measurements. The linear version can be 
associated with polymer solutions, while the exponential one reflects more 
polymer melt,like behavior. 

The Couette correction on Figs. 13 and 14 presents some details of the 
pressure drop in the entrance region. For the exponential version E = 0.015, 
the dependence of C on IJ$, is complex (Fig. 13(c)). Asymptotically, for 
very high values of AK, we expect an asymptotical value of C (in dotted 
lines). Using the exponential Phan-Thien-Tanner model in a 4: 1 circular 
abrupt contraction, Debbaut et al. [23] report the C decreases very slightly 
before increasing to a maximum of approximately 3.75 at & z 2.5 before 
decreasing again. Note that the “Weisser&erg number” introduced in [23], 
denoted here We*, is given by We* = n&/4. 

Table 2 gives a summary for the values of C, and k, depending on the 
fluid under consideration. These values are computed by using mesh 1. 
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Table 2 
Flow regimes: Phan-Thien-Tanner models 

G k Model version E 

0.04? 0.67 exponential 0.015 
0.04 0.58 exponential 1 
0.81 1.40 linear 5 x 10-4 
0.19 0.75 linear 0.35 

Calculations with mesh 2 show that the behavior of C as a function of AK 
remains the same (see Fig. 15). Values differ by about 11% of the maximum 
value, and C, = 0.51 on mesh 2. These values are in semi-quantitative 
agreement with the results of Coates et al. [28, p. 1831, where C,, x 0.57 with 
two different meshes on a 8:l abrupt contraction. Finally, using two meshes 
of a 4:l contraction, Debbaut et al. [23] report a loo/o change in the 
maximum value of C. 

4.5 Profiles along the axis of symmetry 

The profile along the axis of symmetry are presented in this paragraph for 
both the exponential (E = 0.015) and the linear (E = 5 x 10e4) versions. The 
velocity profile is reproduced in Figs 16(a) and 16(d), where 0 is the 
average velocity downstream. Note the overshoot of the velocity in the 
entrance region. The velocity reaches a maximum in the downstream 
domain. 

‘I”“‘“” l- 
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-;lo 
a J% 

100 

0.8 - c 
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t, b A$) 
100 

Fig. 15. Mesh sensitivity for the Couette correction: (a) exponential version (E = 0.015); (b) 
linear version (E = 0.35). 
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Fig. 16. Profiles along the axis: exponential version E = 0.015, AK = 13.5: (a) velocity; (b) 
elongational rate; (c) first normal stress difference; linear version E = 5 x 10m4, AK = 13.5: 
(d) velocity; (e) elongational rate; (f) first normal stress difference. 

Figures 16(b) and 16(e) show the elongational rate along the axis of 
symmetry (Y = 0), where r. is the downstream channel radius. The Newto- 
nian behavior presents a maximum in the upstream domain near the entry. 
In the downstream channel, the elongational rate quickly reaches the 
asymptotical zero value. For the viscoelastic fluid, the maximum goes 
slightly upstream. The upstream elongation rate is reduced. The elonga- 
tional rate takes negative values in the downstream channel and slowly 
reaches the zero value. The change of sign is associated with the overshoot 
of the velocity. 
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Figures 16(c) and 16(f) represent the first normal stress difference along 
the axis of symmetry. The change of scale between the Newtonian and the 
viscoelastic behavior is here spectacular. The maximum goes slightly down- 
stream, and the relaxation is slower in the viscoelastic case. 

5. Conclusions 

The objective of this work was to examine the relation between macro- 
scopic features of complex flows in an circular abrupt contraction, such as 
vortex enhancement, flow curves, velocity gradient, and normal stress 
difference along the flow axis, and its viscous behavior is simple extensional 
flows. Since the elongational viscosity of the Phan-Thien-Tanner model is 
mainly governed by one material parameter, four representative test-fluids 
have been studied. This model leads to numerical results, such as vortex 
development and flow curves, that are qualitatively in good agreement with 
experimental measurements. As previously observed [ 26,271 with solutions 
in thick solvents, flow curves here show three flow regimes, and the second 
one develops a power law character. Moreover, the numerical approach 
allows a direct access to flow properties, such as elongational rate and first 
normal stress difference along the axis of symmetry. 

The results of the present paper confirm the robustness and the efficiency 
of the numerical strategy introduced in Refs. 10, 11 and 14. The time 
dependent approach has allowed us to obtain rapidly stationary solutions of 
the Phan-Thien-Tanner models. Moreover, the conservative finite element 
approximation guarantees non-artificial oscillating solutions. An important 
property of our result is the convergence with the mesh refinement. 
Macroscopy quantities such as vortex intensity and velocity overshoot (see 
Ref. 14) show a fast convergence with mesh refinement. The Couette 
correction reflects some variations between the two meshes of the present 
study. Values differ by about 11% of the maximum value. 

As pointed out by Boger [24], viscoelastic fluid entry flows are not only 
of interest as an appropriate test problem for developing the fluid mechanics 
of viscoelastic fluids, but they are also of practical interest and great 
importance in polymer processing. The ultimate aim is to predict the 
influence of the entry flow geometry on the kinematics and pressure drop in 
order both to minimize the latter and optimize the former. Optimization 
tends to eliminate secondary flows and regions of high stress. Thus, the 
robustness and efficiency of our approach opens new paths for this prediction 
of flow phenomena. In addition, complex entry flows appear to be potentially 
important for viscoelastic fluids rheometrical properties calculations, through 
the use of appropriate constitutive equations and numerical models. 
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