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TD 2 - Temporal point processes
Beyond Poisson processes - Correction

1 Basic exercises

Exercise 1. Let X1, ..., X; be independent random variables with respective hazard rate functions g;,
i=1,....k. LetZ=min;—y _; X;.
Let r > 0 and compute, by independence between the X’s,

k k
Fz(t):=PZ>1)=[]P&Xi>1)=]]Fx )
i=1 i=1
Hence, InFz(¢) = Y¥_,InFy,(¢) and differentiating this equality gives the fact that the hazard rate

function of Z is q(t) = Y5, ¢i(t).

Exercise 2 (Life time k-sample). Let (&i,...,&) be i.i.d. positive random variables with common
hazard rate function ¢ and density function f. Let N = {&1,..., &} denote the point process made of
those k random variables. And let (71,...,T;) denote the order statistics made from (&;,...,&).

Here are below two ways to solve this exercise. The first one uses the densities of (71,...,T,) for
all n < k. The second one focuses on the computation of the conditional survival functions

F(S;tl,...,ln) ZP(S,hq > S|T1 =1t,.--,1p =ln).

Possibility 1. Let o € S denote the (random) permutation of {1,...,k} such that T = (T1,...,T;) =
(Eo(1)s -+ -1 (k)) is such that Ty < --- < T;. The following statement is well-known and its proof can
be found easily on the internet:

* the distribution of ¢ is the uniform distribution on &,

* the density of (71,...,T) is
k
fr o) =R ) <ty (1)
i=1

Let us then prove by induction from n = k to n = 1 that the density of the vector T,, = (Ty,...,T,) is

ln k "y <<ty ()

an(t17

where F is the survival function of the £’s. The initial case corresponds exactly to Equation (T)). Then,
assume that is true for n such that 2 < n < k and prove that it is still true for n — 1. By definition
of the marginal densities, we have

k! n—1

(k—n)zgf W) 1f (ta)F (1) "ty

anil(l‘l,...,tnfl) 2/0 an(l‘l,...,tn)dl‘n =



Yet, one recognizes that the integrand above is the derivative of ﬁf(t)k_”“. Hence, Equation
holds true for n — 1.
Then, it is clear that, for all n =0, ...,k — 1, the conditional density of 7, given T, is

fT +1(t17'~-7tn7t) f(t)F(t)k_n_l
L, ... ty) = —2 = (k—n)Lt L
Tam et = T T R e
and its associated survival function is
- k—n
— k—n [ — . F(t)
F(t;1,...,t :_—/ YF(s)¥ " lds=(k—n <_ ) )
(@31,0w0s0) = sy | SOFG) k= (55
Finally, the derivative of —InF(+;¢y,...,t,) gives the associated hazard rate and so
d —
At ta) = (k=) 2 (< InF) (1) = (k= n)a (1)

Finally, this gives the desired intensity A, = A(£; NN[0,¢)) = (k—N,—)q(¢).

Of course, it implicitly assumes the convention that a null hazard rate function corresponds to a
random variable equal to +oo almost surely. This is the case for T in this exercise, so that A, = 0
as soon as N;— = k.

Possibility 2. To compute the intensity of N, it suffices to compute Q(s;T1,...,T,) (namely the
hazard rate function of S, given T1,...,T,) forn=0,... k.

Step n = 0. It is the (unconditional) hazard rate function of 77, that is the minimum of &;,...,&;.
By exercicel[l] itis Q(s;0) = XX, q(s) = kq(s) = (k—n)q(s).

Steprn=1. Lett; > 0ands > 0. We first compute the conditional survival function
F(S;l‘l) = P(Sz > S|T] = l‘]) .
Then, we will take the derivative of its log to recover the hazard rate function.
Since Tj is one of the &’s, we have by the law of total probability
. k
F(S;tl) = Z]P(Sz >s5,11 = &,"Tl = tl).
i=1
Then, by property of the conditional probabilities, we have

]P(Sz > S,Tl = 6,’|T1 :l‘l) :]P(Sz > S|T1 :l‘l,Tl = éi)P(Tl = 5,'|T1 :tl)

The result above is classic when all the conditioning is of non zero probability, but it also holds true
when the conditioning is of zero probability. A
The conditioning event {7} =1, T = &;} is equal to {§; = #1,&; > 11}, where

;= min ¢;
S j:l,...,kél,
J#i

and S = éi — &, on that event. Hence,

P(Sz >S’T| =t,T :gi) :P<52>S|éi:t1,éi>t1> :]P)(éi>s—|-t1|§i:t1,éi>t1> .
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By independence of the &’s, we have independence between éi and &; so that

F (S+t1)
P(Sy>s|Ti=n,Ti=&)= <§l>s+t1\§,>t1) %,
Fe(n)
where 175 is the common survival function of the &’s.
Coming back to F(s;t1), we have
k F S+t1) Fg(s—}-l‘l)
F(sin) =) —= P(h=&lTh=n)= =~
Z{ F ll k 1 ! Fg(fl)k 1

Hence, InF(s;t1) = (k—1) (InF¢(s+1) —InFg(t1)). By differentiating with respect to s, we get
O(s;t1) = (k—1)g(s+1t;) which is what we want (remind that #; is the last observation here so that
we perform the change of variable t = s+ #; and the number of observed events is N;_ = 1).

Step n > 2. In summary, the idea of the previous step is to restrict to the case where we “fix” the
index i € {1,...,k} of the minimum of the &’s. Then, we can use the mutual independence of the &’s.
One can adapt this argument to n > 2 by “fixing” the indices of the n lowest &’s. It suffices then to
compute this kind of conditional probabilities:

]P)(Sn—o—l >S‘T1 251,...,7},:5” and T} :tl,...,Tn:tn)

The conditioning event {T} =&;,..., T, =&, and Ty =1y,...,T,, =1, } isequal to {&; =11,..., &, =
t, and & > 1, }, where
é &ja

J= n+1, -k

and S,41 = é — &, on that event. Hence,
P(Syt1>s|Th=&1,..., T, =&,and T} :tl,...,Tn:tn):IP’(§ >s+60E =11,...,5 =t,and & >tn>.

By independence of the &’s, we have independence between & and &, ..., &, so that

Fﬁ (S + tn)k_n

P(Syt1>sT1 =61,.... T, =&, and Ty =14,...,. T, =t,) = —=
(Sn1>s[T1 =& € =1 ) Fe ()i

where 175 is the common survival function of the &’s.
Coming back to F(s;t1,...,t,), we have

F& (S —+ l‘n)kfn
Hence, InF (s;t1,...,t,) = (k—n) (InFg(s+1,) —InF (t,)). By differentiating with respect to s, we

get Q(s;t1,...,ty) = (k—n)q(s+1,) which is what we want (remind that 7, is the last observation here
so that we perform the change of variable r = s+, and the number of observed events is N;_ = n).

F(s;ty, ... ty) =

Exercise 3 (Poisson contamination). Let #: R, — R, and (N);cy be a sequence of i.i.d. Poisson
processes with intensity A(t). Let N, = Y.7° o N/_,.



1. The translated processes N’ defined by N/ = N,’ ;» or equivalently by N = {T +i,T € N'},
are independent Poisson processes on R (the independence property of Poisson is clearly
preserved by translation) with intensities A’(¢) = h(t — i) with the convention that A(s) = 0
for all s < O (the intensity is translated in the same way and completed by 0). Hence, the
superposition Theorem for Poisson processes (stated for two processes but clearly valid for

more than two processes by induction) yields that N, = };” ON’ defines a Poisson process with
intensity A(t) = Y2 oA/ (t) = Yoo h(t —i).

2. Let N = {7;,i € N} be a point process independent of (N');cry. Define N by N; =Y NLT

By independence assumption, if we work conditionally on N, the processes (N');cy are still
independent Poisson processes with intensity /(7). The same arguments as in the previous
question yield that N' = {T +7;, T € N'} are independent Poisson processes on R, with inten-
sities Ai(¢) = h(t — —T;). Hence, given N, N, = ¥, N/ defines a Poisson process with intensity
At)=Y2 o Alt) = Y2 oh(t —T;). In particular, N is a doubly stochastic Poisson process.

Exercise 4 (Thinning simulation). See the Julia notebook.

Exercise 5 (Change-time simulation). See the Julia notebook.

2 Intermediate exercises

Exercise 6 (Generalization of exercises [2]and [3). Most of the arguments are similar to those of Exer-
cise

Let N! and N? be two independent point processes with intensities 4,! = A!(1;N' n[0,7)) and
A% = A%(t;N>N[0,t)). Denote N = N' UN? the superposition of the two processes. Assume that
there exists a measurable function A such that A,! +A2 = A(1;NN[0,¢)). Then, let us prove that
A =A(t;NN0,1)) is the intensity of N.

LetusdenoteN1 {T1 <T}<..},N>={T}<T}<...}andN={T} <Tp<...}. Letusprove
that for all n = ,00, A(311,- . -, ) is the hazard rate function of T,y given Ty =11,...,T, = t,.
Moreover, let us denote F.F F' and 7 the generalized survival functions associated with the general-
ized hazard rate functions A, A! and A? respectively.

Step n = 0. Since T1 and T2 are independent, the (unconditional) hazard rate function of 77 =
min(7}!, 7') is A1(z, (Z)) +A%(t, (2)) (see Exerc1se . This quantity is equal to A (¢;0) by assumption.

Stepn>1. Lett; <---<t,andt >t,. Let us compute the conditional survival function
F(t;ty,... ty) =P(Tyoy >ty =t1,...., T, =1,).

Next we specify for each time Ti,..., T, if it belongs to N' or N>. More precisely, by the law of total
probability, we have

F(t:tr,...;t)) =Y, P(Tp1 >1, TN, T, eNTTy =t1,.... T, =1).
86{12}”

Now, fix € € {1,2}" and denote for k = 1,2, ny = Y* | 1., the number of events that belong to NFK
and 1t < -+ < t,fk such that {rf,. .., nk} {tiyi € {1,...,n} s.t. & = k}, namely the event times that
belong to N¥. Let us consider the following conditional survival function

Ae(t) =P (T >t|Ty €N®,.... T, €N and T} =1t,..., T, =1,).
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The conditioning event {7} € N°.,..., T, e N and T} =11,...,T, = t,} is equal to

Be={T'=1t{,....T) =t) and T} =1{,....T,} =1},

g TN

T2

n2+1)’ so that

. _ . 1
and, on this event, 7,1 = min <Tn1 Iy

2
Ae(t) =P (T,\ | >, T%, > 1[Be).
By independence between N' and N2, we can factorize A¢(t) = AL(t) x A%(t), where

Ak(r) = IP)(Tk+1 >t TF =1, TF = k) = F k. ).

> T hg k

This survival function corresponds to the hazard rate /lk(t;t’f,...,tﬁk). Hence, by differentiating
—InA¢ we get that the hazard rate associated with the survival function A is

ANestl, o ) H ARG, ).

By assumption, this quantity is equal to A(z;71,...,t,) whatever € is. In particular, the survival func-
tion A = A does not depend on € so that the survival function we seek is
F(t;t1,. . = ) A@ EN®, ... T,eN®|Ty=1,....T, =t,) = A1),
se{l 2}
and its hazard rate function is A (;7q,...,1,).

All in all, it means that N admits A, = A(t; NN [0,)) as an intensity.
Exercise 7 (Thinning coupling). See the homework

Exercise 8 (Change-time coupling). Let A!,4% : R, — R be two measurable functions. Let ITbe a
unit rate Poisson process on R. By the change-time representation, we know that, for k = 1,2, the
point process N¥ defined by, for all ¢ > 0,

Nk = ak(), where Ak (1) / A (s)

is a Poisson process with intensity AX.
In particular, we have NX = [5° gk (s)I1(ds) with the measurable test function g(s) =1 s<Ak(r)» and,

since the function g/ — g does not change its sign as s vary, we have

B! -2 = | [16!(6) - o) =& | [l - golas] = [led6) - g 0)las

by Campbell Theorem for the unit rate Poisson process IT (remark that there is nothing random in the
test functions g). Using again the fact that g! — g? does not change its sign, we get

|N1 N2 ‘/ gt / l
Moreover, assume without loss of generality that A! () < A%(¢). Then,
P (N} #N7) =P (Tyag) — Ty #0) =P (TI([A'(6),A%(1))) #0).

Yet, II([A!(¢),A%(¢))) is a Poisson random variable with parameter IT(A%() — A!(z)) so that

P(N, #N2) =1 —exp (—’/Otll(s)—lz(s)ds ) )

3)
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1. Assume that A? is such that |A! — A% < & for all t > 0 and some € > 0. Applying the last
formula, we get

e—0

t
P(N! #N?) < 1—exp (—/ A1 (s) —),Z(s)|ds) <l-e'—0.
0
We have here a convergence result for the one time marginals N and N. This is way weaker
than the convergence result in total variation obtained in Exercise
2. Let Al(r) = % 1ok 241y () and A1) =YL 12k+1,2642) (¢). The associated cumulative in-

tensities are
t k+(r —2k te |2k, 2k+1
Al(l‘):/ll(s)dsz +( )7 E[ 9 + )7
0 k+1, t€2k+1,2k+2).

and

! k 2k,2k+1
Az(l‘):/ ;LZ(S)dS: ) ZE[ ) + )7
0 k+(t—2k—1), t€2k+1,2k+2).

Itis clear that 0 < [§A!(s) — A2(s)ds < 1 for all  and so
E[|N/ —N}[]<1 and P(N/#N?)<l-e'~0,63,

follow from Equations (3) and (4).

The generalized inverse functions of A! and A? are
(AN =y+ Y Kl () =y+ 1y and (A*) () =y + [v] + 1.
k=0

Let (7,),>1 denote the points of the Poisson process I1. By definition, we then have N I =
{(AY~(T,),n € N*} and N> = {(A®>)"!(T;)),n € N*}. The image of (A!)~! is clearly the
support of A!, that is Uj>_[2k,2k + 1). And the image of (A%)~! is clearly the support of 12,
that is U;?_[2k 4 1,2k 4 2). In particular, these are disjoints and so N "and N? are disjoints.

Moreover, since (A%)~!(y) = 1+ (A!)~!(y) for all y, it is then obvious that N> = {T +1,T €
N'}.

3 Advanced exercises

Exercise 9 (Thinning and renewal). Let ¢',¢%> : R, — R be two left-continuous functions.
For k = 1,2, let us define Nk by, for all ¢ > 0,

t
NE= [ [ Ny (@micas.az),

where AX is the age process associated with N*. One could find measurable functions f' and £ such
that for all £ > 0, A = f*(£;TIN ([0,¢) x R,)).
Now, let us fix 7 > 0 and denote p(t) =P ((N'AN?) N[0,7] # 0). The test function (of s and z)

L0.1(s) [Lj0,g1(a1y(2) — Ljg 42(a2)) (2) ‘ Ly al—a2
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can be expressed as a measurable function g(s,z;IIN ([0,s) x R1)). Hence, we can use it in Camp-
bell’s formula, that is E; = E; where

=2 |f [

=E { / / Ljo.4(s) ‘l[o,qmm (2) =Lpo,g2(a2) (Z>‘1VrsS7A;=A%dst} :

Remark that [ ‘1[07q1 1)) (2) = 1 242y, (2) ‘ dz = |q"(A}) — q*(A2)|. The rest of the proof is divided in
two steps: 1) proof that the function p is right differentiable, 2) upper-bound of p(¢) using some kind
of Gronwall lemma argument.

L0414 (2) = Lo 2(a2)] (Z)’ IVrSs,A}:A%H(dSadZ)} = p(1),

and

Right differentiability. Let 2 > 0. By Campbell and the remark below the definition of E;, we have

t+h
1) =p0) = | [ (41 Py

As h goes to 0, the left-continuity of ¢! and ¢? and the fact that the probability to get a point in [tz + A]
goes to 0, we can approximate the integrand above by its value for s = ¢ so that

ple+m)=p(t) ~ HE |lg" (A1) = (4D Ny iz |
h—0t reer
which gives the fact that p is right differentiable. Let us denote p’ its right derivative.

Conclusion. Let us upper-bound p(¢) using Campbell formula and the assumption on the hazard
rates ¢' and ¢%. We have

p) = E| [ 1) - Dty
S ek |:/O 1VV§S7A}—A%dS1

t
< e /O E 1y a1-a2] ds.

Yet, the event {Vr < s5,Al = A2} is exactly the event {(N'AN?)N[0,s) = 0}. Hence, the inequality
above writes as p(t) < & [5 1 — p(s)ds. In particular, it implies that p’(t) < €(1 — p(t)).

What follows is inspired from the proof of Gronwall lemma (in its differentiable form). Let us
define v(¢) = € (1 — p(¢)). The function v is clearly right differentiable and its right derivative is
V(t) = e (e(1—p(t)) — p'(t)). Hence, the inequality above implies that v/(z) > 0. Like for the usual
derivative, the fact that v/(r) > 0 implies that v is non decreasing.

Since v(0) = 1, we get that v(r) > 1, which exactly means that p(t) < 1 —e ¥,

Exercise 10 (Lebesgue-Stieltjes integral). No correction given yet.

Exercise 11 (Optimal stopping time). No correction given yet.
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