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Abstract

We present in this papers some concepts and results concerning the application of particle methods to complex
physics. We focus on two examples involving interfaces: variable density flows with surface tension and a one-dimensional
fluid–structure model.
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1. Introduction

Particle methods are numerical tools which combine
robustness and accuracy for the simulation of advection-
dominated phenomena. They consist in tracking advected
quantities with local mollified velocity. This velocity field
can for instance be computed on a grid, leading to the
so-called Particle-In-Cell (PIC) methods. When dealing
with the 3D incompressible Navier–Stokes equations, it is
economical to use this strategy as it allows to use grid-
based Poisson solvers which are faster than summation
formulas.

A typical PIC code consists in pushing particles, interpo-
late fields on a grid, use centered formulas to differentiate
on the grid all quantities that are not directly related to
the transport, and finally interpolate back to particles these
quantities. Frequent regriding with a cubic spline interpola-
tion kernel allows to maintain the regularity of the particle
distribution which is crucial for accuracy. Fig. 1 is an ex-
ample of a PIC calculation for isentropic gas dynamics. In
this case the variables carried by particles are momentum,
density and total energy. It shows a shock wave, reflected
by a vertical wall and interacting with the boundary layer
it has created along an horizontal wall. These results in
good agreement with those obtained by up-to-date TVD
finite-difference schemes using the same number of points
[1]. In the case of incompressible flows, comparisons with
spectral Direct Numerical Simulation results [2] point to
the same conclusion. This paper focuses on the application
of the method to the simulation of systems which combine
different physical models; first a variable density flow, then
a case of fluid–structure interaction.
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2. Variable density flows

We consider an incompressible flow with variable den-
sity and surface tension. A level set approach [3] allows to
formulate the problem as a system of advection equation
for the vorticity ω, the density gradient ∇ρ and a level
function φ carrying the surface tension:

∂ω

∂t
+div(uω) = µ∆ω+ ∇ p ×∇ρ

ρ2
+ τ∇φ ×∇ (κ(φ)ζε/ρ)

∂(∇ρ)

∂t
+div(u∇ρ)+ [∇u]t ∇ρ = 0

In the above system, κ is the surface tension and ζε is a cut-
off normalized at each point by the norm of the gradient
of the level function φ. The curvature, pressure gradient
and density are computed on a grid after interpolation
of the quantities carried by the particles. Fig. 2 shows
the results of a simulation of the merger of two rising
bubbles having different density (lighter fluid below) with
(right picture) and without (left picture) surface tension
(density ratio is 50, viscosity is 0.0025 and surface tension
is 0.05). These results are in very good agreement with the
calculations reported in [3] with an ENO scheme using the
same number of points.

3. Fluid–structure interaction

Let us consider the simple one dimensional fluid–
structure model, coupling a Burger’s equation in the fluid
and linear elasticity in the solid:

∂u

∂t
+ 3

2
u

∂u

∂x
−ν

∂2u

∂x2
= 0 for x ∈ [

0,γ (t)
]
,

∂2 d

∂t2
−µ

∂2 d

∂ξ 2
= 0 for ξ ∈ [1,2]
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Fig. 1. Density contours of a shock–boundary layer interaction computed by a PIC method.

In the above equation u is the velocity in the fluid phase, d
is the solid displacement. x and ξ are respectively the Euler
and Lagrange coordinates and γ (t) is the moving interface.
The continuity of stresses at the interface ξ = 1 reads

ν
∂u

∂x
(γ (t), t) = µ

∂d

∂ξ
(1, t)

One may observe that the wave equation for d gives a
non-linear Burger’s equation in the Eulerian coordinate
for u in the solid. Moreover, the continuity of stresses
allows to build a unique second order operator valid across
the interface. These remarks lead to the following model

Fig. 2. Merger of 2 bubbles with density ratio of 50, with (right
picture) or without (left picture) surface tension.

involving solid (S) and fluid (F) particles:

u(x , t) �
∑

p

upvpδ(x − xp); ẋp = Up ,

v̇p = U ′
pvp , u̇ p = −U ′

pupχ
F
p /2+ Dp

where χ F ,S stand for the characteristic function of the fluid
and solid phases, respectively, and

Dp =




∑
q

ν(uq −up)Λh(xp − xq )vq

1+χ F
q

2

+ µ

2

∑
q∈S

(dq −dp)Λh(ξp − ξq )
h2

vp
if p ∈ F

∑
q

µ(dq −dp)Λh(ξp − ξq )h
1+χ S

q

2

+ ν

2

∑
q∈F

(uq −up)Λh(xp − xq )
vpvq

h
if p ∈ S

A remarkable feature of this model is that it satisfies the
right energy inequality. Details can be found in [4]. Fig. 3
(left picture) shows a comparison of the results given by the
particle model and a classical ALE model based on second
order centered finite differences. The initial condition was
a cosine velocity profile pushing the fluid to the left. The
right picture summarizes a refinement study exhibiting an
order of convergence between one and two.
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Fig. 3. Fluid–structure interaction: comparisons of PIC and ALE methods (left picture) and L2 error curve for the PIC method (right
picture).

4. Conclusion

Particle methods provide elegant tools to deal with inter-
face problems in systems driven by complex physics. Their
robustness and flexibility makes them appealing alterna-
tives to ALE type methods, appropriate to handle strongly
nonlinear behavior.
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