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A Binary Level Set Model and some Applications
to Mumford-Shah Image Segmentation

Johan Li¢, Marius Lysaker and Xue-Cheng Tal

Abstract—In this work we propose a variant of a PDE based Chan [11]. Our approach can be used for different applications,

level set method. Traditionally interfaces are represented by the put in this paper we restrict ourselves to segmentation of digital
zero level set of continuous level set functions. We instead let theimages. For a given digital image, : Q — R, the aim is to
interfaces be represented by discontinuities of piecewise constant . . "

level set functions. Each level set function can at convergence onIySGp":lr":lt_eQ into a set of subdpmaw@i such that) = UL, Q;

take two values, i.e. it can only be 1 or -1. Some of the properties and o is nearly a constant in eadh;.

of the standard level set function are preserved in the proposed One general image segmentation model was proposed by
method, while others are not. Using this new level set method pumford and Shah in [12]. Numerical approximations are

for interface problems, we need to minimize a smooth convex : . . . .
functional under a quadratic constraint. The level set functions thoroughly treated in [13]. Using this model, the imaggis

are discontinuous at convergence, but the minimization functional decomposed inte? = UiQi_UR wherel’ .is acurve separating
is smooth and locally convex. We show numerical results using the different domains. Inside ea€h, u, is approximated by a

the method for segmentation of digital images. smooth function. The optimal partition 6f is found by min-
Index Terms_image Segmentation‘ |mage processing' PDE'|m|Z|ng the MumeI’d-Shah funCtIOI’la| (8) Th|S IS eXp|aIned
variational, level set, piecewise constant level set functions in §ll. Following the Mumford-Shah formulation for image
segmentation, Chan and Vese [2], [10] solved the minimization
I. INTRODUCTION problem by using level set functions. The interfateis

traced by the level set functions. Motivated by the Chan-

T HE level set method proposed by Osher and Sethi ese approach, we will in this article solve the segmentation

[1] is a versatile tool for tracing interfaces separatin . : : : . : :
. . . roblem in a different way, i.e. by introducing a piecewise
a domain( into subdomains. Interfaces are treated as the : .
: . . gnstant level set function. Instead of using the zero level of a
zero level set of some functions. Moving the interfaces can e ~. . .
unction to represent the interface between subdomains, we let

done by evolving the level set functions instead of moving tqﬁ interface be represented implicitly by the discontinuities of

interfaces directly. The level set idea is now used on a broaﬁle . S ;
a level set function. A two phase segmentation is accomplished

spectrum of problems, including image analysis, reservqir requiring the level set function to take the vallién one

simulation, inverse problems, computer vision and optima . : . i
. of the regions and-1 in the other region by enforcing to
shape design [2]-[5]. For a recent survey on the level set,. A C C
satisfy ¢ = 1. In order to divide the domain into several
methods see [6]-[9].

. . e o
In this work, we propose a variant of the level set metho gbdo_mams, we use a ;et of functi ::lll,ssatllsfymg@ I
. . . y using N level set functions, we can identif)¥ phases. See
The primary concern for this approach is to remove the con? :
. X . .. _also a recent work [14], where we have developed a technique
nection between the level set functions and the signed distance

) . iwficulV ich only needs one discontinuous level set function for
function and thus remove some of the computational difficul- . .
) . . . . . reé)resentlng multiple phases.
ties associated with the calculation of Eikonal equations, se h ¢ thi e | 4 as foll .
§ll. Another motivation is to avoid the non-differentiability T, e restofthis article Is structured as fo ows§lhwe give
rief review of the traditional level set method. Our new level

associated with the Heaviside and Delta functions used - . ;
et model is formulated iflll. In §IV, we apply this model

some of the level set formulations [2], [10]. The third conceri

of this approach is to develop fast algorithms for level sgfr digital image segmentation. The segmentation problem is

methods. Due to the fact that the functional and the constraifgmulated as a minimization problem with a smooth cost

for this approach is rather smooth, it is possible to appf nct?onal .under a guadratic constraint. The minimizatior_1
Newton types of iterations to construct fast algorithms for t nctional is essentially the Mumford-Shah functional associ-

proposed model. The level set model proposed here bears s@id With the new level set model. We propose two algorithms

of the essential nature of the fast level set method of Song éﬂdsolve the segmentatlon problem. We conclude_ the paper
with some numerical examples, using both synthetic and real
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following properties can be detected. Instead, the evolvement of the curve is
é(z,1) > 0, if x is inside T'(t) based on the general Mumford-Shah formulation of image
¢(:c7t) _ 0’ if x is at T'(t) ' (1) segmentation, by minimizing the functional
¢o(x,t) <0, if xis outsidel'(t).

Some regularity must be imposed ¢rto prevent the level set
function of being too steep or flat near the interface. This ig7M5 ,, 1) — Z/'Ci — ug|?dx + p|T| +u/|Vu\2da:. (8)
normally done by requiring to be a signed distance function Y

to the interface ‘

{ é(x,t) =d((t),z), if xisinside T'(t),

O\

o(z,t) =0, if X is at T'(¢), 2

o(z,t) = —d(T(t),z), if x is outsidel'(t), In the above|T'| is the length off". A minimizer of this func-
tional is smooth inQ\TI'. The piecewise constant Mumford-
Shah formulation of image segmentation is to find a partition
of {2 such that in ; equals a constamrt, andQ = U Q,UT.

The two last terms in (8) are regularizers measuring curve-
length of the curves bounding the phases, and smoothness of
|Vo| = 1. (3) w in Q\I'. Based on (8), Chan and Vese [2] proposed the

_ _ . . o following minimization problem for a two phase segmentation
The solution of (3) is not unique in the distributional sense.

Finding the unique vanishing viscosity solution of (3) is
usually done by solving the following initial value problem

where d(I'(¢t), z) denotes Euclidian distance betweenand
I'(t). Having defined the level set functiahas in (2), there
is a one to one correspondence between the cliraed the
function¢. The distance function obeys the Eikonal equation

to steady state min {/\uo B c1|2H(qb)dx+/\uo — eoP(1— H($))dx
b+ sgn(9)([Vel —1) = 0 @ Ty o
¢@,0) = o). ® v [ H@)druf5(6)olds). (©)
In the above,» may not be a distance function. When the o Q

steady state of equation (4) is reached, it will be a distance
function having the same zero curve @&sThis is commonly

known as the reinitialization procedure. For numerical com- . . L .
P ere ¢ is the level set function satisfying (1) and(¢) is

putations this procedure is crucial, and many numerical fini% . ) )
: : e Heaviside functionH(¢) = 1if ¢ > 0 and H(¢) =
difference schemes exists. See (3], [6], [7], [19] for som if ¢ < 0. Finding a minimum of (9) is done by introducing

details. The interfac&'(¢) is implicitly moved according to e . N
the nonlinear PDE an art_|f|C|aI time variable, and movingin the steepest descent
direction to steady state

o¢
5 +v-Vo=0, (6)

wherew is a given velocity field. This vector field can depend

on geometry, position, time and internal or external physics. o1 = 5e(¢)( = (uo — c1)” + (ug — c2)?

Usually only the velocity normal to the interface is needed, Vo

and ¢ is then moved according to the modified equation — v+ uV- (W)), (10)
%f + un|Ve| = 0. 7 ¢(z,0) = ¢go(z). (11)

Level Set Methods and Image Segmentation

The active contour (snake) model evolves a curVe) in  Hered, is a globally positive approximation to thkefunction,
order to detect objects in an imagg[16]. The curve is moved see [2]. The recovered image is a piecewise constant approx-
from an initial positionI’(0) in the direction normal to the imation touy.

curve, subject to constraints in the image. An edge detectorhc we do not impose any other conditions on the level set

9(Vup) determines whef'(¢) is situated at the boundary 0ffunctions¢, then the minimizer of" ™S with respect top may

an object. One limitation of the snake model is that the curve . :
. S . . .not be unique. Thus, we require the level set functioim be
is represented explicitly, thus topological changes like merging .. . ) o
. a-distance function. This means that the level set function is

and breaking of the curve may be hard to handle. To address . :
. ) . a Steady state of both (10) and (4). In practice, this means we
this problem, a level set formulation of the active contourqeeoI to reinitialize the level set function
model was introduced in [17]. Later, Chan-Vese introduced & '

level set model for active contour segmentation, with the very This level set framework was later generalized to multiple
important property that the stopping criteria is independent phase segmentation using multiple level set functions [10]. A
Vuyg [2]. This means that boundaries not defined by gradierftsur phase segmentation can be accomplished by minimizing
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the functional I is implicitly defined as the discontinuity @f. This represen-
tation can be used for different applications where subdomains
F(c, ¢1,b2) :/|61 — uo|*H (1) H (¢p2)dx need to be identified. In order to use this idea for image
Q segmentation, we use (15) to represent piecewise constant

functions. Let us assume that is an image consisting of

2

+/ ez — wol"H (¢1)(1 — H(¢2))dx two distinct regions2; and$),, and we want to construct a
Q piecewise continuous approximatiaro ug. Letu(x) = ¢; in

+/\63 —wo|2(1 = H(¢n))H(¢o)dz  (12) _Ql’ andu(x) = ¢y il_’1 Qy. If ¢(x) =11in Qq, andgp(x) = —1
in 9, u can be written as the sum

Q
_a %2
+ [ lea = w1~ H@0)(1L - H(ox)ds v=glorh =g, (16)
Q The formula (16) can be generalized to represent functions
with more than two constant values by using multiple level
T /H((bl) + V/H(¢2>dx set functions following the essential ideas of the level set
Q@ Q formulation used in [4], [10]. A function having four constant
+u/5(¢1)\v¢1|dx + u/6(¢2)|v¢2|da:. values can be associated with two level set functippg?_,
A 2 satisfying¢? = 1. More precisely, a function given as
Having determinea = {¢;}?_,, ¢1 and ¢, by the minimiza- u= G+ 1(d2+1) = F(d1+1)(¢2 - 1)
tion of (12), four different regions can be identified by the =G (o1 = D(p2+ 1)+ G (o1 — D2 —-1). (17)
sign of the two level set functions such that is a piecewise constant function of the form
e, it ¢r() >0, ¢a(@) >0, a, i du(@)= 1, de(@)= 1,
w(w) =4 if ¢1(x) >0, da2(x) <0, (13) wa) =) it g(x)= 1, ¢o(w)=—1,
cs, i ¢1(z) <0, da(x) >0, s it di(x) =1, do(x)= 1,
cy, I ¢1(x) <0, go(x) <O. cs, i ¢i(®) = —1, ¢ofx) = —1.

By utilizing the Heaviside function, the recovered cartoorhtroducing basis functionsg; as in the following
imagew consisting of four phases can be written as

u=c1H(¢p1)H(¢p2) + coH(¢1)(1 — H(p2))
+c3(1— H(¢1))H(d2) + ca(l — H(¢1))(1 — H(g2)). ) “
(14) er (~1)3(61 + D(g2 =D+, (18)
Increasing the number of phases is done by increasing the B
number of level set functionsyv level set functions are needed ) :
to represent up t@" phases. we see that: can be written as
In our paper we solve the piecewise constant Mumford- 4
Shah segmentation using a slightly different level set approach. U= Z Citi-
We separate the connection between the level set function i=1
and the distance function. This means that we get rid 6pr more general cases, we could use level set func-
the reinitialization procedure. In our approach, we imposetigns for to produce2” number of phases. To simplify

w=er 3(1+1)(g2 +1)

(19)

quadratic constraint on the level set functions,é®= 1. Our notation, we define the vectorg = {¢1,62,...,¢n}
approach is truely variational, i.e. the equations we need Qadlc = {01,C2i~--,62N}- For i = 1,2>~-'-,2N, let
solve are coming from the Euler-Lagrange equations for sorffg b5 ,...,by ) be the binary representation of- 1,
smooth convex functions. The problem of non-dif‘ferentiabiIitwherebzﬂ_1 = 0V 1. Furthermore, set
associated with the Heaviside and Delta functions is avoided. N
s(i) = bt (20)
[1l. OUR LEVEL SET APPROACH j=1
To introduce our level set idea, let us first assume that tB8d Write; as the product

interface is enclosin@; C 2. By standard level set methods (=1)*® N _
the interior of(2, is represented by points : ¢(x) > 0, and W = SN H(qu +1- Qb;fl). (21)
the exterior ofQ); is represented by points : ¢(x) < 0, as j=1

in (1). We instead use a discontinuous level set function
with ¢(x) = 1 if x is an interior point of?; and¢(x) = —1
if « is an exterior point of2;

2N

itz int(Qy) N
¢() —{ 1 it ext(Qll)_ (15) u ;czwz (22)

Then a functionu having 2" constant values can be written
as the weighted sum
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If the level set functions; satisfy¢? = 1 and; are defined image uo. Considering the constraints imposed on the level
as in (19) or (21), then supp;) = Q;, ¥; = 1 in ;, and set functions, we find that the segmentation problem is the
supf(v;) N supdy;) = 0 whenj # i. This ensures non- following constrained minimization problem

overlapping phases, and in additipfy su ;) = €, which
prevenptg vgc%ums. O supite) Ié’lilgF(ﬁb’ c), subjectto ¢} =1, Vi. (25)

If the level set functions satisfy? = 1, then we can use ’

the basis functiong; to calculate the length of the boundaryRecall thate is a vector havingV elementsp;. For notational
of ©; and the area insidg,, i.e. simplicity, we introduce a vectdK (¢) of the same dimension

as ¢ with K;(¢) = ¢? — 1. It is easy to see that
J 2 o; =1,V & K(¢)=0. (26)

In fact, measuring the length of boundaries by using this We use two related methods to solve the minimization

representation is more accurate than usingftiés;)|Ve;|dz  Problem (25), a projection Lagrangian approach, and an
augmented Lagrangian approach. This leads to two related

which is done in [2], [10]. This is due to the fact that theiferative algorithms for image segmentation. The projection
regularizer does not treat every edge equally, by measuringyrangian method is first described.
some edges once and other edges two times, i.e. some edges

are treated as more important than other edges, as pointedAJu
by Chan and Vese [10]. Our method on the contrary counts ) . ;
every edge two times, and thus all the edges are treated equally.n® L@grangian functional involves both and the con-
A simple example illustrating the difference between the twif@int&
regularizers is shown in Fig. 1. Uisnfd(¢;)|V¢;|dz as the

EA Projection Lagrangian Algorithm

L(¢, e, A\) = F(¢,c) + Z / N Kida. (27)

Q
regularizer, the length of dashed line in Fig. 1(b) is counted
once while the thick line is counted twice. Using our approach,

the length for all the lines are counted twice. Here A = {\;}}Y, is a vector of functions of the same
dimension as¢, called the Lagrange multipliers. Note that
when the constraint is fulfilled, the Lagrangian term vanishes,
and L = F. We search for a saddle point of (27), which in
turn will give a minimizer of (25). At a saddle point df we
must have
oL OL OL ,
9. =0, 5 = 0, v 0, Vi. (28)
The saddle point is sought by minimizirdgwith respect tap
(@) (b) () and ¢, and maximizing with respect t&. By maximizing A
the constraint must be fulfilled at convergence, otherwise the
Fig. 1. (a) A simple image consisting of three phases. ()4t¢:)|V¢ildz L agrangian term of (27) will not vanish. From the definition

Q
is used as a regularizer, the different edges are not treated in a simidr L, we see that
fashion.The edge with the (thick) dashed line is measured once and the

other (thick) edges are measured twice. Moreover, in general it is impossible oL OF N OK
to determine how each edge is supposed to be measured. (c) Using ouC — — —— Z)\Aij
representation, all edges are measured two times. d¢; 0 = 7 0,
2N 2N
IV. MINIMIZATION PROBLEM = (u— up) ch% _ BZV,( Vi, )8% LNk
We have now introduced a way to represent a piecewise L V517 0
constant functionu by using the binary level set functions. (29)
Based on this we propose to minimize the following function@ysing formulas (16), (17) and (21), it is easy to get; /06,
to find a segmentation for a given image Sinceu = Y, ¢;¢h;, and only the first term of” depends
1 oN on u, the derivative with respect ta becomes
F(¢,c):§/|u—u0|2dx+52/|vwi|da:. (4 oL _ [oLou aiFaudI_/(u_qum
Q i=1q de; ] Oude;, T ) Oude 0/
In the above,3 is a nonnegative parameter controlling the (30)

regularizing, v is a piecewise constant function dependin@he derivative ofL. with respect ta\; essentially recovers the
on ¢ and ¢, as in (22). The first term of (24) is a leastconstraint:

square functional, measuring how well the piecewise constant oL
image u approximatesu,. The second term is a regularizer OA;
measuring the Total Variation (TV) of the basis functionsAll the derivatives (29), (30), (31) must equal zero at a saddle
Essentially this regularizer measures length of the edges in gfw@nt of L. To find the saddle point, we shall use an iterative

=K;=¢7 — 1. (31)
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algorithm. From initial guesses’, ¢, A°, we iterate towards Algorithm 1 (A Projection Lagrangian Method.)
better approximations;bk,c’“,Ak. Since we want the three |nitialize ¢, ¢07 A9,

derivatives (29), (30), (31) to equal zero, we increasentil 1. Updateq&k by (34), to approximately solve
none of ¢, ¢, A changes anymore. Then we have arrived at el ok \E—1y o1 k1
a saddle point. Using this approach, we need to choose three(¢" » @75 A ) =ming L(c*™, ¢, A7),

different schemes to get”, ¢, \* from ¢" =1, =1, A1, 2. Constructu(c—1, ¢*) by
First consider the minimization w.r.tb, which is done by 9N b1k
introducing an artificial time variable and solving the PDE u=3aG Ui
oL 3. Updatec”® by (35), to solve
= ——, 32
o ¢ 32) L(c*, ¢*, AF71) = mine L(e, ¢, AF71).
to steady state. At steady stats, = 0, which meansf = 4. Update the multiplier by

0 V4. This is exactly what is needed for a saddle poiﬁtLof
We discretize the time derivative using a forward Euler scheme

¢7L€'LU _ ¢Old
- (33)  If necessaryk «— k + 1, repeat.

/\f = _%¢§%(¢k,ck)7 Vi=12,... 52N'

5. Test convergence.

by =

Here At is a small positive time step. Combining (32) with

(33), and rearranging the terms gives an updating scheme foRemark1: The minimization w.r.tc done in ste should

oi not be done too early in the process, e.g. not before~ 1,

prew — gold _ Atai(¢old FmL ARy, (34 otherwise the matrix inversion in (35) becomes ill-conditioned.
! ! 0 ’ Minor pertubations of the level set functions will result in

Observe that; is moved in the steepest descent direction, 48'9€ errors of the:;-values. If[¢;] is far from 1, thenv; is

this is essentially the gradient method. We use a fixed time sfgp from orthogonal ta);, and the inner produdty;, ;) in
At, determined by a trial and error approach. The curvatu 5) will give contrlbu_tlo_ns at points where it should.not. This
term in g—g is the most restrictive term to the size Af. After Means that the matrix inversion in (35) does not give a good

a fixed number of iterations we le* = ¢"°“. If an infinite approxmatpn toc l_JnIess|¢i\ ~1 V.Z' L L
. X : Remark2: The time step used in the gradient iteration in
number of iterations were done, i.e— oo, we would end

up with the exact minimizer of, w.rt. ¢ at ck—1, \b~1. step 1 is controlled by the size of/- (‘%j‘). This term

Secondly, we consider the minimization bfw.r.t. ¢, which controls the curvature of;, i.e. essentially the second order
is done by using (22)x is a linear combination of the derivatives ofi);. If the curvature becomes big, (this is the
basis functions, thud. is quadratic inc. This means the case when) becomes discontinuous), it might violate the CFL
minimization w.r.t.c can be done by solving the" x 2V stabi!ity condition of the numerical scheme, unles_s the value
linear systemAc = b, where A;; = (v;,9;) 1), and of g is small. Thus largep values require smaller time steps
b= (0, Vi) Ly and vice versa. o _

Remark3: The numbem of gradient iterations performed

2™ - . . N in step1 is usually set to a small number ~ 10. This
Z(% sV ) Lo € = (U0, Y5 ) La(), 1=1,2...27. means that a gradient iteration is performedimes before
i=1 the other steps in the algorithm are done. The minimization

(35)
Last, an updating scheme faris constructed by combining
(28) with (29) and (31). A saddle point df must satisfy
OL _ OF
Op; O,
By multiplying this equation with¢;, and noting that at a _ _
saddle point ofl. the constraint gives? = 1, we can set this B. Augmented Lagrangian Algorithm

w.r.t. ¢ is therefore not exact, but increasing— oo would

hopefully give an exact minimizer. We have observed that

using ten gradient iterations usually gives a sufficiently good

(36) approximation to the exact minimizer before the other steps
of the algorithm are performed.

0= + 2.

into (36) to get We can also solve the minimization problem by the aug-
A = _l@ai_ (37 mented Lagrangian method. This is a combination of the
27 0¢; multiplier method and the penalization method. Define the
This is used as an updating scheme Jor augmented Lagrangian functional as
1 ,OF N 1
k_ 2 k9 kK _ K - 2
N = 5ot (6t ). @8)  Lu(6.eX) = Floe)+ 3 [Nkde t gu3 [Ktar
1= Q 1= Q
Now the three updating formulas (34), (35) and (38) are (39)

combined to construct an algorithm using the Lagrangidtere 4 > 0 is a penalization parameter, and the last term
approach. This scheme is essentially a projection Lagrangiain (39) is called a penalization term. Similarly as in the
algorithm. Lagrangian approach, to minimiz&€(¢, ¢), we need to find
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a saddle point of (39). Thus we need updating schemes folRemark1: In most of our simulations we have sgtto
¢, c and A. Both ¢ and ¢ are updated using the sameée constant during the processing. This is done to make the
techniques as in the Lagrangian approach. Hence we osglynulations as "safe” as possible. Better convergence behavior
need a new scheme for updating in addition to a scheme can be expected if is increased during the iterations, but be
for updating the penalization parameterThese two schemesaware of ill-conditioning ifu is increased too quickly. This is
are interconnected. a common approach when using the augmented Lagrangian
The original idea of a penalty method is to iterativelymethod. See [18], [19] for details concerning the general
force the constraint to be fulfiled by increasing to co. algorithm.
For the augmented Lagrangian method, due to the LagrangiafRemark2: As in the first algorithm,c should not be
multipliers, the constraints are satisfied even if we use updated too early in the process, to avoid ill-conditioning when
fixed penalization parametegr In practice, better convergencenverting the matrixA. See Remark 1 of Algorithm 1.
can be obtained if we increase the value of the penalizationRemark3: In this algorithm, At in the gradient iteration
parameter. LeA” denotes\ at thek!™ iteration. Following the depends on botf and .. A large 8 or x require a smallAt.
approach in [18], [19], we use the following updating scheniehe constants can be looked at as a parameter controlling the
connectivity or oscillations of the different phases. A bigger

k k—1 k
AT=ATT 4 uK (9. (40) [ value will suppress oscillations, while a biggemakes the
Having determined\*~!, we minimize L, w.r.t. ¢ by the level set functionsp; converging to+1 quicker. Choosing:
gradient method updating scheme too big will reduce the influence of the fitting terf(¢, ¢) and
oL thus may increase the iteration number needed to converge to
Prev = 2l — At—E (¢ F=1 AFT1) (41) the true solution. For practical problems, it is normally not too
) 0 difficult to find a approximate range for these two parameters.
where
oL, v )%ca% 42) V. NUMERICAL EXPERIMENTS
opi 0 — 7 0, In this section numerical results are presented. Essentially
N = our model has two parameters, and ;. When using the
: Vi \ 0 projection Lagrangian algorithm, the only parametefidie
- 52 v ( |V¢j|) ¢, (43) keep the penalty parameterconstant in the simulations when
=1 ) the augmented Lagrangian method is used. This means the
+ 2XNi¢i 4+ 2p(95 — 1) (44)  humber of iterations needed before convergence is not neces-
Like in the first algorithm, after a few iterations we saft — sarily optimal, but it makes the problem less ill-conditioned

™. The constraintsk; are independent of the constanthan by increasing:.. For most of the tests we have done, the
valuesc; and thus the updating for the values will still Parameters are chosen in the following range

Algorithm 2 (An augmented Lagrangian Method.) These ranges are not strict, but can serve as a guide. In each
Initialize ¢, ¢°, A, . numerical test, we report the specific values used#and
1. Updateg” by (41), to approximately solve . In all the simulations shown, we ugt’ = 0. Most of the
k=1 gk k-1 . b1 o1 images are imposed with noise, and we assume the noise is
L;L(c -, ¢ ) A ) = mMlNg th(c Y ¢7 A ) additive
2. Constructu(c*~1, ¢*) by up = u + 1, (46)
u= ijl Lk, where n) is Gaussian distributed noise. For each of the ex-
amples containing noise, we report the Signal to Noise Ratio
3. Updatec”® by (35), to solve bles NING NOISe, We rep '9 I I
C o - (SNR): SNR = Variance of Data a7)
Lu(c¥, ¢, A"71) =mine Ly (e, ¢, A7), "~ Variance of Noisé
4. Update the multiplier by If SNR =~ 1, the observation data is very noisy.

AF k- +/¢K(¢’“) E\(en though the' framework developed in this article is
' applicable for multiple level set functions, we only show
5. Test convergence. numerical results using one or two level set functions. When
using two functions, there is a need for an initial approxima-
tion of ¢. This is done by the following process: First a median
filter is applied to the image, to produce a smoothed temporary
This algorithm has a linear convergence and its convergenm@ge u;y,,, €.9. uimp(z:;) iS taken to be the mean of a set
has been analyzed in Kunisch and Tai [20] under a slighttf neighbor points ofug(z;;). Afterwards, a simple isodata
different context. This algorithm has also been used in Chapproach is applied on.,,, to find ¢, an approximation to
and Tai [4], [21] for a level set method for elliptic inversethe optimalc. We refer the reader to [22] for a discussion of
problems. the isodata algorithm. When using only one level set function,

If necessaryk — k + 1, iterate again.
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the initial value forc is not important, the algorithm convergegshe obtained iterative level set functions as an initial value and
to the same solution even if we start with an initial valustart the algorithm again. The step siae¢ can be chosen by

far from the true one. This is due to the uniform convea linesearch. The technique is tested, and we show the results
nature of the objective functional in the two subdomain caser a specific image in Fig. 3.

All the examples shown are processed using the augmented

Lagrangian Algorithm.

A. One Level Set Function

Example 1. We start with an example where one leve
set function is used to detect two different subdomains.
want to test our algorithms on a really challenging image with
scattered data, i.e. a satellite image of Europe showing clusters @ (®) ©
of light. For our algorithms to work, the level set functiongid: 3. Animage of a galaxy is processed using the modified version of the

. . . augmented Lagrangian algorithm with a linesearch. (a) The original image
must converge te-1. Which point the level set function should,,; " (b) , a piecewise constant approximationdg after 10 iterations with
equal to 1 and which point the level set function should equéal= 1e—3. (c) u, another piecewise constant approximation vdth- 2e—4.
to —1 is influenced by the value of the regularization parameter
8. With a biggerg, the obtained image is more "connected”, As observed in this example, the number of iterations is
see Fig. 2. With a smalles the image is less "connected”.decreased dramatically when using the modified algorithm. In
No matter what kind of value we choose foy the algorithms the case of two phase segmentation, the functidal c, \) is
are able to get the level set function to convergettio Three globally convex w.r.tc and¢. For multiple phased, (¢, c, A)
of the computed results are shown in Figs. 2(b),(c) and (d§.only locally convex w.r.tc and¢. The above technique can
The recovered images are very similar to the results obtaingctelerate the convergence. However more careful tests are
in [2], [14]. needed to draw some solid conclusions concerning the class
of problems where the speedup-technique is applicable.

We have tested our algorithms for some more images than
what are reported here for two-phase problems. We have
observed that the accuracy and quality of the recovered images
are as good as the one produced by the algorithms of [2],
[14]. Even though our level set functions are discontinuous,
we are always able to use them for tracing interfaces with
sharp corners and complicated geometries. In term of capturing
corners and geometry, it seems that our method is in no
way less capable than the other level set approaches. For two
phase problems, our algorithms converge to the true solutions
independent of the initial values and c.

B. Two Level Set Functions

Example 3.For our method, we can start with continu-
ous functions for the level set functions. At convergence, the
level set functions are discontinuous functions having values

© @ +1. In some sense, we are not moving curves. For a given
Fig. 2. Segmentation of a scattered data of a satelite image of Europe usinggial value for the level set functions, our algorithms are just
different values for3. We have used a fixed = 10. Different values of iE}inding the correction directions where the level set functions
influence the connectivity of the different parts of the resulting image. (b), . . . . .
() and (d)u piecewise constant approximations usipg- 1e—3, 3 — 5e—3  Shall move, i.e. up or down at a given point. This makes it
andg = le~2. easy for our algorithms to capture objects with "holes” inside

the objects. For other level set methods they need to start with
In this example,100 iterations were needed for convergencecurves inside the object, or use approximationsite and
Example 2. In this example, we introduce a technique&—functions having global support if they want to identify

which can be used for accelerating the convergence of tinside "holes”.
two algorithms. At convergence, the level set functions shouldTo demonstrate the capability of handling holes, we have
approach+1. After a few gradient iterations, the level setested the algorithms using two level set functions for the
functions could already have the correct sign, but it migltnage depicted in the upper left corner of Fig. 4. The same
take many iterations to gep exactly to +1. This is a image has been tested by other level set methods in [10],
common behavior of the steepest descent method, due to [t giving similar results. The image contains convex and
slow convergence rate. To accelerate the convergence, we cancave shapes and "holes” inside some of the objects. We
start the algorithms with an initial value for the level sehave imposed the image with noise haviSgvR ~ 7.5.
functions and do a few iterations. We then take the sign @fur algorithms are able find all the objects with rather good
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accuracy even under a moderate amount of noise, see uppmeproblem for our method. On the contrary, the large values
left corner of Fig. 4. The sharp corners, concave shapes aidhe curvature terms suppress unnecessary oscillations in the
inside "holes” presents no problems for our algorithms.  curves.

w0 v Example 5. To conclude the numerical section we process
ol " a MR-image of a brain. We have picked out an image
O‘ o ‘ from the Brainweb database. This is an online database
s : * from where synthetic MR-images of the human brain can
® * be downloaded. The input image, in Fig. 6 contain
80 EREIRES . Ve & 13% noise and20% inhomogeneity. We refer the reader

100 R L e N TREET to (www.bic.mni.mcgill.ca/brainweb) for explanation of the

20 40

amount of noise and inhomogeneity. This image is difficult due
to the fact that the curves are complicated and the intensity

2 values are not nearly constant inside each phase, since the
© o intensity values have 20% inhomogeneity inside each phase.

o The computed result is shown in Fig. 6. We are able to extract
o n four different regions. This is the only example using two level

set functions where we do update the penalty parameter. We
2 4 e s 0 2 4w 8 1o let 40 = 51073 for the first3000 iterations. Then we set
Fig. 4. Two level set functions are utilized for detecting four regions having — 5.10-1 and iterate for anothet000 iterations. The
distinct intensities. The values for the parameters jare= 1 - 10~4 and ' . . . )
B=1-10-4 accuracy and quality of the segmented image is as good as

the results produced by traditional level set methods.

0.8

06 VI. CONCLUSION

0.4

In this work and also in [14], we have proposed some
! piecewise constant level set methods for capturing interfaces.
0s Numerical experiments show that these methods are able
to trace interfaces with complicated geometries and sharp
corners. The level set functions are discontinuous at con-
08 vergence, but the minimization functionals are smooth and
: - at least locally convex. In this work, we have only tested
50 100 150 200 50 100 150 200 . .
Fig. 5. Animage of a house is processed using two level set functions. Tmeese m_ethOdS for'lmage segmentation, yvherg we ha\{e used
values for the parameters gre=1-10"2 and3 = 5 - 102, some simple gradient methods for the iterative algorithms.
Due to the fact that the functionals are smooth, we shall be
able design fast iterative algorithms to solve the minimization
Example 4.In this and the next example, we want to teshroblems, i.e. by using Newton type of iterations instead of the
our algorithms for some realistic images. First we have usgfinple gradient methods. The numerical results indicate that
an image of a house, where the human eye can see that thgfiemethods give as good results as the continuous level set
are approximately four distinct regions in the images, ev@finctions. Since our methods are not moving the interfaces
though the image is more complicated than that. The algorittiiring the iterative procedure, it has some advantages in
is terminated afteB000 iterations. Some of the objects arereating geometries, for example in a situation where inside
rather thin and complicated, see the objects around the doggles” need to be identified. Another virtue of not moving
the windows and the roof. Some of the objects only contajRe interfaces is that the restrictions on the time-step are
a few pixels. Our discontinuous level set functions seem %akened_ By using our level set approach, we removed the
have no problems to capture all these fine detailed structurgsnitilization procedure needed for the traditional level set
For the traditional level set methods, the level set functioggproach. In addition, we also avoided the non-differentiability
are continuous, the curvature term, i.e. the téﬁn(lg—ﬁ‘ associated with the Heaviside and Delta functions. It is not
in (10) may not be a problem. For our level set method, thecessary to use some smoothed and regularized counter parts
level set functions are discontinuous at convergence, thus tbethe Heaviside and Delta functions. Our approach is truely
curvature term in (29) is very large at the discontinuity but zenariational, i.e. the equations we need to solve are coming
in the regions where the level set functions are constant. Gtom the Euler-Lagrange equations for some smooth convex
numerical tests show that such a discontinuous term produéasctions.
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6. Two level set functions are used to find four regions in a MR-

imageuo of a brain (a). This is a synthetically produced image, downloaded
from www.bic.mni.mcgill.ca/brainweb. The value fér=1-10-3. (b) u, a
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