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Recall O: Categorical semantics

A-calculus
CCC
T X =

(AxB)=C~A= (B=C)

A—-Ax A A—T

(Intuitionistic) Linear Logic

SMCC
] ® —o

(A®B) o (C~A— (B —(C)
l co-monad!4A — A

14 — 114)

A—-TA®!IA A—1



Recall O: Categorical semantics

A-calculus
CCC
T X =

(AxB)=C~A= (B=C)

A—-Ax A A—T

Linear Logic
SMCC
] ® —o

(A®B) o (C~A— (B —(C)

lco-monad!4A — A A — 1A4)

A—-TA®!IA A—1

1 Al=A -1 Altl~ A
?A = (1AL)L



Syntactic translations vs. models

A-calculus > LL

A-model < LL-model

4 translations, how many CCCs?



Recall I: Seely

Let C be a (categorical) model afL_:

o theco-Kleisli categoryk for ! isaCCC
K(A,B)=C('A, B)

This leads to the adjunction:

1A —o B
A= B



Girard’s first translation
X =X
(A= B)" =14* — B*

(T A" =IT*F A*

co-Kleisli category)C — A-calculus

IAFTA B+ B

IAFIA 'AIA -BFB

fiA=A=BFf: A= A= B r: ARz A lAVA'A —o 1A —- BFB
v A f:A=A=BF (flx: A= B r:AFxz: A IAIA —!A —- BFB
v:Af: A= A= Bt (f)zx: B 1A (1A —!A —- B)FB

r: AEANf(f)zx: (A= A= B)=B IAF1!A —-!A—- B) —- B

FXzAf.(f)azx A= (A= A= B)=1B F1A —o!(lA—-!A—B)—B

FIA—o(A—-oA—oB)—B



Recall Il: Mogg!

Let IC be a CCC and’ be astrong monaan /C,
AXxTB > T(Ax B)

theKleisli category forl" is a model of theebv A-calculus

Aml
I'r:AFt:B I'-t: A= 1B AFu:A
viAFzA TFazt:A= B I,AF (H)u: B
'¢: A I'-M:TA Ax:AFN:TB
CH[t]: TA [AFlete=MinN:TB
cbv \-calculus
ta=[V]|(t)t X=X [t :TAY
Vii=x | Azt (A= B)" = A" = TB" ["F VY. AY
' =z (Az.t)" = Az.t? (V1]" = [VY]

(Hu)" =letx =tV inlety = u’in (z)y



Recall lll: Bierman / Benton

# TheadjunctionbetweerC andX is symmetric monoidal

#® The induced monad ok is asymmetric monoidal monad
(thusstrond).

S
, T(TAx B) — TT(Ax B)

L

— ~—

TAxTB T(A x B)
C T(AXTB) — TT(Ax B) '



Girard’s second translation

Original presentation
X*=1X
(A= B)" =1(A* — B¥)
THA"=T"F A"

Alternative presentation
X =X
(A= B)" =!A* — |B*
(T A =" 14"



Girard’s second translation

X* =X
(A= B)" =1A* — |B*
(T A) = IT* F 14*

lis a strong monad ok — cbv \-calculus

IAFIA  IBFIB
IA1A — B F B

IAF1A 1A I('A—!B) !B
IAJJANA — (1A — IB) - IB
IAJJA — (1A — |B) - IB
1A (1A — (1A — |B)) - !B
IAF (A —!(!A —-!B)) —- !B
IAF (1A — (A —!B)) — |B)
F1A — I(I(lA — !(!A — IB)) — |B)




Recall 1V: Scott

Models of the untyped-calculus are based omratraction
D=D <« D

areflexive objectD in a CCC is a model of the(/5)-calculus
(a strict reflexive objecD ~ D = D is a model of the\(5n)-calculus)

untypedi-calculus— simply typedA—caIcqus7 (VAB A=B)

rx:DkFt:D
FAet:D=D
Fe(Ax.t): D
Fdoe(Axt): D=D Fu:D
- (doe(Ax.t))u: D

Preservation: Retractions are preserved by co-Kleisli



t -translation

Original presentation
X =X
(A = B)* = 174" — ?B*
(T A" =17T* | 2 A"

Alternative presentation
X*=7X
(A= B)" =?(lA* — B*)
(THA"=II"F A



t -translation

X*=7X
(A= B)" = 7(14* — B¥)
(T F A)* = IT*F A*

7TA* —0 A*
lA* - 1A* B*+ B*
lA* — B* 1A* I B*
X F 72X lA* — B* I|A* 7B~
X 72X ?(1A* — B*),IA* - 7B* "B*+ B*
T(1A* — B*),l|A* - B*
?(l1A* — B*) F!A* — B*
VA 7A" < A”

— \-calculus without;

VA, B (A= B) < (A= B)



t -translation

X*—7X
(A= B)" =7(14* — B¥)
([ A" =" | A*

?A* *
VA 7A*<c A — \-calculus without

VA,B (A= B) < (A= B)

|A* - B*
PAT— BT g
(AT BT F1A* B*FB*

- 1A* — B* |A* — B* I~ B*
- B*




Recall V: Mogg!

Let R be an object in a CCC,
A — (A= R)=R =--4 IS astrong monad

Corresponding A-terms

n = Aa.\k.(k)a: A= ——A
1= ImAk(mAK(K)k: ———A=—--4

s = XNa, B). \k.(B)Ab.(k){a,b) : A x =—=B = ==(A X B)



g-translation

Original presentation
X =X
(A= B)" =14" — ?1B*
(T F A =" F A"



g-translation

X*=X
(A= B)" =1A* — ?1B*
(T A)" = IT* F 21A4*

MA~I(A—o1)—o 1l =(A= 1)= 1Lisastrong monad ok
—> cbv \-calculus

IAFTA 7IBF 7B
IA,JA - IBF 1B
14,104 — 71B) I 1'B
IAFTA 1A, (A — ?IB) F 7B
IA,TA 1A — 71(1A — 7B) F 7B
I4,1A — 71(1A — 71B) - "'B
14,114 — 21(1A — 71B)) F 7B
AT (1A — 2[(1A — 71B)) — 7'B
1A+ (1A — 7114 — ?1B)) — 7IB)
1A+ 71(I(IA —o ?1(IA — 7IB)) —o 71B)
- TA —o ?1(I(1A — 7114 — 71B)) — 71B)
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