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SGD does not converge...

Stochastic Gradient Descent with constant step-size n > 0

Xey1 =Xe— 1) B with gy = VF(x) + Z(x¢; we)
~— S
step-size zero-mean noise

Illustration:

Himmelblau function fx,y)=02+y—11)2 +(x+y>—7)?

Video: Run 25 SGD  (for each trajectory: plot only last 20 iterates)

Observation: SGD eenverges concentrates to local minimizers




What is known
SGD with constant step-size:  Xey1 = Xt — 1) [Vf(xt) + Z(xe;wr)

@ What is known, when f is convex

— f strongly convex: SGD converges in a ball around the minimizer [Polyak, 1987]

— f convex: average of iterates asymptotically optimal [Polyak, Juditsky, 1992]

@ What is known, when f is non-convex

— In average, SGD is close to criticality [Lan, 2012] [Ghadimi, Lan, 2013]
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— Almost surely, SGD is not stuck in saddle points [Pemantle, 1990; Benaim, Hirsch, 1995]

E

@ What we would like to know

Question: which points are more likely to be observed — and by how much?




Our results

What is the Long-Run Distribution of Stochastic Gradient Descent?
A Large Deviations Analysis

Waiss Azizian' Franck Iutzeler> Jérome Malick ' Panayotis Mertikopoulos *

Abstract architectures — from large language models to reinforce-
ment learning and recommender systems. This phenomenal
success is largely owed to the method’s simplicity: given a
smooth function f: RY — R and the associated optimiza-
tion problem

In this paper, we examine the long-run distribution
of stochastic gradient descent (SGD) in general,
non-convex problems. Specifically, we seek to
understand which regions of the problem’s state

space are more likely to be visited by SGD, and mingegs (1) (©r)
by how much. Using an approach based on the the SGD algorithm is given by the simple update rule
theory of large deviations and randomly perturbed

dynamical systems, we show that the long-run dis- st = X0 = 1l (SGD)

Theorem (Azizian et al., 2024; very informal)

© The critical set of f is visited exponentially more often than any non-critical set
@ Critical points are visited according to a Boltzmann—Gibbs distribution with temp. n
© Minimizers are visited exponentially more often than non-minimizers

© The ground state of the problem is visited exponentially more often than any other min.

Goal of this talk: make these results more precise



The way to these results

o Key object: asymptotic distributions of x;

— Occupation measure: average time spent by the iterates in a set of interest B

t
1
me(B)=E |- ; 1{x € B}]
— Its limit is an invariant measure: Xt ~ oo == Xtt1 ~ Moo

Question: where does ., concentrate?
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t
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me(B)=E |- ; 1{x € B}]
— Its limit is an invariant measure: Xt ~ oo == Xtt1 ~ Moo

Question: where does ., concentrate?

@ Approach: Randomly perturbed dynamical systems [Freidlin Wenzel 1998, Kiffer 1980]
— estimate the probability of rare events, such as SGD escaping a local minimum

@ Refinement: We adapt this theory, with three main challenges:

Lack of compactness + Noise models (finite sum) + Discrete-time dynamics



What we are not doing

@ Stochastic approximation:

xer1 = x¢ — N [VF(xe) + Z(xe;we)]  with 7 vanishing

Convergence to local minima [Bertsekas & Tsitsiklis '00, Mertikopoulos et al. '20]
but no information about which one

@ Langevin dynamics:
Xey1 = xe — 1 V() + 4/ 0 N(0,0%)

Convergence of the distribution of the iterates to e=f/o’ [Raginsky et al. '17]
but scaling of the noise differs from SGD + we want non-gaussian noise

e Continuous-time dynamics (Gradient flow, SDE):
dX; = —VI(Xe)dt+ / n cov(Z(Xy;-)) dW,

Results on stationary distribution + finite-time approximation of SGD [Li et al. '17]
but unsuitable for concentration questions

Existing analysis do not carry over




Blanket assumptions

Assumptions on the objective

— Smoothness:  ||Vf(x") — Vf(x)| < L||x" — x]|
— Coercivity: f(x) — 00 as ||X|| — 00 (+ a bit more, like coercive gradient: [|[Vf(x)|| — o0)
— Critical set: crit(f) = K1 U--- UK, with smoothly connected components K;

Assumptions on the noise
E[Z(x;w)] =0
Z is C?-smooth

— Properness: and
— Smooth growth:

— Sub-Gaussian:

log E [e(V-Z(ie))] < 072||v||2

cov(Z(x;w)) >0

and ||Z(x;w)] <

CL+ X1

(= bounds P(||Z(x;w)| > z) < exp(—az?+ b))

V.

Example: Regularized ERM:

Sample one (or several) data-point &, and undergo

—||X||2

Zﬂxf,

(with £ smooth, Lipschitz)

Z VU(x; &)

— V(x; &)



Main idea of the proof




Main idea of the proof

the long-run distribution of SGD resembles

a finite-state Markov chain on the critical components

@ Make this precise (difficult) — 100 pages of maths in one slide: next slide

@ Get the results for SGD from the induced chain (easier) — the following slide



Key ingredient: large deviations for SGD

For T >0

Continuous path 7 : [0, T] — R4

P(SGD ~ ) = ?

Proposition (Azizian et al., 2024; informal)

For small : P(SGD on [0, T/n] =~ v) ~ exp (_ T[V])
n

C.Gen.Fct: H(x,v) =logE [e<v,2(x;w))]
Conj.: L(x,v) =H* (x,—v — VF(x))

Action: Stly] = fo (Ve e)



Key ingredient: large deviations for SGD

For T >0

Continuous path 7 : [0, T] — R4

P(SGD ~ ) = ?

Proposition (Azizian et al., 2024; informal)

For small 7: P (SGD on [0, T/n] ~ ) ~ exp (_ 5T[7])
1

Gaussian noise (Z(x;w) ~ N(0,0°1y))

C.Gen.Fct: H(x,v) = logE [el":Z(x))] H(x,v) = % ||v|?
L(x,v)= J—L””ZZX I

o

Conj.: L(x,v) =H*(x,—v — VF(x))

Action: Sth] = fo (Ve e) Sth] = 202 fo [l +Vf(’Yt)|| dt



From transitions to energy

We get (...) the transition cost from one critical region to another
Bij =min{Sr[y] : 7(0) € Ki, »(T) € K;, T >0}
Then, using exact formulas for finite-state Markov chains, we get (...):

Lemma (very informal)

The invariant measure of SGD restricted to {Ki, ..., K} is, for n > 0 small enough

(i) o exp <_5)

where energy of K;:  E; = min {Zj_”(eT Bjk : T spanning tree pointing to i}

K, K,

e
/ \\

A R — 0 K, K,
B2.4

Bs 4 \ \

K, K,




From energy to invariant distribution

Theorem (Azizian et al., 2024; less informal)

Given U; neighborhoods of Kj, and n > 0 small enough:

© Concentration near critical points: there is some ¢ > 0 s.t.

P
oo (U L{;) >1—e ¢/ for some ¢ >0
i=1

@ Boltzmann—Gibbs distribution: for all /,

oo (Us)  exp (—“O”)

n

© Saddle-point avoidance: if K; is a saddle, then there is K local minimum with E; < E;

poo(Uh) . —(E~E)/m
poo (Uf)

© Ground state concentration: Uy neighborhood of the ground state Ky = argmin; E;

fhoo(Up) =1 — e=</7 for some ¢ > 0
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Gaussian noise

lHlustration

Z(x;w) ~ N(0,0°1y)

Assume

global min.

> and Ky =

2f(K;:)

Ei =

Compute

observe distribution of iterates at T = 1000

run 1000 SGD on Himmelblau

lllustration:
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Energy landscape (wireframe) vs. empirical distribution of SGD (blue)
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Remark: ground state = global minimizer ?
f(z) q
o2 /
P

:sz(pﬂ and E2:L2f(pl)

E;

oysmall enough = Ei< B = fioc(p1) < fioo(p2)

In general, minimizer of the energy # minimizer of the function
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Let’s sum up and look forward

Main take-aways
@ SGD concentrates near local minima

in particular, near those that minimize the energy

@ We developed a new theoretical framework
to analyze SGD with the help of large deviations

Perspectives

@ Beyond SGD ? (inertia, Adam...)
@ Beyond minimization ? (min-max, equilibrium...)

@ Beyond distribution 7 Eg. Hitting time [Azizian et al '25]

thank you all ©)
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