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1 Introduction

Let 2 be a bounded open subset in the plane and let us denote by

0 < A(Q2) < A2(2) < A3(9) ... its eigenvalue for the Laplacian operator
with homogeneous Dirichlet boundary condition. Problems of minimization
of eigenvalues, or combination of eigenvalues, brought about many deep
works since the early part of the twentieth century. It was indeed in the
1920’s that Faber [12] and Krahn [21] solved the well-known Rayleigh’s
conjecture: the ball minimizes A\; among every open sets of given measure.
The same question for Ay was solved (to our knowledge) by Szego, cf [27] (it
seems nevertheless that the result was already contained in one of the paper
of Krahn [22]): the open set which minimizes A2 is the union of two identical
balls. For sake of completeness, the proof is given in section 2. Looking for
the minimizer of Ay among connected domains has no solution. Actually,
it is easy to see (cf section 2) that the domains obtained by joining the two
balls with a thin pipe provide a minimizing sequence whose second eigenvalue
converges to the second eigenvalue of the two balls, so the infimum is not
achieved.

*This paper will appear in Archive for Rational Mechanics and Analysis



Now, the problem becomes again interesting if we ask the question to
find the convex domain, of given area, which minimizes Ay. Existence of a
minimizer Q* is easy to obtain (see [9] and Theorem 4). In a paper of 1973
[32], Troesch did some numerical experiments which led him to conjecture
that the solution was a stadium: convex hull of two identical tangent disks.
It is actually the convex domain which is the closer to the solution without
convexity constraint. In this paper, we refute this conjecture:

Theorem 1 The stadium, conver hull of two identical tangent disks, does
not realize the minimum of Ay among plane convex domains of given area.

Let us remark that the method of the proof also gives an answer to a question
set by Giuseppe Buttazzo: if we minimize \;(£2) among open sets 2 of given
area ¢, contained in a fixed box D and if D is too small to contain a ball
of area c¢, are the free parts of the boundary of € pieces of spheres? The
answer is NO, using the same argument, see proof of Theorem 8.

Coming back to the second eigenvalue, the minimizer looks like very
much a stadium! In section 3, we give the following properties of the mini-
mizer:

Theorem 2 The following facts hold:

Regularity The minimizer Q* is at least C' and at most C2.

Simplicity If we assume Q* of class CY! then the second eigenvalue of Q*
s simple.

Geometry If we assume Q* of class Cb! then it has two (and only two)
straight lines in its boundary and these lines are parallels.

Some of these results were already announced in the Note [18]. To be com-
plete, it would be nice to prove also that 2* has two orthogonal axis of
symmetry. Numerical experiments, see [25] seem to show that it is the case,
but we failed in proving it. For other recent results on minimization prob-
lems for functions of eigenvalues, we refer e.g. to [5], [33] and the review
papers [2], [4], [17]. Finally, we point out that the results in section 2 are
mostly valid in any dimension while the results of the section 3 are more
specifically two-dimensional.

2 General results

We first recall some classical results involving eigenvalues of the Laplace-
Dirichlet operator, we refer to classical books like Courant-Hilbert, [8] or
Dautray-Lions, vol.5, [11].



Let © be a bounded open subset in RY, we denote by 0 < A\(Q) <
A2(2) < A3(Q)... its eigenvalue for the Laplacian operator with homo-
geneous Dirichlet boundary condition and w1, ug,us,-.. the corresponding
eigenfunction. They solve

—Auk = )\kuk in O (1)
up =0 on 002

The sequence (uy)g>1 is a Hilbert basis of the space L?*(2). Each eigen-
function uy is analytic inside €2, its behavior on the boundary is governed
by classical regularity results for elliptic partial differential equations. For
example, if the boundary of € is of class C!, it can be proved that uy, is
C! up to the boundary, see [13] or [14]. For a functional point of view, the
functions uy belong to the Sobolev space Hj(f2) defined as the closure of
the space D(2) of infinitely differentiable functions with compact support

for the norm
1/2
fulla = ([ #@ds + [ |vu@Pas)
Q Q

The first eigenfunction u; is non-negative in Q2. Moreover, if €2 is connected,
w1 is positive and A1 () is simple (this is a consequence of the Krein-Rutman
Theorem). Since ug is orthogonal to u1, it has to change of sign in 2. The
sets

Oy ={ze€Quz(z) >0} and Q_ = {z € Q, uz(z) <0}

are called the nodal domains of us. According to the Courant-Hilbert The-
orem, these two nodal domains are connected subsets of 2. The set

N ={z € Q, us(z) =0}

is called the nodal line of us. When € is a plane convex domain, this nodal
line hits the boundary of Q at exactly two points, see Melas [24], or Alessan-
drini [1]. For general simply connected plane domains €2, it is still a con-
jecture, named after Larry Payne, the ”"Payne conjecture”. The classical
min-max formula of Courant-Fischer for eigenvalues implies the following
monotonicity for inclusion:

D CQ = A(Q1) > Me(2) .

At last, the eigenvalues have a simple behavior with respect to homothety:
if 2 denotes the image of {2 by an homothety with ratio ¢, the eigenvalues
of tQ) satisfy:
Ak ($2)

2

Ax(t82) =



As a consequence, in two-dimensions, looking for the minimizer of A (1)
with a volume constraint is equivalent to look for a minimizer of the product
|2 A% (2). In the sequel, we will use one or the other of these formulations.
At last, we will generically denote by n the exterior unit normal vector to
the boundary of €.

We first recall the result about the minimization of the second eigenvalue:

Theorem 3 (Krahn-Szegd) The minimum of A2(2) among bounded open
sets of RNV with given volume is achieved by the union of two identical balls.

Proof : Let 2 be any bounded open set, and let us denote by Q24 and Q_
its nodal domains. Since ug satisfies

_AUQ = )\2u2 in Q_|_
ug =0 on 00

A2(€) is an eigenvalue for Q. But, since uy is positive in Q, it is the first
eigenvalue (and similarly for Q_):

A(Q24) = M(02-) = X2(Q) . (2)

We now introduce 2% and Q* the balls of same volume as €2, and Q_
respectively. According to the Rayleigh-Faber-Krahn inequality

AL(]) < Ai(Q4), A(QL) < M (Qo). (3)
Let us introduce a new open set  defined as
Q=0,uQ.

Since (2 is disconnected, we obtain its eigenvalues by gathering and reorder-
ing the eigenvalues of % and * . Therefore,

A2(2) < max (A (%), \(Q27)) .
According to (2), (3) we have
A2(€) < max(A(Q4), A1(02)) = Xa(Q).

This shows that the minimum of A9 is to be obtained among the union of
balls. But, if the two balls would have different radii, we would decrease the
second eigenvalue by shrinking the largest one and dilating the smaller one



Figure 1: A minimizing sequence of connected domains

(without changing the total volume). Therefore, the minimum is achieved
by the union of two identical balls. O

As we said in the Introduction, a connectedness constraint does not re-
ally change the situation. Indeed, let us consider the following domain (see
Figure 1) 2., obtained by joining the union of the two previous balls by
a thin pipe of width €. We say that . y-converges to 2 if the resolvant
operators T, associated to the Laplace-Dirichlet operator on {2, simply con-
verge to the corresponding operator T on €2, see e.g. [10]. By compactness
argument, see [7], [19] it can be proved that this simple convergence implies
the convergence in norm of operators and therefore the convergence of eigen-
values. Now, it is easy to verify, see [6], [19], that in the above situation Q.
y-converges to 2 what yields A2(€2:) — A2(Q2) and therefore:

inf{\2(Q),Q C R, Q connected , |Q| = ¢} = min{X2(Q),Q2 C RV, |Q| = ¢}

what shows that this infimum is not achieved (actually, we can prove that
the union of two balls is the unique minimizer of Ay up to displacements and
zero-capacity subsets).

In the sequel of this paper, we are dealing with convex domains. First
of all, we give an existence result for the problem of minimization of any
eigenvalue among convex domains of given volume. This result is probably
already known, but we give here a proof for sake of completeness. The
two-dimensional version of this result is already contained in a paper of
Cox-Ross, [9], where the proof uses a clever and explicit estimate between
the difference of the eigenvalues of two distinct domains with respect to their
geometry. Our proof below is less explicit, but more general.



Theorem 4 Let ¢ be a positive constant and k any integer. Then there
ezists a convex domain Q* such that

AR (%) = min{ )\ (Q),Q C RN, Q convez ,|Q| = c} .

Proof : We use the classical method of calculus of variations. Let €2, be a
minimizing sequence. First of all, we claim that the diameters of the 2, are
bounded. Indeed, let us define the width of €, as the maximum diameter
of any section of €2, with an hyperplane orthogonal to the segment which
realizes the diameter. Then, by convexity property and the fact that all
the domains €2, have a given volume, if the diameters of €2, would not be
bounded, the width of €2, would have to go to zero. Therefore, we could
find a sequence of parallelepipeds (or cylinders), containing ,, and with, at
least, one dimension going to zero. But for such parallelepipeds, the value
of A; is known and it goes to +o0o0. Therefore, by the monotonicity property,
we would have A\g(€,) — +o0.

Since the diameters are bounded, we can assume (up to a translation)
that the whole sequence is contained in a fixed ball, say B. We use now
standard arguments of optimal design, see e.g. [19], [26], [6]. By classical
property of the Hausdorff convergence, there exists a convex domain Q*
and a subsequence, still denoted by €2, such that €2, converges to * for
the Hausdorff metric (of the complementaries in B). Each domains being
convex, it is easy to see that the characteristic functions of €2, converge to
the characteristic function of Q* in L!'(B). In particular, |Q,| — |Q*| and
|Q2*| = ¢. At last, we can also prove using stability arguments, see [19], [16]
or [20] that the sequence (2, y-converges to Q*. This implies, see above, the
convergence of the eigenvalues and then Q* achieves the minimum of \;. O

We now give a result that is somewhat related to the genericity of do-
mains with simple eigenvalues. It will imply that for the optimal domain *,
the corresponding eigenvalue Ao (2*) is simple. We state the next Lemma
in the context of convex domains, but it is true without this geometric re-
striction.

Lemma 1 Let Q be a convex domain of class C1'. We assume that  has
a multiple eigenvalue of order m:

Ak1(€2) = Ap2(2) = .. = A () K > 1

Then, we can always find a deformation field V € CH1(RY,RY), preserving
the volume and the convezity and such that, if we set

Q, = (Id + tV)(Q)



we have, for t > 0 small enough
Ak+1(2) < A1 (2) = Mo () < Ao (1) -

Remark 1 The previous result has the following consequence about min-
imization of eigenvalues: if 2* is a domain minimizing the k-th eigenvalue
(with or without convexity constraint) and if Ax(£2*) is not simple, neces-

sarily we have
Ap—1(2%) = A\ (QF). (4)

Actually, numerical experiments show that this relation holds in every case,
see [25]: the domain which minimizes A\x(2),k > 2 (with a volume con-
straint but without convexity constraint) always satisfies (4). Coming back
to a convex domain Q* minimizing Ay, we know that A1(Q2*) is simple and
therefore (4) cannot hold. Consequently:

Theorem 5 Let Q* be a convex domain minimizing the second eigenvalue
A2 (among conver domains of given volume). Assume that Q* is of class
CHL. Then \o(Q*) is simple.

Proof of the Lemma : We use the classical tool of derivative with respect
to the domain (or Hadamard formulae), see e.g. [31], [30], [19]. Let us
deform the domain €2 thanks to a deformation field V as described in the
statement of the Lemma. In the case of a multiple eigenvalue, this eigenvalue
is no longer Frechet differentiable, but nevertheless it admits directional
derivatives, i.e. the differential quotients

Ak+p(Qt) — >\k+p(Q)
t

, forp=1,...,m

have a limit when ¢ goes to 0. Moreover, these limits are the eigenvalues of
the m x m matrix

(5)

aq On On ) k-H1<i,j <k+m

%7:;' denotes the normal derivative of the i-th eigenfunction u; and

V.n is the normal displacement of the boundary induced by the deformation
field V. For a proof of the above-mentioned result, we refer to [15] or [29].
Let us now choose two points A and B located on strictly convex parts
of 9€). Let us consider a deformation field V' such that V.n = 1 in a small
neighborhood of A (on the boundary of Q*) of size €, V.n = —1 in a small

where



neighborhood of B (with same measure) and V regularized outside in a
neighborhood of size 2¢ in such a way that |Q;] = |Q| (it is always possible
since the derivative of the volume is given by dVol = |, s V-ndo which van-
ishes with an appropriate choice of the regularization). Moreover, for ¢ small
enough, €; will remain convex since we have deformed €2 only on a strictly
convex part of its boundary (more precisely, we can take the convexification
of ; without changing first order terms in the derivative, see below the
proof of Theorem 7 for details). According to the above-mentioned results
about the directional derivatives, the Lemma will be proved if we can find
two points A, B such that the symmetric matrix M has both positive and
negative eigenvalues. Now, when ¢ goes to 0, it is clear that the matrix M
behaves like the m X m matrix

ou; Ou; Ou; ou,;
Mug = (_—Z(A)—J(A) -l-—l(B)—](B)) :
B on on = on k+1<i,j<k+m

(6)

%et us denote by ¢4 (resp. ¢p) the vector of components %?j (A), (resp.
du;

5 (B)),i=k+1,...,k+m. A straightforward computation gives, for any
vector X € R™:

X" MapX = (X.¢p)> — (X.da)>.

Therefore, the signature of the quadratic form defined by My p is (1,1)
as soon as the vectors ¢4 and ¢p are non colinears. Now, assuming these
two vectors to be colinear for every choice of points A, B would give the
existence of a constant ¢ such that, on a strictly convex part vy of 9€:

on on
But, ug+1 — cugyo would satisfy

Ougi1 Cauk+2

—A(ugy1 — cugy2) = Apt1(up41 — Cugt2) in
Ugy1 — CUk42 = 0 on 002 N7y
a _
7(”“8;”“2) =0 on 00 N~.

Now, by Holmgren uniqueness theorem, the previous p.d.e. system is solv-
able only by ug+1 — cugs2 = 0 (first in a neighborhood of v and then in the
whole domain by analyticity) which gives the desired contradiction. O

3 Description of the convex minimizer

In this section, we will denote by 2* a plane convex domain which minimizes
Ao the second Dirichlet eigenvalue of the Laplacian among convex domains



of given area c¢. As explained at the beginning of the previous section, it
is also (up to an homothety) a minimizer of the product |Q|A2(©2). We will
denote by us (or u when no misunderstanding can occur) the corresponding
eigenfunction normalized by [,,. u?(z)dz = 1.

3.1 A first regularity result

We begin by proving that the minimizer is C': it cannot have a corner. We
give the proof for the second eigenvalue, but it is clear that this proof can
be extended to the problem of minimizing other eigenvalues with a convex
constraint. Indeed, it is a particular case of a more general result as it
will be shown in [3]. Let us also mention that L. Caffarelli, P.L. Lions on
the one hand and G. Carlier, T. Lachand-Robert on the other hand seem
to have obtain more precise regularity results (C1'® or C'1! regularity) for
some other problems of minimization with convexity constraints (works to

appear).
Theorem 6 The minimizer Q* is (at least) C'.

Proof : Let us assume, for a contradiction, that Q* has two distinct sup-
porting lines at some point xg of its boundary. Without loss of generality,
we can assume that zg is the origin. We are going to prove that we can
decrease the product [Q2[A2(€2) by cutting a small cap of size . Let us intro-
duce the following notations see Figure 2. We denote by a < 7 the opening
angle of the two supporting lines, 7 is the (normalized) inward bissector,
C. the cap defined as C. = {z € Q*,z.n < ¢}, €, is the (convex) domain
that we obtain in removing the cap C.: Q. = Q* \ C.. We will also need
B, ={z € Qe <zn <2}, Coe =C. UB; and Qg = Q. \ B = O\ Co.
We use a variational method to estimate A2(£2:). We denote by u; and ug
the two first normalized eigenfunctions of Q2*. The key point is the following:
by classical barrier arguments (comparison with the eigenvalue of a circular
sector), it is well known that u; and us have a gradient which vanishes at
the corner:

lim |Vui(z)| =0, fori=1,2. (7)

r—0,2eQ*
Let 8 > 0 be a small number (which will be chosen at the end), according
to (7) and the mean value theorem, we can choose ¢ small enough such that

Vz € Cy  |ui(z)| < Blz|, fori=1,2. (8)

In particular, for ¢ = 1,2:

4 2 4
/ us(@)? dz < 6 / af? do < 0P
CQ&‘

Coe cos* /2

(9)

9



2¢e

Q€=QZED B,

Figure 2: Removing a cap

We now introduce a C' cut-off function x. with

Xe(z) =1 ifz ey
0<x:(z)<1 ifzeB,
Xe(z) =0 itzeC;

and two functions belonging to the Sobolev space H{ (€. ):
’U,; = XeU1 U? = XeU2 -

Since u! and u? are linearly independent, we can consider the two-dimensional
subspace V of H}(€).) spanned by these two functions. According to the
Min-max Courant-Fischer formula, we have

Jo. V|2 dz Jo. IV(a1ul + agu?)|? dz
A2(Q) <max —————= m 2
veV [ vide (an,a2)eR? [ (a1u} + agu?)? dx

Now, we have for i = 1,2:

) 4aB%e*
2 2 5 )2
/E(ué) dz > /926(1”) dr=1-— /CQE(UZ) de >1— cos’ a2 (10)

the last inequality coming from (9). In the same way, using the orthogonality
of uy,ug in L?(2*), we get

/ u;ugd:c:/ U1UQd.’E+/ (Xg)Qulqua::—/ ulqu$+/ (xe)*uiug dz
€ 925 € C2a 5

10



what yields
8af%et
cost /2’

1,2
/ u u; dx
&

We estimate now the integrals with the gradient:

[ wuipars [ VuPdos [ (9P is.
Q. * €

As usual, from the construction of a cut-off function, there exists a constant
C such that |Vx.|? < 6% and therefore, using one more time (9)

< 2/ |lurug| dz <
025

4Ca3?e?

— =\ 22, 12
cos* /2 A+ Cifve (12)

/ |Vui|?dz < \; +

Qe

In the same way,

Vul.Vu? de

S/ |Vu1||Vu2|dw—|—/ |V xe|?u1ug| d
B B.

Qe
what yields (using |Vu;| < 8 on B, and |B.| < 3¢% tan(a/2))
4Ca
Lvuldr| < PP (— 2)) := Cof%e”. 1
o, Vu,.Vu;dz| < % (cos4a/2 + 3tan(@/2)) := Cyf%e (13)

Taking into account (10), (11), (12) and (13), we get
Aa? + Aoa3 + %2 (C1(a? + a3) + 2Cslaras))

2 24 o2 _ AafPet 2 2
(a1,a2)€ER ai + a3 — oiars (a3 + a5 + 4|araz|)

A2(Q:) < max

what yields (dividing by a? + a3 and using 2|a1az2| < a? + a3)

<ot B*e*(C1 + Cy)
— 1— 12082¢4 :
cos? a/2

In the same time, |Qc| = Q¥ — |Cy| = [Q*] — 4e® tan(a/2) + o(e?) and

therefore

1% X2(Q) < QA2 + €2 (B%(C1 + Co) || — 4Xo tan(a/2)) + o(€?) .

A2(€2)

Then it is clear that, for € small enough, we will have [Q:|A2(2:) < [Q2*| A2

as soon as 32 < %r% what gives the desired contradiction. O

In the sequel, we need to assume that the minimizer Q* is a little bit
more regular, in order to be able to perform derivative computations w.r.t.
the domain. Let us mention that we will prove below that it is at most C?.

11



(H) We assume the minimizer Q* to be of class C1'.

By classical regularity results, see [13] or [14], this will imply that the eigen-
function u is C' up to the boundary.

3.2 Optimality conditions

Of course, our main ingredient in the following proofs will be optimality
conditions satisfied on the boundary of 2*. We use again the classical tool
of derivative with respect to the domain for the eigenvalues. The difficulty
is to take care of the convexity constraint when deforming the original do-
main * by a vector field V. Indeed, if we perform a small deformation
of a strictly convex part of the boundary of Q*, this part will not remain
necessarily convex, but we can use the fact that the difference between the
deformed boundary ant its convex hull is so small, that for first order terms,
the formulae of derivative still holds (see below for more details). On the
contrary, for segments included in the boundary, it is no longer true. There-
fore, we need to make a distinction between the strictly convex parts of the
boundary and the segments included in the boundary. Let us mention that
the first part of this Theorem hold for any dimension while the second part
is strictly two-dimensional.

Theorem 7

e There exists a positive constant a such that the gradient of the eigen-
function u is constant on every strictly convex part of the boundary of
Q*:

for every ~y strictly convez part of 0Q* Nz € v |Vu(z)| =«a. (14)
Moreover « is given by

2 _ A2
|€2*]

a . (15)

o If ¥ is a segment included in the boundary of O, let t, t € [a,b], a
parametrization of the segment (the boundary is assumed to be oriented
in the clockwise sense), then there exists a non negative function w
defined on [a,b] with triple roots at a and b, such that

|Vu(t)|? = o® +w"(t). (16)

12



Proof : We begin by considering y a strictly convex part of the boundary of
Q*. We assume that y is parametrized by a strictly convex function ¢ defined
on an interval I. We fix a regular function h compactly supported on a sub-
interval J and we denote by €. the domain (not necessarily convex) whose
boundary is (locally) bounded by the graph of the function ¢. := ¢ + ¢h.
Let us introduce ¢}* the convex regularization of ¢, (it is the largest convex
function less than or equal to ¢, ) and Q¥ the convex domain whose boundary
is (locally) bounded by the graph of the function ¢}*. The key point of the
following proof is an estimate given in the Lemma 2 of [23], when the function
 is strictly convex :

192" = pelloo = of€) when € = 0. (17)

We now use the quantitative estimate between eigenvalues given in [9] (Lem-
ma 2.1):

[A2(€2) — A2(€%)] < ClloZ" — @elloo = 0(€) (18)

(with C a positive constant). Moreover, according to Hadamard formula for
simple eigenvalues, see [19], [31]:

A2(Qe) = A2(Q) — 6/6(2* |Vu(o)|2h(c)ng (o) do + o(e) (19)

(ne(0) is the second component of the exterior unit normal vector). From
(18), (19) we get:

Xa(Q) = Xa(Q) — € /a N V(o) [2h(o)nz (o) do + ofe) . (20)

In the same way,
1921 = 1901 < [ 12" = el = ofe)
while, by Hadamard formula for areas
Q] =19 + e/{m* h(o)na(o) do + o(e) .
Therefore, we also have

| =1Q|+¢ h(o)ne(o) do + o(e) . (21)
oN*

13



Finally (20), (21) give
A2(20) || = 22(Q)[Q] + E/BQ* 2(Q) — Q1| Vu(o)P]h(o)n2(0) do + ofe) -

In the previous relation, we can use either h or —h, therefore the minimality
of Q* gives the desired result (14), (15).

Now, let us consider the case of a segment . The general formula, for
the derivative of the function Q — A2(02)|Q2| at “point” Q*, according to a
perturbation field V is

d(A2 (D)), (2, V) = /BQ* 2(Q) = |Q]|Vu(o)’]h(o)na(0) do (22)
In formula (22), the only perturbations V' which are allowed are such that
the deformed domain (Id + 7V)(2*) is still convex (for small 7). It is the
case if and only if ¢t — Vin(t) is a concave function on [a,b]. Let us denote

by v = V.n such a concave function. Replacing in (22) and using (14), (15)
yields on the segment >::

’ Ao — | V(o) 2AQ") v dt > 0. (23)
| )

Introducing wo(t) = |[Vu(t)|? — a? it can be also rewritten:

b
/ wa(w(t)dt < 0. (24)
a
This relation (24) must be true for every (regular) concave function v. In

particular, in the case v(t) = 1 and v(¢) = ¢, both functions v and —v are
concave, therefore

b b
/ wa () dt = 0 / tw(t) dt = 0. (25)
a a
Now, let us introduce the functions
t t t
wi (%) =/ wy(s)ds and w(t) =/ wi(s) ds =/ (t — s)wa(s)ds .
a a a

According to (25), we have wi(a) = w1 (b) = w(a) = w(b) = 0. Integrating
twice by parts, it comes



this last integral must be non positive (according to (24)) for every function
v concave, i.e. for every function v such that v" < 0, this yields w > 0. At
last a and b are triple roots of w because w”(a) = wy(a) = 0 by continuity
of the gradient (|Vu|? — o vanishes identically on the strictly convex parts
of 0. O

Remark 2 e Actually, using an analyticity argument, we can prove
that w is positive, but we will only use later that it is nonnegative and
cannot vanish identically (at least when the nodal line of u touches
the segment, since on such a point |Vu| = 0).

e Since w > 0 and w(a) = w'(a) = w”(a) = 0, we must have w" (a) > 0
and similarly w™(b) < 0. Therefore, |Vu|? > o near the extremities
of the segment. The following Figure 3 shows possible graphs for the
function 3_15 in a frame with a first coordinate axis parallel to the

segment.

—-a

Figure 3: Examples of graph of the function g—’;, when the nodal line of u

hits the segment (left), when no nodal line hits the segment (right)

A first consequence of the optimality conditions is the fact that the
minimizer Q* cannot be the ”stadium” (convex hull of two identical tangent
discs) as it was suggested in the paper of Troesch, [32]. More precisely, we
prove:

Theorem 8 The minimizer Q0* has no arc of circle in its boundary.

15



Proof : Let us assume that 0Q2* contains an arc of circle v. We put the
origin at the center of the corresponding circle and we introduce the function

w(z,y) = a:g—z - y%. Then, we easily verify that

(i) —Aw = dow in O
(ii) w=0on~y
(ili) 42 =0on 1.

Now we conclude, using Hélmgren uniqueness theorem, that w must vanish
in a neighborhood of v, so in the whole domain by analyticity. This leads
to a contradiction because u would be radially symmetric in 2*.

Remark 3 The previous result holds in every dimension: the minimizer

cannot contain any piece of sphere. The proof is the same using the functions

xi% — xj% since u is radially symmetric as soon as all these functions
J [

vanish.

3.3 Geometry of the minimizer

Now, if the stadium is not a minimizer for A9, it seems that the real min-
imizer probably looks like a stadium. Some numerical experiments which
will appear in [25] confirms that fact. Here we prove the following

Theorem 9 The minimizer Q* has two segments in its boundary and these
segments are parallels.

Proof :

At least one segment : otherwise the normal derivative of u would be
zero on the whole boundary, because it is constant (by optimality condition
(14)) and it has to be zero where the nodal line hits the boundary. But this
would contradict (15).

At least two segments : if there was only one segment, according to the
previous argument, the nodal line would have to hit 9Q* twice on the same
segment. We can now follow step by step the proof of Theorem 3.1 page
258 in Melas [24]. In this Theorem, he proves that the nodal line cannot
intersect the boundary at only one point. We can use this proof with minor
changes.

At most two segments : let us assume that there exists a third segment in
0Q2*. We consider here the segment 3. which is far from the nodal line of .
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We choose the coordinates axes so that the z-axis ison ¥ (and ¥ = [ A4, A])
and the y-axis is in the direction of the inward normal to 0Q*. Without
loss of generality, we can assume that v > 0 in a neighborhood of ¥. We
define the function p(z) = g_; (z) on . By classical regularity results u is
C®(Q*UX), so pis C® on X. According to the optimality condition on a

segment (16) and our construction (see Remark 2), the function ¢ satisfies:
e ¢ is positive on [—A, A] (by Hopf’s boundary point Lemma)
e ' (—A)>0and ¢ (4) <0.

e ¢ is not constant (use an analyticity argument: if ¢ was constant, i.e.
if u satisfy g—g = a on [—A, A] a straightforward computation (compute
any term in the series expansion of ) would show that u only depends
on the variable y, which is impossible).

o ¢ = 5’;& vanishes (at least) three times on [—A, A] [—A, A] with

change of sign.

Let us denote by 1, z9 and z3 the three first zeros of ¢'. The function ¢’ is
negative on |z1,z2[. We define y; as a point in |z, o[ where ¢ is minimum.
Now, for ¢ > 0, we introduce the function

ou

Ut:tu-f—%

In particular, if we denote by ; the restriction at ¥ of %—Zj, ie.
() := %—TZ (z) = tp(z) + ¢'(z), then 9y satisfies for ¢ > 0 small:

¢t (_A) > 03
PYe(y1) = to(y)+¢ (1) <0,
P (z2) = tp(z2) > 0.

Therefore, 1; vanishes at least two times on |— A, zo[ for ¢ small enough.
We introduce

t* = sup {1/, vanishes at least two times on [—A,zo] for all t € [0,T[}.
>0

Obviously t* < +oo since 9, = to + ¢' is positive for ¢ large enough on X.
Now, by construction, the function 4~ has a double zero at some point
o € 2. We can assume, without loss of generality, that z( is the origin. Let
us expand the function vy, which is analytic up to X, in series in a small
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neighborhood V of 0 contained in the closed upper half-plane. The fact that
v = 0 identically on ¥ = {y = 0} yields:

v (2,9) = a1y + agzy + azy® + V(z,y)

with V(z,y) containing only terms of order larger or equal to 3. Since 0 is
avt*

a double zero of 0> We have a1 = a9 = 0. Now, Avgx = —Xovy+ in V and
therefore
e a3=0

e V(z,y) = 0 by induction.

Obviously this last point leads to a contradiction since we would have v+ = 0
in V and therefore in Q* by analyticity.

The two segments are parallels : The proof we gave in [18] was not
correct. We give here a complete proof.

In this section, we fix coordinates such that the first segment ¥; is on
the horizontal axis and the second one ¥5 makes an angle of 8 > 0 with
the horizontal. We introduce the numbers (0 <)y; < y2 < d which are
respectively the ordinates of the lower point of Yo, the upper point of X,
the upper point of 9Q*. At last, for each y € [0,d], we will denote by
z1(y) < z2(y) the abscissas of the intersection of 9Q* with the horizontal
line of ordinate y.

We recall the classical Rellich-type identity proved in [28]. For every
eigenfunction u of —Au = Au in a domain  with Dirichlet boundary con-
dition and for every C! vector field h = (hy, ho,...,hy) in RY, we have

1 2 1 2 2 . & Jdu Ou ahj

2/BQ|Vu\ hndo = —2/9(|Vu| — Au )d1vh+;;/ﬂaxj B2; 0z,

(26)

We apply this identity for the second eigenfunction u of Q2* with a vector
field h = (h1(y),0) in R2. Tt comes (divh = 0):

1 ou Ou
- Vul?hini do = K (y)— — dzdy .
2/m*| u|“hiny do /Q 1(y)8$8y$y

Now, we compute the boundary integral thanks to the optimality conditions
(14), (16) (h1.n1 =0 on Xy while h1.ny = —sin B hq(tsin ) on Xy):

1 1 i
—/ |Vul2hing do = —/ o?hyny do — 28
2 Jaqr 2 Jaq N

wy,,, (t)h (¢sin B) dt .
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Now,
Oh
/ hinido = [ S=dX =0
80 o 8.’1)
while, integrating twice by parts and using the fact that wx, and fw’22 vanish

at the extremities of Yo, we get
/ whs, (t)h (¢sin B) dt = sin? 8 [ ws, (t)h] (tsinB) dt.
Yo DO

Therefore, we finally have

. ou Ou
w, (81 (tsin B) dt — /Q MO g g dedy. (20)

sin® 8

2 R

Now, we can obviously choose a function h; defined on [0, d] such that

e bl >0 on [y, ys]
o Johi()3E 5t dady = [3' W () (S22 G Gt do) dy = 0.

For this function, we have sin® Js, ws, ()R] (tsin B) dt = 0 with hY > 0
and wy, non negative (and not identically 0) by (16). Therefore, sin3 = 0
what gives the desired result. O

Remark : In the proof of Theorem 9, we only use the optimality conditions.
In other words, Theorem 9 is valid for any critical point of the domain
functional \o(€2)|Q].

3.4 Another regularity result

We recall that we proved in subsection 3.1 that the minimizer Q* was at least
C'. We prove here the counterpart of this regularity result: the minimizer
O is at most C2!

Theorem 10 The minimizer Q* cannot be C>*, for any € > 0.

Here by C%¢, we mean classical Holder regularity: the second derivative of
the local maps would be Hoélderian of ratio €.

Proof : Let us assume that Q* is C?#, for some € > 0. Then, by classical
Schauder regularity results for elliptic p.d.e., see e.g. [13] or [14], this will
imply that the eigenfunction u is C? up to the boundary. We choose the
coordinates axes so that the z-axis is parallel to the two segments. Con-

sequently the function ‘g—z vanishes on the two segments. We want to look
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more precisely at the nodal lines of g—z. According to Hopf’s Lemma, each

boundary point X, located on the segments, where aa;—auy vanishes, is a start-

ing point of such a nodal line (e.g. if g—g > 0 in a neighborhood of X, since
. . 2

—A.% = )\2% > 0, we have 6% (%) < 0). Now, .lf’l.L is QZ, a‘;gy has to

vanish at the extremities of the segments by continuity: if A is such an

extremity

0%u 0%u 0%u
= A) =1 B)=0
Jxdy (4) oTon (4) Boa oTon (B)
where B is taken on a strictly convex part of dQ2*. Moreover, according to

the optimality conditions (16), ggy = a% (g—;) has to vanish at least twice

inside the segments. Consequently, there are four nodal lines of % starting
on each segments. Closing these nodal lines, we define at least three nodal
domains of % strictly contained in Q*. Now g—’; being an eigenfunction
associated to A9, the Courant-Fischer nodal domain Theorem would lead to
the fact that Ao is at least the third eigenvalue of a strict subdomain of 2%,

which is a contradiction with the monotonicity of eigenvalues. O

Acknowledgement The authors want to thank the referees who allow to
improve significantly the writing of this paper.

References

[1] G. ALESSANDRINI, Nodal lines of eigenfunctions of the fized membrane
problem in general convez domains, Comment. Math. Helv. 69 (1994),
no. 1, 142-154.

[2] M.S. ASHBAUGH, Open problems on eigenvalues of the Laplacian, Ana-
lytic and Geometric Inequalities and Their Applications, T. M. Rassias
and H. M. Srivastava (editors), vol. 4787, Kluwer 1999.

[3] D. BUCUR, Regularity of optimal convex shapes, to appear.

[4] D. Bucur, G. BuTTAzZzO, Variational Methods in some Shape Op-
timization Problems, Lecture Notes of courses at Dipartimento di
Matematica Universita di Pisa and Scuola Normale Superiore di Pisa,
Series “Appunti di Corsi della Scuola Normale Superiore”, to appear.

[5] D. Bucur, G. BuTTAzz0, I. FIGUEIREDO, On the attainable eigen-
values of the Laplace operator, SIAM J. Math. Anal., 30 (1999), no. 3,
527-536 .

20



[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

D. BUCUR, J.P. ZOLESIO, N-dimensional shape optimization under
capacitary constraints, J. of Diff. Eq.,123 n°2 (1995), 504-522.

G. ButrTAzZOo, G. DAL MASO, An Ezistence Result for a Class of
Shape Optimization Problems, Arch. Rational Mech. Anal. 122 (1993),
183-195.

R. CouranT, D. HILBERT, Methods of mathematical physics, Vol. 1
and II., Interscience Publishers, New York-London 1962.

S.J. Cox, M. Ross, Eztremal eigenvalue problems for starlike planar
domains, J. Differential Equations 120 (1995), 174-197.

G. DAL MASO, An introduction to I'-convergence, Birkhauser, Boston,
1993.

R. DAUTRAY AND J. L. LIONS (ed), Analyse mathématique et calcul
numérique, Vol. I and II, Masson, Paris, 1984.

G. FABER, Beweis, dass unter allen homogenen Membranen wvon
gleicher Flache und gleicher Spannung die kreisformige den tiefsten
Grundton gibt , Sitz. Ber. Bayer. Akad. Wiss. (1923), 169-172.

D. GiLBARG AND N. TRUDINGER, Elliptic partial differential equations
of second order, Springer Verlag, New York 1983.

P. GRISVARD, Elliptic problems in non-smooth domains, Pitman, Lon-
don, 1985.

E.J. Haug, B. ROUSSELET, Design sensitivity analysis in structural
mechanics. II. Eigenvalue variations, J. Structural Mech. 8 (1980), no.
2, 161-186.

A. HENROT, Continuity with respect to the domain for the Laplacian:
a survey, Control and Cybernetics, vol. 23, n. 3 (1994), p. 427-443.

A. HENROT, Minimization problems for eigenvalues of the Laplacian,
to appear in Journal of Evolution Equations special issue dedicated to
Philippe Bénilan.

A. HENROT, E. OUDET, Le stade ne minimise pas Ao parmi les ouverts
convezes du plan, C. R. Acad. Sci. Paris Sr. I Math, 332 (2001), no. 4,
275-280.

A. HENROT, M. PIERRE, Optimisation de forme, book to appear.

21



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

M.V. KELDYS, On the solvability and the stability of the Dirichlet prob-
lem, Amer. Math. Soc. Trans., 2-51 (1966), 1-73.

E. KRAHN, Uber eine von Rayleigh formulierte Minimaleigenschaft des
Kreises, Math. Ann., 94 (1924), 97-100.

E. KRAHN, Uber Minimaleigenschaften der Kugel in drei un mehr Di-
mensionen, Acta Comm. Univ. Dorpat. A9 (1926), 1-44.

T. LACHAND-ROBERT, M.A. PELETIER, An Ezample of Non-convex

Minimization and an Application to Newton’s Problem of the Body of
Least Resistance, Ann. Inst. H. Poincaré 18 (2001), 179-198.

A. MELAS, On the nodal line of the second eigenfunction of the Lapla-
cian in R?, J. Differential Geom. 35 (1992), no. 1, 255-263.

E. OUDET, Some numerical results about minimization problems in-
volving eigenvalues, to appear.

O. PIRONNEAU, Optimal shape design for elliptic systems, Springer
Series in Computational Physics, Springer, New York 1984.

G. Porya, On the characteristic frequencies of a symmetric membrane,
Math. Z. 63 (1955) 331-337.

P. Pucci, J. SERRIN, A general variational identity, Indiana Univ.
Math. J., 35 (1986), no. 3, 681-703.

B. ROUSSELET, Shape design sensitivity of a membrane J. Optim. The-
ory Appl. 40 (1983), no. 4, 595-623.

J. SIMON, Differentiation with respect to the domain in boundary value
problems, Num. Funct. Anal. Optimz., 2 (1980), 649-687.

J. SOKOLOWSKI, J. P. ZOLESIO, Introduction to shape optimization:

shape sensitity analysis, Springer Series in Computational Mathemat-
ics, Vol. 10, Springer, Berlin 1992.

B.A. TROESCH, Elliptical membranes with smallest second eigenvalue,
Math. Comp. 27 (1973), 767-772.

S.A. Worr, J.B. KELLER, Range of the first two eigenvalues of the
Laplacian, Proc. R. Soc. London A, 447 (1994), p. 397-412.

22



