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Automatization in proof assistants

Cacos 2012

Loic Pottier

From Computer Algebra Systems to Proof Assistants :
certified computations.

The case of polynomials.



Cacos 2012

Loic Pottier

-y =(z+y)(z—y)

Computer Algebra System : compute canonical forms of both
sides and test equality.

Proof Assistant : produces a formal proof of equality by
rewriting or (better) using certified computations
(reflection).
In Coq : tactic ring (Boutin, Grégoire,
Mahboubi).



Proof by rewriting
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Compute canonical form : (z + y)(z — y) — 22 — ¢?

Rewriting from traces of computations :
($ + y)(x - y) — defsubtraction
(:E + y)(x + (_y) — rightdistributivity
ZL‘(ZE + (_y)) + y(ZE + (_y)) 7 leftdistributivity
(:E T+ Tk (_y)) + y(iE + (_y)> —7 leftdistributivity
(J? * T+ Tk (_y>) + (y * T+ Yk (_y)) _>associativity
T T+ ((37 * (_y) +yx* JJ) +yx* (_y)) — multopp
Tk T+ ((—CC * Y+ Y* ZL‘) +y* (_y)) —?maultopp
TxIT+ ((—.72 Y4 yok .Z') + (—?/ * y)) %commutativity
T T+ ((_I * Yy + x * y) + (_y * y)) _>opposite
Tk T+ (0 + (_y * y)) —leftidentity T * T + (_y * y)
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Non trivial expressions : huge proof ! Long time to verify it...




Reflection
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Reflection in
Coq

Principle :

replace space by time!
space = proof

time = computation



Space and time in the Coq system
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Curry-Howard isomorphism :

Reflection in =
el = formula = type

A— A
VA: Type, Nz : A,z ==z

m proof = term

T— T

A x— refl_equal(A, x)
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Proof = (Aterms:
(recursive) functions,

R products (Vz : A,z = x),

elements of inductive types (trees).

Verifying proofs = type checking
Ar.x:A— A

A— A : Prop

Computation = normal form computation

(Azy.z)ab —g (Ay.a)b =3 a



Kernel of Coq
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Reflection in
Coq

Only two critical, small, efficient, and verified (Coquand,
Paulin, Werner, Barras, Grégoire) algorithms :

Type checking : decide ¢ : T

Conversion : decide t =g,5 t/



Reflection in Coq
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Let P : A — Prop a predicate on a type A. Let ¢ : A — bool a

Reflection in semi-decision procedure on A :
Coq

c spec:Va,ca=true = Pa

Now, to prove P b,
m apply c_spec, it remains ¢ b = true to prove

m if ¢ b reduces effectively to true by conversion, then it
suffices to prove ¢ b = true by reflexivity of equality.

Then c_spec b(refl_equal true) is a proof of P b.
Complexity ? Time to compute ¢ b



Polynomials : tactic ring
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Free algebra A : polynomial expressions (~ Maple)
= inductive type : variables V, sums, products,
unit and zero, with equivalence ~.
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Polynomials in Horner normal form P :  efficient operations.
Normalisation n : A — P : morphism defined by structural

recursion, verifying

n_spec: Va,b: A n(a)=n(b) - a~b
Evaluation : VR aring, p: V — R, recursive functions

ep : A — R, such that

e spec: Va,b: A, a~b— eya) = e,(b)

_r.p

=~

€p

<—"



Let Raring, z,y € R.
To prove z = v,
m Reification : find p: V — R, a,b € A such that e,(a)
reduces to z and e,(b) reduces to y.

m then e spec a b(n_spec a b(refl_equal n(a))) is a proof of
T=1y.

n(a) = n(b)Law b

7= cpla) = ep(b) = y

Conclusion : huge proof (with long type checking) replaced
by efficient certified computation.
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- Problem 2

x2+1:0/\xy—1:0:>x3—y:0

Nullstellensatz : 2% — y belongs to the radical of the ideal
generated by 22 + 1and zy — 1 :

2’ —y=(z—y)(a® +1) +a(ay — 1)

Which can be proven by the tactic ring.
Problem : find this identity !

Solution : Buchberger algorithm.



General problem
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VXy,...,X, €A,
Pi(Xy,...,Xn) = Q1(X1,..., Xp),
Py(X1,. . Xn) = Qs( X, .., Xn)

— P(Xl,...,Xn) = Q(Xl,...,Xn)

where P, Q, P1, Q1, ..., Ps, Qs are polynomials and A is an
integral domain, i.e. a commutative ring with no zero divisor.
For example, A can be R, Z, of Q. Note that the equality = used
in these goals can be any equivalence relation, not only Leibnitz
equality.



Nullstellensatz
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Hilbert’s Nullstellensatz reduces proofs of equalities on

polynomials expressions to algebraic computations :
if Pin A[Xq,...,X,)] verifies

cP" = ZSZPZ
=1

withc € A, ¢ #0,r € N*,and S; € A[Xq,..., Xy,
then

Pi=0,..,Ps,=0—-P=0

(the converse is also true when A is an algebraic closed field : the
method is complete).



Grobner bases and Buchberger algorithm
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To find the S; (suppose 7 = 1 and ¢ = 1 for simplicity) :

Compute a partiel Grobner basis G of (P4, ..., Ps) with
Buchberger algorithm

Each time a new polynomial is added to G , divide P with G : if
it reduces to 0, then, remembering all the steps of
divisions gives

P=> 5P
i=1

else, replace P with the remainder.

Problem : quickly, the S; are too big!



Straightline programs as certificates
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Principle : during Grobner bases computation and division,
express new polynomials with olders, and don’t
expand them.

Complexity can be reduced by an exponential factor.



Example
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24+1=0Azy—1=0=23—y=0

Let Py=2’41,Py=ay—land P=12%—y
Grobner basis computation : initial family { Py, P>}
m division of P by { Py, P2} gives Ry = —x — y = P — zP;

m S-polynomial of P; and P; gives P3 = © + y = yP; — zPs,
irreducible. Then the family becomes { Py, P2, P3}.

m division of R; gives 0 = R; + P3 so we stop the completion
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Then we obtain a straigthline program :

P =22 +1;

Py =2y —1;

Ps = yP1 + (—x)Pa;

P := —((—x)Pl —+ OPQ =+ 1P3);

Proving P1 = 0 A P, = 0 = P = 0 reduces to prove each line of
the certificate with the ring tactic, and compose proofs with
rewriting :)



Certificate
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In general, a certificate CR for Py =0,...,Ps=0— P =01s

CR = [Cl) sy Cs—i-p]
C = [[al 5+17""a'55+1]’

[al stps--cy Qs stpy--y stp—1 s+p”
where
Vi € [L;p], Psyi = a1 s4iP1+ .o + Gspi1 s+ Pstio1

and
P = _(Clpl + ...+ Cs+pPs+p)



Reification
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Prove

P, =0,..,Ps=0— P=0where Py, ..., P;, P € R.

Reification in
Coq 2

Reification = find p: V — R, and Fy, ..., Es, E such that
ep(Er) = Pi, ..., ep(Es) = Ps,e,(E) = P

Find variables in Py, ..., Ps, P, and build Fy, ..., Es, E by
translating variables inyo elements of V' (variables in A),
additions of R into additions in A, etc
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Several solutions in Coq system :
m program in ocaml (vintage).
Reification in

Coq2 m program in LTac, the tactic meta-langage of Coq (classic).

m use inference of Type Classes (fashion victim).



Type Classes in Coq
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A dependent Prolog engine built in type inference, where
Predicates are types of records
Horn clauses are functions that build records

rpe Classes . . .
rpeC Unification as method to fill holes in terms.
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Class reify (R:Type) ‘{Rr:Ring (T:=R)} (e:A)
(lvar:list R) (t:R).

Instance reify_zero (R:Type) 1lvar op

‘{Ring (T:=R) (ringO:=op)}

: reify (ring0O:=op) (A0 0%Z) lvar op.
Type Classes o
Instance reify_add (R:Type)

el lvar tl1 e2 t2 op

‘{Ring (T:=R) (add:=op)}

{_:reify (add:=op) el lvar ti1}

{_:reify (add:=op) e2 lvar t2}

: reify (add:=op) (Aadd el e2) lvar (op tl1 t2).
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Instance reify_var (R:Type) t lvar i
‘{nth R t lvar i}
‘{Rr: Ring (T:=R)}
: reify (Rr:= Rr) (Avar i) lvar t
| 100.

Type Classes
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To reify a list of terms 1t of aring R :

Definition list_reifyl (R:Type) lexpr lvar lterm
‘{Rr: Ring (T:=R)}
{_:reifylist (Rr:= Rr) lexpr lvar lterm}
‘{closed (T:=R) lvar} := (lvar,lexpr).

Type Classes

gives the set of variables and the reified expressions in A,
by inference of implicit arguments in

(@list_reifyl _ _ _ (lterm:=1t))



Tactic nsatz

Gz zon Let R an integral domain, P4, ..., Py, P € R,
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P =0,..,Ps,=0—P=0

Reify Py, ..., Py, Pin By, ..., By, E.
Let p1 = n(E1), ..., p = n(E) be the normal forms
of By, ..., E,, E.
Compute a certificate of ¢ p” = >_; S;p; with adapted
Buchberger algorithm (in ocaml)

nsatz 2

Prove lines psir = Y.; aixpsti of the certificate with
ring
Combine these proofs by rewriting to obtain the final proof
of P=0.



Examples : geometry
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Points = coordinates

Geometric predicates = polynomials

Definition collinear (A B C:point):=
(XA-XB)*x (YC-YB)
-(YA-YB) * (XC-XB) =0.

Geometry



Desargues’ theorem
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Geometry

Lemma Desargues: forall A B C A1 B1 C1 P Q R S:point,
collinear A S Al -> collinear B S B1 -> collinear C S C1 -
collinear B1 C1 P -> collinear B C P -> collinear A1 C1 Q
collinear A C Q -> collinear A1 B1 R -> collinear A B R
-> collinear P Q R.
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Geometry

Don’t forget degenerated cases!
A correct statement :

Lemma Desargues: forall A B C A1 B1 C1 P Q R S:point,
XS=0->YS=0->YA=0->(x to speed up *)
collinear A S Al -> collinear B S B1 -> collinear C S C1 -
collinear B1 C1 P -> collinear B C P -> collinear A1 C1 Q
collinear A C Q -> collinear A1 B1 R -> collinear A B R

-> collinear P Q R
\/ XA=XB\/XA-=
\/ YB=0\/YC=0
\/ collinear S B C \/ parallel A C Al C1
\/ parallel A B Al B1.

XC\NXB=XC \/XA=0
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Proof.
geo_begin.
let 1v :=rev (XA :: XB :: YB:: XC::YC::YA1
o XAl :: YB1 :: YCL :: XR:: YR :: XQ ::YQ
:: XP:: YP :: XC1 :: XB1l :: nil) in
nsatz with radicalmax :=1N strategy:=0%Z
parameters:=(X A::X B::Y B::X C::Y C::X Al::Y Bl::Y C1
::nil)
variables:= 1lv.
Qed. (* 8s *)

Geometry



Certificate
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CR = [ui1 - u{’uw;; + u% - uluQu;),uz — 2uf ‘|‘2U%U2’U/3U4 —uf —
uu3 + 2udug + ud + u1u2 2u? U2U4U5u6 - u1 + uf ugug — ui" +
U%UQU3U4 +2uf —2u} u2u;3U4-|— ul +uul — 2u1 Up — uil —u? ug +
2u1 U2U4U5U,ﬁ, —u1 + uzu3u4 + ul — U1U2U3U4 + u2 — 2u1u2 +
ul U2’U,3U5 + u1u2 — u1 u2u3 — ul 2u2 + 3U1U2U3U4U5U6 + ul
uluguguz - ul + uy uzug,m — u1u2 + 2u1u2 — u{’uQu5 - u1u2 +
wuguz + uf + 2uyud — 3uduguzugusurl + ug — uzuguff —uf +
w up U ug — Ui + 2ur ul — uduguzugud + uf +2u3 — 3ugugudul —
Geometry uy U3 + v ugud ugus ug + ug us — v ug u§ u? — uud + uup u§ Uy +
wuy — 2udus + ududud + u%ug' - u1u2u3 — 2uu3 + 3uful —
uf'uQU3U4U5 — u1 + uzugui’ + ul — u2u3 u4 + u1u§ - u%ugu?%w; —
uy + 2ugug — u1u2 + Ui — 2upuf + vdugugud — upud +
wiuduz — uf — 2u3 + 3uguguzud + 205 — 2ug U3 UzULUS UG UT ...




Improvements
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Fractions : to deal with degenerate cases, work in
A(X1, o X)) [ Y1, oy Yo

Ordering of variables : complexity of Buchberger algorithm
depends heavily on ordering fo variables. Need to
parametrize it.

Strategy : in Buchberger algorithm. “Sugar” by default.

Radical : bound 7 in P" =}, S;P;, trying r = 1, then
r = 2, etc. Using extra variables to find r is
expensive...

Geometry



Examples
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Many examples here (thanks to Laurent Théry) :
http://www-sop.inria.fr/marelle/CertiGeo

Geometry



Conclusion
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Type theory to formalize mathematics

Reflection as method to integrate decision prodedures in
Proof Assistants (to integrate Maple inside Coq?)

Unification / Type Classes to perform reification in reflection
Certificates to remember proofs

Certified reduction to perform computation

Conclusion
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