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SGD does not converge...

Stochastic Gradient Descent with constant step-size ⌘ > 0

xt+1 = xt � ⌘
|{z}

step-size

bgt with bgt = rf (xt) + Z (xt ;!t)
| {z }
zero-mean noise

Illustration:

Himmelblau function f (x , y) = (x2 + y � 11)
2
+ (x + y2 � 7)

2

Video: Run 25 SGD (for each trajectory: plot only last 20 iterates)

Observation: SGD converges concentrates to local minimizers
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What is known

SGD with constant step-size: xt+1 = xt � ⌘
h
rf (xt) + Z (xt ;!t)

i

What is known, when f is convex

– f strongly convex: SGD converges in a ball around the minimizer [Polyak, 1987]

– f convex: average of iterates asymptotically optimal [Polyak, Juditsky, 1992]

What is known, when f is non-convex

– In average, SGD is close to criticality [Lan, 2012] [Ghadimi, Lan, 2013]
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◆

– Almost surely, SGD is not stuck in saddle points [Pemantle, 1990; Benäım, Hirsch, 1995]

What we would like to know

Question: which points are more likely to be observed — and by how much?
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Our results What is the Long-Run Distribution of Stochastic Gradient Descent?
A Large Deviations Analysis

Waïss Azizian 1 Franck Iutzeler 2 Jérôme Malick 1 Panayotis Mertikopoulos 3

Abstract
In this paper, we examine the long-run distribution
of stochastic gradient descent (SGD) in general,
non-convex problems. Specifically, we seek to
understand which regions of the problem’s state
space are more likely to be visited by SGD, and
by how much. Using an approach based on the
theory of large deviations and randomly perturbed
dynamical systems, we show that the long-run dis-
tribution of SGD resembles the Boltzmann–Gibbs
distribution of equilibrium thermodynamics with
temperature equal to the method’s step-size and
energy levels determined by the problem’s objec-
tive and the statistics of the noise. In particular,
we show that, in the long run, (a) the problem’s
critical region is visited exponentially more often
than any non-critical region; (b) the iterates of
SGD are exponentially concentrated around the
problem’s minimum energy state (which does not
always coincide with the global minimum of the
objective); (c) all other connected components of
critical points are visited with frequency that is ex-
ponentially proportional to their energy level; and,
finally (d) any component of local maximizers or
saddle points is “dominated” by a component of
local minimizers which is visited exponentially
more often.

1 Introduction
Even though stochastic gradient descent (SGD) has been
around for more than 70 years [56], it is still the method of
choice for training a wide array of modern machine learning
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architectures – from large language models to reinforce-
ment learning and recommender systems. This phenomenal
success is largely owed to the method’s simplicity: given a
smooth function � : �� � � and the associated optimiza-
tion problem

min���� � (�) (Opt)

the SGD algorithm is given by the simple update rule

��+1 = �� � ��̂� (SGD)

where � > 0 is the method’s step-size, and �̂�, � = 0, 1, . . .
is a stochastic gradient of � at ��.

By virtue of its wide applicability, (SGD) and its variants
have been studied extensively in the literature, for both
convex and non-convex objectives. In the non-convex case
(which is the most relevant setting for machine learning), the
basic, no-frills guarantees of (SGD) boil down to bounds of
the form �

���
�=0�� � (��)�2� = O(��) provided that � has

been chosen accordingly [34]. This guarantee suggests that
the sequence �� eventually spends all but a vanishing frac-
tion of time near regions where � � is small, but it does not
answer where (SGD) ultimately settles down. In particular,
the following crucial question remains open:

Which critical points of � (or components thereof ) are more
likely to be observed in the long run – and by how much?

This question is notoriously difficult because the loss land-
scape of � can be exceedingly complicated – especially in
deep learning problems with hundreds of millions (or even
billions) of parameters. Starting with the negative, � may
contain a number of spurious saddle points that is exponen-
tially larger than the number of local minima, and the func-
tion values associated with worst-case saddle points may be
considerably worse than those associated with worst-case
local minima [8]. On the flip side, a more positive answer is
provided by the literature on the avoidance of saddle-points
where, under different assumptions for the method’s step-
size and the structure of � , it has been shown that the time
spent by �� in the vicinity of strict saddle points is (vanish-
ingly) small; for a representative – but, by necessity, incom-
plete – list of results, cf. [2, 3, 19, 24, 25, 29, 36, 48, 53, 64]
and references therein.
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The Global Convergence Time of Stochastic Gradient Descent
in Non-Convex Landscapes: Sharp Estimates via Large Deviations
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Abstract

In this paper, we examine the time it takes for
stochastic gradient descent (SGD) to reach the
global minimum of a general, non-convex loss
function. We approach this question through the
lens of randomly perturbed dynamical systems
and large deviations theory, and we provide a tight
characterization of the global convergence time
of SGD via matching upper and lower bounds.
These bounds are dominated by the most “costly”
set of obstacles that the algorithm may need to
overcome in order to reach a global minimizer
from a given initialization, coupling in this way
the global geometry of the underlying loss land-
scape with the statistics of the noise entering the
process. Finally, motivated by applications to the
training of deep neural networks, we also provide
a series of refinements and extensions of our anal-
ysis for loss functions with shallow local minima.

1 Introduction
Much of the success of modern machine learning applica-
tions hinges on solving non-convex problems of the form

min���� � (�) (Opt)

where � : �� � � is a smooth function on �� . When �
is so large as to make gradient calculations computation-
ally prohibitive, the go-to method for solving (Opt) is the
stochastic gradient descent (SGD) algorithm

��+1 = �� � ��̂� (SGD)
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where � > 0 is the method’s step-size – or learning rate –
and �̂�, � = 0, 1, . . ., is a computationally affordable stochas-
tic approximation of the gradient of � at �� � �� .

The study of (SGD) goes back to the seminal work of Rob-
bins & Monro [74] and Kiefer & Wolfowitz [37], who in-
troduced the method in the context of solving systems of
nonlinear equations in the 1950’s. Originally, the analysis
of (SGD) involved a vanishing step-size �� satisfying the
“�2 � �1” summability conditions

�
� ��

2 < � =
�

� ��,
and gave rise to the ODE method of stochastic approxi-
mation. In this context, the first convergence results for
(SGD) were obtained by Ljung [50, 51], Benaïm [8], and
Bertsekas & Tsitsiklis [10], who established the almost sure
convergence of the method in non-convex problems (with
different regularity conditions for � ). In conjunction with
the above, a parallel thread in the literature launched by Pe-
mantle [70] and Brandière & Duflo [13] showed that (SGD)
avoids saddle points with probability 1, so, barring degen-
eracies, it only converges to local minimizers of � – see also
[2, 9, 28, 29, 35, 57, 58, 75] and references therein.

On the other hand, when (SGD) is run with a constant step-
size – the standard choice in data science and machine learn-
ing – the situation is drastically different. The trajectories of
(SGD) do not converge, but they instead wander around the
problem’s state space, spending most time near the critical
points of � . This is quantified by “criticality bounds” of
the form �[��

�=0�� � (��)�2] = O(��), which certify an
output with small gradient norm, in expectation or with high
probability [41]. As in the vanishing step-size regime, these
results are supplemented by a range of saddle-point avoid-
ance results [24, 79] which, under certain conditions, imply
that the output of (SGD) is approximately second-order
optimal (and hence, in most cases, a near-minimizer).

Nevertheless, all these results for (SGD) are, at best, guar-
antees of local minimality, not global. When it comes to
approximating the global minimum of � , we must tackle
the following fundamental question:

How much time does it take (SGD) to reach
the vicinity of a global minimum of � ?

Of course, attaining the global minimum of a non-convex
function is a lofty goal, so, before examining the time re-

1

Theorem (Azizian et al., 2024; very informal)

1 The critical set of f is visited exponentially more often than any non-critical set

2 Critical points are visited according to a Boltzmann–Gibbs distribution with temp. ⌘

3 Minimizers are visited exponentially more often than non-minimizers

4 The ground state of the problem is visited exponentially more often than any other min.

Goal of this talk: make these results more precise
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The way to these results

Key object: asymptotic distributions of xt

– Occupation measure: average time spent by the iterates in a set of interest B

µt(B) = E
"

1

t

tX

s=1

1{xs 2 B}
#

– Its limit is an invariant measure: xt ⇠ µ1 =) xt+1 ⇠ µ1

Question: where does µ1 concentrate?

Approach: Randomly perturbed dynamical systems [Freidlin Wenzel 1998, Ki↵er 1980]

! estimate the probability of rare events, such as SGD escaping a local minimum

Refinement: We adapt this theory, with three main challenges:

Lack of compactness + Noise models (finite sum) + Discrete-time dynamics
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What we are not doing

Stochastic approximation:

xt+1 = xt � ⌘t [rf (xt) + Z (xt ;!t)] with ⌘t vanishing

Convergence to local minima [Bertsekas & Tsitsiklis ’00, Mertikopoulos et al. ’20]

but no information about which one

Langevin dynamics:

xt+1 = xt � ⌘ rf (xt) +
q

⌘ N (0,�2)

Convergence of the distribution of the iterates to e
�f /�2

[Raginsky et al. ’17]

but scaling of the noise di↵ers from SGD + we want non-gaussian noise

Continuous-time dynamics (Gradient flow, SDE):

dXt = �rf (Xt) dt +
q

⌘ cov(Z (Xt ; ·)) dWt

Results on stationary distribution + finite-time approximation of SGD [Li et al. ’17]

but unsuitable for concentration questions

Existing analysis do not carry over
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Blanket assumptions

Assumptions on the objective

– Smoothness: krf (x 0) � rf (x)k 6 Lkx
0
� xk

– Coercivity: f (x) ! 1 as kxk ! 1 (+ a bit more, like coercive gradient: krf (x)k ! 1)

– Critical set: crit(f ) = K1 [ · · · [ Kp with smoothly connected components Ki

Assumptions on the noise

– Properness: E[Z (x ;!)] = 0 and cov(Z (x ;!)) � 0

– Smooth growth: Z is C 2-smooth and kZ (x ;!)k 6 C (1 + kxk)

– Sub-Gaussian: logE
⇥
e
hv ,Z(x ;!)i⇤ 6 �2

2
kvk

2
() bounds P(kZ(x ;!)k > z) 6 exp(�a z2 + b) )

Example: Regularized ERM: f (x) =
1

m

mX

i=1

`(x ; ⇠i )+
�

2
kxk

2 (with ` smooth, Lipschitz)

Sample one (or several) data-point ⇠!, and undergo Z (x ;!) =
1

m

mX

i=1

r`(x ; ⇠i ) � r`(x ; ⇠!)

6



Main idea of the proof

the long-run distribution of SGD resembles

a finite-state Markov chain on the critical components

Make this precise (di�cult) – 100 pages of maths in one slide: next slide

Get the results for SGD from the induced chain (easier) – the following slide
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Key ingredient: large deviations for SGD

For T > 0

Continuous path � : [0,T ] ! Rd

P(SGD ⇡ �) = ?

Large deviations for discrete-time SGD
Consider 𝛾 : [0, 𝑇 ] → ℝ𝑑 continuous path in parameter space, ℙ(SGD ≈ 𝛾) = ?

𝛾𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8 𝑥9 𝑥10
Proposition: SGD admits a large deviation principle as 𝜂 → 0: for any path 𝛾 : [0, 𝑇 ] → ℝ𝑑,ℙ(SGD on [0, 𝑇 /𝜂] ≈ 𝛾) ≈ exp(−𝒮︀𝑇 [𝛾]𝜂 ) where 𝒮︀𝑇 [𝛾] = ∫𝑇0ℒ︀(𝛾𝑡, ̇𝛾𝑡)𝑑𝑡

Using tools from (Freidlin & Wentzell, 2012; Dupuis, 1988)

Gaussian noise 𝑍(𝑥; 𝜔) ∼ 𝒩︀(0, 𝜎2𝐼𝑑)
Cgf. of 𝑍(𝑥; 𝜔): ℋ︀(𝑥, 𝑣) = log𝔼[𝑒⟨𝑣,𝑍(𝑥;𝜔)⟩] ℋ︀(𝑥, 𝑣) = 𝜎22 ‖𝑣‖2
Conjugate: ℒ︀(𝑥, 𝑣) = ℋ︀∗(𝑥,−𝑣 −∇𝑓(𝑥))) ℒ︀(𝑥, 𝑣) = ‖𝑣+∇𝑓(𝑥)‖22𝜎2
Action: 𝒮︀𝑇 [𝛾] = ∫𝑇0 ℒ︀(𝛾𝑡, ̇𝛾𝑡)𝑑𝑡 𝒮︀𝑇 [𝛾] = 12𝜎2 ∫𝑇0 ‖ ̇𝛾𝑡 + ∇𝑓(𝛾𝑡)‖2𝑑𝑡

16

Proposition (Azizian et al., 2024; informal)

For small ⌘: P (SGD on [0,T/⌘] ⇡ �) ⇡ exp

✓
�
ST [�]

⌘

◆

Gaussian noise (Z (x ;!) ⇠ N (0,�2
Id))

C. Gen. Fct: H(x , v) = logE
⇥
e
hv ,Z(x ;!)i⇤

H(x , v) = �2

2
kvk

2

Conj.: L(x , v) = H
⇤ (x ,�v � rf (x))

L(x , v) = kv+rf (x)k2

2�2

Action: ST [�] =
R T

0
L(�t , �̇t) dt

ST [�] =
1

2�2

R T

0
k�̇t + rf (�t)k2dt
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From transitions to energy

We get (...) the transition cost from one critical region to another

Bi,j = min{ST [�] : �(0) 2 Ki , �(T ) 2 Kj , T > 0}

Then, using exact formulas for finite-state Markov chains, we get (...):

Lemma (very informal)

The invariant measure of SGD restricted to {K1, . . . ,Kp} is, for ⌘ > 0 small enough

⇡(i) / exp

✓
�

Ei

⌘

◆

where energy of Ki : Ei = min
nP

j!k2T
Bj,k : T spanning tree pointing to i

o

Energy

Using exact formulas for finite-state space Markov chains:

Lemma (very informal): the invariant measure of SGD restricted to {𝐾1,…,𝐾𝑝} is, for 𝜂 > 0 small enough,𝜋(𝑖) ∝ exp(−𝐸𝑖𝜂 )
where energy of 𝐾𝑖: 𝐸𝑖 = min{ ∑𝑗→𝑘∈𝑇 𝐵𝑗,𝑘 | 𝑇 spanning tree pointing to 𝑖}

𝐵1,2
𝐵1,3𝐵1,4 𝐵2,1

𝐵2,3
𝐵2,4𝐵3,1 𝐵3,2𝐵3,4

𝐵4,1 𝐵4,2
𝐵4,3

𝐾1

𝐾2

𝐾3

𝐾4 𝐵2,4
𝐵3,4

𝐵4,1
𝐾1

𝐾2

𝐾3

𝐾4 𝐵2,1
𝐵3,1𝐵4,3

𝐾1

𝐾2

𝐾3

𝐾4
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From energy to invariant distribution

Theorem (Azizian et al., 2024; less informal)

Given Ui neighborhoods of Ki , and ⌘ > 0 small enough:

1 Concentration near critical points: there is some c > 0 s.t.

µ1

 
p[

i=1

Ui

!
> 1 � e

�c/⌘ for some c > 0

2 Boltzmann–Gibbs distribution: for all i ,

µ1(Ui ) / exp

✓
�
Ei + O(")

⌘

◆

3 Saddle-point avoidance: if Ki is a saddle, then there is Kj local minimum with Ej < Ei

µ1(Ui )

µ1(Uj)
⇡ e

�(Ei�Ej )/⌘

4 Ground state concentration: U0 neighborhood of the ground state K0 = argmini Ei

µ1(U0) > 1 � e
�c/⌘ for some c > 0
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Illustration: Gaussian noise

Assume Z (x ;!) ⇠ N (0,�2
Id)

Compute Ei =
2f (Ki )

�2
=) µ1(Ui ) ⇡ exp

✓
�
2f (Ki )

�2⌘

◆
and K0 = global min.

Illustration: run 1000 SGD on Himmelblau, observe distribution of iterates at T = 1000

Background & prelims The long-run distribution of SGD The long-run distribution of SGD Conclusions References

Example: Gaussian noise

The Gaussian case: Z(x; θ) ∼N (, σ I)
� Ei =  f (Ki)�σ  �⇒ µ∞(Ki) ≈ exp�−  f (Ki)

ησ �

Figure: Energy landscape (wireframe) and empirical distribution of SGD (spacefill)

21 / 27

P. Mertikopoulos CNRS

Energy landscape (wireframe) vs. empirical distribution of SGD (blue)
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Remark: ground state = global minimizer ?

E1 =
f (q) � f (p2)

�2

2

and E2 =
f (q) � f (p1)

�2

1

�1 small enough =) E1 < E2 =) µ1(p1) ⌧ µ1(p2)

In general, minimizer of the energy 6= minimizer of the function
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Let’s sum up and look forward

Main take-aways

SGD concentrates near local minima

in particular, near those that minimize the energy

We developed a new theoretical framework

to analyze SGD with the help of large deviations

Perspectives

Beyond SGD ? (inertia, Adam...)

Beyond minimization ? (min-max, equilibrium...)

Beyond distribution ? Eg. Hitting time [Azizian et al ’25]

thank you all ,
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