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Abstract
In this paper, we examine the long-run distribution
of stochastic gradient descent (SGD) in general,
non-convex problems. Specifically, we seek to
understand which regions of the problem’s state
space are more likely to be visited by SGD, and
by how much. Using an approach based on the
theory of large deviations and randomly perturbed
dynamical systems, we show that the long-run dis-
tribution of SGD resembles the Boltzmann–Gibbs
distribution of equilibrium thermodynamics with
temperature equal to the method’s step-size and
energy levels determined by the problem’s objec-
tive and the statistics of the noise. In particular,
we show that, in the long run, (a) the problem’s
critical region is visited exponentially more often
than any non-critical region; (b) the iterates of
SGD are exponentially concentrated around the
problem’s minimum energy state (which does not
always coincide with the global minimum of the
objective); (c) all other connected components of
critical points are visited with frequency that is ex-
ponentially proportional to their energy level; and,
finally (d) any component of local maximizers or
saddle points is “dominated” by a component of
local minimizers which is visited exponentially
more often.

1 Introduction
Even though stochastic gradient descent (SGD) has been
around for more than 70 years [56], it is still the method of
choice for training a wide array of modern machine learning
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architectures – from large language models to reinforce-
ment learning and recommender systems. This phenomenal
success is largely owed to the method’s simplicity: given a
smooth function � : �� � � and the associated optimiza-
tion problem

min���� � (�) (Opt)

the SGD algorithm is given by the simple update rule

��+1 = �� � ��̂� (SGD)

where � > 0 is the method’s step-size, and �̂�, � = 0, 1, . . .
is a stochastic gradient of � at ��.

By virtue of its wide applicability, (SGD) and its variants
have been studied extensively in the literature, for both
convex and non-convex objectives. In the non-convex case
(which is the most relevant setting for machine learning), the
basic, no-frills guarantees of (SGD) boil down to bounds of
the form �

���
�=0�� � (��)�2� = O(��) provided that � has

been chosen accordingly [34]. This guarantee suggests that
the sequence �� eventually spends all but a vanishing frac-
tion of time near regions where � � is small, but it does not
answer where (SGD) ultimately settles down. In particular,
the following crucial question remains open:

Which critical points of � (or components thereof ) are more
likely to be observed in the long run – and by how much?

This question is notoriously difficult because the loss land-
scape of � can be exceedingly complicated – especially in
deep learning problems with hundreds of millions (or even
billions) of parameters. Starting with the negative, � may
contain a number of spurious saddle points that is exponen-
tially larger than the number of local minima, and the func-
tion values associated with worst-case saddle points may be
considerably worse than those associated with worst-case
local minima [8]. On the flip side, a more positive answer is
provided by the literature on the avoidance of saddle-points
where, under different assumptions for the method’s step-
size and the structure of � , it has been shown that the time
spent by �� in the vicinity of strict saddle points is (vanish-
ingly) small; for a representative – but, by necessity, incom-
plete – list of results, cf. [2, 3, 19, 24, 25, 29, 36, 48, 53, 64]
and references therein.
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Abstract

In this paper, we examine the time it takes for
stochastic gradient descent (SGD) to reach the
global minimum of a general, non-convex loss
function. We approach this question through the
lens of randomly perturbed dynamical systems
and large deviations theory, and we provide a tight
characterization of the global convergence time
of SGD via matching upper and lower bounds.
These bounds are dominated by the most “costly”
set of obstacles that the algorithm may need to
overcome in order to reach a global minimizer
from a given initialization, coupling in this way
the global geometry of the underlying loss land-
scape with the statistics of the noise entering the
process. Finally, motivated by applications to the
training of deep neural networks, we also provide
a series of refinements and extensions of our anal-
ysis for loss functions with shallow local minima.

1 Introduction
Much of the success of modern machine learning applica-
tions hinges on solving non-convex problems of the form

min���� � (�) (Opt)

where � : �� � � is a smooth function on �� . When �
is so large as to make gradient calculations computation-
ally prohibitive, the go-to method for solving (Opt) is the
stochastic gradient descent (SGD) algorithm

��+1 = �� � ��̂� (SGD)
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where � > 0 is the method’s step-size – or learning rate –
and �̂�, � = 0, 1, . . ., is a computationally affordable stochas-
tic approximation of the gradient of � at �� � �� .

The study of (SGD) goes back to the seminal work of Rob-
bins & Monro [74] and Kiefer & Wolfowitz [37], who in-
troduced the method in the context of solving systems of
nonlinear equations in the 1950’s. Originally, the analysis
of (SGD) involved a vanishing step-size �� satisfying the
“�2 � �1” summability conditions

�
� ��

2 < � =
�

� ��,
and gave rise to the ODE method of stochastic approxi-
mation. In this context, the first convergence results for
(SGD) were obtained by Ljung [50, 51], Benaïm [8], and
Bertsekas & Tsitsiklis [10], who established the almost sure
convergence of the method in non-convex problems (with
different regularity conditions for � ). In conjunction with
the above, a parallel thread in the literature launched by Pe-
mantle [70] and Brandière & Duflo [13] showed that (SGD)
avoids saddle points with probability 1, so, barring degen-
eracies, it only converges to local minimizers of � – see also
[2, 9, 28, 29, 35, 57, 58, 75] and references therein.

On the other hand, when (SGD) is run with a constant step-
size – the standard choice in data science and machine learn-
ing – the situation is drastically different. The trajectories of
(SGD) do not converge, but they instead wander around the
problem’s state space, spending most time near the critical
points of � . This is quantified by “criticality bounds” of
the form �[��

�=0�� � (��)�2] = O(��), which certify an
output with small gradient norm, in expectation or with high
probability [41]. As in the vanishing step-size regime, these
results are supplemented by a range of saddle-point avoid-
ance results [24, 79] which, under certain conditions, imply
that the output of (SGD) is approximately second-order
optimal (and hence, in most cases, a near-minimizer).

Nevertheless, all these results for (SGD) are, at best, guar-
antees of local minimality, not global. When it comes to
approximating the global minimum of � , we must tackle
the following fundamental question:

How much time does it take (SGD) to reach
the vicinity of a global minimum of � ?

Of course, attaining the global minimum of a non-convex
function is a lofty goal, so, before examining the time re-
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This lemma is adapted and significantly expanded from Kifer [32, §1.5, Lem. 5.2] to handle both the unbounedness of the
space and the fact that � is neither l.s.c. nor upper semi-continuous (u.s.c.).

Lemma D.9. Let K be an equivalence class of �. Then, for any � > 0, there is some � � 1 such that, for any �, � � K,
there is � � (��)� such that �0 = �, ���1 = �, A� (�) < � and max0��<� � (��,K) < �.

Proof. By Lemma D.7, K is a compact set. Moreover, K is made of critical points of � so that by Lemma D.4, � is finite and
continuous on a neighborhood of K � K. By compactness of K � K, � is actually uniformly continuous on a neighborhood
of K � K so, in particular, for any � > 0, there exists � > 0 such that, for any �� � �� with � (�� ,K) < � for � = 1, . . . , 4
such that ��1 � �2� < �, ��3 � �4� < �,

|�(�1, �3) � �(�2, �4) | < � .

By compactness of K, there exists a finite number of points �� � K, � � � such that

K �
�
���

�(�� , �) . (D.3)

We first show that the result holds for the points �� before explaining why it actually suffices for the general case.

Fix �, � � �. Since �� � � � , �(�� , � � ) = 0 and therefore there exists sequences �� � (��)�� with ��0 = �� , �����1 = � � such
that A�� (��) � 0 as � � �. For the sake of contradiction, assume that from some � , there always exists 0 � � < �� such
that � (��� ,K) � �. Define �� as the smallest � such that it happens, which is necessarily greater or equal to 1. Note that, by
definition, �����1 satisfies � (�����1,K) � �.

Define K� := {� � �� : � (�,K) � �} which is compact. However, for � large enough, �(�����1, �
�
�� ) � A�� (��) � 1 so

that (�����1, �
�
�� ) belongs to �K�

2 (1), which is compact by Corollary C.2. Therefore, one can extract a subsequence from
(�����1, �

�
�� , )��1 that converges to some (�, �) � �� that satisfies � (�,K) � �. Moreover, by l.s.c. of �, one has that

�(�, �) � lim inf
���

�(�����1, �
�
�� )

� lim inf
���

A�� (��) = 0 ,

so that �(�, �) = 0. We now show that � = � and that it is a critical point. By Lemma D.6, we have that

�� (�����1) ��� (��) � 2�(�� , �����1) � 2A�� (��)
�� (� � ) ��� (���� ) � 2�(� � , �

�
�� ) � 2A�� (��) ,

and taking the limit as � � � yields that

�� (�) ��� (��) � 0
�� (� � ) ��� (�) � 0 .

However, the fact that �� and � � are equivalent and Lemma D.6 imply that �� (��) = �� (� � ) so that �� (�) � �� (�). Since
�� is increasing, we have that � (�) � � (�).
But we have that �(�, �) = 0 so that � = �1 (�). Therefore, if � � (�) � 0, we would have

� (�) � � (�) = �
� 1

0
�� � (�� (�)�2 �� < 0 ,

which would be a contradiction. Therefore, � � (�) = 0 and � = �. Since � is a critical point, to show that it belongs to K, it
suffices to show that �� � �.

Take � > 0. By Lemma D.8, for � small enough, W� ({�}) is an open neighborhood of �. Since ���� converges to �, for �
large enough, ���� belongs to W� ({�}). (��0 , . . . , ���� , �) and (�, ���� , . . . , �����1) are, respectively, paths from �� to � and
from � to � � with action cost of at most A�� (��) + � so that, for � large enough, �(�� , �) � 2� and �(�, � � ) � 2�.
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Lemma D.14 (Lyapunov condition). Define �� as in Lemma D.6. Then, there exists K � �� compact, �0 > 0, � > 0 such
that, for any � � �0, � � 0, if �� � K, then, almost surely,

�� (��+1) ��� (��) � �

� ��(��,��)�2

�2
� � � (��)

� �� � (��)�2

�2
� � � (��)

�

� �

� ��(��,��)�2

�2
� � � (��)

� (16� log 6 + �)
�
.

Proof. By Assumption 9, there is � � 1
2 , � > 0 such that, for any � � �� such that ��� � �,

������
�����

� (�) � �

� � �2
�� � (� )
�� �� � ��1

�� � (� ) �2

�2
�� � (� )

� 16� log 6 + � .

Then, define K := �(0, 2� + 1).
By definition, �� is twice continuously differentiable and, its Hessian satisfies, for any � � �� ,

Hess�� (�) ¥ 2 Hess � (�)
�2
� � � (�)

¥
2�( � )

�2
� � � (�)

� . (D.5)

For the sake of clarity, for any � � 0, denote by ��� the quantity

��� =
��+1 � ��

�
.

For any � � 0, we now have

�� (��+1) ��� (��) � ����� (��), ���� +
�2

2
�����2 sup

�� [0,1]

2�( � )
�2
� � � (�� + � (��+1 � ��))

.

We first focus on bounding the last term. First note that, by the blanket assumptions, ���+1 � ��� � 2�� (1 + ����) so that,
For any � � [0, 1], � � (4�)�1,

��� + � (��+1 � ��)� � ���� � ���+1 � ���
� ���� � 2�� (1 + ����)

� 1
2
(���� � 1) .

If �� is outside of K, we have that ���� � 2� + 1 and thus ��� + � (��+1 � ��)� � �. Moreover, since � � 1
2 , �� being

outside of K also implies that 1
2 ���� � 1 and so ��� + � (��+1 � ��)� � 1

4 ����. By the definition of �, we thus have

�2
� � � (�� + � (��+1 � ��)) � ���� + � (��+1 � ��)��

� �

�
1
4

��
�����

� �2

4�
�2
� � � (��) .

Thus, if �� � K, Eq. (D.5) yields that

�� (��+1) ��� (��) � ����� (��), ���� + �2 4��( � )
�2�2

� � � (��)
�����2 . (D.6)
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Now, we can rewrite the inner product as

���� (��), ���� =
2�� � (��), ����
�2
� � � (��)

=
���� + � � (��)�2

�2
� � � (��)

� �� � (��)�2

�2
� � � (��)

� �����2

�2
� � � (��)

.

Plugging this into Eq. (D.6) and assuming that � � �2

4�� ( � ) , we obtain

�� (��+1) ��� (��) � �

� ���� + � � (��)�2

�2
� � � (��)

� �� � (��)�2

�2
� � � (��)

�

� �

� ��(��,��)�2

�2
� � � (��)

� �� � (��)�2

�2
� � � (��)

�
,

where we unrolled ��� in the last inequality. Using again that �� � K, we obtain

�� (��+1) ��� (��) � �

� ��(��,��)�2

�2
� � � (��)

� (16� log 6 + �)
�
,

which concludes the proof. Ñ

We will reuse, in later sections, the following fact that we thus state as a lemma: the sequence of iterates of SGD is (weak)
Feller (see e.g., [22, Def. 4.4.2]).
Lemma D.15. The Markov chain (��)��0 is (weak) Feller.

Proof. since both � � and � are continuous, for any � : �� � � continuous and bounded, the function.

� � �� ��� �� [�(�1)] = �� [�(� � �� � (�) + ��(�,�))]

is still continuous and bounded. Therefore, the Markov chain (��)��0 is weak-Feller. Ñ

Lemma D.16. There is �0 > 0 such that, for any � � �0, there exists an invariant probability measure for (��)��0.

Proof. We invoke a general result on weak-Feller Markov chains that satisfy a Lyapunov condition, e.g., Hernández-Lerma
& Lasserre [22, Thm. 7.2.4] or Douc et al. [12, Thm. 12.3.6].

First, Lemma D.15 ensure that (��)��0 is weak-Feller.

Moreover, by Lemma D.14, there exists K � �� compact, �0 > 0, � > 0 such that, for any � � �0, �0 = � � K,

�� (�1) ��� (�) � �

� ��(�,�0)�2

�2
� � � (�)

� (16� log 6 + �)
�
.

Passing to the expectation yields that, for any � � K,

�� [�� (�1)] ��� (�) � �

�
��

�
��(�,�0)�2�
�2
� � � (�)

� (16� log 6 + �)
�
.

Appplying Corollary D.2 with � � �(�,�0 )�
�2
�� � (� )

(the conditions of application are verified from Assumption 6(c)) yields that

�� [�� (�1)] ��� (�) � ��� .

Hence, for any � � �� , it holds

�� [�� (�1)] ��� (�) � ��� + 1{� � K}
�

sup
�� �K

��� [�� (��)] � inf
��

�� + ��

�
,
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where we used Eq. (D.9).
We now focus on bounding the first term. For this, we first show that �X �

� < � implies that

dist�
�
� �

, � {�}
� (�/4)

�
> �/2 .

For the sake of contradiction, suppose that this inequality does not hold. Therefore, there must exist � � � {�}
� (�/4) such

that dist�
�
� �, �

�
< �. In particular, there is some � < � such that �� � X �, so that, by Definition 3,

A� (�) � A�+1 (�) � �(�0 , ��) .

By Lemma D.6, we have that

�(�0 , ��) � 1
2 (�� (��) ��� (�0))� 1

2

�
��

�
inf��\X � �

�
� ��

�
sup
X �

�

��
,

since �� is increasing. By construction of X �, we have further that
�(�0 , ��) � 1

2

�
��

�
sup
X � + 1

�
� ��

�
sup
X � )

��
= �

2 ,

so that A� (�) � �/2, which is a contradiction with � � � {�}
� (�/4).

Therefore, we have that

�
�
�X �

� < �
�
� �

�
dist�

�
� �

, � {�}
� (�/4)

�
> �/2

�� exp
�
� �

8�

�
,

where we invoked Corollary C.2 with � � �/2, � � �/2, � � �/8.

Ñ

The following lemma is key to our analysis: it shows that SGD spends most of its time near its critical points.

Lemma D.21. Consider crit( � ) � U � X � �� with U an open set and X a compact set. Then, there is some

�0 , �0 , �, � > 0 such that,

�� � �0 , � � �0 , � � X , ��

�
�

��U
�

�
� �

��
� +�

.

Proof. Fix � > 0. Without loss of generality, assume that X is large enough to include the compact set given by the first

item of Lemma D.19 (note that the guarantee of the first item of Lemma D.19 still holds even if X is larger).

Apply Lemma D.20 with U � U , X � X and denote by X̃ the obtained compact and �0 ,� > 0 such that, for every � � �0 ,

� � X ,

��
�
�X̃ < �U

�
� exp

�
� �
�

�
.

Define � := sup
��X̃ ��� and � = � 8�(1 + �). Assuming that � � 1, by Lemma B.2, for any � � X̃ , the next two iterates of

(� �
� )��0 satisfies �� �

1 � � � and �� �
2 � � �. Define X � := �(0, �).

We invoke both items of Lemma D.19 with K � X̃ \ U and denote by � > 0 a constant that satisfies the bounds of both

items. In the rest of the proof, we consider � and � smaller than the bounds given by this lemma.

Our goal is to bound, for any � � 0, the quantity,
�� (�, �) := sup

��X
��

�
exp

�
�� �

U
�

��
, where � �

U := min(� ,�U ) .37

What is the Long-Run Distribution of SGD? A Large Deviations Analysis

Note that, by construction, �� (�, �) is finite.

Take � � X . In particular, Lemma D.19 implies that �X̃ \U < +� almost surely for all � � X .

exp
�
�� �

U
�

�
=
1{� �

�
X̃ \U � U } exp

�
��X̃ \U�

�
+ 1{� �

�
X̃ \U � X

� } exp
�
��X̃ \U�

�
exp ����

� �
� �
U � �X̃ \U

�
� ����

�
1{� �

�
X̃ \U � U } exp

�
��X̃ \U�

�
+ 1{� �

�
X̃ \U � X

� } exp
�
��X̃ \U�

�
exp ����

�min �
�U � �X̃ \U , � ��

����

so that we can apply the strong Markov property to the Markov chain (� �
� )��0 with stopping time �X̃ \U to obtain that

�
�

�
exp

�
�� �

U
�

��
� �

�

�
1{� �

�
X̃ \U � U } exp

�
��X̃ \U�

�
+ 1{� �

�
X̃ \U � X

� } exp
�
��X̃ \U�

�
�
� �
�
X̃ \U

�
exp

�
�� �

U
�

���
(D.10)

We now bound

1{� �
�
X̃ \U � X

� }�
� �
�
X̃ \U

�
exp

�
�� �

U
�

��
= �

� �
�
X̃ \U

�
1{� �

0 � X
� } exp

�
�� �

U
�

��

Since � is in X , by definition, �X̃ \U is at least equal to 1 and � �
�
X̃ \U �1 is still in X̃ . By definition of X �, � �

�
X̃ \U must still be in

X �. Therefore, the guarantee of Lemma D.19 applies and, since in particular it implies that �X is finite almost surely when

the chain is started at � �
�
X̃ \U , we can apply the strong Markov property to obtain that

�
� �
�
X̃ \U

�
1{�0 � X̃ } exp

�
�� �

U
�

��
� �

� �
�
X̃ \U

�
1{�0 � X̃ } exp

�
��X
�

�
�
� �
�
X

�
exp

�
�� �

U
�

���

�
�� (�, �) �

� �
�
X̃ \U

�
1{�0 � X̃ } exp

�
��X
�

��
,

where, for the second inequality, we used the definition of �� (�, �) and the fact that �
�

X is in X .

Now, to bound the remaining expectation, note that �0 does not belong to X̃ and, a fortiori, does not belong to X . Therefore,

�X depends only on (� �
� )��1 and the (weak) Markov property implies that

�
� �
�
X̃ \U

�
1{�0 � X̃ } exp

�
��X
�

��
� �

� �
�
X̃ \U

�
1{�0 � X̃ }�

�1

�
exp

�
�(1 + �X )� �� �

� exp
�
�(1 + �)� �

�
� �
�
X̃ \U

�
1{�0 � X̃ } �

,

by Lemma D.19, since the � �
�
X̃ \U �1 is still in X̃

so that �1 of the chain started at � �
�
X̃ \U is still in X �.

Lemma D.20 then implies that,

�
� �
�
X̃ \U

�
1{�0 � X̃ } exp

�
��X �
�

��
� exp

�
�(1 + �) � ��

+ �
�

Combining these bounds with Eq. (D.10) then gives

�
�

�
exp

�
�� �

U
�

��
� �

1 + �� (�, �) exp
�
�(1 + �) � ��

+ �
��
�
�

�
exp

�
��X̃ \U�

��

� �
1 + �� (�, �) exp

�
�(1 + �) � ��

+ �
��
exp

�
��

� + �
�
,
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by Proposition D.3. It now
rem

ains to estim
ate the norm

alization constant ��(�
�). On the one hand, we have that

��(� �) �
max��� ��(V

� )

�
max��� exp �

� � (K
� ) �

min
��� � (K

� )

�

� �
�

�
=

exp �
� �

�

�
.

On the other hand, by Lem
m

a D.21 applied with U
�

V
and X

�
clV

(choosing V
sm

all enough so that is bounded), the

quantity

� :=
sup{�

� [�
V ] : � �

V
, 0

<
� �

�
0 }

is finite. Therefore, we have that
��(� �) = �

�
� �� �V (�) �

� [�
V ]

�
� �

�
� �� �V (�) =

� ,

which, along with choosing
�

0 sm
all enough so that � �

exp(�/�), concludes the proof.

Ñ

W
e will need the following lem

m
a to prove the second part of our m

ain result.

Lem
m

a D.26. For any
�
>

0, for any V
1 , . . . ,V

�
measurable neighborhoods of K

1 , . . . ,K
�

small enough, �
measurable

set, �
�
>

0, there exists �
0 >

0 such that, for any 0
<
�
<
�

0 , for any
� �

�, � �
V
� ,

�
� �
�
�

�
�
�

<
�

V �
�

exp �
� �(K

� ,�) �
�

�

�
,

where

�
�
�
� := �

� �
�

: � (�,� �
\
�) �

�
� �

.

Proof. The requirem
ent on the V

� are the sam
e in the proof of Lem

m
a D.22 but we restate them

here for com
pleteness.

Assum
e that, without loss of generality, �

is sm
all enough

so
that Lem

m
a D.8

with
� �

�
can

be applied
to

every K
� ,

� =
1, . . . ,�. Denote by W

� , � =
1, . . . ,�

the corresponding
neighborhoods of K

� . Since these W
� ’s are neighborhoods

of the K
� ’s, there exists

�
>

0 such
that U

2� (K
� ) �

W
� for all � =

1, . . . ,�. Require then
that V

� be contained
in U

� (K
� )

so
that U

� (clV
� ) �

W
� for all �

=
1, . . . ,�. M

oreover, assum
e

that �
>

0
is sm

all enough
so

that the
neighborhoods

U
� (K

� ), � =
1, . . . ,�

are pairwise disjoint and that � �
�
� . Define 0

<
� ��

� such that U
� �(K

� ) is contained in V
� for all

� =
1, . . . ,� .

Fix
� �

� and
consider � �

(�
�) �

such
that �0 �

U
� �(clV

� ), �
�
�1 �

U
� �(�

�
�
� ). By

construction, �0 �
U
� (V

� ) �
W

� .

Therefore, there exists � �
K
� such that �(�, �0 )

<
�. M

oreover, since
� ��

� �
�
� , U

� �(�
�
�
� ) �

�
so that �

�
�1 �

�
.

Define
� :=

(�, �0 , . . . , �
�
�1 ) which is a path from

K
� to

�
so that

A
� (�) �

A
�+1 (�) �

� �
�(K

� ,�) �
�
.

W
e now

follow
the sam

e outline as for the proof of Lem
m

a D.22. Fix
� �

V
� . For any

�
�

0, we have that

�
� �
�
�

�
�
�

<
�

V �
�
�
� �
�
�

�
�
�

<
�

V
,�

V
<
� �

+
�
� (�

V �
�) .

For som
e
�

large enough, Lem
m

a D.21 yields�
� (�

V �
�) �

exp �
� �(K

� ,�) �
�

�

�
.

W
e now

bound
�
� �
�
�

�
�
�

<
�

V
,�

V
<
� �

for this choice of
� . For this, it suffices to

note that �
�

�
�
�

<
�

V
,�

V
<
�

im
plies that dist� �

� �
, � {�}�

(� �
2�) �

>
� �2 . Then, applying Corollary C.2 yields

�
� �
�
�

�
�
�

<
�

V
,�

V
<
� �

�
exp �

� �(K
� ,�) �

3�

�

�
,

which concludes the proof.

Ñ
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W
e

have
that

S
� (�)

= �
� �1(� )

0

�� (�)L(��
� , ( �� (�)) �1���

� )
��

,

so
it suffices to

bound
L(��

� , ���
� ) from

below
: by

definition, w
e

have

L(��
� , ( �� (�)) �1���

� ) �
sup �

��, ( �� (�)) �1���
� +

�
� (��

� )� �
H̄
(��

� , �) :
�
�
�
�

: ��� �
�(��

� )

2�
2(

� (��
� )) �

�
sup �

��, ( �� (�)) �1���
� +

�
� (��

� )� �
(1 +

�) �
2(

� (��
� ))

2
��� 2

:
�
�
�
�

: ��� �
�(��

� )

2�
2(

� (��
� )) �

,

by
Lem

m
a

F.2. A
pplying

Lem
m

a
F.3

w
ith

�
�

�� (�), now
exactly

yields, for alm
ost all

�,

L(��
� , ( �� (�)) �1���

� ) �
�� (�) sup �

��, ���
� +

�
� (��

� )� �
(1 +

�) �
2(

� (��
� ))

2
��� 2

:
�
�
�
�

: ��� �
�(��

� )

2�
2(

� (��
� )) �

=
�� (�)

� ���
� +

�
� (��

� )� 2

2(1 +
�)�

2(
� (��

� )) ,

since � ���
� +

�
� (��

� )� �
�
(��

� )
2

.

Ñ

Lem
m

a
E.2.

W
ith

this setting, for any
� �

��
� =

�
� +

�( ��
�)�

�
� �

� ,� � �
��

� �
� +

O
(�)

Proof.
C

onsider
�
�

C ([0,�]) such
that

�
0 �

K
� , �

�
�

K
� and

S
� (�)

<
+�

. Then, by
the

previous
lem

m
a

Lem
m

a
E.1,

there
exists ��

�
C ( [0, �]) a

reparam
etrization

of
�

such
that, for any

� �
[0, �],

S
� (�) � �

�0

� ���
� +

�
� (��

� )� 2

2(1 +
�)�

2(
� (��

� ))
��

= �
�0

�� ���
� +

�
� (��

� )� 2

2(1 +
�)�

2(
� (��

� ))
�� +

�
(�

� ) �
�
(�

0 )

1 +
�

,

w
here

w
e

perform
ed

the
sam

e
com

putations as above
in

A
ppendix

E.1. C
onsidering

the
path

(��
��

� )
�� [0,� ] and

invoking
the

upper-bound
on

the
Lagrangian

from
Lem

m
a

F.2
w

ith � ���
� +

�
� (��

� ) w
hich

still has norm
less than

�(��
� )/4, w

e
get that

S
� (�) �

1 �
�

1 +
�
�

� ,� +
�
(�

� ) �
�
(�

0 )

1 +
�

.

The
result now

follow
s from

the
sam

e
com

putations as in
A

ppendix
E.1.

Ñ

E.3
Local dependencies

U
nder local assum

ptions sim
ilar to

M
ori et al. [51], w

e
dem

onstrate
how

the
m

odelling
of the

noise
influences the

invariant

m
easure.

Lem
m

a
E.3.

C
onsider K

� m
inim

izing, �
2:

�
�

(0, +�
) continuous, and

take
�

:
�
�

�
such

that � �
=

1�
2 . Assum

e
that

�
�

is a
positive

definite
m

atrix
such

that, locally
near K

� , it holds that:

�(
� (�))

=
���eig

�
� � �(�

� )
,

w
here

�
�

denotes
the

orthogonal
projection

of
�

on
the

eigenspace
of

the
eigenvalue

�
and

w
here

�
�:

�
�

�
�

is

continuously
differentiable. D

efine
the

potential�
:
�
�
�

�
by

�
(�)

=
���eig

�
� 2�

�(�
� )

�
.
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In this (follow-up) talk

Global convergence time

What is the Long-Run Distribution of Stochastic Gradient Descent?
A Large Deviations Analysis

Waïss Azizian 1 Franck Iutzeler 2 Jérôme Malick 1 Panayotis Mertikopoulos 3

Abstract
In this paper, we examine the long-run distribution
of stochastic gradient descent (SGD) in general,
non-convex problems. Specifically, we seek to
understand which regions of the problem’s state
space are more likely to be visited by SGD, and
by how much. Using an approach based on the
theory of large deviations and randomly perturbed
dynamical systems, we show that the long-run dis-
tribution of SGD resembles the Boltzmann–Gibbs
distribution of equilibrium thermodynamics with
temperature equal to the method’s step-size and
energy levels determined by the problem’s objec-
tive and the statistics of the noise. In particular,
we show that, in the long run, (a) the problem’s
critical region is visited exponentially more often
than any non-critical region; (b) the iterates of
SGD are exponentially concentrated around the
problem’s minimum energy state (which does not
always coincide with the global minimum of the
objective); (c) all other connected components of
critical points are visited with frequency that is ex-
ponentially proportional to their energy level; and,
finally (d) any component of local maximizers or
saddle points is “dominated” by a component of
local minimizers which is visited exponentially
more often.

1 Introduction
Even though stochastic gradient descent (SGD) has been
around for more than 70 years [56], it is still the method of
choice for training a wide array of modern machine learning

1Univ. Grenoble Alpes, CNRS, Inria, Grenoble INP, LJK,
38000 Grenoble, France 2Institut de Mathématiques de Toulouse,
Université de Toulouse, CNRS, UPS, 31062 Toulouse, France
3Univ. Grenoble Alpes, CNRS, Inria, Grenoble INP, LIG,
38000 Grenoble, France. Correspondence to: Waïss Azizian
<waiss.azizian@univ-grenoble-alpes.fr>.

Proceedings of the 41�� International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

architectures – from large language models to reinforce-
ment learning and recommender systems. This phenomenal
success is largely owed to the method’s simplicity: given a
smooth function � : �� � � and the associated optimiza-
tion problem

min���� � (�) (Opt)

the SGD algorithm is given by the simple update rule

��+1 = �� � ��̂� (SGD)

where � > 0 is the method’s step-size, and �̂�, � = 0, 1, . . .
is a stochastic gradient of � at ��.

By virtue of its wide applicability, (SGD) and its variants
have been studied extensively in the literature, for both
convex and non-convex objectives. In the non-convex case
(which is the most relevant setting for machine learning), the
basic, no-frills guarantees of (SGD) boil down to bounds of
the form �

���
�=0�� � (��)�2� = O(��) provided that � has

been chosen accordingly [34]. This guarantee suggests that
the sequence �� eventually spends all but a vanishing frac-
tion of time near regions where � � is small, but it does not
answer where (SGD) ultimately settles down. In particular,
the following crucial question remains open:

Which critical points of � (or components thereof ) are more
likely to be observed in the long run – and by how much?

This question is notoriously difficult because the loss land-
scape of � can be exceedingly complicated – especially in
deep learning problems with hundreds of millions (or even
billions) of parameters. Starting with the negative, � may
contain a number of spurious saddle points that is exponen-
tially larger than the number of local minima, and the func-
tion values associated with worst-case saddle points may be
considerably worse than those associated with worst-case
local minima [8]. On the flip side, a more positive answer is
provided by the literature on the avoidance of saddle-points
where, under different assumptions for the method’s step-
size and the structure of � , it has been shown that the time
spent by �� in the vicinity of strict saddle points is (vanish-
ingly) small; for a representative – but, by necessity, incom-
plete – list of results, cf. [2, 3, 19, 24, 25, 29, 36, 48, 53, 64]
and references therein.

1

The Global Convergence Time of Stochastic Gradient Descent
in Non-Convex Landscapes: Sharp Estimates via Large Deviations

Waïss Azizian 1 Franck Iutzeler 2 Jérôme Malick 1 Panayotis Mertikopoulos 3

Abstract

In this paper, we examine the time it takes for
stochastic gradient descent (SGD) to reach the
global minimum of a general, non-convex loss
function. We approach this question through the
lens of randomly perturbed dynamical systems
and large deviations theory, and we provide a tight
characterization of the global convergence time
of SGD via matching upper and lower bounds.
These bounds are dominated by the most “costly”
set of obstacles that the algorithm may need to
overcome in order to reach a global minimizer
from a given initialization, coupling in this way
the global geometry of the underlying loss land-
scape with the statistics of the noise entering the
process. Finally, motivated by applications to the
training of deep neural networks, we also provide
a series of refinements and extensions of our anal-
ysis for loss functions with shallow local minima.

1 Introduction
Much of the success of modern machine learning applica-
tions hinges on solving non-convex problems of the form

min���� � (�) (Opt)

where � : �� � � is a smooth function on �� . When �
is so large as to make gradient calculations computation-
ally prohibitive, the go-to method for solving (Opt) is the
stochastic gradient descent (SGD) algorithm

��+1 = �� � ��̂� (SGD)
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where � > 0 is the method’s step-size – or learning rate –
and �̂�, � = 0, 1, . . ., is a computationally affordable stochas-
tic approximation of the gradient of � at �� � �� .

The study of (SGD) goes back to the seminal work of Rob-
bins & Monro [74] and Kiefer & Wolfowitz [37], who in-
troduced the method in the context of solving systems of
nonlinear equations in the 1950’s. Originally, the analysis
of (SGD) involved a vanishing step-size �� satisfying the
“�2 � �1” summability conditions

�
� ��

2 < � =
�

� ��,
and gave rise to the ODE method of stochastic approxi-
mation. In this context, the first convergence results for
(SGD) were obtained by Ljung [50, 51], Benaïm [8], and
Bertsekas & Tsitsiklis [10], who established the almost sure
convergence of the method in non-convex problems (with
different regularity conditions for � ). In conjunction with
the above, a parallel thread in the literature launched by Pe-
mantle [70] and Brandière & Duflo [13] showed that (SGD)
avoids saddle points with probability 1, so, barring degen-
eracies, it only converges to local minimizers of � – see also
[2, 9, 28, 29, 35, 57, 58, 75] and references therein.

On the other hand, when (SGD) is run with a constant step-
size – the standard choice in data science and machine learn-
ing – the situation is drastically different. The trajectories of
(SGD) do not converge, but they instead wander around the
problem’s state space, spending most time near the critical
points of � . This is quantified by “criticality bounds” of
the form �[��

�=0�� � (��)�2] = O(��), which certify an
output with small gradient norm, in expectation or with high
probability [41]. As in the vanishing step-size regime, these
results are supplemented by a range of saddle-point avoid-
ance results [24, 79] which, under certain conditions, imply
that the output of (SGD) is approximately second-order
optimal (and hence, in most cases, a near-minimizer).

Nevertheless, all these results for (SGD) are, at best, guar-
antees of local minimality, not global. When it comes to
approximating the global minimum of � , we must tackle
the following fundamental question:

How much time does it take (SGD) to reach
the vicinity of a global minimum of � ?

Of course, attaining the global minimum of a non-convex
function is a lofty goal, so, before examining the time re-

1

SGD with constant stepsize:

xt+1 = xt � ⌘
⇣
rf (xt) + Z (xt ,!t)

⌘

Same situation as in Waiss’ talk:

natural assumptions for smooth nonconvex optimization (? Guillaume’s talk yesterday)

How long for SGD to reach a global minimizer of f ?

Hitting time (with a small margin �)

⌧ = min{ t 2 N : d( argmin f , xt ) 6 � }

How this time depends on the stepsize ⌘, the loss landscape, and the noise ?

2



Running example (“3 humps” function)

𝑓(𝑥)
p1

p2
p3 p4

p5

Run SGD (with Gaussian noise)

Initialized near p3

Plot one trajectory

3



Results applied to the example

From [Azizian et al ’24]:

Take (simplified) transition graph

(here: Ki = {pi}) p1

p2

p3

p4

p5

Theorem ([Azizian et al ’25] applied to the example)

For SGD with gaussian noise (Z(x ,!) ⇠ N (0,�2 Id))

initialized at x near p3,

Ex [⌧ ] ⇡ exp

 
2
�
f (p2) � f (p5)

�

⌘ �2

!

Illustration: Run 100 SGD initialized near p3

For each trajectory: keep only last 5 iterates

stop when hit the min.
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Assumptions

Assumptions for the objective

– Smoothness: krf (x 0) � rf (x)k 6 Lkx 0 � xk

– Coercivity: f (x) ! 1 as kxk ! 1 (+ a bit more, like norm-coercive gradient: krf (x)k ! 1)

– Critical set regularity: crit(f ) is a union of connected components Ki

Assumptions for the oracle

– Properness: E[Z (x ;!)] = 0 and cov(Z (x ;!)) � 0

– Smooth growth: Z is C 2-smooth and grows as kZ (x ;!)k 6 C (1 + kxk)

– Light tails (Sub-Gaussian P(kZ(x ;!)k > z) 6 exp(�a z2 + b) )

Example: Regularized ERM: f (x) =
1

m

mX

i=1

`(x ; ⇠i ) +
�

2
kxk2 (with ` smooth)

Sample uniformly one data-point: Z (x ;!) = r`(x ; ⇠!) � 1

m

mX

i=1

r`(x ; ⇠i )
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Estimating the hitting time

Use the ingredients of [Azizian et al ’24] +++ [Azizian et al ’25]

Transition graph on the Ki ’s with weights Bi,j

“Essentially”, SGD as a Markov chain on this graph

Estimate the transitions

P(SGD goes from Ki to Kj) = exp
⇣
�Bi,j+O(")

⌘

⌘

+++ average transition time = exp
⇣

"
⌘

⌘

Energy of argmin f :

Emin = min
nP

j!k2T
Bj,k

��� T spanning tree pointing to K1 = argmin f
o

= “the minimal cost of all the ways to the min.”

+ Cost of pruning Ki :

R(i 9 min) = min
nP

j!k2T
Bj,k

��� T with an edge on i ! 1 removed
o

= “the minimal cost of all the ways to the min., without passing by Ki”
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Global convergence time

Energy function J(x) capturing the di�culty of the problem

Energy of argmin f from Ki : J(i) = Emin � R(i 9 min)

= “the relative di�culty to reach argmin f from Ki”

Energy of argmin f from x : J(x) = max
i=1,...,N�1

[J(i) � B(x , i)]+

= “cost of the hardest obstacles to reach argmin f ”

Theorem (Azizian et al ’25)

Starting at x , the time ⌧ for SGD to reach argmin f satisfies

exp

✓
J(x) � "

⌘

◆
6 Ex(⌧) 6 exp

✓
J(x) + "

⌘

◆

for any " > 0, and �, ⌘ > 0 small enough.
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In case of Gaussian noise

Upper-bound when Z (x ,!) ⇠ N (0,�2 Id)

J(x) 6 2

�2
(max. extrema - min. spuriousminimizer)

Example: 𝑓(𝑥)
p1

p2
p3 p4

p5
J(x) 6 2

�2
(f (p2) � f (p5))

logEx [⌧ ] 6 1

⌘


2

�2
(f (p2) � f (p5))

�

Numerical illusration:

Take 12 stepsizes ⌘

Run 10.000 SGD for each

Report hitting time (in log)
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Let’s sum up and look forward

Main-take aways

SGD: famous but mysterious – now less thanks to Waiss

Global convergence time: Ex [⌧ ] ⇡ exp

✓
J(x)

⌘

◆

Key quantity J(x) measures of problem’s hardness
captures the di�culty of loss landscape and the statistics of the noise

Perspectives opened by Waiss’ new tools

Beyond SGD ? (inertia, Adam...)

Beyond min. ? (min-max, equilibrium...)

[Azizian, Cauvin, et al ’26]

Many more details and developments, here:

thank you all ,
9


