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Original Motivations



The Original Problem

Heterogenous Source Estimation

- d different sources X(t) ~ N (y, o) to estimate
- Total of N samples to allocate: (Nq, Nz, ..., Ng)

- Minimization of E|f — p||* = 32, & % _ 1 ko
Loss defined on Proportions

L(p1,---,Px) = 2 5t Withp € Ay



The solution ?

Min. of £Z(p, .. .. Da) =D ;— constraintto p € Ay

- Easy to solve, p; = = with error L(p*) = (3_ ox)* = o*d?

The Question
What if the o}, are also unknown?
- Sequentially estimate 57 = - S0, (X, (t) — )Yk(t))2
Bigger Ny, better estimation of o}
Do not overshoot ! Smaller o7, smaller N,

Sequential (simultaneous) Estimation vs. Optimization



Sounds Like Exploration vs Exploitation !

Stochastic Multi-Armed Bandit

- d different sources Xy(t) ~ N (yir, o7)
- Total of N samples to sequentially allocate: (N1, No, ..., Ng)

- Minimization of & 3=, Nepe = >, Prit

Loss defined on Proportions
L(P1,---,Pg) = >p Prik = P, With p € Ay

- Let's take o = 1in bandits to simplify



The solution ?

Min. of Z(p;., ..., py) = p ', constrained to p € Ay,

- Easiest! p* = ey, where pg- = min ug and error: £(p*) = jig.

The Question in Bandit
What if the s, are unknown ?

- Use U pper-CO nﬁdence BOU I’ld I [Auer, Cesa-Bianchi, Freund, and Schapire]

Or any variant [acronym]-UCB-[another acronym]:
KL-UCB, UCB-V, UCB-2, Improved-UCB, UCB-+...
- Or variants of successive elimination (Explore Then Commit)
Worse performances than [X]-UCB-[Y], but simpler analysis
(and interpretation)



Let’s stick to the simplest

Upper-Confidence Bound - algorithm

1) Estimate ju by 71,(t) = 2”*? D X,,(s), but biased

f)

2) “Un-bias it” with fz,(t)—
3) Sample/pull the “arm” with smallest “unbiased” estimate

UCB-algo
Tty1 = Arg Maxg {ﬁfe(t) - 2M}

N (t)

4) Enjoy Optimization error / “regret”

con) - £(p) 5 W T

N o bk = Her




Ugly & useless but insightful 1 page proof
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Ugly & useless but insightful 1 page proof

£(Pe) = £(57) = £pc+ 7 (€xs — P) — £(p°)

= £(pe) — £(p7) + mwm (€ri.: = P2)

= L(p) ~ L(p") + mw( P (P~ o)
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Ugly & useless but insightful 1 page proof

= £(pe) — £(p7) + mmm (€ri.: = P2)

— £(p) - £(p") + 75 VLI (0" - )
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Still that proof'!

L(pn) - Z Z (ke = pir-)

R

< /l; :>V \ (,)

- 7Tt+1—f€Inye ‘/

Slow rate of convergence

£(pn) = £(6%) S 3 Zp Thy /0 S 2 /g < (/250

- Second equality + Cauchy-Schwartz

Fast rate of convergence
(% >k Ne(pr — Mfe*))z
(L(pn) — £(p%))" < (X, LYY (£(py) — L(p*)) !

IA

(Zh S )( 2 Nk — Nfe*))

IN



What did we learn with UCB ?

Optimistic Estimation of V£(p) or “unbiased”

~

Tin(t) — /2552 = Vi L(pr) and erq = argmingea, V-L(p)Tp

Variant of Frank-Wolfe, because of proportions

Prr1 = (1— 77)Pt + F€et
= (1= Z9)Pt + 5 &g MiNpea, V=L(p) TP

FW-algo: pry1 = (1 — )Pt + vt arg minpea, VL(p:) p

From Slow to Fast Rates with (heavy) computations

L(pn) — L(p*) S 1/ 'MW ys, lsN)



Our model & results




More General Model

Optimization of convex loss £(py) on Ag, think of £L(p) =", Z—E

- Typical parametric form: Ly(p) = >, fe(0k. Pr) With 6, unknown
Main assumption (typical case)
fr is smooth w.rt. p and ¢

* IV (Bk, Pr) = V(O PRI < Clpr = prl + C'll0k — 6;]
- At stage t, choose e, and observe X, (t) ~ N (0, 1)

After Ni(t) observations, Xx(t) ~ ), + 105%5)

- Noisy information on V£(-) only when sampling process k
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Other examples

- Utility maximization Optim. basket of substitutes goods
ress” and “squats” for fitness training

N W Wy

- V. thinks of “cardio”, “bench-p

- Kobb-Douglas utility /(x, . . ., ) = SN

- Use/buy one good (same price 1), estimate log-utility increase
- online Markovitz portfolio optimization

- Optimize £(p) =p " =p — Au"p  with X known, p unknown

- General Case
- Lis C-smooth w.rt. p and |[Ve£(p) — VeL(p)| < C




The algorithm - Stochastic/Online optimization

FwUC: Frank-Wolfe Upper Confident

- Optimistic/Unbiased grad. @;ﬁ(p) = ViL(p) — C'y/ loﬁii{)‘”
- Frank-Wolfe: e, = argminpea, pfﬁk L(pt), with § =1/t

First result (rather easy) Slow Rate of FwUC

EE(DN) _»C(p*) S C/ /(H(){\%(N) _’_O(logT(T))

- Proof ? (almost) identical to UCB !

14



The proof. Identical !!

1 X
E(pt-H) — L= [’(pt + 7(eﬂ't+1 - Df)) - L

t+1
Sﬁ(pt)_ﬁ +mv£(pt) (em+1 —pt)+(t+1)2
1 *
=L(pt) - L+ mVE(Pt)T(P —Dt)
1 . . C
+ qupt) (Ems — P) +m

< £ — £ + = VEE) (@ny — ) + -
= 1 pt t+1 pt 41 p (t+/\)2

t C
< —r* e
Tt {[’(pt) £ } TS ey

N
L] log(N) o log()
L(py) — L* < N ;ﬂ e+ CT and > et ~ C3 2 >\ W



Similar results/techniques

- Stochastic Frank Wolfe (errors independent of algorithms)
- [Jaggil, [Lacoste-Julien et al.], [Lafond et al.]

- Global Cost. Specific £(p) = f(67p) with § unknown, f known
- Adversarial: [Even-Dar et al.], [Blackwell], [Mannor et al.], etc.
- Stochastic: [Agrawal and Devanur], [Agrawal et al] Also use
stochastic Frank Wolfe
- Specific Cases. with pb tailored algorithm
- [Carpentier et al.], [the bandit community]



Fast Rates




What about Fast Rates ?

- Multi armed bandit 1/ 2%® transformed into ¢'95()

- General Case. Can we do the same ?
- Without more assumption, no.
- Maybe with strong convexity
Strong convexity

fly) = fx) + VAX) T (v — x) + plly — x|

- Positive Results. Fast rates sometimes possible
- without noise [Garben and Hazan] [Jaggill...]
- with decaying noise [Lafond et al.]
- in (almost) online convex optim. [Polyak-Tsybakov], [...]
- Negative Results
- Cannot leverage strong convexity in online convex optim. [Shamir],
[Jamieson et al ]

- No choice of parameter in FW, has to be



The model for fast rates

- On top of the previous assumptions
Assumptions

L is p-strongly convex and minimized in the interior of Ay
= d(0Ay, p*) will play a role [Lacoste-Julien & Jaggi]

L(p) = L(p*) < 732 |VL(P)  (esp — P

where e, , = argmingea, £(p) ' q

19



The model for fast rates

L(p) v

————— L(pe) + (VL(pe),p — 1) ”
Lo 7 L L(p) — L(ps)
: : s’ .
. . Ve :
7 : ¥y
L7 (VL(pt), px — pt)
: ) > <VL(Pt)7€M _pt>
€r, DPx bt
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The model for fast rates

- On top of the previous assumptions
Assumptions

L is p-strongly convex and minimized in the interior of Ay
= d(0Ay, p*) will play a role [Lacoste-Julien & Jaggi]

L(p) = L(p*) < 732 |VL(P)  (esp — P

where e, , = argmingea, £(p)'q
- Main idea - change in proofs
+ Before g5 VL(P:) " (exp — Pt) < —g5(L(pe) — L(p¥))
L Now L VL(p) (enp —P) < — VT /(E(p) — L

19



Fast rates, our result

FWwUC: e, = argminpea, pTﬁgﬁ(p,), with § =1/t

Assumptions:
- (C-smoothness/gradient estimation,
- p-strong convexity,

- y-interior minimum
Main result, Fast rates of FwUC

EL(pn) — £(p*) < 650 4 ¢, o8 4 o1

dC'|| L]] 0o
with & = 3L, ¢, = 30Ele ¢ — dC/|L oo + C

20



Some remarks

- FwUC Fully adaptive to
- The strong/non-strong convexity and the parameter
- The horizon N
- And any other constants/parameters except

- Parameters dependencies (Leading Term)

- Linear in the ambiant dimension d
- inverse-Linear in the strongly-convexity parameter ;.
- inverse-square in the distance to the boundary » (but } on Ay)

- Generalizations

B8
- Gradients errors (IOS&/[)‘”> with 8 < 1/2

B g(N
Slow rate (%) , and fast rates °4)
- (Non-strongly convex) without interior minimum but V£(p*) < 0

- Lower bounds matching in N (classic in bandits/stoc. optim)

21



Ideas of proof

- Recall the first upper-bound

* & 1 T ¢
_ < — o - (t 12
L(pesn) = L7 < Lp) = £+ 75 VEP) (e =P + 77
< - L~ — L T+ )2
S Lp) = £ == 5 VEP) = £+ =5+

- Introducing pr = L£(pt) — £* and ¥(x) = x> — \/2un?x, we get

(t+Dpryr < tpr+ [¢(pt) - ¢(%)} +T .-

- if (pr) — (2) < 0then ok. but not always...
more or less only asymptotically, if everything goes right.

22



Back to the original question

(f * g * 2
L(p) = > b Pr= ZJ/E, CL(p*) = (Zj"/)

Main issue: £ not smooth in p nor &°...

3
- But smooth “around” p*, with C" ~ EU‘ and C ~ (£2)

Imin

First phase of rough estimation of o7

2
- Difficult to estimate o} + ¢, easy for [Z, 3%]

- Xe ~ N (6, 1), sample as long as X, < 4/ '/
- Need roughly “2//9) — o(T) samples
- Second phase of samplmg linear time
- k sampled Nz(,?gé,z/z < N, times
Third phase of optimization, using FwUC
- pt far from boundary, close to p*. Valid upper-bounds on C, C’

23
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