
3. Optimality conditions/qualitative information
1

.
Derivative with respect to the domain

1 Standard trical shape derivativesgeome

Let 22 LIRY a smooth domain which exterior normal on de is denoted byi . We consider in the following
i to be defined all over

IRV
using

its extension based on the distance function (see
previous chapter) .

In ander to obtain optimality conditions of first order we introduce the socalled "boundary variation method. "

Let
: J -

E
,

S [xIRV ,
IRN a smooth rectorfield and its associated flow 42 which associates a to X1t,m)where

G4X(, a)
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X(0
,
a) = a

Ex : XIt
,
x) = n + t (x) for some # rector field .

We are interested in the differentiation of ECt) = JFCt, vide for same fixed function F:R

The If F : J .
5

,
2[xIR*, IR is of class I've have

I &
=

Saz F(t ,
a) du = J. GF(0, 2) + div (F(0

,
a)lo

,
a)) da [illustration from C

.Dapogny]

Proof :.We will need the classical lemma

Lemma
: A : J-E

,
EC < Mo(IR) a smooth matrix field. The Proof : Alt = A(d) + t A'() + o(t)

a (0) + ta)(0)
.I if Alo) = In we have G detA(t) = Tr (A'do)) = det Alt) =

"

+a) ... (oH) =&=
t = 0 i

=Alo)
+ E Tr Aso) + o(t) -



To estimate the derivative we use a change of variable to differentiate with respect to a fixed domain

S Flat) da = Je
.

F(t
,

X(t
, y) cet DyX(t , y) dy since 4 (1) = 1

We
can now use standard differentiation result under summation to obtain

6. J F(t
,
u)dm = S(F(t, X, y)) + DF(t

,
X(t

,y)) · X1 ,y)] detDyXIe
+ Sao F(t,y) ↳ det Dy X1t

, g) dy
Observe that det (DyX1t ,y) = 1 for t = 0 and differentiating the dymanical system we find

->

(G Da
X(t

,
a) = DaV(X(t , a)) = DuX(t

,n)

(ex10m) = InSo
, Nul )) =ToApplying previous

lemma gives be det DyX (t,y) =

Finally wejust proved & Le F(n)de Flo, y) + DF10
, y) .

#0
,y)] +

F(0
, y) div (50

, y() by
t = 0

= Jart #(4
,y) + div (F(0,y) lo

,y)) dy

Application : It +1 s Se P1,
a) de is a conserved quantity we

have

↳ Se pH,
u)dn = 0 = Jon) + dir (plo,

no
,
a)e

t = 0

=>

for all subdomain + div (V) = 0 which is a standard conservation law equation

Prop : Under the smoothness hypothesis we have

2 18 lebesque measure(
t = 0



Proof
: F= 1

=> Je div%o
,
a) drF S Vou).

We can now prove
the differentiation formula we used in the study of Allen-Cahu equation and

mean currature flow :

·

Prop :
Under smoothness assumption of the boundary Who we have1 ↳

* "

(22) = 1. Hin) Mo ,
n)

.

mao
t = 0

Proof : &"Def) = Le d = Sult , u.lt
,
usdu =

( div t
,de

Green &E

using our differentication result with F(t
,
n) = div (ilt

,n)) :

N

↳(de) = Seo d (divilt, n)) + div (div (m 10
,n))(0, ni) da = Je div (bule) + dir (,u))on) J du

t = 0 t = 0 t = 0

(0))un

&M (n) mean carvature

Morever since Il mil= 1 (6 Filt
.
n) .

in 10
,
n) = 0 *

t = 0

Remark : Following the proof me can show replacing F(t
,
n) by div/gingmilt

,ni) that : T= v >

& Par glu) du =br
. ( +)g Vo ,

n) . 0
, n) dr

2. Application to first optimal conditions
S

·
Minimal surfaces : Let t be a contour in IRN

A minimal
se face associated to M solves minGHs), SCRN smooth ofdimension N-lY &Quantamagazine

with 65 = M



Consider S
.

CS a tree piece
of the surface and Va l'vector field of deformation by optimality we must have

42 (5) = 0 = 1 H(a) Vin)· as de
S

.

=> H(a) = 0 for at SIM
for all S, S

·
Consider

now a constrained optimization problem : the minimization of the boundary measure under measure

constraint
. By Lagrange theorem it exists & EIR such that

↑ ↳ f + ↳ &"(2) =0

t= 0 t = 0

=> Se
.

(al-1) Co
,
a) .
i(0

,
a) do = 0 for all o

=> Hin) = ↓ for at dRo

This explains the observed optimal structures of the honeycomb tiling and the 30 optimal structures.

3. Introduction to Lea's method (from Lecture notes of Charles Dapogry]
Cia's method is a formal procedure designed to decue shapederivatives inspired by optimization theory

.
We illustrate that method on to PDE examples in the following :

minjam) de where
- Ove= fin

!!
54r)

S a satifies boudary conditions on h

f is a
smooth function of GTRY and ja local cost function

.

We assume that previous shape optimization problems
have smooth solutions .



We introduce the -dependent Lagrangian
2) e
2,
)

=dat
by a Laguage multiplier p

1. E
,

u and p are here indle pendent variables.

·
We first consider the Neumann case G-Outh =f ind where we added the term tu for commodity to have a well posed system.

= 0 on Je

Consider its Lagrangian &(1
,

4
, p) = Jejluldn + Suxp dos + Lupda-pdn Cresultotan integration by pat

a

# is given , by construction &(1
, un, p) = Sjum) da

For
a fixed (m)

,
u

, p) , we can compute for all pEHIRV) the directionnal derivative of C :

22 (5
,

u
, p) (p) = JDuxpda + Gupd-fne (1)

Sp

Analogously we have for allee M'CIRV)

G (2,
u
, p)() = Jjude + Sprpd + Lae (2)

X Stepl : consider a solution of si) = 0 whatever peHCR. Then if pe 2.%/
wa find by integration by part

↳ (ou +n -f) da =0 =)Du(x) + u(x) = f(a) +x = 1

Moreorn consideing nowo a smooth function
, integrating (1) by part and taking into account -Outu--fine,

we

findShupd =0

Conclusion of Step 1 : <(2,
u

, p) = 0 +p = u = 42



* Step2 : Assure u is fixed and we look for
p
such that 27 (,

u
, p) (2) =0 EHIRY)

Ia is compactly supputed we obtain integrating by part that IndpDüda + Lupda + Suj'(a) da =c

=> - Op + p
=

- j'() in &

Moreover it i is smooth but not compactly suppatea anymore, using -Op + p = -j)), we find

&Ed=0
As a conclusion of the step 2

,
we just observe that E - *Per + Pe = -jlur) in de implies by Pa)=

-Pr
= 0 andi

Bet : Pr is called the adjoint of the problem
Jm

** Step3 : Computation of the shapeduivative of J .

We already observed Ye
, 42 , p) = 5(2) for all pe MICIRM

We can now differentiate formaly the Lagrangian with respect to e to obtain :

-. J'a = Gp() , pend to evaluatet= 0 -
Casideing p = per

the adjoint of the problem we deduce

↳.JCR) (, wape(t) which is a shopedrivative with
fixed functions with respect to
of the form en> f(a) de

We already evaluated in previous proposition this derivative to obtain simply

& T'a smooth deformation 6) = br.fr) +Deer-f,). lo,o

where pro is the adjoint of the problem previously defined.

·. Diricklet case : we consider the same

energy
but change the state equation G-tu-Dinee



Ren
:
It we consider the same Lagrangian 2(22,

u

, p) = Sej(a) dn + Supdr-Sefpda for a

, pEH)

the variables would not be independent !

To
overcome

that difficulty ,
we penalize Dirichlet condition in the Lagrangian in defining

2)
,

u
, p, x) = Je fu)da + Suzon-2)pdn + Sx

which
gives using

Green's formula 211
,

u
, p, x) = Jjuldr + Je u . Dpda - Bpd + ((u-

Analogously to the Neumanu case we have :

↓ EMR),
22 (e

,
u
, p, x)(p) = JeDada-28 da + &2 dr

-p

-MSIV)
, 281,

u

,
px) () = jadpd

EMLIRY, (4, p,
x)()=

.

D
x Step) : Assume 2 (, up,(p)=0 MCIR

With o can pactly suppated inter
, previous equalityi- Ou

give
Assuming additionaly ty(, u

, p,) (*) =0* EH)
,

wefind no ahe

We cancluck that GD == 0 = v = ve . Causely, un the solution of the state equation satistis

62 (M
, Un , PA) = 22(, un , p,

X) = 0 whatever (PH2 p

* Step 2 : Identification of the adjoint

Assume FE M'SIM)
, Je j'lu)idu + ↓DDpdn + &(p) d -

Consideing can pactly suppated implies - Op = -ja) ind

Now
using

Green formula again and insidering - Op = -j'(n) we
find



↓HIR)
, Je+pa =

It can be
proven

that we can

vary
the momal trace be while

imposing
in = ou bet which

gives

p = 0 on de

We just determined the adjoint state be as the solution of -Ope = -j'(va) inch

S
Pr= 0 a br

Analogousely , varying
in the equality above i an de

imposing En= 0 wa find

↑
a

= -L
* Step 3

:
We can now proced to the evaluation of the shape derivative using un , per

and tes previously defined

↳ J(hz) = C(2, un , Pr - tr)(t)(+ 0 + 0 + 0)
t = 0

The lutter differential is a some of derivatives of the form -f <Jeffalda and e 1, Szeglal de

that
we already evaluated .

After some calculations we and
up
with

↓Tasmootdeformation 2 = Ero(Hurl-kum . vor), u). on-

Remarks
: ·

We insist on the fact that
previous computations are formal ! The main delicate point is thatwe assumed the differentiability

of 121 <ve.

& The shape derivative is crucial also for ingeniors which use the opposite direction in the boundary term to ensure the

decrease of the cost function


