Ordinary Differential Equations
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Example #1 : radioactivity

Radioactivité naturelle
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@ béta (lectron ou posi

Uranium 238

Observation : the variation in the quantity of radioactive nuclei is proportional to their
quantity and to the elapsed time.
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Example #1 : radioactivity

Radioactivité naturelle
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@ béta (lectron ou posi

Uranium 238

Observation : the variation in the quantity of radioactive nuclei is proportional to their
quantity and to the elapsed time.

N(t + At) — N(t) oc At N(t) = N'(t) = =AN(t)
t—
N(t): quantity of radioactive nuclei at time t, and A > 0
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Example #1 : radioactivity

!

Multiplication by e*: N'(t) e} + AN(t) e =0, e (N(t)eM) =0

Hence N(t) = Ce * = N(0)e
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Example #1 : radioactivity

!

Multiplication by e*: N'(t) e} + AN(t) e =0, e (N(t)eM) =0
Hence N(t) = Ce * = N(0)e
e 1 In2

N
Half-life time : N(t) = gO) for e™ M = 5 i.e. thar = By

» lodine 131:  t.; ~ 8 days
» Cesium 137:  ti,r =~ 30 years

» Plutonium 239:  t,r >~ 24110 years
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Example #2 : mass - spring system = =

q(t) <0 -}---
g(t) =0 F--mcmmmmmeeeen

) > 0 -fommmmmme s

Second law of dynamics: mq”(t) + kq(t) =0 (k> 0 : spring stiffness)

k
q(t) = Acoswt + Bsinwt , with w = ,/E
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Example #3: RC circuit

A, B I(t): intensity
+
R: resistance, C: capacitance
Vs c __ ¢
dg(t
) I(t) = % with g(t) the electrical charge
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Example #3: RC circuit

1

e

R

Vs
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I(t): intensity

R: resistance, C: capacitance

I(t) = d(;—(tt) with g(t) the electrical charge
= VR(t) + V(_‘(t)
= RI(t)+ q(Ct) = R%(t) + q(Ct)
R99(t) + La() = ()
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Example #4 : viral epidemic (system of ODEs)
The SIR model S'(t)  =-BI(H)S(t)
Susceptible individuals Ft) = BIE)S(t)-I(t)
R'(t) =XI(t)

Infectious individuals

Removed (and immune) or deceased individuals

effectifs

o — ey | =
%24 6 s w0 o w @ W ®m @ m % om % 2 4 6 8 w0 @ 1 f & 2 2 2% %

Further information:
https://interstices.info/modeliser-la-propagation-dune-epidemie/
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Some vocabulary about differential equations

» A differential equation is a relationship linking a function and its successive derivatives. The unknown is
therefore a function. In very general terms, it can be written as F(x,y,y’,y", ... ,y(")) =0, where y(x)
is the unknown function.

M1 AM - refresher Ordinary differential equations 7




Some vocabulary about differential equations

» A differential equation is a relationship linking a function and its successive derivatives. The unknown is
therefore a function. In very general terms, it can be written as F(x,y,y’,y", ... ,y(")) =0, where y(x)
is the unknown function.

» The order of a differential equation is the highest degree of derivation in the equation.
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is the unknown function.

» The order of a differential equation is the highest degree of derivation in the equation.
> Let (E) be a differential equation. The set of terms in (E) in which the unknown function does not

appear is called right-hand side (r.h.s.) of (E). They are generally put on the right-hand side of the
equation, hence this name.
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Some vocabulary about differential equations

» A differential equation is a relationship linking a function and its successive derivatives. The unknown is
therefore a function. In very general terms, it can be written as F(x,y,y’,y", ... ,y(")) =0, where y(x)
is the unknown function.

» The order of a differential equation is the highest degree of derivation in the equation.

> Let (E) be a differential equation. The set of terms in (E) in which the unknown function does not
appear is called right-hand side (r.h.s.) of (E). They are generally put on the right-hand side of the

equation, hence this name.

> Let (E) be a differential equation. If its r.h.s. is zero, then this equation is said to be homogeneous.
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» A differential equation is a relationship linking a function and its successive derivatives. The unknown is
therefore a function. In very general terms, it can be written as F(x,y,y’,y", ... ,y(")) =0, where y(x)
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Some vocabulary about differential equations

» A differential equation is a relationship linking a function and its successive derivatives. The unknown is
therefore a function. In very general terms, it can be written as F(x,y,y’,y", ... ,y(")) =0, where y(x)
is the unknown function.

» The order of a differential equation is the highest degree of derivation in the equation.

> Let (E) be a differential equation. The set of terms in (E) in which the unknown function does not
appear is called right-hand side (r.h.s.) of (E). They are generally put on the right-hand side of the
equation, hence this name.

> Let (E) be a differential equation. If its r.h.s. is zero, then this equation is said to be homogeneous.

> Let (E) be a non-homogeneous differential equation. The differential equation (Ep) obtained by replacing
the r.h.s. of (E) with 0 is called its corresponding homogeneous equation.

> Let (E) be a differential equation and (Ep) its associated homogeneous equation. (E) is linear if and only
if the solutions of (Ep) are stable by linear combination. In other words, if yp and zp are two solutions of
(Eo), then A yo + pzg is also a solution of (Ep), V(A, 1) € R X R.

Otherwise (E) is said to be nonlinear.
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Example #5: predator-prey models

\

Alfred Lotka Vito Volterra
(1880 - 1949) (1860 - 1940)
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Example #5: predator-prey models

X(t) = quantity of preys Y (t) = quantity of predators
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Example #5: predator-prey models

X(t) = quantity of preys Y (t) = quantity of predators

» If no predators: population of preys increases (hyp: constant rate) X'(t) = aX(t)
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X(t) = quantity of preys Y (t) = quantity of predators
» If no predators: population of preys increases (hyp: constant rate) X'(t) = aX(t)
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Example #5: predator-prey models

X(t) = quantity of preys Y (t) = quantity of predators
» If no predators: population of preys increases (hyp: constant rate) X'(t) = aX(t)
» If no preys: population of predators decreases (hyp: constant rate) Y'(t) = —c Y(t)
» Hyp: prey mortality rate oc number of predators X'(t) = (a—b Y(t)) X(t)
» Hyp: predator growth rate o< number of preys Y'(t) = (—c+d X(t)) Y(t)
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Example #5: predator-prey models

X(t) = number of preys  Y(t) = number of predators

350

3001

7
s = ¢
pulation Size

@
i

{ X'(t) = (a—bY(t)) X(t)
Y/(t) = (—c+ d X(t)) Y(t)

Predator Population Size

=1
i

@
i

Time
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Example #6: chaos and butterfly effect

Chaotic systems: small initial perturbations may lead to huge final differences (atmosphere, ocean,

climate are chaotic systems).

%=o(y—><)
%:px—y—xz
%—xy—ﬁz

/ \
Edward Lorenz Ellen Fetter
(1917-2008) (1940 - )

Does the flap of a butterfly’s wings in Brazil set off a tornado in Texas?
(139th meeting of the American Association for the Advancement of Science, 1972)
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Some vocabulary about differential equations

» A differential equation is a relationship linking a function and its successive derivatives. The unknown is
therefore a function. In very general terms, it can be written as F(x,y,y’,y", ... ,y(")) =0, where y(x)
is the unknown function.

» The order of a differential equation is the highest degree of derivation in the equation.

» Let (E) be a differential equation. The set of terms in (E) in which the unknown function does not
appear is called right-hand side (r.h.s.) of (E). They are generally put on the right-hand side of the
equation, hence this name.

> Let (E) be a differential equation. If its r.h.s. is zero, then this equation is said to be homogeneous.

> Let (E) be a non-homogeneous differential equation. The differential equation (Ep) obtained by replacing
the r.h.s. of (E) with 0 is called its corresponding homogeneous equation.

> Let (E) be a differential equation and (Ep) its associated homogeneous equation. (E) is linear if and only
if the solutions of (Eg) are stable by linear combination. In other words, if yp and zp are two solutions of
(Eo), then A yp + pzg is also a solution of (Ep), V(A, ) € R X R.

Otherwise (E) is said to be nonlinear.
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Vocabulary of differential equations

linear homogeneous  order
(ves/no)  (yes/no)

Z'(x) + 57 2(x) = v/x
y'(t)y(t) — t y(t) = cost
y'(t)>+3t2y(t)—t=0

737 =5z
e u’(x) —xu(x)=0
yy'+y—t=0
7227 =z
cosxy"(x)+x?y(x) +x =0

© N o a ~ Db
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Vocabulary of differential equations

linear homogeneous  order
(ves/no)  (yes/no)

1. Z'(x) + x> z(x) = /x
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Vocabulary of differential equations

linear homogeneous  order
(ves/no)  (yes/no)

1. Z/(x) + x3z(x) = V/x yes no 1
2. y'(t)y(t) —ty(t) = cost
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First-order linear ODEs
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Solutions of a first-order linear ODE

A first-order linear ODE reads a(t) y'(t) + b(t) y(t) = c(t) (E)
where a(t), b(t), c(t) are given functions.
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Solutions of a first-order linear ODE

A first-order linear ODE reads a(t) y'(t) + b(t) y(t) = c(t) (E)
where a(t), b(t), c(t) are given functions.

Principle of superposition

Let u,(x) a particular solution of (E).
The solutions of (E) are the functions u(x) = up(x) + uo(x), where up represents the solutions
of (E())

In other words, the set of solutions of (E) is § = up + So, where Sy denotes the set of
solutions of (Ep).
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Solving a first-order linear ODE

» Step 0: on which domain?
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes

(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation (Eg)  yg(t) + () yo(t) =0
— computation of a primitive.
One gets a set of solutions S
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a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation (Eg)  yg(t) + () yo(t) =0
— computation of a primitive.
One gets a set of solutions S

> Step 2: determination of a particular solution y, of (E)
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation (Eg)  yg(t) + () yo(t) =0
— computation of a primitive.
One gets a set of solutions S

> Step 2: determination of a particular solution y, of (E)

P either by analogy (simple and intuitive method, but does not work systematically)
» or by variation of constants (always works, but is a little bit more demanding in terms of

calculations)

The set of solutions is then S =y, + So = { yp + yo. Y0 € So}
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation (Eg)  yg(t) + () yo(t) =0
— computation of a primitive.
One gets a set of solutions S

> Step 2: determination of a particular solution y, of (E)

P either by analogy (simple and intuitive method, but does not work systematically)
» or by variation of constants (always works, but is a little bit more demanding in terms of

calculations)
The set of solutions is then S =y, + So = { yp + yo. Y0 € So}

» Step 3 (possibly): connection of solutions between different intervals where a(t) does not
cancel out : given solutions on ]t1, to[ and ], t3], does it exist C! solutions on |t1, t3] ?
18
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Step 1: solution of the associated homogeneous equation

(Bo) yo(x)+a(x)n(x)=0 xel
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Step 1: solution of the associated homogeneous equation
(Bo) y5(x) +a(x)n(x)=0  xel
> Let A(x) a primitive of a(x).
Multiplying (Ep) by e*): AKX Yo(x) + a(x) A0 y(x) =0
i.e. (eA(X) yo(x))l =0
hence ) yo(x) = cste

Solutions are thus of the form: yp(x) = K e %) with K € R.
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i.e. (eA(X) yo(x))l =0
hence ) yo(x) = cste

Solutions are thus of the form: yp(x) = K e %) with K € R.

» Conversely, any function of this form is a solution:

if yo(x) = K e=AX) | then ¥i(x) = =K a(x) e~ A hence Y§(x) + a(x) yo(x) =0
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Step 1: solution of the associated homogeneous equation
(Eo) yo(x)+a(x)n(x)=0 xel

> Let A(x) a primitive of a(x).

Multiplying (Ep) by e*): AKX Yo(x) + a(x) A0 y(x) =0
i.e. (eA(X) yo(x))l =0

hence ) yo(x) = cste
Solutions are thus of the form: yp(x) = K e %) with K € R.

» Conversely, any function of this form is a solution:

if yo(x) = K e=AX) | then ¥i(x) = =K a(x) e~ A hence Y§(x) + a(x) yo(x) =0

> In summary: the set of solutionson I'is Sy = {yo/yo(x) =Ke AN with K € R}
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Solution of the homogeneous ED: example #1

(Bo) (14 x)y(x) +yo(x) =0
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Solution of the homogeneous ED: example #1

(Bo) (14 x)y(x) +yo(x) =0

On /=] —o0;—1[or I =] —1;+oo[: (Ep) becomes yi(x)+ %yo(x) =0.
x

1

A primitive of a(x) = is A(x) = In|1 + x|. Hence e=A()

AT

1
1+ x

Hence the solutions on [:

K
= KeR
yo(x) T+
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Solution of the homogeneous ED: example #2

(Eo) up(t) + tan(t) up(t) =0
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Solution of the homogeneous ED: example #2

(Eo) up(t) + tan(t) up(t) =0

On I:]—g; g [ or any other interval I:]—% + kmr; g + k7r[.
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Solution of the homogeneous ED: example #2

(Eo) up(t) + tan(t) up(t) =0
On I:]—g; g [ or any other interval I:]—% + kmr; g + k7r[.

A primitive of a(t) = tan(t) is A(t) = — In| cos(t)|. Hence e () = | cos(t)|

Hence the solutions on [ :

ug(t) = K cost KeR
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Remark: reminder on integration

Three main tools for the computation of primitives and integrals:
» handbook of usual primitives

Fonction Primitives
o+l
a _ el
a (aeR.a#-1) n+]‘(
. (z—a)tt
et aussi (z—a)* (eRa#-1) ———+C
a+1
1 Inje] + C
E
. 1
et aussi — lnjz—a|+C
T—a
e e+
et aussi e a#0 Leor 4
cosx sinz + C'
1
et aussi cos(az) a#0 = sin(azx) + C
a
sinz —cosz+C
-1
et aussi sin(ax) a0 — cos(aa) +C
LI I e
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Remark: reminder on integration

Three main tools for the computation of primitives and integrals:

» handbook of usual primitives

> integration by parts
(uv) =u'v+uv'. Thus /(uv)’ —uv = /U/V-i-/uv’.
!

ie. /u'v:uv—/uv

o/lnzdw — Enposantu=xetv=1Inx:

/lnzzf d(lf=.’L'1I1JL‘7/Z%(11L‘=1'1H£B7/d{L’=ZL‘lIl./L’7:L‘+O
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Remark: reminder on integration

Three main tools for the computation of primitives and integrals:

» handbook of usual primitives
P> integration by parts

» change of variable

b
o [ = / 2™ du —  On poseu = 2. Alors du = 2x dx, d'otr :
r=b u=>b? b2 a?
1 1 o el —e
I= ze do = = gy = e =& ¢
/I:a xe” dx 2/u:a2 e du 2[€ Joz 3
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation (Eg)  yg(t) + a(t) yo(t) =0
— computation of a primitive.
One gets a set of solutions Sy

> Step 2: determination of a particular solution y, of (E)

P either by analogy (simple and intuitive method, but does not work systematically)
» or by variation of constants (always works, but is a little bit more demanding in terms of

calculations)
The set of solutions is then S =y, + So = { yp + yo. Y0 € So}

> Step 3 (possibly): connection of solutions between different intervals where a(t) does not
cancel out : given solutions on ]t1, to[ and ]ta, t3[, does it exist C' solutions on |t1, t3] ?
23
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Particular solution: method by analogy

If the right-hand side 3(x) is a polynomial, or a linear combination of exponentials, or a linear
combination of sine and cosine functions, and if «(x) is constant or of similar nature as 8(x),
then it may exist a particular solution u,(x) in a form similar to that of 3(x).

— simple method, but which is not always successful
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Particular solution: method by analogy
Example: y/(t) + (2t + 1) y(t) =6t> —t + 1
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Particular solution: method by analogy
Example: y/(t) + (2t + 1) y(t) =6t> —t + 1

If y(t) is a degree n polynomial, y’(t) is a degree n — 1 pol. and (2t + 1) y(t) is a degree n+ 1 pol. Thus
y'(t) + (2t + 1) y(t) is a degree n+ 1 pol.

The r.h.s. being of degree 2, one can look for y,(t) as a degree 1 pol.

M1 AM - refresher Ordinary differential equations 25




Particular solution: method by analogy
Example: y/(t) + (2t + 1) y(t) =6t> —t + 1
If y(t) is a degree n polynomial, y’(t) is a degree n — 1 pol. and (2t + 1) y(t) is a degree n+ 1 pol. Thus
y'(t) + (2t + 1) y(t) is a degree n+ 1 pol.
The r.h.s. being of degree 2, one can look for y,(t) as a degree 1 pol.
Let inject yp(t) = at+ b in (E) :
at+(2t+1)(at+b) =6t2—t+1

thus 2at?+(a+2b)t+a+b =6t2—t+1
Hence 2a=6,a+2b=—-1,a+b=1. Thusa=3,b=-2.

yp(t) = 3t — 2 is a particular solution of (E).
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Particular solution: method by analogy
Example: y/(t) + (2t + 1) y(t) = 6t> —t +1

If y(t) is a degree n polynomial, y’(t) is a degree n — 1 pol. and (2t + 1) y(t) is a degree n+ 1 pol. Thus
y'(t) + (2t + 1) y(t) is a degree n+ 1 pol.

The r.h.s. being of degree 2, one can look for y,(t) as a degree 1 pol.
Let inject yp(t) = at+ b in (E) :
at+(2t+1)(at+b) =6t2—t+1

thus 2at?+(a+2b)t+a+b =6t2—t+1
Hence 2a=6,a+2b=—-1,a+b=1. Thusa=3,b=-2.

yp(t) = 3t — 2 is a particular solution of (E).

A It's miraculous : 3 equations for 2 unknowns (a, b).
If one changes a coefficient in the r.h.s., it does not work anymore.
For instance: y/(t) + (2t + 1) y(t) = 6t> — t
2a=6,a+2b=—-1,a+b=0 — no solution.
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1
2. f'(t)—f(t)=sint+2cost
3. Z/(x) — 3z(x) = sin3x

4. U +3u=>5e>*+6e %

Ordinary differential equations 26
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c
)’p(t):t2_1
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c
)’p(t):t2_1

2. f'(t) = f(t) =sint+2cost
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c
)’p(t):t2_1
2. f'(t) = f(t) =sint+2cost — fp(t) =asint + b cost

fo(t) = 2 sint — 3 cost
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c
vplt) =12 -1
2. f'(t) = f(t) =sint+2cost — fp(t) =asint + b cost
fo(t) = 2 sint — 3 cost

3. Z/(x) — 3z(x) = sin 3x
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c

yp(t) = t? -1
2. f'(t) = f(t) =sint+2cost — fp(t) =asint + b cost
fo(t) = 2 sint — 3 cost

3. Z/(x) — 3z(x) = sin 3x — zp(x) = a sin3x + b cos 3x

Zp(x) = —% sin3x — % cos3x
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Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c

yp(t) = t? -1
2. f'(t) = f(t) =sint+2cost — fp(t) =asint + b cost
fo(t) = 2 sint — 3 cost

3. Z/(x) — 3z(x) = sin 3x — zp(x) = a sin3x + b cos 3x

Zp(x) = —% sin3x — % cos3x
4. U +3u =5+ 6e~

M1 AM - refresher

Ordinary differential equations 27



Method by analogy: examples

In what form can particular solutions of the following equations be found?

L (t+1)y +(t-1y=2t3+¢t2+1 — yp(t)=at’+bt+c

yp(t) = t? -1
2. f'(t) = f(t) =sint+2cost — fp(t) =asint + b cost

fo(t) = 2 sint — 3 cost

3. Z/(x) — 3z(x) = sin 3x — zp(x) = a sin3x + b cos 3x
Zp(x) = —% sin3x — % cos3x
4. U +3u =5+ 6e~ — up(x) = ae> + be ™™

up(x) = e +3e™*
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Variation of constants method: general principle

Solutions of (Ep): yo(x) = K e ™) where K € R and A(x) is a primitive of a(x)

Idea: look for a particular solution under the form y,(x) = K(x) e =A%),
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Variation of constants method: general principle

Solutions of (Ep): yo(x) = K e ™) where K € R and A(x) is a primitive of a(x)

Idea: look for a particular solution under the form y,(x) = K(x) e =A%),

Then y;(x) = K'(x) e A — K(x) afx) e A,
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Variation of constants method: general principle

Solutions of (Ep): yo(x) = K e ™) where K € R and A(x) is a primitive of a(x)

Idea: look for a particular solution under the form y,(x) = K(x) e =A%),

Then y;(x) = K'(x) e A — K(x) a(x) e A%, Thus:

Yp00) + a(x) yp(x) = K'(x) e — K(x) a(x) e ") ta(x) K(x) e ")

Y Yo

— K’(X) efA(x)

Ordinary differential equations 28
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Variation of constants method: general principle

Solutions of (Ep): yo(x) = K e ™) where K € R and A(x) is a primitive of a(x)
Idea: look for a particular solution under the form y,(x) = K(x) e =A%),

Then y;(x) = K'(x) e A — K(x) a(x) e A%, Thus:

Yp00) + a(x) yp(x) = K'(x) e — K(x) a(x) e ") ta(x) K(x) e ")

’

Yp Yp
— K’(X) efA(x)

Hence K'(x) = B(x) eA¥). Hence K(x) by integration. Hence y,(x).
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Variation of constants method: example

(E) y'(x)+2xy(x) =2xe*
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Variation of constants method: example
(E) y'(x)+2xy(x) =2xe*

Solutions of (Eg) y{(x) +2xy0(x) =0: yo(x)=Ke~ I _ ke KeR
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Variation of constants method: example
(E) y'(x)+2xy(x) =2xe*

Solutions of (Ep) yj(x) +2xyo(x) =0: yo(x) =Ke™ Jx— ke KeR
Particular solution: let y,(x) = K(x) e, Thus, injecting in (E):
K'(x) e + K(x) (—2x) e~ 42x K(x) e = 2xe

——
Yh Yp

thus K'(x) e~ = 2xe~*", then K'(x) = 2x.
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Variation of constants method: example
(E) y'(x)+2xy(x) =2xe*

Solutions of (Ep) yj(x) +2xyo(x) =0: yo(x) =Ke™ Jx— ke KeR
Particular solution: let y,(x) = K(x) e, Thus, injecting in (E):
K'(x) e + K(x) (—2x) e~ 42x K(x) e = 2xe

——
Yh Yo

2 2
thus K’(x) e™" = 2xe™*", then K'(x) = 2x.
Hence K(x) = x2 (no need to bother with the integration constant: one just looks for one particular solution).

Finally:  yp(x) =x%e
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Variation of constants method: example
(E) y'(x)+2xy(x) =2xe*

Solutions of (Ep) yj(x) +2xyo(x) =0: yo(x) =Ke™ Jx— ke KeR
Particular solution: let y,(x) = K(x) e, Thus, injecting in (E):
K'(x) e + K(x) (—2x) e~ 42x K(x) e = 2xe

——
Yh Yo

thus K'(x) e~ = 2xe~*", then K'(x) = 2x.
Hence K(x) = x2 (no need to bother with the integration constant: one just looks for one particular solution).
Finally:  yp(x) =x%e
2 2 2
The solutions of (E): y(x) =x?e™ + Ke™ =(x24+K)e™ KEeR
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Variation of constants method: example

(E) y'(x)+2xy(x) = 2xe™™

Solutions :  y(x) = x? e X L Ke* = (x + K) e KeR
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Solving a first-order linear ODE

» Step 0: on which domain? — each interval where a(t) does not cancel. Dividing by
a(t), the equation becomes
(E) y'(t) +a(t)y(t) = B(t)  where a(t) = b(t)/a(t) and B(t) = c(t)/a(t)
» Step 1: solution of the associated homogeneous equation (Eg)  yg(t) + a(t) yo(t) =0
— computation of a primitive.
One gets a set of solutions Sy

> Step 2: determination of a particular solution y, of (E)

P either by analogy (simple and intuitive method, but does not work systematically)
» or by variation of constants (always works, but is a little bit more demanding in terms of

calculations)
The set of solutions is then S =y, + So = { yp + yo. Y0 € So}

> Step 3 (possibly): connection of solutions between different intervals where a(t) does not
cancel out : given solutions on ]t1, to[ and ]ta, t3[, does it exist C' solutions on |t1, t3] ?
31
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Connection of solutions: example #1

(E) tZ'(t)+z(t)—sint=0

Solutions de (E) are:

t K-

> on |- oo0,0[: z_(t):—mtS +0—  K_€E
t K

> on ]0,+oo[: z.;.(t):—cotS T+ Ky €R

What are the solutions of (E) on R ?

i.e. what are the possible continuous and differentiable
connections at t = 0 between a function z_ and a func-
tion z4.7
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Connection of solutions: example #1

t K-
> on ]—o00,0[: z,(tf):—cotS +T K_eR
t K
> on 0,+oo[: z(t) = e + T+ Ky €R
Continuity:
K_ —1 2/9 4 +oo IfFK_<1
lim z_(£) = lim HERFO0ME) ) g k1
t—0— t—0— t oo ifK_>1
Ke — 1 2/2 4 —o0 IfKy <1
lim zp(t) = lim S+ 1% [2+00) _ ) iFKy =1
t—0t t—0t t +oo ifKy>1
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Connection of solutions: example #1

t K-
> on ]—o00,0[: z,(tf):—cotS +T K_eR
t K
> on 0,+oo[: z(t) = e + T+ Ky €R
Continuity:
K_ —1 2 /9 4 +oo IfFK-<1
lim z_(£) = lim HERFO0ME) ) g k1
t—0— t—0— t — 50 fFK_o>1
Ki —142/2 #“ —o0 IfKy <1
lim zp(t) = lim S+ 1% [2+00) _ ) iFKy =1
t—0t t—0t t +oo if Ky >1
The only possible choice for a continuous connection at t = 0 is thus Ko = K = 1.
1-— t
Let z*(t) = t
0 ift=0
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Connection of solutions: example #1

t K-
> on ]—o00,0[: z,(tf):—cotS +T K_eR
t K
> on 0,+oo[: z(t) = _cots T+ Ky €R
Continuity:
K_ —14t2/21 0(t* +oo IfFK-<1
lim z_(t) = lim +t7/2+ O ): 0 ifKo=1
t—0— t—0— t — 50 fFK_o>1
Ky —1+2/2+ O(t* —oo if Ky <1
lim zp(t) = lim S+ 1% [2+00) _ ) iFKy =1
t—0t t—0F t +oo if Ky >1
The only possible choice for a continuous connection at t = 0 is thus Ko = K = 1.
1-— t
Let z*(t) =
0 ift=0
— Remaining point: is z* differentiable at t = 07
Ordinary differential equations 33
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Connection of solutions: example #1

1—cost
. e L )
z*(t) = t

0 ift=0

sint cost—1

Differentiability: ~ z*'(t) = " + e for t # 0.
3 _ g 4y) _
In the vicinity of 0: z*'(t) = £t ?(t ) + (a-t/2 —I;ZO(t N-1 =1- % + 0(t?) = % + O(t?).

1
So z*'(0) = 5 z* is thus differentiable in 0, and its derivative is continuous.
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Connection of solutions: example #1

1—cost
. e L )
z*(t) = t

0 ift=0

sint cost—1

Differentiability: ~ z*'(t) = " + e for t # 0.
3 _ g 4y) _
In the vicinity of 0: z*'(t) = £t ?(t ) + (a-t/2 —:zO(t N-1 =1- % + 0(t?) = % + O(t?).

1
So z*'(0) = 5 z* is thus differentiable in 0, and its derivative is continuous.

z* is the unique C! solution

of (E) on R.
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Connection of solutions: example #2
(E) Y (x) + ——y(x) = x

x—1 5
X

> on]—00,0; y_(x)=x>—x+K_xe ¥ K- eR
> on0,+oo[:  yi(x)=x%—x+ Kixe ™ Ky €R

Given those solutions, what are the solutions of (E) on R ? i.e. what are the possible
continuous and differentiable connections at x = 0 between a function y_ and a function y; ?
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Connection of solutions: example #2

The solutions of (E) on R* are the functions

x> —x+K_xe ™™ on]—o0,0[

y(x) =
x> —x+ Ky xe ™  on]0,+oo]

Continuity:  lim y(x) =0 and (x) = 0. Thus any branch of solution on | — oo, 0[ is continuously
x—=0—

lim y
x—0*
connected to any branch of solution on ]0, +o0l.

Differentiability: (x> —x+ Kxe ) =2x -1+ K (1 —x)e . Thus lim y/(x)=—14 K_ and
x—0~

lim =—-1+K,.

Jim y(x) +
Thus a branch of solution on ] — oo, 0] connects smoothly to a branch of solution on ]0, +oo[ iff Ko = K.

36
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Connection of solutions: example #2

(E) )+ Xt

y(x) =x

The solutions of (E) on R are the functions y(x) = x> = x+ Kxe ™, KeR
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And what for first-order
nonlinear differential equations?
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And what for first-order
nonlinear differential equations?

» No fully general method
» A simple method for separable differential equations

» Some methods, on a case—by—case basis (often by a change of unknown function), for some
particular equations

Ordinary differential equations 38
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as

y'(t) = g(y()) £(2).
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as

y'(t) = g(y()) £(2).

Computation method (schematically)

y'(t)
g(y(t))

= f(t)
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as

y'(t) = g(y()) £(2).

Computation method (schematically)

y'(t)
oy W

y'(t) /
= [ (¢
IEroRAS
<~ H(y(t)) = F(t) + C  where H is a primitive of 1/g
F a primitive of f, and C € R
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as

y'(t) = g(y()) £(2).

Computation method (schematically)

y'(t)
oy W

y'(t) /
= [ (¢
IEroRAS
<~ H(y(t)) = F(t) + C  where H is a primitive of 1/g
F a primitive of f, and C € R

— y(t) =H*(F(t)+C) CeR
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as

y'(t) = g(y(t)) £(2).

Are the following equations separable?

1. y/(t) —y3(t) sin2t =0 YES - NO
2. y'(t) —y3(t) sin2t +2t +1=0 YES - NO
3. y'(t) —y3(t) sin2t+ (2t + 1) y(t) =0 YES - NO
4. y'(t) — y3(t) sin2t —sin2t + 1+ y3(t) =0 YES - NO
5. e2(x) Z'(x) +In(x) 2%(x) = 0 YES - NO
6. tu'(t)—u(t)+e’® =0 YES - NO
7. f(t) — f(t) = t (1) YES - NO
8. xy'(x) —sin(x) cos(y?(x)) =0 YES - NO
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?

1. y'(t) —y3(t) sin2t = 0

M1 AM - refresher Ordinary differential equations 41




Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t

2. y'(t) —y3(t)sin2t+2t+1=0
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t

2. y'(t) —y3(t)sin2t+2t+1=0 YES - NO

M1 AM - refresher Ordinary differential equations 41




Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t

2. y'(t) —y3(t)sin2t+2t+1=0 YES - NO

3. y/(t) — y3(t) sin2t + (2t + 1) y(t) =0
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t

2. y'(t) —y3(t)sin2t+2t+1=0 YES - NO

3. y/(t) — y3(t) sin2t + (2t + 1) y(t) =0 YES - NO
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t

2. y'(t) —y3(t)sin2t+2t+1=0 YES - NO
3. y/(t) — y3(t) sin2t + (2t + 1) y(t) =0 YES - NO

4. y'(t) — y3(t) sin2t —sin2t + 1+ y3(t) =0
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Separable differential equations

DefinitionA first-order differential equation is separable iff it can be written as
y'(t) = g(y(t)) £(2).

Are the following equations separable?
1. y'(t) —y3(t) sin2t = 0 YES - NO
y'(t)=y3(t)sin2t  g(X)=X3 f(t)=sin2t

2. y'(t) —y3(t)sin2t+2t+1=0 YES - NO
3. y/(t) — y3(t) sin2t + (2t + 1) y(t) =0 YES - NO
4. y'(t) — y3(t) sin2t —sin2t + 1+ y3(t) =0 YES - NO

V()= (3(t) + 1) (sin(2) — 1) g(X)=X3+1 f(t) =sin(2t) — 1
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
7/(x) = — 22(x)e 2™ Inx g(X)=—-X%2e=X f(t)=Int

6. tu'(t)—u(t)+e’'® =0
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
7/(x) = — 22(x)e 2™ Inx g(X)=—-X%2e=X f(t)=Int

6. tu'(t)—u(t)+e’'® =0 YES - NO
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
7/(x) = — 22(x)e 2™ Inx g(X)=—-X%2e=X f(t)=Int

6. tu'(t)—u(t)+e’'® =0 YES - NO

7. f(t) — f(t) = tf3(t)
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
7/(x) = — 22(x)e 2™ Inx g(X)=—-X%2e=X f(t)=Int
6. tu'(t)—u(t)+e’'® =0 YES - NO

7. f(t) — f(t) = tf3(t) YES - NO
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
7/(x) = — 22(x)e 2™ Inx g(X)=—-X%2e=X f(t)=Int

6. tu'(t)—u(t)+e’'® =0 YES - NO
7. f(t) — f(t) = tf3(t) YES - NO

8. xy'(x) —sin(x) cos(y?(x)) =0
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Separable differential equations

DefinitionA first-order differential équation is separable iff it can be written as
y'(t) = g(y(t)) f(t).

Are the following equations separable?
5. €2 2/(x) + In(x) 22(x) = 0 YES - NO
7/(x) = — 22(x)e 2™ Inx g(X)=—-X%2e=X f(t)=Int

6. tu'(t) —u(t)+e’® =0 YES - NO

7. f(t) — f(t) = tf3(t) YES - NO

8. xy'(x) —sin(x) cos(y?(x)) =0 YES - NO
sin x sint

cos(y?(x))  g(X) = cos(X?) f)=—
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Separable differential equations: example #1

e y/(t) —ty*(t) =0
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Separable differential equations: example #1

e y/(t) —ty*(t) =0

!
t
Let assume that y(t) does not cancel. Then yz((t)) = te', which leads to:
y
‘(t
/yz()dt :/tefdt
y3(t)
1
———=(t-1)e'+C (by I1BP)
¥(t)
= t)= ————— CeR
Y= herc

We see a posteriori that y does indeed not cancel. Its definition domain
depends on the integration constant C.
ForC>1:D, =R :
For C=1: D, =R* e f
For 0 < C <1: Dy = R except 2 forbidden values i jt/
For C <0: Dy, =R except 1 forbidden value

(t—1)et
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Separable differential equations: example #1

-1
t)= ——~—F— CeR
v (1) (t—1)et+C
For C>1:D,=R
For C=1: D, =R*
For 0 < C <1: Dy =R except 2 forbidden values
For C <0: Dy =R except 1 forbidden value
-1
)= ——
y() (t—1)et+2
-1
)= —————
y(®) (t—1)et+1
3 -1
t)= ————————
YO = e 05
-1
t)= ——————
)= o ye 1
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Separable differential equations: example #2

() xy'+2=0
y
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Separable differential equations: example #2

() xy'+2=0
y

3 1
On I =] — c0,0[ or |0, +oo[, we have: yy’ = —= , which leads by integration to: 5y2(x) = =3In|x|+ C,
X

hence y(x) =++y/—6In|x|+ K (K=2C€R)
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Separable differential equations: example #2

3
(E)  xy'+>=0
y

3 1

On I =] — c0,0[ or |0, +oo[, we have: yy’ = —= , which leads by integration to: Eyz(x) = =3In|x|+ C,
X

hence y(x) =++y/—6In|x|+ K (K=2C€R)

The domain of y is given by the condition —61n|x| 4+ K >0, i.e. |x| < eX/6.
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Separable differential equations: example #2

3
(E)  xy'+>=0
y

3 1

On I =] — c0,0[ or |0, +oo[, we have: yy’ = —= , which leads by integration to: 5y2(x) = =3In|x|+ C,
X

hence y(x) =++y/—6In|x|+ K (K=2C€R)

The domain of y is given by the condition —61n|x| 4+ K >0, i.e. |x| < eX/6.

In summary:

VK € R,
yK,—(x) = —+/—6In|x| + K — :
Vi (x) = /=8I x| + K

are solutions of (E) on [—eX/6 0[U]0, eX/6].
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Second-order linear differential equations
with constant coefficients
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Second-order linear ODEs with constant coefficients
(E) au”(x) + bu'(x) + cu(x) = f(x) with a,b,c € R and a # 0

Principle of superposition § = u, + Sy, where up(x) is a particular solution of (E) and Sy is
the set of solutions of the associated homogeneous equation (£p).

Solutions of (Eg) Let P(X) = aX? + bX + c the characteristic polynomial associated to
(Eo), and A = b? — 4ac its discriminant. Then:

> if A >0, u(x)=Ae" +Be™ A BER,wherer = =25YA and r, = =2EVA gre the
two real roots of P.

> if A=0, up(x) = (Ax+ B)e™ A,B€ER, where r = 32 is the unique root of P.

> if A <0, up(x)=(Acosax+ Bsinax)e?™ A Bc R, where a = V;A and 8 = 32.

a

Particular solution of (E)  (similar to first-order equations) A particular solution u, can be
obtained either by analogy with the right-hand side (if simple), or by the method of variation of
constants (i.e. replacing the constants A and B, or only one of them, by a function of x).
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