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Foreword (I)

• Shape and topology optimization techniques are
ubiquitous in industry and academics.

• Usually in practice,

- A domain Ω ⊂ Rd is optimized, representing
e.g. a mechanical structure, a fluid device.

- The performance of Ω is evaluated by an ob-
jective function J(Ω).

- J(Ω) is expressed in terms of the solution uΩ

to a boundary value problem posed on Ω.

- The regions of ∂Ω supporting specific bound-
ary conditions are not subject to optimization.

• We investigate a variant of this setting, where not
only the shape Ω, but also the subsets of ∂Ω bearing
boundary conditions are optimized.

Optimization of a staircase (courtesy
of Ansys).

“Optimized” front-end of the Qatar
National Convention Center.
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Foreword (II)

Examples:

• In thermal conduction,

- The temperature uΩ : Ω → R inside Ω is the
solution to the conductivity equation;

- Dirichlet b.c. account for a known profile,

- Neumann b.c. represent an imposed heat flux.

• When Ω is a mechanical structure,

- The displacement uΩ : Ω → Rd of Ω is solution
to the linear elasticity system;

- Ω is attached at the regions equipped with ho-
mogeneous Dirichlet b.c.

- Neumann b.c. represent applied surface loads.

• Other applications arise in acoustics, in fluid me-
chanics, etc.

Optimization of the screws of a
mandibular prosthesis [LaBa].

Optimized cooling process for a structure
produced by molding [WeWuShi].
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A model shape optimization problem (I)

• The considered shapes Ω are smooth,
bounded domains in Rd , with boundaries:

∂Ω = ΓD ∪ ΓN ∪ Γ.

• We assume that ΓD ∩ ΓN = ∅ and denote

ΣD = ∂ΓD , and ΣN = ∂ΓN .

• The behavior of Ω is encoded in the solution
uΩ ∈ H1(Ω) to the conductivity equation:

−div(γ∇uΩ) = f in Ω,
uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on Γ,

γ ∂uΩ
∂n

= g on ΓN ,

where

• γ is the conductivity of the medium,

• f ∈ L2(Ω) is a source (or a sink),

• g ∈ L2(ΓN) is a heat flux.
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A model shape optimization problem (II)

• We consider a shape optimization problem of the form

min
Ω

J(Ω) s.t. C(Ω) ≤ 0,

where J(Ω) and C(Ω) are objective and constraint functions of the domain.

• The treatment of this task usually relies on the derivatives of J(Ω) and G(Ω) with
respect to the domain, which can be accounted for in two different ways:

- Shape derivatives account for “small” perturbations of the boundary of Ω;

- Topological derivatives consider the nucleation of “small” holes inside Ω.

• We focus on a typical function of the domain, of the form

J(Ω) :=

∫
Ω

j(uΩ) dx ,

where j : R→ R is smooth and satisfies suitable growth conditions.
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Shape derivatives (I): definition

The method of Hadamard relies on varia-
tions of a shape Ω ⊂ Rd of the form

Ωθ := (Id + θ)(Ω),

where θ ∈ W 1,∞(Rd ,Rd) is a “small” vec-
tor field.
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Definition 1.
The shape derivative of a function J(Ω) at a particular domain Ω is the Fréchet
derivative at θ = 0 of the underlying mapping

W 1,∞(Rd ,Rd) 3 θ 7−→ J(Ωθ) ∈ R.

The following expansion holds:

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o(θ), where
|o(θ)|

||θ||W 1,∞(Rd ,Rd )

θ→0−−−→ 0.
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Shape derivatives (II): a typical calculation

Most often, only the free region Γ ⊂ ∂Ω is optimized, i.e. deformations θ satisfy:

θ ≡ 0 on ΓD ∪ ΓN .

Typical calculation of the derivative J ′(Ω)(θ) of J(Ω) =
∫

Ω
j(uΩ) dx :

¶ Using the implicit function theorem, one proves that the transported function

W 1,∞(Rd ,Rd) 3 θ 7→ uΩ(θ) := uΩθ ◦ (Id + θ) ∈ H1(Ω)

is differentiable. Its derivative ůΩ(θ) ∈ H1(Ω) – the Lagrangian derivative of
uΩ – is characterized as the solution to a variational problem.

· Direct differentiation in the definition of J(Ω) then yields:

J ′(Ω)(θ) =

∫
Ω

(
div(θ)j(uΩ) + j ′(uΩ)ůΩ(θ)

)
dx .
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Shape derivatives (III): a typical calculation

¸ Thanks to the adjoint method, the “difficult” contribution of ůΩ(θ) is
eliminated from the expression of J ′(Ω)(θ), and a volume form is obtained:

J ′(Ω)(θ) =

∫
Ω

(
S(uΩ, pΩ) : ∇θ + R(uΩ, pΩ) · θ

)
dx ,

where:

• The adjoint state pΩ satisfies a boundary value problem similar to that for uΩ;

• R(uΩ, pΩ) : Ω→ Rd , S(uΩ, pΩ) : Ω→ Rd×d are vector and matrix fields.

¹ Assuming sufficient regularity from uΩ and pΩ (typically H2(Ω)), integration by
parts in the volume form lead to a surface form for J ′(Ω)(θ):

J ′(Ω)(θ) =

∫
Γ

v(uΩ, pΩ) θ · n ds,

for a certain scalar field v(uΩ, pΩ) : Γ→ R.
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Shape derivatives (IV): structure

• (When available) The surface form highlights the fact that J ′(Ω)(θ) depends on
the normal component of θ on Γ.

⌦

✓⌦✓

A tangential vector field θ, (i.e. θ · n = 0) only accounts for a convection of the shape Ω and J′(Ω)(θ) = 0.

• A descent direction for J(Ω) is readily supplied by the surface form of J ′(Ω)(θ):

θ = −v(uΩ, pΩ)n ⇒ J ′(Ω)(θ) < 0.
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Topological derivatives

The notion of topological derivative features varia-
tions of a shape Ω ⊂ Rd of the form

Ωx,ε := Ω \ B(x , ε),

where x ∈ Ω, and ε� 1.
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Definition 2.
The function J(Ω) has a topological derivative at Ω and at point x ∈ Ω if there
exists dJT (Ω)(x) ∈ R such that:

J(Ωx,ε) = J(Ω) + εddJT (Ω)(x) + o(εd).

Remark Depending on the context, different rates may occur for J(Ωx,ε) as ε→ 0.
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A representative shape and topology optimization workflow

A standard gradient strategy is used.

• At each iteration n = 0, . . ., the shape Ωn is
equipped with a mesh T n.

• The finite element computations for uΩn and pΩn

are performed on T n.

• A descent direction θn is obtained from J ′(Ωn).

• The mesh updates T n → T n+1 rely on a mesh
evolution algorithm [AlDaFre].

• At times, the topological derivative dJT (Ω) is cal-
culated to nucleate a small hole inside Ω.
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Goals of this work

Besides the shape Ω, We aim to optimize the repartition of the regions ΓD and ΓN of
∂Ω where homogeneous Dirichlet and inhomogeneous Neumann b.c. are applied, in
two different ways:

¶ We analyze the shape derivative of J(Ω) when deformations θ that do not
vanish near ΣD and ΣN are allowed.

· We consider “topological derivatives”, accounting for singular changes in the
type of applied b.c.:

“How to account for the insertion of a “small” region ωε bearing homogeneous
Dirichlet b.c. inside Γ?”
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Setting (I)
We consider again the model functional

J(Ω) =

∫
Ω

j(uΩ) dx ,

where uΩ ∈ H1(Ω) is the solution to the con-
ductivity equation.

We aim to calculate the shape derivative
J ′(Ω)(θ) when θ is either in

ΘDN :=
{
θ ∈ C2,∞(Rd ,Rd), θ = 0 on ΓN

}
,

or in

ΘNN :=
{
θ ∈ C2,∞(Rd ,Rd), θ = 0 on ΓD

}
,

�D

�N

�

⌃D

⌃N

n⌃N

n⌃D

n

•
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✓

Tangential deformations leave the room for
modifications of ΓD .

Notation
The notations uΩ, J(Ω), . . . only reflect dependences with respect to Ω, but the
associated objects also depend on the repartition of ΓD , ΓN and Γ on ∂Ω.
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Setting (II)

• We focus on the most difficult situation where the Dirichlet – Neumann transition
ΣD is subject to optimization, i.e. deformations θ belong to ΘDN .

• The analysis will often be simplified by the following assumptions:

(H)

- d = 2;

- The conductivity γ is constant in Ω;

- ΣD = ∂ΓD = {s0, s1};

- ∂Ω is flat around s0 and s1.
⌦

•

•

•

•

⌃D

n⌃D

n⌃N

⌃N

n

�D

�N

�

s0

s1
⌧
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Fractional Sobolev spaces on the boundary of Ω (I)

Let Ω ⊂ Rd be a smooth bounded domain.

• For 0 < s < 1, Hs(∂Ω) is the space of L2(∂Ω) functions such that

||u||2Hs (∂Ω):=

∫
∂Ω

u2 ds +

∫
∂Ω

∫
∂Ω

|u(x)− u(y)|2

|x − y |d−1+2s ds(x)ds(y) <∞.

• For 0 < s < 1, H−s(∂Ω) is the topological dual of Hs(∂Ω).

Let Γ be a proper open and Lipschitz subset of ∂Ω;

• For all −1 < s < 1, Hs(Γ) is the space of restrictions U|Γ to Γ of functions of
Hs(∂Ω), equipped with the quotient norm:

||u||Hs (Γ):= inf
{
||U||Hs (∂Ω), U ∈ Hs(∂Ω), U|Γ= u

}
.

• For −1 < s < 1, H̃s(Γ) is the subspace of Hs(Γ) defined as, equivalently:

- The space of elements u ∈ Hs(∂Ω) with compact support inside Γ;

- The space of elements u ∈ L2(Γ) whose extension ũ by 0 belongs to Hs(∂Ω).
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Fractional Sobolev spaces on the boundary of Ω (II)

For all s > 0, H̃−s(Γ) (H−s(Γ)) is the dual of Hs(Γ) (H̃s(Γ)) for the duality:

〈u, v〉H̃−s (Γ),Hs (Γ) =
〈

ũ︸︷︷︸
extension
of u by 0

, V︸︷︷︸
any extension
of v to ∂Ω

〉
H−s (∂Ω),Hs (∂Ω)

.

Example: Let uΩ ∈ H1(Ω) be the variational solution to the conductivity equation:
−div(γ∇uΩ) = f in Ω,

uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on Γ,

γ ∂uΩ
∂n

= g on ΓN .

Then:

• uΩ ∈ H̃1/2(Γ ∪ ΓN);

• γ ∂uΩ
∂n
∈ H̃−1/2(ΓD ∪ ΓN).
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About the regularity of uΩ

• For any point x ∈ Ω \ ΣD ∪ ΣN , there exists a neighborhood W of x in Rd such
that uΩ is in H2(Ω ∩W ) (smooth).

• uΩ is weakly singular near ΣD : let (H) hold and, without loss of generality, let V
be a small enough neighborhood of si such that:

si = 0, Ω ∩ V = {x ∈ V , s.t. x2 > 0} , and
ΓD ∩ V = {x ∈ V , s.t. x2 = 0, x1 < 0} .
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⌫

Then, for any η > 0, uΩ ∈ H3/2−η(V ) and

uΩ = ui
r+c iS i on Ω∩V , where ui

r ∈ H2(Ω∩V ), ci ∈ R and S i (r , ν) = r
1
2 cos

(ν
2

)
.

� P. Grisvard, Elliptic problems in nonsmooth domains, SIAM, (2011).
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Exact shape derivative

Proposition 1.

The function J(Ω) is shape differentiable and its shape derivative reads (volume
form): for all θ ∈ ΘDN ,

J ′(Ω)(θ) =

∫
∂Ω

(j(uΩ)− fpΩ)θ · n ds−
∫

Ω

j ′(uΩ)∇uΩ · θ dx+

∫
Ω

(∇γ ·θ)∇uΩ ·∇pΩdx

+

∫
Ω

γ((divθ)I−∇θ −∇θT )∇uΩ · ∇pΩ dx +

∫
Ω

f∇pΩ · θ dx ,

where the adjoint state pΩ is the H1(Ω) solution to the problem:
−div(γ∇pΩ) = −j ′(uΩ) in Ω,

pΩ = 0 on ΓD ,

γ ∂pΩ
∂n

= 0 on ΓN ∪ Γ.

Moreover, under the assumption (H), this rewrites (surface form):

J ′(Ω)(θ) =

∫
ΓD∪Γ

(
j(uΩ)− fpΩ

)
θ · n ds −

∫
ΓD

∂pΩ

∂n

∂uΩ

∂n
θ · n ds

+

∫
Γ

∂uΩ

∂τ

∂pΩ

∂τ
θ · n ds +

π

4

∑
i=0,1

c iuc
i
p(θ · nΣD )(si ).
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Remarks

• A formal calculation of J ′(Ω)(θ) (with Céa’s method) ignoring the weak singularity
of uΩ and pΩ yields:

J ′(Ω)(θ) = 0 if θ · n = 0,

i.e. J(Ω) does not depend on the repartition of boundary conditions!

⇒ The sensitivities of uΩ and J(Ω) with respect to ΓD are entirely encoded in the
weak singularity of uΩ (and pΩ).

• The dependence of J ′(Ω)(θ) on the singularities of uΩ and pΩ makes its numerical
evaluation awkward.

⇒ Need to construct smooth approximations uΩ,ε and Jε(Ω) of uΩ and J(Ω) .

• Different (simpler) situations could be considered:

- Transition homogeneous Neumann – inhomogeneous Neumann b.c.

- Transition homogeneous Neumann – homogeneous Robin b.c. (for models of
corrosion / Helmholtz)
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The geodesic signed distance function

Let Ω ⊂ Rd be a smooth bounded domain.

• The geodesic distance d∂Ω(x , y) on ∂Ω between two points x , y ∈ ∂Ω is:

d∂Ω(x , y) = inf
γ:[0,1]→∂Ω,
γ(0)=x, γ(1)=y

`(γ), where `(γ) =

∫ 1

0
|γ′(t)| dt.

• The geodesic distance d∂Ω(x ,K) of x ∈ ∂Ω to a compact subset K ⊂ ∂Ω is:

d∂Ω(x ,K) = inf
y∈K

d∂Ω(x , y).

• When the minimizer is unique in the above definition, it is denoted by pK (x) and
called the projection of x onto K .

• The geodesic signed distance function d∂Ω
G to an open region G ⊂ ∂Ω is:

∀x ∈ ∂Ω, d∂Ω(x) =


−d∂Ω(x , ∂G) if x ∈ G ,

0 if x ∈ ∂G ,
d∂Ω(x , ∂G) if x ∈ ∂Ω \ G .

Remark “Many” basic properties of d∂Ω
G are mere adaptations of those of the

“usual” signed distance function to a domain of Rd .
26 / 64



An approximate optimization problem (I)

• Let the approximate conductivity equation:
−div(γ∇uΩ,ε) = f in Ω,

γ
∂uΩ,ε

∂n
+ hεuΩ,ε = 0 on Γ ∪ ΓD ,

γ
∂uΩ,ε

∂n
= g on ΓN .

• hε(x) := 1
ε
h

(
d∂Ω

ΓD
(x)

ε

)
is made from a

smooth profile h : R→ R such that:

0 ≤ h ≤ 1,

 h ≡ 1 on (−∞,−1],
h(0) > 0,
h ≡ 0 on [1,∞).
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• Intuitively,

- hε = 0 well inside Γ (≈ homogeneous Neumann b.c.),

- hε = 1
ε
≈ ∞ well inside ΓD (≈ homogeneous Dirichlet b.c.).

• For a fixed ε > 0, standard elliptic regularity implies that uΩ,ε is smooth on Ω.
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An approximate optimization problem (II)

Proposition 2.

The functional Jε(Ω) is shape differentiable, with shape derivative (surface form):

∀θ ∈ ΘDN , J ′ε(Ω)(θ) =∫
Γ∪ΓD

(
j(uΩ,ε)− fpΩ,ε + γ∇∂ΩuΩ,ε · ∇∂ΩpΩ,ε − γ

∂uΩ,ε

∂n

∂pΩ,ε

∂n
− κpΩ,ε

∂uΩ,ε

∂n

)
θ · n ds

+
1
ε2

∫
Γ∪ΓD

h′(
dΓD

ε
)

(
− θ(pΣD (x)) · nΣD (pΣD (x))+

∫ dΓD
(x)

0
Π∂Ω
σx (t)(σ

′
x(t), σ′x(t)) (θ · n)(σx(t)) dt

)
uΩ,εpΩ,ε ds(x),

where

• σx(t) = exppΣD (x)
(tnΣD (pΣD (x))) is the geodesic curve between x and pΣD (x),

• The adjoint state pΩ,ε is the unique solution in H1(Ω) to the equation:
−div(γ∇pΩ,ε) = −j(uΩ,ε) in Ω,

γ
∂pΩ,ε

∂n
+ hεpΩ,ε = 0 on ΓD ∪ Γ,

γ
∂pΩ,ε

∂n
= 0 on ΓN .

28 / 64



An approximate optimization problem (III)

Under Assumption (H),

• The function uΩ,ε converges to uΩ strongly in H1(Ω): for any 0 < s < 1
4 ,

||uΩ,ε − uΩ||H1(Ω)≤ Csε
s ||f ||L2(Ω).

• As a result, for any given shape Ω, the approximate shape functional Jε(Ω)
converges to its exact counterpart J(Ω).

• Going further, the approximate shape derivative J ′ε(Ω) converges to its exact
counterpart J ′(Ω), i.e.:

sup
||θ||

W1,∞(Rd ,Rd )
≤1
|J ′ε(Ω)(θ)− J ′(Ω)(θ)| = 0.
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An example in thermal conduction (I)

• During cooling, the temperature uΩ

within a device Ω ⊂ R3 satisfies:
−div(γ∇uΩ) = f in Ω,

uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on ∂Ω \ ΓD ,

where ΓD is the region of ∂Ω in contact
with cooling channels.

• We minimize the mean temperature:

minT (Ω) + `Per(ΓD), where

T (Ω) =
1
|Ω|

∫
Ω

uΩ dx .

• Tangential deformations θ are used: only
ΓD ⊂ ∂Ω is optimized (not Ω).
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An example in thermal conduction (II)
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Optimization of a fixture system (I)

During its construction, a mechanical structure Ω ⊂ R3 is stilled by a clamp-locator
system:

• Locators are regions of ∂Ω where the displacement is prevented;

• Clamps are regions where a surface load is applied to maintain the part.
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Optimization of a fixture system (II)

• Let Ω ⊂ R3 be a fixed structure.

• A load gtool is applied on ΓT ⊂ ∂Ω
by the machine tool.

• Ω is located on ΓD , and clamped on
ΓN : a load g is applied.

• The displacement uΩ of Ω is solution
to the linear elasticity system.

• We aim to minimize the displace-
ment of the structure,

J(Ω) =

∫
Ω

|uΩ|2 dx ,

under constraints on the perimeters
of ΓD and ΓN .

�T

�N

�D g

gtool

e1

e2

e3
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Optimization of a fixture system (III)

Designs of (left column) clamps and (right column) locators at iterations 1, 20 and 100.
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Optimization of a fixture system (IV)

Deformed configurations of (left) the initial and (right) optimized designs.
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Concurrent optimization of shape and boundary conditions (I)

• The design of an elastic force inverter is op-
timized.

• We minimize the least-square functional

J(Ω) = α

∫
ΓT

|uΩ − uT |2 ds − β
∫

ΓN

u1 ds,

where

• The displacement uΩ is expected to
match a target uT = (1, 0) on ΓT ,

• The displacement u1 of Ω to the right
is penalized on ΓN :

• We concurrently optimize the shape Ω and
the fixation region ΓD ⊂ ∂Ω.

• A constraint on the perimeter of ΓD is added.
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Concurrent optimization of shape and boundary conditions (II)

Concurrent optimization of the shape and the fixation regions of the force inverter, with an initial configuration
for ΓD composed of 8 line segments.
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Concurrent optimization of shape and boundary conditions (III)

Concurrent optimization of the shape and the fixation regions of the force inverter, with an initial configuration
for ΓD composed of 4 line segments.
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Foreword

• We inquire about the sensitivity of uΩ – and that of a related quantity of interest
J(Ω) – with respect to a “small” singular perturbation of the b.c. for uΩ.

• This study leverages techniques from the field of asymptotic analysis.

These issues raises questions of two sorts:

• At the theoretical level, what is the general structure of the perturbed field?

• For a particular geometry of the inclusion set ωε, what is the precise asymptotic
expansion of uε and a related quantity of interest?

We focus on the situation of the replacement of homogeneous Neumann b. c. by
homogeneous Dirichlet b. c.

41 / 64



The model setting

• Ω is a smooth bounded domain in Rd , d = 2, 3;

• Its boundary is decomposed as

∂Ω = ΓD ∪ ΓN , ΓD ∩ ΓN = ∅.

• The ωε are open, Lipschitz subsets of ∂Ω;

• They are contained in ΓN , and stay well-
separated from Σ := ΓD ∩ ΓN :

∃dmin > 0 s.t. ∀ ε > 0, dist(ωε,Σ) ≥ dmin.
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⌦

The background and perturbed potentials u0 = uΩ and uε ∈ H1(Ω) are solution to:
−div(γ∇uΩ) = f in Ω,

uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on ΓN ,
and


−div(γ∇uε) = f in Ω,

uε = 0 on ΓD ∪ ωε,
γ ∂uε
∂n

= 0 on ΓN \ ωε.
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The Green’s function of the background problem

• For a fixed x ∈ Ω, the Green’s function y 7→ N(x , y) of the background problem is
the solution to: 

−divy (γ(y)∇yN(x , y)) = δy=x in Ω,
N(x , y) = 0 for y ∈ ΓD ,

γ(y) ∂N
∂ny

(x , y) = 0 for y ∈ ΓN .

• The solution to the boundary value problem
−div(γ∇u) = f in Ω,

u = 0 on ΓD ,
γ ∂u
∂n

= 0 on ΓN

reads:
u(x) =

∫
Ω

N(x , y)f (y) dy .

• Physically , N(x , ·) is the response of the medium to a point source at x .

• N(x , y) is symmetric in its arguments: N(x , y) = N(y , x).

• N(x , y) can be constructed from the fundamental solution of the Laplace operator.
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The capacity of a subset of Rd (I)

The relevant quantity to measure the “smallness” of ωε in this context is the capacity
[HenPi] [Lan].

Definition 3.
The capacity cap(E) of an arbitrary subset E ⊂ Rd is defined by:

cap(E) = inf
{
||v ||2H1(Rd ), v(x) ≥ 1 a.e. on an open neighborhood of E

}
.

Intuition: cap(E) is the energy of the function v : Rd → R such that:

• v equals 1 on E ;

• v “tends to 0 at ∞”;

• v is harmonic on Rd \ E .

� A. Henrot and M. Pierre, Shape Variation and Optimization, EMS Tracts in
Mathematics, Vol. 28, (2018).
� N. S. Landkof, Foundations of modern potential theory, Vol. 180, Springer, (1972).
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The capacity of a subset of Rd (II): example

Let Dε ⊂ Rd be defined by:

Dε =
{
x = (x1, . . . , xd−1, 0) ∈ Rd , |x |< ε

}
,

i.e.

• Dε is a segment with length 2ε if d = 2;

• Dε is a planar disk with radius ε if d = 3.

The capacity of Dε satisfies:

• If d = 2, cap(Dε) ≤ C2
|log ε| ;

• If d = 3, cap(Dε) ≤ C3ε.
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Dε when d = 3
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A general structure formula

Theorem 3.

Let ωε be such that cap(ωε)→ 0 as ε→ 0. Then there exists a subsequence, still
denoted by ε, and a Radon measure µ on ∂Ω, such that for any point x ∈ Ω:

uε(x) = uΩ(x)− cap(ωε)

∫
∂Ω

uΩ(y)γ(y)N(x , y) dµ(y) + o(cap(ωε)).

In this formula,

• The measure µ is non negative and non trivial; it depends only on the
subsequence ωε, Ω, and ΓN ;

• The support of µ lies inside any compact subset K ⊂ ∂Ω containing the ωε for
ε > 0 small enough;

• The remainder o(cap(ωε)) is uniform when x lies in compact subsets of Ω.
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Asymptotic formulas for quantities of interest

A more specific situation about the nature
of ωε is considered:

• ωε is a surfacic disk with center x0 ∈ ∂Ω
and radius ε;

• It is contained in ΓN .
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The background and perturbed potentials u0 = uΩ and uε are the H1(Ω) solutions to:
−div(γ∇uΩ) = f in Ω,

uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on ΓN ,
and


−div(γ∇uε) = f in Ω,

uε = 0 on ΓD∪ωε,
γ ∂uε
∂n

= 0 on ΓN\ωε.

We look for an explicit asymptotic expansion of uε as ε→ 0.
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Asymptotic formulas for the potential

Theorem 4.
The following asymptotic expansion holds, at any point x ∈ Ω, x /∈ Σ ∪ {0}:

uε(x) = uΩ(x)− π

|log ε|γ(x0)uΩ(x0)N(x , x0) + o
(

1
|log ε|

)
if d = 2,

and
uε(x) = uΩ(x)− 4εγ(x0)uΩ(x0)N(x , x0) if d = 3,

where N(x , y) is the Green’s function of the background problem.
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Asymptotic formulas for the potential

Sketch of proof:

For simplicity, we assume that

• The space dimension is d = 3;

• x0 = 0;

• ∂Ω is completely flat near 0.

• γ is constant near 0.

<latexit sha1_base64="qXR9VHv1f0hUHb3ZJ5d7r78OioQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6peNmuVei2PowgncArn4ME11OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/eCOMsA==</latexit>

0

<latexit sha1_base64="iTcH4h+ruIIvUfJgptft842i/aM=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakPpYFN+6sYB/QGUomzbShmcyQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05QSK4No7zjUpr6xubW+Xtys7u3v5B9fCoo+NUUdamsYhVLyCaCS5Z23AjWC9RjESBYN1gcpv73SemNI/lo5kmzI/ISPKQU2Ks5GVeRMyYEoHvZ4Nqzak7c+BV4hakBgVag+qXN4xpGjFpqCBa910nMX5GlOFUsFnFSzVLCJ2QEetbKknEtJ/NM8/wmVWGOIyVfdLgufp7IyOR1tMosJN5RL3s5eJ/Xj814Y2fcZmkhkm6OBSmApsY5wXgIVeMGjG1hFDFbVZMx0QRamxNFVuCu/zlVdK5qLtX9cuHRq3ZKOoowwmcwjm4cA1NuIMWtIFCAs/wCm8oRS/oHX0sRkuo2DmGP0CfP96pkYs=</latexit>O

<latexit sha1_base64="x7SZXoqYfufiIPlmGdfR9cWvZD8=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48WYEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u3eCDnCvXPGr/gxomQQ5qUCOeq/81e0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmz2bUTdOKUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq5EILFl5dJ86waXFYv7s8rtfM8jiIcwTGcQgBXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8AV47jvc=</latexit>

⌦

<latexit sha1_base64="z6F7MAMeU1FMKV6WoVll4EMh1X0=">AAAB+3icdZBLSwMxFIUz9VXrq9alm2ARXJUZ8bUsuHFZwT6gM5RMeqcNTTJDkimWoX/FjQtF3PpH3PlvzLQV6utA4PCde8nlhAln2rjuh1NYWV1b3yhulra2d3b3yvuVlo5TRaFJYx6rTkg0cCahaZjh0EkUEBFyaIej6zxvj0FpFss7M0kgEGQgWcQoMRb1yhU/FjAgPX9MFCSa8RxWvZo7E3Z/ma+oihZq9Mrvfj+mqQBpKCdadz03MUFGlGGUw7TkpxoSQkdkAF1rJRGgg2x2+xQfW9LHUazskwbP6PJGRoTWExHaSUHMUP/McvhX1k1NdBVkTCapAUnnH0UpxybGeRG4zxRQwyfWEKqYvRXTIVGEGltXabmE/03rtOZd1M5vz6r1s0UdRXSIjtAJ8tAlqqMb1EBNRNE9ekBP6NmZOo/Oi/M6Hy04i50D9E3O2yeNmJS/</latexit>!"
<latexit sha1_base64="Ry/BBsTy7wAWF0kQw66vSkCzZ5A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEmYnvcmQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFtMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj619Wrh8tK7TKPowgncArn4MMN1OAe6tAADiN4hld4c1LnxXl3PhatBSefOYY/cD5/AHcbj6A=</latexit>•

<latexit sha1_base64="U7VLdGaHomDSNvuftyiTS3Gux9E=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMhxhwDXnJMwCyQDKGnU5O06Vno7hHCkC/w4kERr36SN//GzgZqfFDweK+KqnpeLLjStv1lZba2d3b3svu5g8Oj45P86VlbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SZ3c7/ziFLxKLzX0xjdgI5C7nNGtZGa9UG+YBftBYhdLJWrJadCnLWyJgVYoTHIf/aHEUsCDDUTVKmeY8faTanUnAmc5fqJwpiyCR1hz9CQBqjcdHHojFwZZUj8SJoKNVmoPydSGig1DTzTGVA9Vn+9ufif10u0X3VTHsaJxpAtF/mJIDoi86/JkEtkWkwNoUxycythYyop0yabnAlh4+VN0i4VnUrxplku1MqrOLJwAZdwDQ7cQg3q0IAWMEB4ghd4tR6sZ+vNel+2ZqzVzDn8gvXxDb84jOA=</latexit>

H

The error rε := uε − uΩ ∈ H1(Ω) is the solution to:
−div(γ∇rε) = 0 in Ω,

rε = 0 on ΓD ,
rε = −uΩ on ωε,
γ ∂rε
∂n

= 0 on ΓN \ ωε.
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Asymptotic formulas for the potential

Step 1: We represent rε(x) at x 6= 0 in terms of the values of rε inside ωε.

Using the Green’s function N(x , y) of the background problem,

rε(x) = −
∫

Ω

divy (γ∇yN(x , y))rε(y) dy

= −
∫
∂Ω

γ
∂N

∂ny
(x , y)︸ ︷︷ ︸

=0 on ΓN

rε(y)︸ ︷︷ ︸
=0 on ΓD

ds(y) +

∫
Ω

γ∇yN(x , y) · ∇rε(y) dy

=

∫
∂Ω

γ
∂rε
∂n

(y)︸ ︷︷ ︸
=0 on ΓN\ωε

N(x , y)︸ ︷︷ ︸
=0 on ΓD

ds(y)−
∫

Ω

div(γ∇rε)(y)︸ ︷︷ ︸
=0

N(x , y) dy

=

∫
ωε

γ
∂rε
∂n

(y)N(x , y) ds(y)

and introducing ϕε(z) := εd−1 (γ ∂rε
∂n

)
(εz) ∈ H̃−1/2(D1), we obtain:

rε(x) =

∫
D1

ϕε(z)N(x , εz) ds(z).
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Asymptotic formulas for the potential

Step 2: We characterize ϕε by an integral equation.

Letting x approach ωε and replacing x with εx , x ∈ D1, this becomes:

∀x ∈ D1, rε(εx)︸ ︷︷ ︸
=−uΩ(εx)

=

∫
D1

ϕε(z)N(εx , εz) ds(z).

Hence,

∀x ∈ D1,

∫
D1

ϕε(z)N(εx , εz) ds(z) = −uΩ(0) + o(1).

Since ∂Ω is flat near 0, we can replace N(εx , εz) with L(εx , εz), where

L(x , y) =
1
γ

(
G(x , y)+G(x , ỹ)

)
, G(x , y) =

1
4π

1
|x − y | and ỹ := (y1, . . . yd−1,−yd)

is the Green’s function of the lower half-space H. Eventually:

1
2π

∫
D1

1
|x − z |ϕε(z) ds(z) = −εγuΩ(0) + o(ε).
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Asymptotic formulas for the potential

Step 3: We solve this integral equation.

The solution to this equation is known as an equilibrium distribution:

ϕε(z) = − 2εγuΩ(0)

π
√

1− |x |2
+ o(ε).

In particular, ∫
D1

ϕε(z) ds(z) = −4γεuΩ(0) + o(ε).

Step 4: We pass to the limit in the representation formula for rε(x).

The Lebesgue dominated convergence theorem yields:

rε(x) =

∫
D1

ϕε(z)N(x , εz) ds(z) =

(∫
D1

ϕε(z) ds(z)

)
N(x , 0) + o(ε)

= −4εγuΩ(0)N(x , 0) + o(ε).
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Asymptotic formulas for a quantity of interest

Let us introduce the quantity of interest depending on uε:

J(ε) =

∫
Ω

j(uε) dx ,

i.e. J(ε) is a version of J(Ω) where the boundary conditions of uΩ are perturbed.

Corollary 5.
The function J(ε) has the following asymptotic expansion at 0:

If d = 2, J(ε) = J(0) +
π

|log ε|γ(x0)uΩ(x0)pΩ(x0) + o
(

1
|log ε|

)
,

and
If d = 3, J(ε) = J(0) + 4εγ(x0)uΩ(x0)pΩ(x0) + o(ε),

where pΩ is the unique solution in H1(Ω) to the boundary value problem:
−div(γ∇pΩ) = −j ′(uΩ) in Ω,

pΩ = 0 on ΓD ,

γ ∂pΩ
∂n

= 0 on ΓN .
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Asymptotic formulas for a quantity of interest (II)

Sketch of proof (in the case d = 3):

The Lebesgue dominated convergence theorem yields

J(ε)− J(0)

ε
=

∫
Ω

j(uε)− j(uΩ)

ε
dx ε→0−−−→ −4γ(x0)u0(x0)

∫
Ω

j ′(uΩ(x))N(x , x0) dx .

Besides, by the definition of the Green’s function and its symmetry,

pΩ(x0) = −
∫

Ω

j ′(uΩ(y))N(y , x0) dy .

57 / 64



1 Foreword

2 Presentation of the problem and background material
A model problem
Basic notions about shape and topological derivatives

3 Shape derivatives involving deformations of regions bearing boundary conditions
Setting and preliminaries
Shape derivatives allowing for the deformation of Dirichlet regions
Approximate shape derivatives for Dirichlet – Neumann transitions
Numerical examples

4 Singular perturbations of the boundary conditions of an elliptic problem
A few technical preliminaries
A general representation formula
An explicit asymptotic formula when ωε is a surfacic disk
A numerical example

58 / 64



Numerical example (I)

• We revisit the example in cooling.

• The temperature uΩ within Ω satisfies:
−div(γ∇uΩ) = f in Ω,

uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on ∂Ω \ ΓD .

• The mean temperature is minimized:

minT (Ω) + `Per(ΓD), where

T (Ω) =
1
|Ω|

∫
Ω

uΩ dx .

• Only tangential deformations θ are con-
sidered in the use of shape derivatives.

• Occasionally, a small Dirichlet region is
nucleated inside ∂Ω \ ΓD thanks to the
previous topological derivative.
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Numerical example (II)
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A word of advertisement

• All the numerical realizations are based on open-source libraries.

• A webpage gathering lecture notes, slides, demonstration codes, etc.

https://membres-ljk.imag.fr/Charles.Dapogny/tutosto.html
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Thank you!

Thank you for your attention!
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