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ARTICLE INFO ABSTRACT

A new Bingham-Darcy shallow depth approximation flow model is proposed in this paper. This model is suitable
for a shallow viscoplastic fluid flowing on a general topography and crossing an array of vertical obstacles. An
analogous porous medium is first introduced to reduce the array of obstacles. The reduction model is based on a
continuum model similar to the Brinkman equations, where the usual Darcy model is extended for viscoplastic
Bingham fluids. A specific asymptotic analysis of this Bingham-Darcy porous medium for the case of shallow
depth flows allows us to produce a new reduced model. Some assumptions are needed for the reduction: laminar
flow, small degrees of slope variation of the underlying topography and a yield stress that is small when com-
pared with gravity effects. The resulting solution is a highly nonlinear parabolic equation in terms of the flow
height only, and is efficiently solved by a Newton method, without any regularization. However, our numerical
predictions compares well, both qualitatively and quantitatively with both experimental measurements and full
tridimensional simulations. Finally, a new experiment for a viscoplastic flow over an inclined plane through a
network of obstacles is proposed and numerical simulations are provided for future comparison with experi-
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ments.

1. Introduction

The problem of complex fluids flowing through networks of discrete
obstacles applies to many applications in natural and material sciences.
During natural risk assessments, for example, volcanic debris and/or
lava flows may move through dense forests, as was the case for lavas
advancing during Kilauea’s July 1974 eruption [1] and Etna’s 2002-03
eruption [2], among others. To date, lava flow emplacement models
have tended to consider tree-free surfaces in completing their simula-
tions (e.g., [3-5]). The same applies to non-volcanic debris flows in
forested mountainous or urban areas (see e.g. [6,7]). In terms of ma-
terial sciences, flow of a viscoplastic fluid through arrays of solid cy-
linders needs to be considered in industrial processes, such as in the
case of fresh concrete spreading through networks of steel bars (see
e.g. [8,9]).

Taking into account each obstacle in numerical simulations leads to
very time consuming computations. The usual approach is to replace
the discrete configuration of obstacles with an equivalent continuous
medium, the so-called fibrous porous medium. In the case of a
Newtonian fluid, this continuous medium is described by the classic
Darcy model [10]. This model proposes a linear relation between the
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flow rate and the pressure drop occurring across the porous medium.
In 1949, Brinkman [11] proposed a modification of the classic Darcy
model by combining the Navier-Stokes equations with the Darcy
model. This combination is useful for situations where there are both
flow sub-regions with and without porous media. While the Brinkman
model provides a global description of both these sub-regions, the
Darcy model alone is unable to describe regions without porous media.
Conversely, in the case of a non-Newtonian fluid, the situation is rather
complex. This is due to , from one hand, the complexity of the fluid
behavior and, on the other hand, the porous micro-structure. Bourgeat
and Mikeli¢ [12] proposed a first theoretical analysis of quasi-New-
tonian shear-thinning and shear-thickening fluids, and derived a mod-
ified-Darcy model. This modified-Darcy model involves an effective
viscosity (7ef), which depends both upon the flow rate and the micro-
structural characteristics of the porous medium, these being described
by the permeability tensor (x) and porosity (¢). The porosity is defined
as the volume fraction of fluid in the mixture represented by fluid as
opposed to the obstacles: it is equal to one for a medium without ob-
stacles and tends to zero as the obstacle density increases. Permeability
depends both upon ¢ and the geometric configuration of the obstacles,
where some explicit expressions of k vs ¢ exist, and these depend on a
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geometrical hypothesis based upon the obstacle distribution. For Non-
Newtonian viscoplastic fluids, a yield stress has to be reached to achieve
a transition between the unyielded, arrested state of the fluid and the
yielding state (see e.g. [13,14]). Thus, there fluids which do not obey to
the usual linear Darcy model with their rheological response to an
applied stress, as there is also some no-flow situations in poros-
ities [15,16]. Based on an experimental investigation, Pascal [17]
proposed — for an Herschel-Bulkley viscoplastic fluid — a modified-
Darcy model that uses a threshold gradient. Some papers have since
focused on flow through packed beds of spherical particles. Al-Fariss
and Pinder [18], for example extended the Pascal [17] model by de-
riving an equation for the threshold gradient to describe the flow of
waxy oil through beds of packed spheres. Chevalier et al. [19], based on
experimental measurements for a fluid with a yield stress passing
through packed glass beads, proposed an empirical relationship be-
tween the pressure drop and the flow rate. Recent studies have con-
sidered complex fluid flow through fibrous porous media. Bleyer and
Coussot [20], for example performed two-dimensional numerical si-
mulations of a viscoplastic flow through an ordered array of disks;
Shahsavari and McKinley [21] investigated the flow of Herschel—
Bulkley fluids through fibrous media by means of numerical studies and
scaling analyse. As a result, Shahsavari and McKinley [21] developed
an effective viscosity function which can be used in the modified-Darcy
model for steady fully-developed viscoplastic flows. In addition, Vasilic
et al. [8] defined the apparent shear rate using a shift factor and a
generalized Brinkman equation. They also performed numerical simu-
lations using a bi-viscosity regularized viscoplastic model and com-
pared their results with experimental measurements on a Carbopol gel
flow which was slowly poured into a transparent container where an
array of cylindrical steel were located across the middle zone of simu-
lation. Comparing simulations and experimental observations, they
obtained both qualitative and quantitative agreements for the final
shape of the flow.

For thin flows, the usual approach is to consider shallow-depth
approximations. The shallow-flow approximations of laminar visco-
plastic Bingham fluids were first studied by Liu and Mei [22], based on
a rigorous asymptotic analysis. This approach was revisited by Balm-
forth and Craster [23] and extended to the axisymmetric case [24], for
an application to volcanic lava domes. For fast flows, such as debris and
mud flows on mountain slopes, Laigle and Coussot [25] derived the first
reduced model that combines both inertial and viscoplastic effects,
where viscoplastic effects are estimated from the friction at the flow
base. Assuming a compressible material, Bresch et al. [26] derived a
reduced viscoplastic model that also included inertial effects. This ap-
proach was next revisited in the incompressible case in terms of
asymptotic analysis by Fernandez-Nieto et al. [27] and by Ionescu [28]
who both applied an augmented Lagrangian algorithm. Practical pre-
dictions of natural hazard need to take into account general tridimen-
sional and complex topographies (see e.g. [29]). A new approach for
topography in shallow flow models was proposed by Bouchut et al. [30]
which relaxes most restrictions, such as slowly varying topographies.
Next, Ionescu [31], considered Bingham and Drucker—Prager models
and extended this approach with an elegant formulation based on
surface differential operators (surface gradient and divergence) while
also including inertia effects. For a more exhaustive review of various
shallow flow approximations of viscoplastic fluids, see the recent re-
view paper of Saramito and Wachs [13].

The model proposed here allows a shallow-flow approximation of
both the Bingham-Brinkman model, and involved application a mod-
ified-Darcy model for viscoplastic fluids. This model is of practical
application for risk assessment, by opening the possibility of numeri-
cally investigating the effects of forests on the spatial and temporal of
volcanic flow propagation, which has an unknown effect on flow ad-
vance (see [32]). Our model could be also useful for industrial pro-
cesses, such as fresh concrete spreading through arrays of steel bars, as
the required computing time is dramatically decreased over fully three-
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dimensional models. Instead of time-dependent tridimensional simula-
tions with moving free-surfaces, the model presented here requires only
the solution of a simple two-dimensional parabolic equation for flow
height. The array of obstacles is first reduced to a continuum model by a
generalized tensor Brinkman equations for yield strength fluids. Then,
by assuming a shallow laminar flow, a low slope variation in the to-
pography and a yield stress that is assumed to be small when compared
to the gravity effects, we extend a previous asymptotic analysis [29] to
the Brinkman equations extended for the Bingham model.

The outline of this paper is, thus, as follows. Section 2 proposes a
new shallow-depth approximation of the viscoplastic Bingham model
for a fluid flowing on a general topography and crossing an array of
vertical obstacles. Section 3 proposes a Newton’s algorithm for efficient
solution of an unregularized nonlinear Bingham-Brinkman (reduced)
model. Comparisons between numerical simulations and experimental
observations are presented and discussed in Section 4. Finally, the flow
of viscoplastic fluids on an inclined plane through different fibrous
mediums is numerically investigated, our aim being to understand and
quantify the influence of the obstacles on the flow propagation. This
numerical experiment could be reproduced with real fluids for future
comparisons and benchmarking. The impatient reader, who is not in-
terested in the asymptotic analysis, can read paragraph 2.1 for the in-
itial problem, then paragraph 2.5 for the final reduced problem and,
finally, jump straight to Section 4 for a review of our results and a
discussion.

2. Bingham-Darcy shallow depth approximation
2.1. The initial tridimensional problem

We consider the Bingham model [33] constitutive equation which
expresses the deviatoric part 7 of the stress tensor versus the rate of
deformation tensor y as:

T=ny + ry% wheny # 0,

7l <7 otherwise,

@

where n > 0 is the plastic viscosity and 7, = 0 is the yield stress. Here

1/2
|z| = ((1/2) Zij:l ryz denotes the conventional norm of a symmetric
tensor in mechanics. The total Cauchy stress tensor is o= —p. I + 7
where p is the pressure and I the identity tensor. We assume that the
array of obstacles can be treated as an equivalent continuum porous
medium. The constitutive Eq. (1) is then completed by the conserva-
tions of momentum and mass:

p(Bu + (u. V)u) — div(z) + Vp = £, + pg, )

diva = 0, 3

where p > 0 is the constant density, g is the gravity vector and f, a
source term based on local generalized Darcy’s law (e.g. see [34]) re-
lating the force exerted on the pore fluid (typically gradient pressure
and gravity force) to the macroscopic-scale velocity by:

— —1
fp = —ngx ',

(4

where 74 > 0 is the material local apparent viscosity and x the per-
meability tensor. The conservation equations with the addition of a
Darcy source term in the momentum equation is called the Brinkman
equations [11]. This model allows us to deal with mixed cases where
only a part of the calculation domain is taken up by a fibrous porous
medium. In this case, out side of the porous zone, the permeability is
infinite and the source term f, vanishes to give the standard con-
servation equations.

It was proved in [35,36] that the permeability tensor is symmetric
and positive definite. This means that the permeability tensor has three
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principal orthogonal axes and three positive principal values. For an
arbitrary porous medium, it is possible to find a coordinate system (x; y,
z) in which the permeability tensor has a diagonal form. When the
medium is anisotropic, at least two elements of the diagonal perme-
ability tensor are not equal. Otherwise, when the does not depend on
direction, permeability is isotropic, and the elements of the diagonal
permeability tensor are equal. If the distribution of pores or principal
directions varies from one point in the medium to another, then the
permeability tensor is spatially heterogeneous; otherwise, it is homo-
geneous.

In our case, with an array of vertical obstacles, the equivalent
continuum medium is a fibrous porous one. For convenience, we as-
sume that the z-axis is parallel to the fiber axis and that the arrange-
ment of fibers is uniform in each direction perpendicular to the z-axis,
so x = diag(x, x|, k), where k) is the permeability in the direction
perpendicular to the fibers and x, the permeability in the direction
parallel to the fibers. The local strain rate is a complex function of the
geometry and the fiber arrangement. In the equivalent porous media, it
is necessary to define a local effective shear rate 7.+ which is for the
fibrous media, a diagonal tensor where its components are commonly
expressed as [37]:
=% viey, g

Vg
where « = diag(at)ieix,,,; denotes the medium dependent shift factor
(also called the shape factor) and q; is the factor in the principal di-
rection i. Different expressions are proposed in [9,21] for viscoplastic
fluids. We assume that a has the same form as the permeability tensor:
a = diag(ay, ay, o). Let us introduce the tensor
A= diag(au/m, “H/W’ /A1 $). When s # 0, which is equiva-
lent to u = 0, from the Bingham constitutive Eq. (1), we obtain the
following expression of the effective viscosity:

Yett,ii

Ty
[Pett |

Ty
|Au|’

Nete (Fer) =

=9+

which when combined with the generalized Darcy’s law leads, when
u = 0, to the following expression

T
f,= |2 +7l|xtu
P (IAuI ")

In the general case, we obtain a tensor generalization of Pascal’s
law [17] for an anisotropic fibrous media:

— &y
o= (2
|[Axfy| < 7,

+ n)k‘lu, when u # 0,

when u = 0.

%)

The yield stress 7, leads to a threshold condition for the transition be-
tween “solid” and “fluid” rheological behaviour inside the porous zone
in terms of the anisotropic norm |Ak - |. There are five Egs. (1)-(5) and
four unknowns 7, u, p and f,.

We consider a flow over a variable topography passing through a
porous zone (see Fig. 1). For any time t > 0, the flow domain is re-
presented by:

A ={(xy,2) € AXR; f(x,y) <z<f(xy)+h(tx )}

where Q is an open and bounded subset of R2. The function f denotes
the topography and h the flow vertical height.

Some authors prefer to work with the thickness in a direction
normal to the topography and using local curvilinear coordinates (see
[30,31]). It can be easier to carry out an asymptotic analysis with this
choice when the effects of the curvature are important or when the
variation of the slope is great. In our situation, we will assume that the
flow is laminar and that the variation of the slope of the topography is
low, so that the Cartesian coordinate system (x, y, z) with a vertical
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porous zone

Ky ¢

L

Fig. 1. 2D schematic view of a flow on a variable topography, supplied through
a vent at the speed w,, passing through a porous zone with a permeability x and
a porosity ¢.

definition of the flow height is a good choice. Furthermore, we focus on
the passage of fluid through a network of vertical obstacles modeled by
a constant value for the horizontal permeability x| and the vertical
permeability «,, so it will be easier to write equations in the Cartesian
coordinate system (X, y, 2) rather than a rotating coordinate system.

The boundary dA(t) of the flow volume A(t) can be split into three
parts (see Fig. 1): the basal topography I, the flow (upper) free surface
T'At), and the lateral part I',(t), as defined by:

I = {(x,,2) € QxR;z=1(x,y)}
() = {(x,3,2) € AXR;z=1(x,y) + h(t, x, y)}
L) = {(x,y,2) €0Q X R; f(x,y) < z < f(x, y) + h(t, X, y)}

For any t > 0, the boundary conditions at the flow base are a no-slip
condition, an imposed vertical speed and natural zero stress on the free
surface:

uy = uy = 0andu, = w, on ltandu = OonIy,

(6)

av = 0 on Iy(), %)
where v denotes the unit outward vector of dA(t) on I'(t). The imposed
vertical speed w, corresponds to a supply speed of an injection which in
our case is the speed of lava eruption from the vent. Its value is zero
beyond the vent.

It remains to describe the evolution of the free surface. It is con-

venient to introduce the level set function ¢ that expresses as:
ot x,y,2) =z —f(x,y) — h(t, x, y).

Notice that the zero level set, where ¢(t, x, y, z) = 0, is exactly at the
free surface. The level set function is transported by the flow:
0;p + u-Vo = 0,. On I'(t), where z = f + h, this allows us to write:

Oth + u0,(f+ h) + uydy(f+ h) —u, =0, Vt>0 and (x,y) € Q.
(8)
This is a first-order transport equation for height h that should be

supplemented by an initial condition:

h(t=0,x,y) = hinit(x, ¥), ¥V (x, ) € Q, 9

where h;,;, is given. The set of equations is finally completed by an
initial condition for the velocity u:

u(t = 0) = upinA(0). (10)

To summarize, the three-dimensional problem is composed by the
Egs. (1)-(10) and involves the following unknows: the stress tensor «,
the velocity field u, pressure p, the Darcy source f, and height h.
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2.2. Asymptotic shallow analysis

The dimensionless procedure

We extend here the asymptotic analysis developed in [29] for a case
of tridimensional flow on an arbitrary topography to the case of a flow
through a fibrous porous zone. Let L be a characteristic length of the
bidimensional domain Q and H a characteristic height of the flow. We
introduce the dimensionless parameter ¢ = H/L. LetU = pgH?/(nL) be a
characteristic flow velocity in the (x, y) plane and g = |g| is the gravity
constant. Let W = eU be a characteristic velocity in the z direction,
T=L/U be a characteristic time, and P = pgH be a characteristic
pressure. The problem can now be reformulated with dimensionless
quantities and unknowns, denoted with tildes:

x=1IL%,y=1Ly,z=HzZ, t=Ti,p=Pp, h=Hh,
u, = Ully, u, = Ully, u, = eUil;, w, = Ui},
U~ nU~ nU~

= — . = — N =&— .

Jou x| o Fpy x| oyr oz X foz
Our scaling procedure is non-isotropic. The scaling is different for
the z coordinate and the z vector component of the velocity vector u
over the x and y ones. The dimensionless rate of deformation tensor y is
also related to its dimensional counterpart y = Vu + Vu® by the fol-

lowing non-isotropic relations:

e = (UL « BExy}
Yoo = (U/H) a€{x,y}
Ve = (U/L)7T,.

The scaling procedure for the deviatoric part of stress 7 is similar:

s = n(U/L%s  a, B € {x, ¥}
T = NU/H)E a€ix,y)
T = N(U/L)%.

The constitutive equation
The dimensionless rate of deformation tensor can be expressed
versus the dimensionless velocity as:

Y = Oplla + Ozils, o, BE Xy}
Yo = Ozily + %0501, € {x, Y},
)Zz = Zazﬁz.

The tensor norm scales as: |y|=(U/H)E, where by using (3), we get:
E = {€2(agﬁy + 6;&})2 + 282(agﬁx)2 + 2€2(ayﬁy)2
+262(Bxil, + Oyil,)? + (Bzil, + €205iL,) + (Bzil, + €205il,)%)2

Let us introduce the Bingham dimensionless number Bi that compares
the yield stress z, to a characteristic viscous stress nU/H:
Bi = oH _ g1
nu pPgH

We suppose that Bi= ¢(1) in e. This hypothesis means that
7,/(0gH) = (/(¢) or equivalently that the yield stress z, is assumed to be
small when compared to the gravity effects pgH. This assumption can be
tested using the ratio of yield strength to basal shear stress using values
from natural (lava flow) cases. Using the data of Robert et al. [38] we
have, for a lava flow active on Kilauea (Hawaii) in 1974, a typical yield
strength of 250 Pa, and a typical flow depth of 5.7 m, giving a basal
shear stress (given the underlying slope of 3.5 degrees and typical lava
density of 1000 kg/m®) of 3600 Pa. Thus, the ratio of yield strength to
basal shear stress is 0.07, supporting the assumption that yield stress is
small when compared to the gravity effects.

When || = 7, we obtain a dimensionless version of the constitutive
Eq. (1):
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~ Bi =
G=\g 1%

Then || = n(U/H)T where:

1

- - 1, 1 1, A )
T = {rxzz + T2 + Eszrxxz + Eszryyz + Eszrzzz + szrxyz} .

The von Mises condition |z| < 7, then becomes T < Bi. The con-
stitutive Eq. (1) can now be written:

{f: [%+ 1]; when E # 0,
T < Bi

IN

otherwise. a1

The Darcy source term equation
The anisotropic norm of velocity scales as: |[Au| = |A|UV where:

2 =2 2 =2 242 72\1/2
Ve (Agly + A5 0y + AL 07

1A

Let us introduce the Darcy-Bingham dimensionless number Bi, that
compares the yield stress 7, to a characteristic viscous stress in fibrous
porous medium nU|A|:
T 1
Bi, = —— = ——Bi.
nUIA|  HIA|

We suppose that Bi, = ¢(1) in e. This hypothesis means that
7,1A1/(og) = (’(¢) or equivalently that the yield stress z, is supposed to
be small when compared to the gravity effects in a porous medium pg/
|A|. When u = 0 we obtain a dimensionless version of the Darcy source
term Eq. (5):

- Bi, .
f,=—|—+1[0
|4
The Darcy source term norm scales as: |Axfy| = |A|nUF where
1/2
5 72 5 72 ) =2
(Axxfm +ALf,, €A M)

Al

F=

Then, the threshold condition |Axf,| < 7, becomes F < Bi, and the
Darcy source term Eq. (5) can be written as:

Bi ~ ~
—(% + 1)u, when U # 0,

f,=
F< Bip when @ = 0, 12)

The conservation equations
Let us introduce the Reynolds number and Darcy numbers:

UL 2 gH?3
Re=PY- _ P & i

> D(IL =X
n n

=

X
= 72
We suppose that Re = (1) in ¢ which means that the flow is as-
sumed to be sufficiently slow for the inertia effects to be neglected at
the zeroth order of development in e. We assume also that Day = ¢(1)
and Da; = ¢(1) which means that the presence of a porous medium has
an influence on the horizontal flow, but has no influence for the vertical
flow.
The conservation of momentum and mass (2) and (3) become:
SzRe(a[ﬂx + 0,050l + ﬁyayax + ﬂzazax) = — 0D + 82(6,?‘?”{ + 6ﬁxy)
(13a)

+ 0z + Daj \f (13b)

szRe(dgiiy + ﬁxagﬂy + ﬂyayﬁy + ﬁzazﬁy) = - 6;@' + 82(555:[;9; + ayfw)

(13¢c)
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+ 0% + Daj'f, (13d)
84R€(afﬁz + ﬁxagﬁz + ﬁyayﬁz = — azﬁ + Sz(ayfxz + 6;@1 + azfzz)
+ 1,051;)
(13e)
-1+ sDaIlf;,z, (13f)
agﬂx + 5y~17y + azﬁz =0. (13g)

Boundary and initial conditions
The no-slip boundary condition (6) can be written:

i, = i, = 0andli, = W.onlyandl = Oonl,
The unit outward normal v on the free surface I'y(t) is expressed as:
—o(f+h
Vo . (f + h)

Vel T T+ NG RP —ay(;;+ m

Then (7) becomes:

Tox — P Ty Tz - ax(f"' h) 0
Ty Ty—P Ty -o(f+n|= (0]
Tz Tz Tz~ D 1 0

which, in dimensionless form, is:

— (% — D)3z + h) — %,0;(f +h) + % = 0 (14a)
—e,0:(F + ) — (% - P)o;(F + ) + 5. = 0 (14b)
—e%,0:(F + h) — szfyzay(f +h)+e%,—p = 0, (14c)

where f = f/H denotes the dimensionless topography and is known.
The transport Eq. (8) for the flow height h becomes:

0ih + i, 0x(f + k) + 1,0;(f + h) — @i, = 0. (15)

The dimensionless problem is completed by the initial conditions for
the dimensionless height and velocity. The initial (1) and (10) problem
and its dimensionless version are equivalent, since the change of un-
knowns is simply linear.

2.3. The zeroth order approximation

In this section, we only consider the dimensionless problem: since
there is no ambiguity, we omit the tilde on the dimensionless variables.
We assume that the unknowns admit the following development in e
when e <« 1:

= 7o+ Een+ 2+ -

= uy + ey + 2y + -
po +ep +Ep, +

= ho+ehy + el + -

= foo0+efy, + e+

I )
]

In this section, next aim is to obtain the problem at the zero order for 7o,
u, po and hy. Since we only consider the zeroth order, we also omit the
zero subscript in this paragraph. Let us denote V| = (d,, d,) the gradient
vector in the Oxy plane, u; = (uy, uy) and f, | = (£, x, fp ), the projected
velocity and Darcy’s force in this plane and 7 = (7, 7;) the shear stress
vector in the same plane. For any v = (v, Vy) we also denote as
divjvy = dxvx + dyVy, the corresponding plane divergence and
vl = w2+ vyz)” 2 the usual Euclidean norm in [R?. For convenience, we
also denote as dir(vy)) = vj/|vj| the direction of any nonzero plane
A
i
a

|
——. The
N

vector. With these notations, we have E = |d,u|, T = || and V = —|u|

, F= %pr,ul at the zeroth order, where Aj: =A, = A, =
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constitutive Eq. (11) then reduces to:

Taz = [ B + 1:'azuou Vaeixyl,
23] (16a)
Bi
Tap = [ + 1](aﬁua + aauﬁ)’ Va,feixyl
1] (16b)
T = 2[ Bi + 1]azuz,
|Gzu| (16¢)
when d,uj = 0 and
|7yl < Bi, otherwise. (16d)
The Darcy’s force Eq. (12) then reduces to:
£, = —(]T‘ill""l” + l)u, when u # 0,
I, < Bip,| when w; =0, a7
R (PN T
where Bi, | = THBIP = ‘Ha”

From the conservation laws (13) we obtain at the zeroth order:

0.5 — Oxp + Daj'f, = 0, (182)
8:1, — Oyp + Dan‘lfp‘y =0, (18b)
op = —1, (18¢)
OxUy + Oyuuy + Su, = 0. (18d)

The free surface boundary condition (14) at z = f(x, y) + h(t, x, y)
reduces at the zeroth order to:

T + pOx(f+ h) = 0, (19a)
Ty, + poy(f+ h) = 0, (19b)
p = 0. (19C)

The velocity condition at the base (z = f (x, y)) remains unchanged
but using the projected velocity, its can be written:

u = 0, (203)

Uz = We. (20b)

The others equations, i.e. the transport Eq. (15), the no-slip
boundary condition on walls and the initial conditions for u and h re-
mains unchanged at the zeroth order.

2.4. Reducing the problem

We can now show that the zeroth order problem reduces to a
nonlinear parabolic problem involving only one unknown h. All other
quantities 7, u, p and f;, at the zeroth order can be explicitly computed
from h.

From (19) we get at the free surface z = f + h:

piz=f+h) = 0, (21a)

Tz=f+h) = 0. (21b)

Integrating (18c¢) in 2’ from z’ = z to z’ = f + h and using (21a), we
have:

plt,x,y,2) =f(x,y) + h(t, x,y) — z. (22)

As f is known, the quantity p depends only upon the unknown h. From
the conservation laws (18a) and (18b) and the pressure expression (22),
we obtain:
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0,7 + Daj 'y = V(f + h). (23)

To find more easily an expression of u) involving the only unknown
h from the set of equations, we can make some assumptions on the
velocity profile u and shear stress vector z based on the profiles ob-
tained in [29] given by Egs. (21) and (18). We assume that the solutions
have the same form: w; = —g(z) Vj(f + h) where the function g is in
A (f, f+ hl, R) n Z2([f, f+ h], RY), and 7= —1(2)V|(f + h) where
the function 7 is in Z*([f, f + h], R"). Let us first deal with the parti-
cular case where Vj(f + h) = 0. In this case, u; = 0, 7y = 0 and by (23),
f,| = 0. Otherwise, when V|(f + h) # 0, we assume that there exits a
critical height h. in [0, h] for which the function g strictly increases on
If, f+ h¢], is constant on |f+h.f+ h] and for which the function 7
strictly decreases on [f, f + h.] and satisfies:

Bi

h)=— 2L
TR = S

@4
For all points (x, y) € Q, as g is strictly increasing on [f, f + h], constant
on |f+hf+ h] and uz =f) =0, thus an equivalent condition of

w =0,Yzel[f f+h]is h.=0. From Eq. (16a), the von Mises con-
dition (16d) and assumptions on g, we obtain:

5= (g + €@ ) N0+ W), when z€ .S+ o,

Iyl < Bi, when z € |f+h.f + h].

(25)

From the Darcy’s force Eq. (17) projected on the plane Oxy and
assumptions on g, we obtain:

_ Bip,||
fp.\l(z) = (\V\\(Hh)l

Ifp,1 < Bip,

+ g(z))V”(f + h), when h, > 0,

when hc =0. (26)

Let us describe Eq. (23) for the case where h. > 0. By using the
expression of 7 (25) and the expression of f, | (26), this gives the
following scalar equations

¢@ - Darg@ = 2P0y hen z e [f. £+ ]

I No+m , els @
2@ =Da g+ h) + —2P | Z 1, when z € [f+hef + Al

! VI + B

(28)

Eq. (27)is a second-order linear ODE with z-independent coeffi-
cients, with a discriminant A = 4Da“’1. Thus, we can define a and f8
independent of z such that:

§(@) = aexp(Daj'"?z) + Bexp(—Da;"*z)
Daj ' Bip|

+ Da(l - —|VH(f+ h)|

), for z € [f, f+ h.]
29)

Here, a,  are determined by the boundary conditions. The no-slip
condition on the basal topography write:

g(fH)=o.

The assumption that g is constant on |f+h.f + h] and * on|[f, f + h]
leads to the second condition when h, < h:

g(f+h)=0. (30)

When h. = h, condition (30) remains valid. Indeed, from the value
of 7 in z=f+ h. =f+ h given by (24) and the boundary condition
(21b), we obtain Bi = 0. Thus by using the expression of 7 in
z=f+ h.=f+ h given in (25), we arrive at Eq. (30).

Writing these boundary conditions with the expression of g (29)
leads to:
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Da; 'Bi
=172 —Da V%) = ZO Pl
aexp(Daj'*f) + B exp(—=Da;'*f) Da|( NG+ ] 1), 1)
aexp(DaV*(f + he)) — Bexp(—Da *(f+ ho)) = 0. (32)

This linear system in terms of a and f3 now solves as:

T A [7'3&"71/2% m]
a =Dq

IV (F+ Bl B ZCOSh(Du\rl/th]

(33)
B =Da”([‘JV“H_lB"p~H _ )eXP[Dal—1/20.+ hc)]
(Rl 2cosh(DaH—1/2 hc]

(34)

It remains to characterize from the input data an equivalent con-
dition of h, < h and a relation to determine h.. We have already seen
that h. = h implies Bi = 0. It can be proved that the reverse is true.
Indeed, suppose that Bi=0. From (24) and (21b),
7(f + he) = 7y(f + h) = 0. By integrate between f+ h, and f+ h in
Eq. (23) and using the expression of Darcy’s force given in (26), we
arrive at:

f+h
ff . 8@dz = Day(h — he) 35)
The function g is constant on the interval [f + h, f + h]. Thus, from the
expression of g (29), for all z € [f + h., f + h],

DaH

Z) = +h)=Dg— —M8.
g@) =g+ ho) ! cosh(Da"?h,)

Finally, from the balance of (35), h, = h, proving the equivalence:
h. = h < Bi = 0. It remains to determine h. from the input data when
Bi = 0 < h. € [0, h[. By integrating Eq. (28) between f+ h. and f+ h
and using (21b), we obtain:

Da”Bi
Vi(f + W1

Bip, |

— Pl _\(h=h,
IVH(f+h)|)( )

Writing this equation with the expression of g given in (29) gives:

(h = he) g(f+ he) = (DaH -
(36)

(h = he)(aexpDa "> (f + he)) + B exp(—Daj"*(f + he)))
_ Da”Bi
O+ R

Finally, using the expressions of a and § from (33) and (34) in the
previous equation, we obtain a relation on h.:

Bi cosh(Da‘fl/zhC) = (h = ho)(V(f + B)| — Daj ' Bi,) (37)

This expression gives a necessary condition so that h. > 0. Because
Bi cosh(Daj"/*h,) and (h — h,) are strictly positives when 0 < h. < h,
necessarily, |Vj(f + k)| — Daj'Bi,) > 0. The inequation is still true
when h. = h because in this case Bi, = 0. We deduce a more general
necessary condition:

he>0 = h(V(f + k)| — Daj ' Bi,)) > 0
= h(IVj(f + h)| — Daj " Bi,) > Bicosh(Da"/*h,)
= h(IV|(f + k)| — Daj'Biy,) > Bi
The reverse is also true which gives a necessary and sufficient
condition for h. > 0. If h, = 0, integrating between f + h, and f + h the
Eq. (23):
Bi

nmh—- ———
Wq+)( N+ Wl

_ f+h
) = Daj’ ./; fidz

Taking the norm and using the threshold condition from (26), we
obtain:
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. _ f+h
IV (f + k)| — Bil = Da; 1‘ /; f,dz

_ f+h
< Daj* ./; If)|dz

< Daj'Bip, h (38)

By definition, h|V(f+ h)| — Bi < |h|V|(f + h)| — Bi| which gives,
with the inequality (38),

h(I(f + k)| — Daj ' Biy) < Bi.
Defined for all z€ 10, h] and h, ¢ in R* the function:
Fig(2) = Bi cosh(Daj '*2) + (2 = W)(& — Daj'Biy,)

Note that the function z = F, ¢(z) is an invertible function on [0, h]
when (¢ — Daj'Bip,) > 0. Using the equivalent
he> 0 & h(IV|(f + h)| — Da; ' Biy,) > Bi leads to a general expression
for h, = h.(h, [V|(f + h)|) where

when h(¢ — Daj'Bip,) < Bi,
when h(¢ — Daj'Bip,) > Bi.

0
he(h, ) =1 __
‘ F;£(0) (39)
In practice, the value of h,. for a given h and ¢ is efficiently computed
by a Newton’s algorithm and the machine precision is reached in few
iterations.
Finally, the general expression of g can be written:

Bip)|  _
(WW i Da”)
DGH)

cosh(DaH*l/z(f+hcfz)]
—1| when z€elf,f+ hcl,

cosh[DaH*l/2 th

8@ =

1- COSh(DaH_I/ZI’lc]

Bip, |
- when z € +hef + hl.
(Wu<f+ )l cosh(mu_m hc] [ +hef + hl

(40)
The last component of the velocity is obtained by integrating the

mass conservation (13g) in [f, z]:

_/;Z deurdz + jf'z dyu,dz + /f’z du,dz = 0 @D

The condition u, = w, in z = f gives:

u(t, x, ¥,2) = w, — ‘/):;y) divj(uy) dz 42)
Thus, velocity u is an explicit expression depending only upon h. Then,
the complete stress 7 follows explicitly from (16). It remains to obtain a
characterization of h alone. Let us consider (42) at z =f+ h: by
swapping the derivation 0, and 0o, with the integral over
[f(x, ), f(Cx,y) + h(t, x, )], and using the no-slip boundary condition
at z = f, we obtain:

f+h f+h
/,: Opttgdz = aa( ff uadz) —ug(t, X, y, f+ WO (f+ h), Y

€ {x, y}

Combining the previous relation with the transport Eq. (15)at the
zeroth order, and replacing in (42) at z = f + h, leads to:

h
oh + leH[ ‘/flf+ quZ) =W,

By replacing in the previous equation w; = —gVj(f + h) by its expres-
sion where g is given in (40), depending only upon h, we obtain, after
rearrangements, the following conservative equation for h:
Oh — divi{i (h, I+ WD Vi(f+ W} =w, in ]0, +o0[XQ (43)

Here, I denotes a diffusion coefficient, defined for all h, £ € R* by:
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Bip,|| Bi
(Dau - ?) [(I’l - 75_%”_13,-”‘)

g, &)= - DaH”2 tanh(Da”_th(h, §))]

when h.(h, §) > 0,

0 otherwise. (44)

This expression contains three parameters: Bi from the dimension-
less Bingham model and Bi,, | and Da) from the dimensionless Darcy
source term added in the momentum equation. The no-slip velocity
condition at the lateral boundaries leads to an homogeneous Neumann
boundary condition:

o(f + h)

=0 on |0, +o0[X3Q,
on

(45)
where d/0n = n. Vj and n denotes the outward unit normal on 0Q in the
Oxy plane. Recall the initial condition:

h(t=0) = hinit in Q (46)

The reduced problem can be written: find h(t, x, y), defined for all t > 0
and (x, y) € Q and satisfying (43), (45) and (46).

Notice that, for a Newtonian flow (Bi = 0), expression (44) sim-
plifies as:

@ (h, &) = Dayh — DaH”2 tanh(DaH_”zh)].

In the present model with the porous zone is consistent with the
model without porous zone developed in [29] (i.e. when Da“’1 =0 and
Bi, ;= 0). Indeed, the expression of u is obtained by assuming that
Bi, ;=0 and by using a truncated expansion in r = Da”_m. Note
he = heo + they + r?he, + rhes + r*he, + o(r*). The relation (37)
leads to the following limited development of h, :

, Bihd,
24|V (f + h)|

BihZ,
- r
2IV(f + bl

13Bi
IVI(f + Bl

he = heyo - h)r4 +o(r*)
Bi

IVj(f+m1*

obtain that of ' at order two, which is:

where h.o = h — The expansion at order four is necessary to

(2h& + Bi) (h¢ — Bi)? + rZBi (hé — Bi)3(h& — 13Bi)
6 &3 265
0 otherwise.

+o0(r¥) when h,> 0,

ﬁ(h,§)={

By taking the limit when r trends to zero, we retrieve the formula (25)
as given in [29] for the Bingham case (n = 1).

2.5. The final reduced problem

Going back to the dimensional variables, the zeroth order Eq. (43)
for the height h can be written:

Ok — (%)div”{u(h, IVi(F + D Vi + )} = w, in ]0, +o0[XQ,

(47)
where p denotes a diffusion coefficient, defined for all k, § € R* by:

— Ty\/m _ M B I
h b — (KH pgauf) [(h ng/K_Hgfv/a-[y) Mtanh( Gl )]
un, = when h.(h, {) >0,
’ otherwise,
and where
he(h, &) = when h(og.fi) o — J#5) <1,
c(h, Gii(0)  when h(pg /K€ — \¢7) > 7

where for all z€]0, h] and h, £ in R* the function G satisfies:
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Gne(2) = fiq, cosh(z) + (z = W)(Jryoypgé — Jo1).
JEr

Eq. (47)is completed by the boundary condition:

a(f + h)
on

and the initial condition:

h(t=0) = hinit in Q.

=0 on |0, +00[%X3Q

The others unknowns p, u, 7 and f, can be explicitly expressed from
h. The pressure can be directly expressed from h from Eq. (22):

p(t,x,,2) = pg(f(x, ) + h(t, x, y) — 2).

Likewise, from (40), the horizontal velocity u; = (uy, uy) can be
written u = —g(z)V(f + h) with:

— cosh(M#}
o8 M_K” VN ) 1] when ze|f,f+he,
g€ b he
cosh| ——
N
g(@) =
he
- 1—cosh| 25
g M1 - (V“CKT‘]
o8 - || ——2 when z € |f+hef + hl.
pge h[ he )
coshf ——
NG

From (42) and the previous expression of uy, the vertical velocity
can be computed as:

U, =w, — diV”( ‘/f‘Z quZ).

From (16) and the previous expressions of u and u,, the compo-
nents of the tensor 7 are written:

T
T = | |G Va €yl
0]
T
Tag = Y+ 79 |(Bpua + Gatig), YV a, B E{x, ¥},
|azu\||
Ty
Tz = 2 + 1 |Oyuz,
|Gzuy|
when z € [f, f + h.] and
I7yl <17, otherwise.

Finally, from (17), Darcy’s force becomes:

Ty K| P
o= —(“/l— + n]“h

Kyl %

for the horizontal components and

. _(ﬂ N l]uz,

roglayl

for the vertical component, when h. > 0, and

Tym

Ta

IfP.H' < when hc =0.

3. Numerical method
3.1. A new dimensionless formulation

The nonlinear parabolic problem is first discretized in time by a full
implicit second order variable step scheme. At each time-step, the
subproblem is linearized by a Newton’s algorithm. The resulting sub-
problems are discretized in space by a finite element method. From a
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computational point of view, it is convenient to consider a new di-
mensionless formulation. This second dimensionless procedure differs
from the previous one as € does no longer appear in the zeroth order
problem: the new dimensionless quantities are denoted with an hat. Let
H be a characteristic length of the problem and let:

~_h o _x 4 - t & W
h=—,x=—, =l, =£,?=—,f=i,we=—e,
H H H H T H U
2
where T = LH represents a characteristic time and U = 27 4 char-

acteristic velocity. After variable substitution, we obtain the following
zeroth order dimensionless equation:

ah — divf (h, INF + W) YF +R)} =, in 10, +o0[xQ,

where [ is given by (44) by replacing Day, Bi and Bij, | by the following
new dimensionless numbers:

— X —~ T ~ X ~
Daj = —L, Bi= ——, Bi, =" 1?5
H egH Hey

As we now only consider this dimensionless problem, and since there is
no ambiguity, we omit the hat for all the quantities and also for the
dimensionless numbers.

3.2. A second order implicit time scheme

Let (t;)m=o the discrete times and At, = ty41 — tn, m >0 the
corresponding time steps. As the observed solutions decrease ex-
ponentially to an arrested state, we choose a geometric progression for
the time step At,,+; = 6At,, where 6 > 1 and At, are given.

The time derivative is approximated by the following backward
second order variable step finite difference scheme (BDF2), defined for
all @ € C° by:

2Aby + Al

Aty + Aty
Aty (At + Aty_y)

1,
AL AL @ (tm)

o)
5—q:(tm+1) = @ (tns1) —
Al

" o(tn_1) + O(ALE + At?_ ).
(Atm+Atm_1)Atm_1go(m 1) ( m m 1)

The approximate solution sequence (h,)m =0, hm = h(ty), is defined
recursively, for all m = 1 by:
(P): W™~ and h™ being known, find h™*! such that:

k™ = divife (R, (N + RO+ BT} =g, +w, in O

(48a)
3(f + hm+1)
———~ =0 on dQ
on (48b)
where
2Ly, + Aby_s
oy = ———————————
Aty (At + Aty_y)
g = At, + Atm_lhm _ Aty m—1
" Aty Aty (Aty + Aty_1)Aby_y
The sequence is initiated by h™! = h® = hyy, for m = —1 and 0, respec-

tively and stopped when

(%),

imation by means of the BDF2 scheme of %(tm) and e is a tolerance that

< ¢ where (‘Z—i’) is the approx-
m

LZ
we fixe at 1072 for all our simulations.

3.3. Newton algorithm

The initial time-dependent nonlinear parabolic problem is trans-
formed as a sequence of nonlinear subproblems. In [29] an under-re-
laxed fixed point algorithm is proposed. We present here a new more
efficiently Newton algorithm.

Define for all m = 0 and for all h € R* the function F,,:
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Eu(h) = amh — div(u(h, I+ DDV + b)) — (g, + We).

The problem (48) can be equivalently reformulate by using the function
Fo:
(P): W™~ and h™ being known, find h™+1 such that:

Ey(hpy) = 0, in Q,
I+ hme) _ o 1 a0
on ’ ’

The Newton’s algorithm now writes:
Algorithm 1 (Newton).

o k=0:90: =h,.
o k = 1: ® known, find §¢® such that:

Fpy(9®)8p® = —E, (¢®),

e calculate explicitly:

kD =) 1 5ok,

where F,, denotes the Frchet derivative of Fy,.

Note ¢: R—R% h > (b, [V|(f+ h)]) and ¢ R—R; h—uOw(h).
With these notations, F,(h) = a,h — div({(h)V(f+ h)—(g,, + w.).
We begin by calculating the Frchet derivative of (. For all
heRY, SheR: @ (h)(Gh) = (5h, W) Likewise, for all
h e R*, £€ R 6Z € (RY)?, u'(h, §)(6Z) = Vu(h, £). SZ. Finally, ac-
cording to the rules of the derivatives of the composition of functions:

¢'(W)(Bh)

' (h, §)odf () (8h)

Vi(f + h). Vj(6h)
Vu(h, £). | oh, 5 2 T
w9 ( NI+ )l )

with Vu(h, &) = (j—;‘ ‘;—’;)(h, £) where

u ~ _ B\, _ ohe 1
o h, & = (Da“ —§ )[1 on (h, &) coshz(Da[Uzhc) ),
ou Bip,\\) Bi

Z(h, =Dy -—F N\

55( 9 ( R ((5 — DajBiy,)’

ohe
- g(h, 9

Bip,
o [(h

when h (¢ — Daj'Biy) > Bi and zero otherwise. The partial derivatives
of h. are obtained from the relation on h. (37):

1
coshz(Dar”zhc))

_ Bi
£ — Daj ' Bip,|

) — Dajl? tanh(Da|1/2hL.)].

oh. & — Daj ' Bip,
Oh — Daj'Bisinh(Dajh,) + & — Daj By,
_ 1
~ Da;V*tanh(Da V2 h)(h — he) + 1
dh, h—h,
0 DajV?Bisinh(DajV?h.) + £ — Daj ' Biy,
h—h,

(¢ — Daj'Bi, )(Daj V2 tanh(Da; V2 h)(h — he) + 1)

when h(¢ — Daj ' Biy,) > Bi and 0 otherwise.
Finally, by using these partial derivatives and relation (37) once
again:
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5_’“(,1) 5 - (DaH B M) Da;/? tanh (D 2 he)(h — ) + tanh*(Da;*/?h,)
oh DaH‘l/2 tanh(DaH‘”ZhC)(h —h)+1
%(h 5 = Day(h — he) DaH‘l/2 tanh(DaH‘l/zhc)(h — he) + tanhz(DaH‘Uth)
ot 3 DaH’”Z tanh(DaH’I/zhC)(h —h)+1
+ %((h - #\T_IBLHJ - DaH”2 tanh(DaH’I/ZhC)].
p,

when h(§ — Daj'Biy,) > Bi and zero otherwise.

We can now write the explicit strong formulation of the linear
tangent problem (LT):

W (LT) Let @ know, find 8¢ defined on (2 such that

3
Anbp — diV(u(cp, Vi (f + @)D Vidp + ﬁ(qo, Vi(f + @) DéeV(f + @)

Vi(f + ¢)-Viop

o

— (@, IV \v/ = —F,(p®
+a§(¢ Vi(F+ XD NG+ )l 1+ ¢)) @)
9F+39) _ o on 50

on '

This linear subproblem is completely standard and is efficiently
solved by a piecewise quadratic finite element method, as provided by
the Rheolef library [39]. The numerical solution is obtained by solving
the linear tangent problem in this weak form (WLT):

B (WLT) find 8¢ € W" ~(Q) such that:
a(p; 8, &) = L(&y), Ve Wh=(Q),

where a;(.; ., .) and [;(.) are defined for all @, §¢, 8y in wh = (Q) by:
ai(p; 8¢, x) = j; (amriqoéx + ulp, MU+ @)D Vide-Vidx

3
n ﬁ(@ IVI(f + ©)DSPV(f + 9)-Viox

3
ﬁw, IVI(f + @)

Vide)(V(f + §0)-VH5){)] dx,

+ M+ @)

1
Vi(f + @)l

LSy = — _/; &y dx.

Note, for all ¢ € R* and £ € R%:

B &)

u
m (@, 1EDE,

k(p, &)

(u(qo, DL, + Z—“@, L 5),

§ I€]
where I, is the identity matrix 2 x 2. Thus a; can be written with a
more compact form:

a(9: 89, 80) = [ anpdy + (6B (o, Vi(f + 9))
+ k(g Vi(f + 9))Vidp)-Viy dx.

4. Results and discussion
4.1. Comparison with the Vasilic’s experiment

Vasilic’s experiment results are taken from [40]. During the ex-
periment, 12 liters of Carbopol gel are slowly poured into a 20 x 20 x
60 cm transparent container. An array of d = 3 mm cylindrical steel
bars is located in the middle zone and spaced at intervals of 19 mm in
the two horizontal directions. The yield stress of this material was
measured to be 15Pa, while its plastic viscosity was measured to be
around 1Pa-s. The obtained value for the horizontal permeability
components is = 6.34-10~> m? and o) = 1.5 for the horizontal shift
factor. The material flow through the funnel is replaced in our
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simulations by an equivalent injection. The total volume is injected
with a supply rate of Q during a time t, by means of an imposed vertical
speed w, through a vent. We take a circular vent with radius r, cm
centered at the flow origin, and a second order polynomial speed w,
versus the radius in the vent which is written:

2Q (.2 Nt
= -r if t<t,
wt, 1) = ’
0 if t>t,. (50)

The values used in simulations are Q = 11/s,7, = 5cmand ¢, = 12 s.

Fig. 2(a) shows the shape of the flow at different times. Observe that
the porous zone has an effect on the spreading. After 12 s, the flow is no
longer supplied, but it is slowly still moving. Fig. 2 (b) compares our
results with both laboratory experiments and 3D simulations from [40],
using a regularized Bingham model. Results are shown at the final ar-
rested state. Notice that, neglecting lateral wall effects, our problem
here still reduces to a 1D time dependent one. We see a good quanti-
tative agreement of the present approach with both experimental ob-
servations and 3D simulations, especially for the slope of the flow front
within the porous zone. The discrepancies that can be observed before
and after the porous zone, might be a result of wall effects during the
experiment.

4.2. Flow on a sloping plane for different porous mediums characteristics

We present here results for a new numerical experiment. Different
simulations have been carried out for a flow supplied on an sloping
plane and moving through a porous zone.

The rheological parameters used are = 1 Pa-s and ,= 20 Pa. Two
angles of inclination have been employed: 6 = 5° and 6 = 10°. Different
porous medium configurations have been investigated. Their char-
acteristics have been defined from different geometrical configurations
of periodic arrays of vertical cylinders. By noting d the diameter of the
cylinders, M the distance which separates them, and X = M/d the re-
lative distance, the porosity value is ¢ = 1 — a/(1 + X)? where a is the
fiber arrangement, a = /4 for square packing and a = 7/(2/3) for
hexagonal packing. The permeability can be computed by numerical
simulation using Newtonian fluid as proposed in [8] or approximated
by a formula such as the law of Tamayol and Bahrami [41] where the
horizontal permeability is a function of the porosity and the fiber ar-
rangement:

a-Ja-¢ray
a-¢Jp

The simulations have been completed for a square packing
(a = 7/4) of d = 3 mm cylinders. The total injected volume is 6 liters by
means of an imposed vertical speed w, following the law of (50) with a
supply rate of Q =1 l/s, a vent radius 7, =5 cm and an injection

KH(¢) =d?0.16a

14} (P ppu—

12 I —

10 ~ 10575 —— |
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(a) X = o0

Fig. 3. Comparative 3D views for 6 = 5° and (a) X = oo (without obstacles) and
(b) X = 6. The white zone on (b) represents the porous zone.

duration t, = 6 s.

Fig. 3 gives a qualitative comparison of the final state after flow
stops for two simulations, with an angle of 6 = 5° and in (a) without
porous zone (denoted by the label X = ) and in (b) with X = 6. The
permeability is calculated by the Tamayol and Bahrami’s law. We ob-
serve that the presence of a porous zone changes completely the shape
of the flow.

For a more quantitative comparison, the final height along the
symmetry line and the final front contours for a range of relative dis-
tances X are shown on Fig. 4. We observe on Fig. 4 that the greater the
distance between the obstacles, the more the flow is close to the case
without obstacles (X = o0). When the distance decreases, we observe
from the front views in Fig. 4 (a) and (b), that the flow spreads more
laterally and less in the slope direction. Observe on 4 (c) and (d) that a
higher thickness of fluid piles up in the porous zone. We can conclude
from the results of Fig. 4 that the presence of a porous zone has a
limiting effect on the spatial flow propagation by widening the
spreading on the lateral sides and by accumulating more volume of
fluids per unit surface.

Fig. 5 shows the maximum flow advance X, (t) in the slope di-
rection versus the real physical time for several relative distances X. We

(b)

13 T T T r
experiment |1
12 3D simulation with obstacles |1
Psseaczine, 3D simulation Darcy |1 1
_____________ present ——
11 F
£}
9
8| T
7 1 1 1 1 1
—10 0 10 20 30 40 50
x [cm)]

Fig. 2. Views of the flow height along the container: (a) Flow heights at different times t= 3 s, 6 5, 9 5, 12 s and the final time t; = 1057 s (obtained from BDF2
algorithm and the stopping condition); (b) comparison of the final height between present model and both observations and 3D simulations from [40]. The grey band

represents the porous zone.
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(b) 6 = 10°
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Fig. 4. Comparative views for different relatives distances between obstacles X = 6, 12, 24, oo of the final front contours in (a) for 6 = 5° and in (b) for 6 = 10° and the
final heights along the symmetry line in (c) for 6 = 5° and in (d) for 6 = 10°. The grey band represent the porous zone and the dot «»the center of the injection.

(a) 0 =5°
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Fig. 5. Evolution in time of the maximum flow advance for several relative distances X = 6, 12, 24, oo with a slope 6 = 5° in (a) and 6 = 10° in (b). The grey band
shows the passage of the front into the porous zone. The supply duration is t, = 6 s.

observe that the presence of a porous zone has also a delaying effect by
slowing the flow in the slope direction.

5. Conclusion

A new reduced model has been developed for laminar shallow vis-
coplastic fluids flowing on a general topography and crossing an array
of vertical obstacles. The model includes two mathematical reductions.
The first reduction replaces the obstacles zone by a fibrous media using
an extended tensor form of the Brinkman equations for the Bingham
rheological behavior. The second reduction in the vertical direction is
based on an asymptotic analysis based on the shallow-depth approx-
imation. An efficient numerical resolution using the BDF2 algorithm for
time-discretization and a Newton’s algorithm for nonlinearities has
been developed in Section 3. The sequence of linear subproblems are
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solved by a finite element method. Finally, two numerical applications
are described. A comparison with the measurements and 3D-simula-
tions of [40] shows that the present results are in a good quantitative
agreement with analog experiment. The advantage of the present re-
duced model is that the computational-time is just a few minutes for
simulations instead a few hours for 3D-simulations from [40]. We
propose also a numerical benchmark concerning the flow of a Bingham
fluid over an sloping plane which pass through a fibrous media. The
simulations produced for a range of obstacle densities showed the
ability of a porous zone to limit the spatial advance of a flow and to
delay it. This suggests that, to reproduce this study experimentally and
compare with the present results, would inform on the ability of so-
lid,vertical,fixed objects to impede, delay and change the form of a
viscous flow. Other further work would be to extend the asymptotic
analysis presented here for Bingham material to a Herschel-Bulkley
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case. For natural applications such as volcanic lava flows through for-
ests, perspectives will be to include complex topographies and thermal
effects as developed in [3] and to integrate new thermal effects specific
to the trees burning. In this regard, volcanoes are often vegetated, and
ingress of lava into such zones will dry, ignite and burn vegetation, and

can

encase trees in lava to create vertically-oriented solid objects

known as “lava trees” [42,43], that would set up a porous array, as
modeled here, that could modify and delay the flow.
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