
THE `MINIMUM RECONSTRUCTION-ERROR' CHOICE OFREGULARIZATION PARAMETERS:SOME MORE EFFICIENT METHODS AND THEIR APPLICATIONTO DECONVOLUTION PROBLEMSL. DESBAT� AND D. GIRARDyAbstract. For the simple problemof estimatinga vectorx0 from a noisy data vectory = Bx0+ewhere B is a known ill-conditionedm�n matrix and e is an unknown `white noise' vector, a classicalregularized solution, say x(�) where � > 0 is the regularization parameter, can be satisfactoryprovided � is well chosen. Standard data-based methods for choosing � (like generalized cross-validation, or GCV) are known to give a good estimate of the value of � which minimizes theprediction error jjBx(�)�Bx0jj2. In this paper, we focus on the minimization of the estimation (orreconstruction) error jjx(�)� x0jj2.We give su�cient conditions for the existence of two unbiased estimators of the expectation ofthe inner product hx0;x(�)i. This provides two estimates of the � which minimizes jjx(�)� x0jj2(The �rst one was proposed by Rice [in \Function estimates", Contemporary Mathematics ser.,RI:AMS, no. 59, pp.137-151,1986]). We compare these two estimators in the case of deconvolutionproblems. In theory, the second estimator has no longer the possibly `in�nite' variance of the �rstone; however both are likely to produce frequent dramatic undersmoothing. Then we propose athird class of estimators based on automatic stabilization procedures, which are much more e�cientin many deconvolution problems. This new approach for choosing regularization parameters cansigni�cantly improve on GCV especially for `severely' ill-conditioned problems. This is easily shownby analysing a simple example and is con�rmed by numerical simulations with di�erent degrees ofill-conditioning.Key words. ill-conditioned least squares problems, regularization, deconvolution, smoothingparameters, quadratic range risk, domain risk, cross-validationAMS subject classi�cations. 65R20, 65D10, 62G051. Introduction.1.1. Regularized least squares. Suppose that we have to estimate x0 2 IRnfrom a vector y = (y1; : : : ; ym)T of noisy data satisfyingyi = (Bx0)i + ei; i = 1; : : : ;m;where B is a given ill-conditioned matrix and the unknown errors ei's are uncorrelatedzero mean random variables with common variance �2 (\white noise"). If B is ill-conditioned, the minimal norm solution of the least squares problem (where jj � jjdenotes the Euclidean norm): minx jjBx� yjj2;is completely meaningless ( typically, this will give a highly oscillatory function). Sucha `reconstruction problem' frequently results from discretization of a Fredholm integralequation with a smooth kernel, and arises in many contexts concerning scienti�cinstrumentation e.g. in astronomy and in tomography.� TIMC-IMAG, URA CNRS 1618, Insitut Albert Bonniot, Facult�e de M�edecine, 38706 La Tronchecedex, France (Laurent.Desbat@imag.fr)y LMC-IMAG, URA CNRS 397, Tour IRMA BP 53x, Universit�e Joseph Fourier, 38041 Grenoblecedex, France (girard@gagvms.observ-gr.fr) 1



2 L. DESBAT AND D. GIRARDA common approach [15, 5] for such a problem is then to introduce a regularizationmatrix �, and to estimate x0 by the solution ofminx �jjBx� yjj2 + � jj�xjj2�where � > 0 is the regularization (or smoothing) parameter to be chosen. Typically� is chosen to be a discretization of some di�erentiation operator so that the term� jj�xjj2 controls the smoothness of x. Ideally the choice of � should re
ect a prioriinformation on x0 but note that in practice a necessary requirement on � is that onecan obtain a good condition number for this regularized problem. It is easy to seethat this problem has a unique solution x(� ) as long as Ker(B) \Ker(�) = f0g:x(� ) = (BTB + ��T�)�1BTy:(1) 1.2. The DeconvolutionProblem. The deconvolution problem is a particularFredholm integral equation of the �rst kind. A simple deconvolution problem will beconsidered : yi = Z 10 b(ti � u)x0(u) du+ ei; ti = i � 1n ; i = 1; : : : ; n;where b; x0 are smoothly periodic functions on [0; 1], ei are zero mean indepen-dent normal errors. It is then classical to discretize these equations to obtain x =(x(t1); : : : ; x(tn))T with a circulant matrix B so that we can make use of the fastFourier transform (FFT) algorithm. To exploit the FFT, � is usually �xed to be acirculant discretization of some di�erentiation operator. Then, denoting the eigen-values of B and � by fdig and f�ig, respectively, and their common unit (Fourier)eigenvectors by fuig (so that applying F = (u1; : : : ;un)H amounts to a FFT), weobtain an expression similar to (1) for the regularized (or �ltered) solution associatedto �;�: ~x(� )i = �di~yijdij2 + � j�ij2 ; i = 1; � � � ; n;(2)where ~x = Fx and ~y = Fy are respectively the solution and the data in the Fourierspace. Equation (2) may be written as~x(� )i = w�;i ~yidi ; i = 1; � � � ; n;where w�;i = jdij2jdi j2+�j�i j2 is called the �lter function (here we are assuming di 6= 0; i =1; � � � ; n, for simplicity).1.3. Standard methods for choosing the regularization parameter. Acrucial and di�cult point in this approach is the choice of the regularization param-eter � (see Figure 2 in Section 4 for an example). Generally, precise choice of � isless crucial and a satisfactory choice can be easily made by physical considerations.The simplest method for choosing � is the so-called discrepancy principle which needsan estimate of the noise variance �2. However, even with an accurate estimate of �2,this method is known to generally produce systematic oversmoothing [11]. Recently,generalized cross-validation (GCV) has become a very popular method for the estima-tion of the `best' � from the data. See [17, 10, 1, 13] for theoretical results justifying



MINIMUM RECONSTRUCTION-ERROR CRITERION 3GCV or its fast randomized version [9], and see [10, 6, 8] for general algorithms tocompute this criterion. GCV consists of choosing the value of � which minimizes afunction called the GCV function, denoted here GCV(� ). GCV does not need thevalue of � to estimate � . Golub, Heath and Wahba [10] have proved that under mildconditions, the expectation of GCV(� ) � �2 is asymptotically (that is, for large n)close to the mean square prediction error (MSPE), also called the range risk, de�nedby: MSPE(� ) = IE(1=mjjBx(� )�Bx0jj2);(3)where IE denotes the expectation over e.Now, in the case of a deconvolution problem with a smooth kernel b, we canalready guess from (3) that GCV may have some di�culties in determining theoptimal parameter because high oscillations in x(� ) can be smoothed out in Bx(� )(see Section 1.4, and Figure 7 in Section 4.4 for another example). A second methodto choose the value of � is to use a statistical estimator of MSPE (see [1, 10, 13, 9]),known as Mallows' CL criterion. By construction, this method may also have thesame di�culties.Rice [14] compares the use of the mean square estimation (or reconstruction) error(MSEE) criterion, also called the domain risk,MSEE(� ) = IE(1=njjx(� )� x0jj2);(4)to the use of MSPE(� ) in some simulated periodic deconvolution problems. Eventhough in various slightly ill-conditioned problems it has been observed that the �that minimizes GCV(� ) also nearly minimizes MSEE(� ) (e.g. [7] for applications intomography, [16] in image restoration), Rice points out that the optimal parametermay be strongly dependent on the choice of statistical criterion, especially for severelyill-posed problems where the optimal parameter for MSPE(� ) tends to give oscillatingsolutions x(� ) whereas the optimum one for MSEE(� ) tends to slightly oversmooththe data. About asymptotic theories, we will only note that even though Wahba andWang [18] show that under certain conditions, these two parameters asymptoticallydecrease at the same rate, however Davies and Anderssen [2] show that GCV issuboptimal in terms of MSEE in the numerical di�erentiation problem. Rice [14]also proposes, for regularized deconvolution problems, the following new method toestimate, from the data, the minimizer of MSEE(� ). In the expressionjjx(� )� x0jj2 = jjx0jj2 + jjx(� )jj2 � 2hx(� );x0i;the �rst term jjx0jj2 does not depend on � . The second jjx(� )jj2 can be computed.From (2) (see also Theorem 2.1 in Section 2) it is easy to check that EPSEE(� )("Estimator of the inner Product in the mean Square Estimation Error"), de�ned by: EPSEE(� ) = nXi=1 j~yij2jdij2 + � j�ij2 � �2 nXi=1 1jdij2 + � j�ij2(5)is an unbiased estimate of the expectation of the third termPSEE(� ) = IEhx(� );x0i:(6)Rice proposes then to minimize the following criterion for choosing � :E�(� ) = jjx(� )jj2� 2EPSEE(� ):



4 L. DESBAT AND D. GIRARDSince in most deconvolution problems, we are mainly interested in a good estimationof x0, the estimation error (4) is then more appropriate than the prediction error (3).Thus, Rice method seems to be an attractive one.1.4. Why these methods may fail. One of the purposes of this paper is topoint out the large instability of the Rice method in typical problems. Let us �rst illus-trate this point on the following very simple example of ill-conditioned deconvolutionproblem: we assume that the matrix B is symmetric with eigenvaluesd1 = d2 = � � � = dk = 1 and dk+1 = � � � = dn = d with 0 < d� 1;and that the corresponding orthonormal eigenvectors ui; i = 1; � � � ; n; have been or-dered so that the `amount of oscillations' in ui increases with i. For example, ifB is circulant and n and k odd, such a basis is: (u1)j = 1pn ; j = 1; � � � ; n; and(u2i)j = p2pncos(2�ji=n); (u2i+1)j = p2pnsin(2�ji=n); j = 1; � � � ; n; i = 1; � � � ; n�12 ; (e.g.[11]) and now F = (u1; � � � ;un)T is not exactly the previously de�ned Fourier trans-form; however with this F the ordering of the components (Fx)i; i = 1; � � � ; n; doescorrespond to increasing frequencies.In such a case a frequently used estimate of x0 is the truncated pseudo-inverseestimate obtained by taking as �lter function the \rectangular �lter"w�;i = n 1 if i � � ,0 otherwise.Thus, the regularization parameter will be here the cut-o� frequency � . Now thereconstruction-error iskx(� )� x0k2 = nXi=1(w�;i(~yi=di)� ~x0i )2 = �Xi=1(~ei=di)2 + nXi=�+1(~x0i )2:We see that as long as �2=d2�+1 < (~x0�+1)2, then the expectation of this error will bedecreased by increasing � , i.e. MSEE(� + 1) < MSEE(� ). To simplify the discussionassume that j~x0i j = c if i � k. ThennMSEE(� ) = ( ��2 + (k � � )c2 +Pni=k+1(~x0i )2 if � � k,k�2 + (� � k)�2d2 +Pni=�+1(~x0i )2 (� (� � k)�2d2 ) otherwise,has a sharp global minimum at �MSEE = k provided c2 is large enough relatively to�2 (say c2 � 10�2); and this is also true with a high probability for any realizationof the actual reconstruction-error. Now it is easy to see that nMSPE(� ) has a similarexpression except for the factor d2 which disappears and the two termsP(~x0i )2 whichare replaced by negligeable terms d2P(~x0i )2. Thus, though k is also the minimizer ofMSPE(� ) (and of the actual prediction error with high probability), MSPE(� ) (andthe actual prediction error) is a rather 
at function at the right of its minimum. This isthe reason why GCV and Mallows methods may give too large values for � (note thatundersmoothing corresponds here to large values of � on the contrary to regularization�lter (2) or (1)). In fact it can be easily shown that, in the case of normal errors, thereis a probability of at least about .15 (more precisely, the probability that ~e2k+1 > 2�2)that the Mallows method will prefer k+1 instead of k; and a similar behavior holds forGCV for large n. But even though � = k+1 is still a reasonable choice in terms of theprediction error, this is a dramatically bad choice in terms of the reconstruction-error.



MINIMUM RECONSTRUCTION-ERROR CRITERION 5Now it can be checked that with this rectangular �lter, the Rice method consistsof choosing the index � so as to minimizeE�(� ) = kx(� )k2 � 2 nXi=1 w�;i ~y2i � �2d2i = � �Xi=1 ~y2i � 2�2d2iwhich, in our particular example, will approximatly coincide with��P�i=1(~y2i � 2�2) if � � k,E�(k)� 1d2 P�i=k+1(~e2i � 2�2) otherwise.The Rice estimate of hx(� );x0i obviously has a very large variability for � > k, and, infact, the probability that E�(k+1) < E�(k) is about .15 (as for the Mallows method)in the case of normal errors.1.5. A new approach. The methods that we propose can be introduced asstabilized versions of Rice's criterion. On the previous example, our idea is quitesimple. Even if the noise in the data were very small, x0 is not entirely attainable(its high frequency components are almost lost in Bx0 since they are damped by verysmall di's) and the best we can do is to reconstruct Rx0, a smoothed or regularized(here truncated) version of x0, here naturally de�ned in the frequency domain by:(FRx0)i = � ~x0i if i � k,0 otherwise.So with even greater reason with noisy data, it is much more reasonable to try toestimate the minimizer of kx(� ) � Rx0k instead of kx(� ) � x0k. Here this sim-ply consists of replacing the Rice estimate of hx(� );x0i by the truncated estimatePki=1 w�;i(~y2i � �2)=d2i . Note that in fact this truncated estimate can also be seenas a biased estimate of IEhx(� );x0i as in Section 3.2. And this yields the following(biased) criterion BE�: BE�(� ) = kx(� )k2 � 2 kXi=1 w�;i ~y2i � �2d2i� ��P�i=1(~y2i � 2�2) if � � k,BE�(k) + 1d2 P�i=k+1 ~e2i otherwise,which obviously is much more e�cient in terms of the reconstruction-error. Note thata similar modi�cation could be made on the Mallows method, but its justi�cationdoesn't seem to be so natural, and we don't develop it in this paper.In this particularly simple example the choice of R (a truncation index here)was obvious by considering the spectrum of B, but this is not the case in general.In this paper we propose an automatic way to do it, based on the bias-variancecompromise in estimating hx(� );x0i and we show that this will always produce animprovement over the Rice method. In order to try to quantify this improvement,we performed an extensive simulation study, only part of which is reported here.It con�rmed that the improvement can be great for typical `severely' ill-conditionedproblems. Unfortunately the proposed automatic choice may be still too far from the



6 L. DESBAT AND D. GIRARD`ideal' one, especially for moderately ill-conditioned problems, where GCV remains abetter method on average. (Another automatic method for this choice has also beenpresented in [4]). However we show here that by taking as regularization parameterthe largest among the one produced by this method and the one produced by GCV, weobtain a reasonable automatic choice, which was globally a signi�cant improvementover GCV in our simulations. This also holds when the value of � required in thismethod is replaced by its standard estimate given by GCV.In Section 2, we will give su�cient conditions for the existence of unbiased esti-mators of PSEE(� ) in the case of general least squares problems. In Section 3, wewill see, in the case of the deconvolution problem, how to greatly improve the estima-tors by replacing the expansion (5) of EPSEE(� ) by an adaptively truncated (hencebiased) version of this expansion. We also propose a `regularized' version of EPSEEwhich is suitable for the case of general least squares problem. In Section 4, thisnew method for choosing the regularization parameter is compared with the standardmethods in various numerical experiments.2. Rice method and two direct generalizations: EPSEE and GEPSEE.In this section, su�cient conditions for the existence of an unbiased estimator ofPSEE(� ) = IEhx(� );x0i in the case of regularized least squares problems are given. Wesuppose throughout that e is a vector of independent Gaussian errors ei � N (0; �2).The following results can be obtained by standard statistical formulas and somealgebraic manipulations (see [3] for complete proofs).Theorem 2.1. If m = n and B and (BTB + ��T�) commute, then EPSEE(� )de�ned byEPSEE(� ) = hy; (BTB + ��T�)�1yi � �2tr �(BTB + ��T�)�1�(7)is an unbiased estimator of PSEE(� ), with variance:var(EPSEE(� ))= 2�4tr �((BTB + ��T�)�1)2� + 4�2jj(BTB + ��T�)�1Bx0jj2:Remark 2.1. This estimator has been proposed by Rice [14] in the case of thedeconvolution problem where B and � are diagonal in the Fourier space.Remark 2.2. It can be easily seen in proving Theorem 2.1 that the equality(BTB + ��T�)�1BTB = BT (BTB + ��T�)�1B is actually a weaker su�cientcondition for EPSEE to be an unbiased estimator of PSEE for any x0.We propose now the following generalization (in particularm is no longer requiredto be equal to n) of this estimator under a simple condition.Theorem 2.2. Put M = (By)T (BTB + ��T�)�1BT where By denotes theMoore-Penrose generalized inverse of B. IfIEhx0; PR(BT )x(� )i = IEhx0;x(� )iwhere PR(BT ) denotes the projector on the range of BT , then GEPSEE(� ) de�ned byGEPSEE(� ) = hy;Myi � �2tr(M )(8)is an unbiased estimator of PSEE(� ) with variance:var(GEPSEE(� )) = �4tr(M2 +MTM ) + �2jj(M +MT )Bx0jj2:



MINIMUM RECONSTRUCTION-ERROR CRITERION 7We can notice that if the assumption of Theorem 2.1 (or the condition of Remark2.2) holds, then we haveIE(x(� )) = (BTB + ��T�)�1BT IE(y) = BT (BTB + ��T�)�1Bx0 2 R(BT );and thus the assumption of Theorem 2.2 also holds. So GEPSEE will always be analternative to EPSEE. Note that under the assumption of Theorem2.1 GEPSEE canbe written as:GEPSEE(� ) = hPR(B)y; (BTB + ��T�)�1yi � �2tr(PR(B)(BTB + ��T�)�1):The improvement obtained by using GEPSEE will be discussed in Section 3.An important case where the assumption of Theorem 2.2 also holds for any x0 iswhen m � n and the matrix B has full rank, since PR(BT ) is then the identity matrixof order n.Another important case is when x0 can be assumed to belong to R(BT ), orequivalently to have no components in the kernel of B. In standard deconvolutionproblems, this means that all the frequency components of x0 are in the frequencyband which can be recovered from exact data. So this may be a reasonable assumption.Note that in fact this assumption will be always satis�ed if x0 is replaced throughoutby its projection on R(BT ): it is exactly this kind of ideas that will be pursued inSection 3.Remark 2.3. In the case where �T� commute with BTB (or equivalently BTBand �T� have a common orthonormal basis of eigenvectors) it is easy to see thatIE(x(� )) belongs to R(BT ) and thus the assumption of Theorem 2.2 is satis�ed.Remark 2.4. It is easily seen that Theorem 2.2 also holds if (BT )y is replaced(in the de�nition of GEPSEE(� )) by any matrix X satisfying PR(BT ) = BTX. Forexample X may be chosen to be a weighted pseudoinverse of BT , that is, X is suchthat there exists a matrix L such that for any x, z = Xx minimizes jjLzjj among theleast squares solutions fz : BBT z = Bxg.3. Application to the deconvolution problem and a third approach. Tofacilitate interpretation of the results, we assume in this section that both B and �are n� n circulant matrices (so the hypothesis of Theorems 2.1 and 2.2 are veri�ed),but more general assumptions could be possible.3.1. Comparison of EPSEE(� ) and GEPSEE(� ). Substituting the decompo-sitions B = FHdiag(di)F and � = FHdiag(�i)F in (7) and (8), we obtain theformula (5) for EPSEE andGEPSEE(� ) = nXi=1;di 6=0 j~yij2jdij2 + � j�ij2 � �2 nXi=1;di 6=0 1jdij2 + � j�ij2 :The di�erence between these two unbiased estimators is simply that GEPSEE(� ) doesnot use the Fourier components of the data which contain no information on x0 (the~yi's which only represent noise). It can be checked that :var(EPSEE(� )) = 4�2 nXi=1 jdij2j~x0i j2(jdij2 + � j�ij2)2 + 2�4 nXi=1 1(jdij2 + � j�ij2)2 :var(GEPSEE(� )) = 4�2 nXi=1;di 6=0 jdij2j~x0i j2(jdij2 + � j�ij2)2 + 2�4 nXi=1;di 6=0 1(jdij2 + � j�ij2)2



8 L. DESBAT AND D. GIRARDThus we immediately have the following variance reduction results:Proposition 3.1. 8� > 0; var(GEPSEE(� )) � var(EPSEE(� )):Proposition 3.2. If 9i; di = 0, then var(GEPSEE(� )) < var(EPSEE(� )); andlim�!0+ var(EPSEE(� )) = +1whereas lim�!0+ var(GEPSEE(� )) = 4�2 nXi=1;di 6=0 j~x0i j2jdij2 + 2�4 nXi=1;di 6=0 1jdij4 :Thus, at least in theory, GEPSEE(� ) solves the possible variance problem of EPSEE(� )for � small. However we will see in the following that this improvement is not at allsu�cient for typical ill-conditioned problems.3.2. An automatic bias. The idea of introducing a bias in GEPSEE resultsfrom the following reasons:(i) In some typical examples, lim�!0+ var(GEPSEE(� )) can still be so largethat the minimization of jjx(� )jj2 � 2GEPSEE(� ) will often produce a non-reliableparameter (see the examples of Section 4).(ii) The degradation of the variance is actually caused by the points in theFourier space which have the 'worst' signal to noise ratio (jdij being small, the amountof information is small too).It is then natural to propose a truncated version of GEPSEE(� ) as a biased estimationof EPSEE(� ), that we will call BEPSEEI(� ) :BEPSEEI(� ) = Xi62I[I0 j~yij2jdij2 + � j�ij2 � �2 Xi62I[I0 1jdij2 + � j�ij2 :where(i) I0 = fi; di = 0g(ii) I = fi; di`small'; di 6= 0g:It remains to choose a good set I, that is, to make more precise the meaning of `small'.Here we will consider the bias in BEPSEEI(� ) introduced by the choice of I:biasI(� ) = IE(BEPSEEI(� ))� PSEE(� ) =Xi2I jdij2j~x0i j2jdij2 + � j�ij2and also the variance reduction compared to GEPSEE(� ) :varreducI(� ) = 4�2Xi2I jdij2j~x0i j2(jdij2 + � j�ij2)2 + 2�4Xi2I 1(jdij2 + � j�ij2)2 :We propose to try to choose the set I as big as possible among those satisfying thefollowing relation:var(BEPSEEI) + [IE(BEPSEEI)� PSEE]2 `�' var(GEPSEE)(9)or in other words bias2I(� ) `�' varreducI(� );



MINIMUM RECONSTRUCTION-ERROR CRITERION 9where we give to `�' the following meaning: at least one of the two followinginequalities holds: bias2I (� ) � 4�2Xi2I jdij2j~x0i j2(jdij2 + � j�ij2)2(10)or bias2I(� ) � 2�4Xi2I 1(jdij2 + � j�ij2)2 :(11)The advantage of this approach is that it permits us to obtain simple su�cientconditions for this in terms of `signal to noise ratios'.Proposition 3.3. If the set I satis�esXi2I jdij2j~x0i j2 � 4�2 ({)or Xi2I jdij4j~x0i j4 � 2�4 ({{)then BEPSEEI is an improvement on GEPSEE in the sense that (9) holds for any� . Proof. Let us consider the two following consequences of the Schwartz inequality Xi2I jdij2j~x0i j2jdij2 + � j�ij2!2 �  Xi2I jdij2j~x0i j2! Xi2I jdij2j~x0i j2(jdij2 + � j�ij2)2!and  Xi2I jdij2j~x0i j2jdij2 + � j�ij2!2 �  Xi2I jdij4j~x0i j4! Xi2I 1(jdij2 + � j�ij2)2! :If ({) (resp. ({{)) is veri�ed then the �rst one (resp. the second one) implies (10)(resp. (11)).The obvious limitation of the su�cient conditions of Proposition3.3 is that theyrequire the Fourier components of the unknown x0. In the following we proposesimple data-driven conditions which are approximately su�cient in the importantcase where the kernel b of the convolution operator and the solution x0 we searchfor are known to be non-negative. First, with the convention that the �rst Fouriercomponent corresponds to the zero frequency, we have:Proposition 3.4. Assume x0i � 0; i = 1; : : : ; n. ThenXi2I jdij2j~x0i j2 � j~x01j2Xi2I jdij2 and Xi2I jdij4j~x0i j4 � j~x01j4Xi2I jdij4:Proof. It can be easily checked that x0i � 0; i = 1; � � � ; n; implies that j~x0i j �j~x01j; 8i.Now, since b is a positive function, we also have jdij � jd1j; i = 1; : : : ; n. Thusthe �rst component ~y1 = d1~x01+ (Fe)1 generally has a high signal-to-noise ratio, and



10 L. DESBAT AND D. GIRARDso we can take ~y1=d1 as a good approximation of ~x01. Hence, from Propositions 3.3and 3.4, we will retain for the automatic choice of II = fi; 0 < jdij < �g where � is the largest thresholdwhich satis�es :Pi2I jdij2 � 4�2jd1j2j~y1j2 or Pi2I jdij4 � 2�4jd1j4j~y1j4 :Obviously, the assumption that x0 and b are non-negative can be replaced by theknowledge of an upper bound of the j~x0i j's which, in turn, will be used in place of j~y1jjd1 jin the above procedure.Example. Consider the use of this method for the example of Section 1.4, assum-ing x0 non-negative. Here �2 jd1j2j~y1j2 � �2c2 � 0:1, say. Hence the chosen set fdi; i 2 Igwillnot contain any di = 1 and it will coincide with fdi; di = dg provided (n� k)d2 � 0:1in this example.We are aware that this proposed procedure is based on rather conservative in-equalities but its attractiveness is that we are assured that BEPSEE will then be animprovement on GEPSEE. More heuristic procedures are possible, and may be betterin some situations (see the corresponding comment in Conclusions for an example).3.3. A `regularized' estimator. In the previous section, we have seen howto introduce an automatic truncation in the estimator of IEhx(� );x0i to improve itsaccuracy. In fact, this could also be seen as an unbiased estimation of IEhx(� );x0Iiwhere x0I is de�ned as the projection of x0 on the span of the eigenvectors corre-sponding to the `reasonable' eigenvalues (namely i 62 I [ I0). Thus the criterionwe were trying to minimize was the more reasonable error criterion jjx(� ) � x0I jj.This suggests generalizing this approach in the following way. Assume there existsREPSEE(� ), an unbiased estimator of IEhx(� ); R(x0)i, where R(x0) is now a morearbitrary \regularized" approximation of x0. REPSEE can also be considered as aregularized (hence biased) estimator of PSEE. As in the previous section, we willaccept only regularization procedures R satisfying :var(REPSEE) + [IE (REPSEE)� PSEE]2 `�' var(GEPSEE)(12)We will then minimize RE�(� ) = jjx(� )jj2 � 2REPSEE(� ), for choosing � .The following propositions state that such a regularized estimator always existswith, for example, the natural choice of the initial regularization:R = R�0 = (BTB + �0�T�)�1BTB:Proposition 3.5. Put M�;�0 = B(BTB + �0�T�)�1(BTB + ��T�)�1BT .Then REPSEE�0(� ) de�ned byREPSEE�0(� ) = hx(� );x(�0)i � �2tr (M�;�0 ) ;is an unbiased estimator of IEhx(� ); R�0(x0)i with variance:�4tr �M2�;�0 +MT�;�0M�;�0� + �2jj(M�;�0 +MT�;�0 )Bx0jj2:Like in the previous section, we can express the bias and the variance reductionintroduced by REPSEE�0 and obtain the analog of Proposition 3.3:



MINIMUM RECONSTRUCTION-ERROR CRITERION 11Proposition 3.6. If �0 satis�es�0 nXi=1 j�ij2jdij2j~x0i j2jdij2 + �0j�ij2 � 4�2;(13)or �0 nXi=1 j�ij2jdij4j~x0i j4jdij2 + �0j�ij2 � 2�4(14)then var(REPSEE�0) + [IE(REPSEE�0) � PSEE]2 `�' var(GEPSEE):Proof. The proof is very similar to that of Proposition3.3, see [3].Our wish will then be to choose �0 the largest one among those verifying one ofthe equations (13) or (14). When b and x0 are known to be positive functions, thenj~x0i j � j~x01j; i = 1 : : :n, and j~x01j can be approximated by j~y1j=jd1j. So we propose tokeep the following criterion for choosing �0:�0 = max�2S �(15)where S = 8>><>>:� > 0; �Pni=1 j�ij2jdi j2jdij2+�j�i j2 � 4�2 � jd1 jj~y1j�2or�Pni=1 j�ij2jdi j4jdij2+�j�i j2 � 2�4 � jd1 jj~y1j�4 9>>=>>;The parameter �0 can be very easily computed, using a Newton procedure startingfrom 0. The algorithm will always converge because the functionf(� ) = � nXi=1 aij�ij2(jdij2 + � j�ij2) where ai � 0 �ai = jdij2 or ai = jdij4� ;is increasing and concave on IR+ and lim�!0+ f(� ) = 0.4. Numerical experiments. We present in this section numerical deconvolu-tion experiments with a Gaussian convolution kernel demonstrating great improve-ments on EPSEE. (Note that with such a kernel, GEPSEE coincides with EPSEE.)We only present the results obtained with BEPSEE, because REPSEE had similarperformances in all these experiments. In each experiment, the choice of the trun-cation in BEPSEE is made by the automatic procedure described Section 3.2 (andresulting from Propositions 3.3 and 3.4), �rst assuming that � is known.4.1. Data and kernel. In all the experiments the `signal' to be reconstructed,x0, is unchanged; see Figure 2 for its plot. Each one of our experiments is thendetermined by two vectors of `data' (one example is given in Figure 1). The �rst oneis the discretization of the kernel assumed to be the periodic extension, with period1, of bl(t) = exp ��( tl )2� ; jtj � :5, (the continuous curve represents the n=2th columnof the circulant matrix B with entries Bi;j = 1=n bl((i � j)=n)). In our experiments



12 L. DESBAT AND D. GIRARDl 2 f0:01; 0:05;0:09g and n = 128; in Figure 1, l = 0:09. The second is the data vectory resulting from the noisy convolution of bl with x0. The noise is a Gaussian whitenoise with standard deviation taken to be one tenth of the maximum of the noiselessdata. The regularization matrix � is �xed to be a circulant discretization of secondorder di�erentiation (similarly as in [14]). Figure 2 illustrates the importance of thechoice of the regularization parameter � . If the parameter is too big the estimation istoo smooth, whereas if the parameter is too small the solution becomes meaningless.4.2. The variance gain. Both the estimators BEPSEE(� ) and EPSEE(� ) wereused to determine the regularization parameter � by minimizing E�(� ) or BE�(� ) :E�(� ) = jjx(� )jj2� 2EPSEE(� )BE�(� ) = jjx(� )jj2� 2BEPSEE(� ):In many experiments, E�(� ) produced dramatically low parameter estimates, whereasBE�(� ) had a reasonable minimum. Figure 3 shows the functions E�(� ) and BE�(� )obtained in the experiment corresponding to Figure 1. E� sends the smoothing pa-rameter far o� to the left. This is one of the many examples where E� failed to �nda good parameter.Such behavior is easily explained by looking at the mean and standard deviation ofE�(� ) represented in Figure 4 compared to those of BE�(� ) in Figure 5. These meansand standard deviations were computed from expressions similar to the ones givenSection 3.1. Note that in the case of BE� these formulas are not rigorously exact sincethey assume I constant, whereas it is actually data-driven. However, the variability ofI with respect to the noise in y is typically relatively slight, so that the formulas usingthe \average" value of I (obtained by replacing y by y0 in the automatic method ofchoosing I) give good approximations of the `true' mean and variance. The standarddeviations of 2EPSEE(� ) and 2BEPSEE(� ) were also computed at the same gridvalues of � . In these plots the corresponding con�dence intervals are slightly shiftedfor better legibility. As predicted by the results in Section 3, the variance of EPSEE(� )becomes dramatically large when � tends to 0. The important fact is that, as expected,E�(� ) also has the same variance problem. This could have been predicted by derivingfor E�(� ) similar results to the ones for EPSEE(� ) in Proposition 3.2. Thus, for a givendata vector, E�(� ) is very likely to have no minimumon a reasonable interval. On thecontrary, we see in Figure 5 that BE� has a much better behavior. The introducedbias is imperceptible. Still, it permits us to improve the estimator signi�cantly. Eventhough the variance of BE�(� ) also becomes large when � tends to 0, it is reasonablenear its expectation minimum (see Figures 4 and 5).4.3. Comparison of E�, BE� and GCV. In this section and the next twosections, the performance of a criterion X for choosing � will be measured by theclassical e�ciency EX (except that we use the reconstruction error, not the predictionerror) as de�ned by: EX = min� jjx(� )� x0jj2jjx(�X) � x0jj2where �X is given by the procedure X. A value close to 1 obtained for EX in a givensimulated experiment indicates a performance as best as possible, whereas a smallvalue (between 0 and 0.2) typically means a very bad performance. We decided to



MINIMUM RECONSTRUCTION-ERROR CRITERION 13evaluate the global e�ciency of X for a given type of problem by observing the valuesof EX obtained on 500 experiments which di�ered only by the simulated noise. These500 e�ciencies were then classi�ed in one histogram by partitioning the range [0; 1]into 5 subintervals of equal length. We believe that such an histogram (like those ofFigure 6) is a good summary of the global e�ciency of X.Let us recall that GCV consists of minimizingGCV(� ) = 1=mjj(I � A(� ))yjj2[1=m tr(I �A(� ))]2 ;where A(� ) is the smoothing matrix B(BTB + ��T�)�1BT . It is easy to see thatthe computations of GCV(� ), E�(� ) or BE�(� ) are of the same order for the periodicdeconvolution problem. BE� needs only an initialization to compute the threshold �(�xing the set I) at a cost of order n logn (we must sort the values jdij2; i = 1 : : :n).Note also that the computation time of the minimization of BE�(� ) is better if I isbig. We compare the estimators in the cases of bl with the values l = 0:01; l = 0:05 andl = 0:09. The larger l is, the more ill-posed is the problem. In the �rst three columnsof Figure 6 we can remark that when the problem is only slightly ill-posed (l = 0:01),all the estimators behave well. When l = 0:05, GCV gives the best estimation of� . E� often is ine�cient because of its variance problem. As expected, BE� is not soine�cient but is not as good as GCV. When the value of l becomes large, we see inFigure 6 that BE� becomes better than GCV which gives an e�ciency lower than 0.4in about 10% of the experiments.We can simply explain the behavior of BE� by noting that when l is small theautomatically chosen I is small too and the variance of BE�(� ) near � = 0 may bestill too large.These observations suggest the implementation of a new estimator built up fromGCV and BE�.4.4. Using two estimators. The automatic choice of smoothing parameter canprobably be improved by using a set of di�erent estimators (e.g. [12]). In our study,GCV or BEPSEE seem to be the best estimators, but not uniformly. As we may expectfrom the variance problems, the occurence of a bad e�ciency for BEPSEE very oftencorresponds to undersmoothing (� too small). Indeed, when the bias introduced isnot su�cient BEPSEE behaves like EPSEE (see Figures 3 and 6 when l = 0:05). It isalso true that when GCV fails, it very often corresponds to undersmoothing. IndeedGCV(� ) � �2 is asymptotically an estimator of IE(1=mjjB(x(� ) � x0)jj2); however,we see in Figure 7 that the criterion IE(jjB(x(� )� x0)jj2) does not discriminate goodvalues of � from values that are too small, whereas IE(jjx(� )� x0jj2) does this well.For these reasons we decided to use as an automatic choice for the regular-ization parameter the largest of the two parameters given by GCV and BE�. thefourth column of Figure 6 shows that this way of choosing the parameter (denoted bymax(GCV;BE�) in this �gure) always gives a better result. Observe that the `tails' inthese histograms (number of cases with e�ciency � 0:2) have disappeared with thismethod.4.5. Estimating � by GCV for a completely automatic BE�. The greatadvantage of GCV compared to the other statistical estimators is that it does notneed the value of �. On the contrary, the optimal parameter given by E� and BE�depends on the value of � whose exact value is seldom known when treating real data.So we have also studied the in
uence of using an inexact � in E� and BE�.



14 L. DESBAT AND D. GIRARDAs it can be expected, BE� is far less sensitive than E� to a noise on �. This hasbeen analysed in detail and con�rmed by many experiments in [3].Since GCV is a good method in terms of predicting the exact data by Bx(� ), evenfor severely ill-conditioned problems, GCV can very often provide a good estimateof � from the formula (see e.g. [11])�̂2GCV = 1=mjjy�Bx(� )jj21=m tr(I �A(� )) where � = �GCV:So it is natural to use this estimate of � in order to have a fully automatic methodBE�. We have done this in 3 � 500 experiments similar to the previous ones. Theresults are given in Figure 8. They demonstrate that BE� is not too sensitive to theadditional noise in � and, more important, max(GCV;BE�) is still the best method.5. Conclusions. The statistical method E� introduced by Rice in the decon-volution case to minimize the Mean Square Estimation Error criterion can easily begeneralized to arbitrary least squares problems. However, we have seen that E� isgenerally inferior to GCV because of the very large variability of E�(� ), when theregularization parameter tends to zero.In this paper we have shown how E�(� ) can always be improved by allowingan automatic (i.e., data-driven) bias. The resulting new method is denoted BE� (aregularized version RE� is also proposed). In deconvolution problems, the larger thekernel width, the more signi�cant the improvement on E�. More important, in ourexperiments with `severely' ill-posed problems, BE� (or RE�) was much more e�cientthan GCV (l = 0:09 in Figures 6, 8). Unfortunately, in the case of only moderately ill-posed problems (l = 0:05), the proposed automatic bias may not produce a su�cientvariance reduction.Nevertheless BE� can be used to build maxfargmin� GCV(� ); argmin� BE�(� )gas a new estimator of � which was observed to be almost always the best method inour simulated deconvolution problems, the improvement on GCV being particularlysigni�cant for severely ill-posed problems.We are aware that, as a referee pointed out, our procedure to determine the biasseems to rely eavily on the �rst few moments of the Gaussian distribution, and thusis less generally applicable than would be ideal. However we think that similar pro-cedures could be developped for other contexts. We also note that less sophisticatedprocedures may be su�cient for some problems. This is the case for problems similarto the one of Section 1.4, where a good truncation index is naturally determined by thegap in the spectrum of B. More generally, one can propose the following procedure:in our choice of the regularized version Rx0, leave out all the components, in Fourierspace, which are known to have a very bad signal-to-noise ratio (i.e. jdi~x0i j � �).In practice these components (i.e. the set I of BEPSEEI) could be chosen from thecriterion jdijM � �̂ where M is an approximate upper bound of the j~x0i j's. Thisprocedure has been tested on the 3� 500 previous experiments, using M = j~y1j=jd1j,and very similar performance was observed. We thus believe that this BE� (or RE�)approach for choosing the regularization parameter may be useful also for other sit-uations, especially for moderately and severely ill-posed problems. It should thus bestudied further both numerically and theoretically.REFERENCES
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Fig. 1. Data (stars) and kernel (continuous line) of width l = 0:09.
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Fig. 2. In
uence of the choice of � . The parameter �MSEE = 8:100E � 8 is the best one interms of MSEE.
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Fig. 3. One example of E�(�) and BE�(�).
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Fig. 4. Mean of E�(�), its standard deviation (continuous intervals) and standard deviation of2EPSEE(�) (dashed intervals), in the case of b0:09 .
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Fig. 5. Mean of BE�(�), its standard deviation (continuous intervals) and standard deviationof 2BEPSEE(�) (dashed intervals), in the case of b0:09 .
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Fig. 6. Comparison of GCV;E�;BE� and max(BE�;GCV) using the exact value of �.
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Fig. 7. IE(jjB(x(�)� x0)jj2) and IE(jjx(�)� x0 jj2) when the width l of the kernel is 0.09.
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Fig. 8. Idem Fig. 6 using � = �̂GCV.


