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Foreword: Shape and topology optimization

• Shape optimization aims to minimize a function of the domain.

• Such problems can be traced back to the early human history...

• ... The needs to realize energy savings and get free from fossile
fuels have aroused much enthusiasm for the discipline.

• It heralds promising applications in varied physical contexts.

• This presentation broaches a few of its specific issues:

- Modeling: Choice of adequate design variables, of a relevant
physical model.

- Theory: Calculation of derivatives with respect to the design.

- Numerical implementation: Efficient design updates
(remeshing), large scale solution of physical equations.

Hooke’s principle: “As hangs
the flexible chain, so but

inverted stands the rigid arch”.

Optimized design of a landing
gear (courtesy of Ansys).

2 / 74



Disclaimer

Disclaimer

• This presentation is by no means exhaustive, and it is strongly biased by the
knowledge and experience of the author.

• See the References for more elaborate discussions.
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A general panorama

A shape and topology optimization problem reads:

min
h∈Uad

J(h) s.t. G(h) = 0. (P)

In this formulation:

• The design variable h is sought within a set Uad of admissible designs.

• J(h) is an objective function.

• G(h) = (G1(h), . . . ,Gp(h)) is a collection of p (equality) constraints.

• J(h) or some of the Gi (h) depend on h via a state uh, solution in a functional
space V to a physical boundary value problem:

Search for uh ∈ V s.t. F(h, uh) = 0. (BVP)

This generic formulation encompasses multiple frameworks.
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A parametric optimal design problem in thermal mechanics...
Let D ⊂ Rd be a thermal cavity;

• The temperature is fixed to 0 on ΓD ⊂ ∂D.

• The remaining boundary ∂D \ ΓD is insulated.

• A source f : D → R is acting in the medium.

• The design variable h : D → [0, 1] is related to
the distribution of conducting material inside D:

γh(x) = α+(β−α)h(x), for some 0 < α ≤ β. <latexit sha1_base64="HnKMTBRZ6VLo8oRkqYAP58JGmHw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9OAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5hGjMo=</latexit>

D

<latexit sha1_base64="mLt1jOgpFnicbpxmzMNrdW5EH30=">AAAB73icdVDJSgNBEK2JW4xb1KOXwSB4CjMi0YOHgIIeI5gFkiHUdHqSJt09Y3ePEIb8hBcPinj1d7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFqypmkdcMMp61EURQhp81weD7xm3dUaRbLGzNKaCCwL1nECBortTqXKAR2L7rFkl/2pnC9X+TTKsEctW7xrdOLSSqoNISj1m3fS0yQoTKMcDoudFJNEyRD7NO2pRIF1UE2vXfsHlil50axsiWNO1W/TmQotB6J0HYKNAP905uIf3nt1ESnQcZkkhoqyWxRlHLXxO7kebfHFCWGjyxBopi91SUDVEiMjajwNYT/SeOo7FfKlevjUvVsHkce9mAfDsGHE6jCFdSgDgQ43MMjPDm3zoPz7LzMWnPOfGYXvsF5/QCfBY+y</latexit>

�D

<latexit sha1_base64="8UbbUXKMAg+oa3NE9rSmBOK65Is=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWvK7Ur/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeHWMsQ==</latexit>

0
<latexit sha1_base64="QFSvFJgWOpo5/Ohc+HAufv7Tpcw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWvK7Ur/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDefmMsg==</latexit>

1

The temperature uh : D → R is the solution to the conductivity equation:
−div(γh∇uh) = f in D,

uh = 0 on ΓD ,

γh
∂uh
∂n

= 0 on ∂D \ ΓD .

We minimize the mean temperature in D for a given amount VT of material:

J(h) =
1
|D|

∫
D

uh dx , and G(h) =

∫
D

h dx − VT .
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... and its shape optimization counterpart

• Concrete manufacturing processes cannot assemble
arbitrary conductivities γh.

• Realistic patterns include distributions of two ma-
terials with conductivities α, β within D.

• The design variable h is now the shape Ω ⊂ D of
the phase β, and the induced conductivity is:

∀x ∈ D, γΩ(x) =

{
β if x ∈ Ω,
α otherwise.

<latexit sha1_base64="HnKMTBRZ6VLo8oRkqYAP58JGmHw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9OAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5hGjMo=</latexit>

D

<latexit sha1_base64="mLt1jOgpFnicbpxmzMNrdW5EH30=">AAAB73icdVDJSgNBEK2JW4xb1KOXwSB4CjMi0YOHgIIeI5gFkiHUdHqSJt09Y3ePEIb8hBcPinj1d7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFqypmkdcMMp61EURQhp81weD7xm3dUaRbLGzNKaCCwL1nECBortTqXKAR2L7rFkl/2pnC9X+TTKsEctW7xrdOLSSqoNISj1m3fS0yQoTKMcDoudFJNEyRD7NO2pRIF1UE2vXfsHlil50axsiWNO1W/TmQotB6J0HYKNAP905uIf3nt1ESnQcZkkhoqyWxRlHLXxO7kebfHFCWGjyxBopi91SUDVEiMjajwNYT/SeOo7FfKlevjUvVsHkce9mAfDsGHE6jCFdSgDgQ43MMjPDm3zoPz7LzMWnPOfGYXvsF5/QCfBY+y</latexit>

�D

<latexit sha1_base64="8ASWFKr2YR3m6NLHUkDehh/6QoU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwZwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d6toEPcL1f8qj8HWiVBTiqQo9kvf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0r6oBvVq/a5WadTyOIpwAqdwDgFcQgNuoAktIPAIz/AKb57yXrx372PRWvDymWP4A+/zB16Njvg=</latexit>

⌦

The temperature uΩ inside D is the solution to the two-phase conductivity equation:
−div(γΩ∇uΩ) = f in D

uΩ = 0 on ΓD ,

γΩ
∂uΩ
∂n

= 0 on ∂D \ ΓD .

The considered objective and constraint functions read:

J(Ω) =
1
|D|

∫
D

uΩ dx , and G(Ω) = Vol(Ω)− VT , Vol(Ω) :=

∫
Ω

dx .
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A shape and topology optimization problem in structure mechanics (I)

In structure mechanics, the shape is a bounded do-
main Ω ⊂ Rd , which is:

• Fixed on a part ΓD of its boundary,
• Submitted to surface loads g , applied on an-

other region ΓN ⊂ ∂Ω, ΓD ∩ ΓN = ∅.

The displacement uΩ : Ω → Rd is the vector field
governed by the linear elasticity system:

−div(Ae(uΩ)) = 0 in Ω,
uΩ = 0 on ΓD ,

Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ,

,

where e(u) = 1
2 (∇uT + ∇u) is the strain tensor,

and A is the Hooke’s law of the material:

∀e ∈ Sd(R), Ae = 2µe + λtr(e)I.

�D

The linear elasticity model

Optimized design of a pylon

8 / 74



A shape and topology optimization problem in structure mechanics (II)

In this context, the objective function J(Ω) could be:

• The work of the external loads g or compliance C(Ω) of Ω:

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx =

∫
ΓN

g .uΩ ds

• A least-square error between uΩ and a target displacement uT ∈ H1(Ω)d

(useful when designing micro-mechanisms):

D(Ω) =

(∫
Ω

k(x)|uΩ − uT |αdx
) 1
α

,

where α is a fixed parameter, and k(x) is a weight factor.

Such problems usually features a constraint on the volume (≈ mass) of the shape:

G(Ω) = Vol(Ω)− VT , where VT is a target.
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A wide variety of applications beyond
Optimal design has recently aroused burning issues in such diverse fields as:

• Fluid mechanics: external aerodynamics, fluid transport, mixing devices, etc.

Optimized 2d section of a heat exchanger. Optimized shape of a solid obstacle to a fluid flow.

• Quantum chemistry, with the theory of Maximum Probability Domains:

Maximum probability domain for the H2O molecule. Maximum probability domain for the C2H4 molecule.

• Electromagnetism: electric machines, current sensors, photonic crystals, etc.
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Parametric optimization (I)

The considered designs h are described by a collection of parameters {pi}i=1,...,N ,
typically thicknesses, curvature radii, etc...

•

•

•

•

•

•

•
•

••

•

•

• •

•

•

•

•

•
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•

•
•
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•

•

•

•

•

•

Description of a mechanical part via the control
points of a CAD model.

S
• x

h(x)

Parametrization of a plate with cross-section S via
the thickness function h : S → R.
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Parametric optimization (II)

• The parameters describing shapes are the design variables, and the shape
optimization problem rewrites:

min
{pi}∈Pad

J(p1, ..., pN) s.t. G(p1, . . . , pN) = 0,

where Pad is a set of admissible parameters.

• In this framework, it is straightforward to account for variations of a shape
{pi}i=1,...,N :

{pi}i=1,...,N → {pi + δpi}i=1,...,N .

• However, the variety of possible designs is severely restricted, and the use of such
methods relies on an a priori knowledge about the sought optimized design.
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Geometric optimization

• The topology of shapes (i.e. their number of
holes in 2d) is fixed.

• The whole boundary ∂Ω of shapes Ω is the
optimization variable.

• This setting allows for greater freedom, since
no a priori knowledge about the relevant fea-
tures of the optimized shape is required.

@⌦

⌦

Optimization of Ω via “free” perturbations of
the boundary ∂Ω.
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Topology optimization

• The topology of the shape is often unknown, and also subject to optimization.

⌦

• It is often preferred not to represent the boundaries of shapes, but to employ
different descriptions, allowing for a more natural account of topological changes.

Example The shape Ω is replaced by a density function h : D → [0, 1].
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Additional comments

An optimal design framework is the combination of:

• A model (a boundary value problem) for the physical situation, which is

• Sufficiently elaborate to be physically relevant, ...

• ... yet simple enough to be tractable for optimization.

• A mathematical description of designs: h = a set of parameters, a “true” shape, ...?

• An efficient numerical representation of h: by a mesh, a density function, ...?

• Numerical algorithms dedicated to

• Geometric computations: e.g. the normal vector, the curvature of the shape;

• Mechanical computations: solution of boundary value problems
characterizing the physical performance of the shape;

• Algorithmic operations: update (deformation) of the shape throughout the
iterations of the process.

All these choices are intimately related!
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Differentiation with respect to the design

• The solution of the optimal design problem (P) often hinges on the derivatives of
the functions J(h) and G(h).

• When the design h belongs to a vector space H (e.g. in parametric optimization),
the sensitivity of a function J(h) is encoded in the derivative H 3 ĥ 7→ J ′(h)(ĥ).

• The knowledge of J ′(h) allows to identify a descent direction ĥ ∈ H for J(h):

J ′(h)(ĥ) < 0 ⇒ For “small”τ > 0, J(h + τ ĥ) ≈ J(h) + τJ ′(h)(ĥ) < J(h),

and the new design h + τ ĥ is better than h with respect to J(h).

• Most constrained optimization methods use descent directions for J(h) and G(h).

• Differentiation w.r.t. the design is more subtle when the latter is a shape Ω ⊂ Rd .
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Differentiation with respect to the domain: Hadamard’s method (I)

Hadamard’s boundary variation method
features variations of a reference, Lipschitz
domain Ω of the form:

Ωθ := (Id + θ)(Ω),

for “small” θ ∈W 1,∞ (Rd ,Rd
)
.

⌦
⌦✓

✓(x)

x
•

Lemma 1.

For all θ ∈W 1,∞ (Rd ,Rd
)
with norm ||θ||W 1,∞(Rd ,Rd) < 1, (Id + θ) is a Lipschitz

diffeomorphism of Rd , with Lipschitz inverse.

� A. Henrot and M. Pierre, Shape Variation and Optimization, EMS Tracts in
Mathematics Vol. 28, 2018.
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Differentiation with respect to the domain: Hadamard’s method (II)

Definition 1.
Let Ω ⊂ Rd be a smooth domain. A function Ω 7→ J(Ω) is shape differentiable at Ω
if the mapping

W 1,∞(Rd ,Rd) 3 θ 7→ J(Ωθ)

is Fréchet-differentiable at 0, i.e. the following expansion holds:

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o
(
||θ||W 1,∞(Rd ,Rd )

)
, where

o(θ)

||θ||W 1,∞(Rd ,Rd )

θ→0−−−→ 0.

The mapping θ 7→ J ′(Ω)(θ) is the shape derivative of J(Ω) at Ω.
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Differentiation with respect to the domain: Hadamard’s method (III)

• The shape derivative of “most” functions of the domain has the surface form:

J ′(Ω)(θ) =

∫
∂Ω

vΩ θ · n ds, for some scalar field vΩ : ∂Ω→ R.

⌦

✓⌦✓

A tangential vector field θ, (i.e. θ · n = 0) only accounts for a convection of the shape Ω and J′(Ω)(θ) = 0.

• A descent direction for J(Ω) is readily revealed from this expression:

θ = −vΩn ⇒ J ′(Ω)(θ) < 0.
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Differentiation with respect to the domain: topological derivatives

The notion of topological derivative features varia-
tions of a shape Ω ⊂ Rd of the form

Ωx,ε := Ω \ B(x , ε),

where x ∈ Ω, and ε� 1.
<latexit sha1_base64="omIz52IXYj7nxpuF+GQ+8qBuaVo=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUZcbwEv3oxgFkiG0NOpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLyZ+M0n0IYp+WBHCYSC9CWLGSXWSY3OnYA+6ZbKfsWfAi+SICdllKPWLX11eoqmAqSlnBjTDvzEhhnRllEO42InNZAQOiR9aDsqiQATZtNrx/jYKT0cK+1KWjxVf09kRBgzEpHrFMQOzLw3Ef/z2qmNr8KMySS1IOlsUZxybBWevI57TAO1fOQIoZq5WzEdEE2odQEVXQjB/MuLpHFaCS4q5/dn5ep1HkcBHaIjdIICdImq6BbVUB1R9Iie0St685T34r17H7PWJS+fOUB/4H3+AF+8jvw=</latexit>

⌦

<latexit sha1_base64="Ry/BBsTy7wAWF0kQw66vSkCzZ5A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEmYnvcmQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFtMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj619Wrh8tK7TKPowgncArn4MMN1OAe6tAADiN4hld4c1LnxXl3PhatBSefOYY/cD5/AHcbj6A=</latexit>•<latexit sha1_base64="Uhx0+ZLOgcfr53atnBKZCOmfrtY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AeVDjPg=</latexit>x

<latexit sha1_base64="h2i4/Qyl4JCjDYv+I2+WzV/cHaI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqpfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVUvm7VKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3CuM8g==</latexit>r

Definition 2.
The function J(Ω) has a topological derivative at Ω and at the point x ∈ Ω if there
exists dJT (Ω)(x) ∈ R such that:

J(Ωx,ε) = J(Ω) + εddJT (Ω)(x) + o(εd).

Intuition: If dJT (Ω)(x) < 0, it is beneficial to drill a tiny hole around x .

� A. A. Novotny and J. Sokołowski, Topological derivatives in shape optimization,
Springer Science & Business Media, 2012.
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The adjoint method in an abstract framework (I)

• “Many” useful functionals in shape and topology optimization are of the form:

J(h) = j(uh),

where

- The design h belongs to a Hilbert space (H, 〈·, ·〉H).

- The state uh belongs to another Hilbert space (V , 〈·, ·〉V ).

- It is the solution to a boundary value problem

Search for uh ∈ V s.t. F(h, uh) = 0, (BVP)

where F : H × V → V is a suitable operator.

- The observable j : V → R is smooth enough.

• We aim to calculate the derivative J ′(h)(ĥ) and to find a descent direction for J(h).

• We present the adjoint method in an abstract setting, agnostic of the nature of h.

N R.-E. Plessix, A review of the adjoint-state method for computing the gradient of a
functional with geophysical applications, Geophysical Journal International, 167 (2006), pp.
495–503.
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The adjoint method in an abstract framework (II)

• The implicit function theorem ensures that the mapping h 7→ uh is differentiable.

• Differentiation in (BVP) yields a characterization of the derivative u′h(ĥ) ∈ V :[
∂F
∂h

(h, uh)

]
(ĥ) +

[
∂F
∂u

(h, uh)

]
u′h(ĥ) = 0.

• Likewise, by applying the chain rule, we calculate the derivative of J(h):

J ′(h)(ĥ) =
〈
j ′(uh), u′h(ĥ)

〉
V
.

• This expression does not lend itself to identification of a descent direction.

⇒ One would have to try multiple ĥ ∈ H, calculate u′h(ĥ), . . . until finding one such that J′(h)(ĥ) < 0.
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The adjoint method in an abstract framework (III)

• To overcome this issue, we introduce the adjoint state ph ∈ V as the solution to:[
∂F
∂u

(h, uh)

]∗
ph = −j ′(uh).

• An elementary calculation yields:

J ′(h)(ĥ) =
〈
j ′(uh), u′h(ĥ)

〉
V

= −
〈 [

∂F
∂u

(h, uh)
]∗

ph, u
′
h(ĥ)

〉
V

= −
〈 [

∂F
∂u

(h, uh)
]
u′h(ĥ), ph

〉
V

where we have used the definitions of ph and of the adjoint operator
[
∂F
∂u

(h, uh)
]∗.

• Using now the problem satisfied by u′h(ĥ), we obtain:

J ′(h)(ĥ) =
〈[∂F

∂h
(h, u(h))

]
ĥ, ph

〉
V
.
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The adjoint method in an abstract framework (IV)

• Introducing the adjoint
[
∂F
∂h

(h, uh)
]∗

: V → H of
[
∂F
∂h

(h, uh)
]
H → V , we end up

with:

J ′(h)(ĥ) =

〈[
∂F
∂h

(h, uh)

]∗
ph, ĥ

〉
H

.

• Now, a descent direction ĥ for J(h) is immediately revealed:

ĥ = −
[
∂F
∂h

(h, uh)

]∗
ph ⇒ J ′(h)(ĥ) = −

∣∣∣∣∣∣∣∣[∂F∂h (h, uh)

]∗
ph

∣∣∣∣∣∣∣∣2
H

.

• The evaluation of ĥ demands:

- The calculation of uh (finite element solution);

- The calculation of ph (finite element solution);

- The calculation of the operator
[
∂F
∂h

(h, uh)
]∗ (derivative of the explicit

dependence of the boundary value problem w.r.t the design).
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The adjoint method: worked example (I)

• Let D ⊂ Rd be a fixed domain.

• The temperature is set to 0 on ∂D.

• A source f : D → R is acting in the medium.

• The considered designs are conductivity coefficients:

h ∈ Uad := L∞(D, [0, 1]).

�D

D

• We consider the functional:

J(h) =

∫
D

j(uh) dx ,

where uh is the temperature.

• It is the solution in H1
0 (D) to:{

−div(γh∇uh) = f in D,
uh = 0 on ∂D, where γh(x) := α + h(x)(β − α).
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The adjoint method: worked example (II)

For a fixed design h ∈ Uad,

• The variational formulation characterizing uh reads:

Search for uh ∈ H1
0 (D) s.t. ∀v ∈ H1

0 (D),

∫
D

γh∇uh · ∇v dx =

∫
D

fv dx .

• This problem has a unique solution uh ∈ H1
0 (D), which satisfies:

||uh||H1
0 (D) ≤ C ||f ||L2(D),

for some constant C > 0, owing to the Lax-Milgram theorem.
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The adjoint method: worked example (III)

Theorem 2.
The objective function

J(h) =

∫
D

j(uh) dx

is differentiable at any h ∈ Uad, and its derivative reads

∀ĥ ∈ L∞(D), J ′(h)(ĥ) = (β − α)

∫
D

(∇uh · ∇ph)ĥ dx ,

where the adjoint state ph ∈ H1
0 (D) is the solution to the boundary value problem:{

−div(γh∇ph) = −j ′(uh) in D,
ph = 0 on ∂D.
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The adjoint method: worked example (IV)

Proof: The proof is divided into three steps:

¶ We use the implicit function theorem to prove that the state mapping

Uad 3 h 7−→ uh ∈ H1
0 (D)

is Fréchet differentiable, with derivative ĥ 7→ u′h(ĥ).

· We calculate the derivative of J(h) by using the chain rule.

¸ We give a more convenient structure to this derivative, by introducing an
adjoint state ph to eliminate the occurrence of u′h(ĥ).

Step 1: Differentiability of h 7→ uh:

For any h ∈ Uad, uh is the unique solution in H1
0 (D) to the variational problem:

∀v ∈ H1
0 (D),

∫
D

γh∇uh · ∇v dx =

∫
D

fv dx .
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The adjoint method: worked example (V)

Let
F : Uad × H1

0 (D)→ H−1(D)

be the mapping defined by:

F(h, u) : v 7→
∫
D

γh∇u · ∇v dx −
∫
D

fv dx .

One verifies that

• F is a mapping of class C1.

• For given h ∈ Uad, uh is the unique solution u to the equation

F(h, u) = 0.

• The derivative of the partial mapping u 7→ F(h, u) reads:

H1
0 (D) 3 û 7−→

[
v 7→

∫
D

γh∇û · ∇v dx
]
∈ H−1(D).

It is an isomorphism, owing to the Lax-Milgram theorem:

For all g ∈ H−1(D), there exists a unique u ∈ H1
0 (D) s.t.

∀v ∈ H1
0 (D),

∫
D

γh∇u · ∇v dx = 〈g , v〉H−1(D),H1
0 (D).
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The adjoint method: worked example (VI)

The implicit function theorem guarantees that the mapping h 7→ uh is of class C1.

To calculate the derivative ĥ 7→ u′h(ĥ), we return to the variational formulation for uh:

∀v ∈ H1
0 (D),

∫
D

γh∇uh · ∇v dx =

∫
D

fv dx .

Taking derivatives with respect to h in a direction ĥ ∈ L∞(D) yields:

(β − α)

∫
D

ĥ∇uh · ∇v dx +

∫
D

h∇u′h(ĥ) · ∇v dx = 0,

and so, for all ĥ ∈ L∞(D), u′h(ĥ) is the unique solution in H1
0 (D) to:

∀v ∈ H1
0 (D),

∫
D

h∇u′h(ĥ) · ∇v dx = −(β − α)

∫
D

ĥ∇uh · ∇v dx .
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The adjoint method: worked example (VII)

Step 2: Calculation of the derivative of J(h):

Since h 7→ uh is of class C1, the chain rule yields immediately:

∀ĥ ∈ L∞(D), J ′(h)(ĥ) =

∫
D

j ′(uh)u′h(ĥ) dx .

• This expression is awkward: the dependence ĥ 7→ J ′(h)(ĥ) is not explicit and it
is difficult to find a descent direction, i.e. a ĥ ∈ L∞(D) such that:

J ′(h)(ĥ) < 0.

• Fortunately, the expression of J ′(h) can be simplified thanks to the introduction
of the adjoint state ph.
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The adjoint method: worked example (VIII)

Step 3: Reformulation of J ′(h) using an adjoint state:
The adjoint state ph is the unique solution in H1

0 (D) to the variational problem:

∀v ∈ H1
0 (D),

∫
D

γh∇ph · ∇v dx = −
∫
D

j ′(uh)v dx ,

to be compared with the variational formulation for u′h(ĥ) ∈ H1
0 (D):

∀v ∈ H1
0 (D),

∫
D

γh∇u′h(ĥ) · ∇v dx = −(β − α)

∫
D

ĥ∇uh · ∇v dx .

Then, we calculate:

J ′(h)(ĥ) =

∫
D

j ′(uh)u′h(ĥ) dx ,

= −
∫
D

γh∇ph · ∇u′h(ĥ) dx ,

= −
∫
D

γh∇u′h(ĥ) · ∇ph dx ,

= (β − α)

∫
D

ĥ∇uh · ∇ph dx .

where the last line uses the variational formulation of u′h(ĥ) with ph as test function.
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The adjoint method: final comments

• The adjoint state ph can be interpreted as the Lagrange multiplier associated to
the PDE constraint if we formulate the minimization problem of J(h) as:

min
(h,u)

∫
D

j(u) dx s.t.
{
−div(h∇u) = f in D,

u = 0 on ∂D.

• This general methodology allows to deal with

- Different physical situations,

- Other optimal design frameworks, including “true” geometric optimization.

• Another (formal and sometimes dangerous) method allows to calculate shape
derivatives: Céa’s method.

N J. Céa, Conception optimale ou identification de formes, calcul rapide de la dérivée
directionnelle de la fonction coût, ESAIM: M2AN, 20(3), (1986), pp. 371–402.
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A generic numerical algorithm

The numerical solution of (P) hinges on a constrained optimization algorithm:

Initialization: Start from an initial design h0,

For n = 0, ... convergence:

¶ Calculate the derivatives J ′(hn) and G ′(hn) of J(h) and G(h) at h = hn;

· Identify descent directions ĥn
J and ĥn

G for J(h) and G(h) from hn;

¸ Infer a descent direction ĥn for the optimization problem (P);

¹ Select an appropriate time step τ n > 0;

º Update the design as:

hn+1 = hn − τ nĥn.

The main difficulty is to find a numerical discretization of shapes which lends itself to:

• Step ·: Finite element solutions;

• Step º: Deformation of the shape.
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“Lagrangian” approaches

• Each shape Ωn is represented by a (triangular) mesh T n.

• The Finite Element method is applied on T n for computing uΩn (and pΩn ).

• The descent direction θn is obtained from the surface form of the shape derivative:

J ′(Ω)(θ) =

∫
∂Ω

vΩ θ · n ds ⇒ θn = −vΩnn on ∂Ωn.

• The shape advection step Ωn (Id+τnθn)7−→ Ωn+1 is performed by pushing the nodes of
T n along τ nθn, to obtain the new mesh T n+1:

∀ vertex x ∈ T n, x 7−→ x + τ nθn(x).

Pushing nodes according to the velocity field may result in an invalid configuration.
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“Lagrangian” approaches: example

• In the context of linear elasticity, one aims at minimizing the compliance C(Ω) of
a cantilever beam:

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx .

• A volume constraint is imposed: G(Ω) = Vol(Ω)− VT .
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Density-based topology optimization (I)

• The design variable h is a density function h : D → [0, 1] defined on a fixed
hold-all domain D.

• h ≈ relaxed version of the characteristic function χΩ : D → {0, 1} of a shape Ω.
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h(x) = 0.37

• The cornerstone of these methods is to endow intermediate regions h(x) ∈ (0, 1)
with a physical meaning.

• We present this methodology in the context of the conductivity equation.

• It can be adapted to multiple physical contexts beyond.
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Density-based topology optimization (II)

• We consider an unconstrained shape optimization
problem in the two-phase conductivity setting:

min
Ω⊂D

J(Ω), where J(Ω) =

∫
D

j(uΩ) dx . (SO)

• In here, the temperature uΩ is the solution to:
−div(γΩ∇uΩ) = f in D,

uΩ = 0 on ΓD ,

γΩ
∂uΩ
∂n

= g on ΓN ,

where the conductivity γΩ reads:

γΩ = α + χΩ(β − α),

and χΩ is the characteristic function of Ω:

∀x ∈ D, χΩ(x) =

{
1 if x ∈ Ω,
0 otherwise.

�D

�N

D

g

⌦
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Density-based topology optimization (III)

• The “black-and-white” characteristic function χΩ : D → {0, 1} of the shape Ω, is
replaced by a “grayscale” density function h : D → [0, 1].

• The properties of a region with intermediate density h(x) ∈ (0, 1) are described via
an empirical interpolation law ζ(h) between α and β:

ζ is smooth and ζ(0) = α, and ζ(1) = β.

• The problem rewrites:

min
h∈Uad

J(h), where Uad = L∞(D, [0, 1]), J(h) =

∫
D

j(uh) dx , (TO)

and uh ∈ H1(D) is the solution to:
−div(ζ(h)∇uh) = f in D,

uh = 0 on ΓD ,

ζ(h) ∂uh
∂n

= g on ΓN .

• The problem (TO) falls in the realm of parametric optimization!
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The interpolation profile

• The interpolation profile ζ(h) prescribes material properties (diffusion, etc.) to
regions with (fictitious) intermediate densities.

• In the practice of the Solid Isotropic Method with Penalization (SIMP), a power
law of the form

ζ(h) = α + hp(β − α)

is used (often, p = 3).

• This has the effect to penalize the presence of “grayscale” intermediate regions,
and to steer the optimized density towards a “black-and white” function.

• This interpolation law is empirical: there is no guarantee that a material with such
properties does exist!
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Density-based topology optimization of a heat diffuser
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Density-based topology optimization (IV)

Assets of density-based methods

• Simplicity of the mathematical analysis (calculation of derivatives, etc).

• They allow for the use of efficient mathematical programming routines.

• Simplicity and robustness of the implementation: everything takes place on a
fixed mesh, no mesh deformation is required.

Drawbacks

• A reformulation and approximation of the physical equations are necessary.

• The geometry of shapes is lost, which may make it difficult to formulate, e.g.
geometric constraints.
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The level set method for geometric optimization (I)

• At the continuous level, the design variable h is a domain Ω ⊂ Rd , inside a fixed
‘hold-all” domain D.

• The sensitivity of a function J(Ω) is captured by the notion of shape derivative.

• At the discrete level, Ω is represented by a “level set ” function

φ : D → R, on a fixed mesh T of D.

• The motion of Ω along the descent direction θ is translated by a partial differential
equation for φ.
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A short detour by the Level Set Method

A paradigm: [OSe] the motion of an evolving domain is best described in an
implicit way.

One domain Ω ⊂ Rd is equivalently defined by a function φ : Rd → R such that:

φ(x) < 0 if x ∈ Ω ; φ(x) = 0 if x ∈ ∂Ω ; φ(x) > 0 if x ∈ cΩ

(Left) A bounded domain Ω ⊂ R2; (right) Graph of an associated level set function.
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Surface evolution equations in the level set framework

• Let Ω(t) ⊂ Rd be a domain moving according
to a velocity field v(t, x) ∈ Rd .

• Let φ(t, x) be a level set function for Ω(t).

• The motion of Ω(t) translates in terms of φ as
the level set advection equation:

∂φ

∂t
(t, x) + v(t, x).∇φ(t, x) = 0

• If v(t, x) is normal to the boundary ∂Ω(t), i.e.:

v(t, x) := V (t, x)
∇φ(t, x)

|∇φ(t, x)| ,

this rewrites as a Hamilton-Jacobi equation:

∂φ

∂t
(t, x) + V (t, x)|∇φ(t, x)|= 0

�(t + dt) = [�(t + dt, .) < 0]

v(t, x)

•

x
•

�(t) = [�(t, .) < 0]

•

•
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The level set method of Allaire-Jouve-Toader [AlJouToa]

• The shapes Ωn are embedded in a working
domain D equipped with a fixed mesh.

• The successive shapes Ωn are accounted for
in the level set framework, i.e. via a function
φn : D → R which implicitly defines them.

• At each step n, the exact linear elasticity system
for uΩn , posed on Ωn, is approximated by the Er-
satz material approach: the void D \ Ωn is filled
by a very “soft” material.

⇒ Approximate system posed on D.

• This approach is very versatile and does not re-
quire a mesh of the shapes at each iteration.

74 G. ALLAIRE, F. de GOURNAY, F. JOUVE, A.-M. TOADER

Figure 8. Optimal mast in 2-d: boundary conditions and iterations 6, 11, 16,
21 and 100

of a stiff material and excluded from optimization. In the formula for J2, the
localization coefficient k(x) is non-zero (equal to 1) only at the boundary and the
target displacement u0 is (0, 1) on the top boundary, (0, −1) on the bottom one
and (0, 0) on the lateral ones. The Lagrange multiplier is ! = 0. Starting from a
full domain initialization we perform 500 iterations with the coupling parameter
ntop = 15 (see Fig. 9). As usual, the convergence is slower than for compliance
minimization (see Fig. 10). Furthermore, the computed optimal design is very
sensitive to all parameters of the algorithm including the stiffness ratio between
the weak ersatz material and the true material (which is here equal to 10−2),
the coupling parameter ntop, and the initialization. Different choices of these
parameters lead to different topologies with similar performances.

Our second example is a gripping mechanism. Fig. 11 shows the boundary
conditions and the target displacement. A small force, parallel to the target
displacement in the opposite direction, is also applied on the jaws of the me-

Shape accounted for by a level set
description
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The level set method for shape optimization: numerical examples

• In the context of linear elasticity, one aims to minimize the compliance C(Ω) of a
cantilever beam:

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx .

• A volume constraint is imposed.
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The level set method for geometric optimization (IV)

Assets of the level set method

• A clear representation of the shape Ω is possible.

• Yet, the method is robust, and arbitrary deformations of Ω are possible.

• Recent progress in remeshing techniques make it possible to additionally enjoy
an exact mesh of the shape throughout the process.

Drawbacks

• The mathematical framework is more difficult.

• The implementation is slightly more subtle too.
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Optimization of the shape of an electric motor (I)
Joint work with A. Cesarano & P. Gangl

• Electric machines convert electrical energy into mechanical work.

• The physics at play is magneto-quasi-static electromagnetism:

- An electric current is powered in the coils of the outermost stator part.
- It induces a magnetic field in the inner, rotor part, provoking its rotation.
- The resulting mechanical energy is collected by a central shaft.

• Electric motors are seen as promising answers to the environmental crisis and the
needs for energy savings.

(Left) Overview of a motor [Hau]; (right) Cross-section of a motor, by Hanning Elektro-Werke GmbH & Co KG.
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Optimization of the shape of an electric motor (II)

• The cross-section D of a motor is made of the
stator, the rotor, separated by an air gap:

D = Drot ∪ Dgap ∪ Dstat.

• The stator Dstat consists of:

- A region filled with ferromagnetic material;

- A region made of air;

- The coils, featuring copper wires.

• At rest, the rotor Drot is composed of:

- A ferromagnetic core, occupying the opti-
mized region Ω;

- Air, occupying the region Ωa;

- Permanent magnets in Dmag.

• The internal geometry of the rotor undergoes
a rotating motion ϕt :

Ω(t) = ϕt(Ω), Ωa(t) = ϕt(Ωa), etc.
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Optimization of the shape of an electric motor (III)

• Due to the cylindrical structure of the motor, the problem amounts to a 2d
evolution problem for the transverse component uΩ of the vector potential: σΩ(t)

duΩ
dt − div

(
νΩ(t)(x , |∇uΩ|)∇uΩ

)
= f in (0,T )× D,

uΩ(t, x) = 0 for t ∈ (0,T ), x ∈ ∂D,
uΩ(0, x) = uΩ(T , x) for x ∈ Dmag,

(MQS)

where σ and ν are the conductivity and reluctivity coefficients.

• This problem is non linear, because of the behavior of the ferromagnetic material.

• It is of mixed parabolic – elliptic type:

σΩ(t)(x) =

{
σm for x ∈ Dmag(t),
0 otherwise.

• It is posed on a moving geometry:

σΩ(t) and νΩ(t)(x , |∇uΩ|) depend on the motion of the rotor.

• The mechanical torque is maximized:

max
Ω⊂Drot

J(Ω), where J(Ω) =

∫ T

0

∫
D

j(∇uΩ) dx dt, for a function j : R2 → R.
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Optimization of the shape of an electric motor (IV)

• Since “small” deformations of Ω are expected, a Lagrangian mesh deformation
method is used.

• The solution of (MQS) is tackled by a space-time finite element method:

“The whole space-time cylinder D × (0,T ) is meshed by a tetrahedral (2 + 1)
dimensional mesh”.

- This practice naturally incorporates time periodic boundary conditions.

- It allows to handle moving in time geometries.

- It leaves the room for mesh adaptation and domain decomposition in
space-time.

• A Newton-Raphson method is used to treat the non linear term.
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Optimization of the shape of an electric motor (V)

(Left) Initial, (right) Optimized design of the rotor part; the torque is increased by 12% during the process.
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Optimization of nanophotonic devices (I)
Joint work with A. Gliere, K. Hassan, N. Lebbe & E. Oudet

• Nanophotonic devices are the basic components
of photonic integrated circuits.

• In these, light is transported by wave guides.

• The electric and magnetic fields are governed by
the time-harmonic Maxwell’s equations.

• The shape Ω of air inclusions in the Si core is
optimized to achieve particular effects.

⌦

One nanophotonic component inside a complete photonic circuit.
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Optimization of nanophotonic devices (II)

Duplexers steer incoming waves to different out- put channels, depending on their
wavelength.

Optimization of the shape of a nanophotonic duplexer.
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Optimization of other nanophotonic devices
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<latexit sha1_base64="aJTJx9Btsk95Ca0wVDJRqT5BQQY=">AAAB/nicdZBLS8NAFIUn9VXrKyqu3ASL4EJKEkrVXcGFLivYB7QlTKaTduhMEmZuxBIC/hU3LhRx6+9w579x2kaoogcGDt+5l7kcP+ZMgW1/GoWl5ZXVteJ6aWNza3vH3N1rqSiRhDZJxCPZ8bGinIW0CQw47cSSYuFz2vbHl9O8fUelYlF4C5OY9gUehixgBINGnnnQu8JCYC/tAb2HNEogO3Uzzyw7FXsmy67UXMe1q9rk5Dsqo1wNz/zoDSKSCBoC4ViprmPH0E+xBEY4zUq9RNEYkzEe0q62IRZU9dPZ+Zl1rMnACiKpXwjWjC5upFgoNRG+nhQYRup3NoV/Zd0EgvN+ysI4ARqS+UdBwi2IrGkX1oBJSoBPtMFEMn2rRUZYYgK6sdJiCf+blltxapXaTbVcv8jrKKJDdIROkIPOUB1dowZqIoJS9Iie0YvxYDwZr8bbfLRg5Dv76IeM9y+xzZX0</latexit>

�out,2

<latexit sha1_base64="vdUEtGAOXENyIt2udIPCf+rePuM=">AAAB8nicdVDJSgNBEK1xjXGLevQyGARPYUYk6i0ggscI2SAZQk+nJ2nS0z1014hhyGd48aCIV7/Gm39jZxHi9qDg8V4VVfXCRHCDnvfhLC2vrK6t5zbym1vbO7uFvf2GUammrE6VULoVEsMEl6yOHAVrJZqROBSsGQ6vJn7zjmnDlazhKGFBTPqSR5wStFK7g+wes9r1uOt1C0W/5E3her/Il1WEOardwnunp2gaM4lUEGPavpdgkBGNnAo2zndSwxJCh6TP2pZKEjMTZNOTx+6xVXpupLQtie5UXZzISGzMKA5tZ0xwYH56E/Evr51idBFkXCYpMklni6JUuKjcyf9uj2tGUYwsIVRze6tLB0QTijal/GII/5PGackvl8q3Z8XK5TyOHBzCEZyAD+dQgRuoQh0oKHiAJ3h20Hl0XpzXWeuSM585gG9w3j4BLaeRLA==</latexit>

TE0

<latexit sha1_base64="WtBK0rMHZ6OXcMfPYjS/C4+/dg4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFZJSat0VRHBZoS9IQ5lMJ+3QySTM3Igl9DPcuFDErV/jzr9x+gK1HrhwOOde7r0nSATX4DhfVm5jc2t7J79b2Ns/ODwqHp+0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTjm5nfeWBK81g2YZIwPyJDyUNOCRjJ6wF7hKx5O+07/WLJsZ05sGOXK7WyW8XuSlmRElqi0S9+9gYxTSMmgQqitec6CfgZUcCpYNNCL9UsIXRMhswzVJKIaT+bnzzFF0YZ4DBWpiTgufpzIiOR1pMoMJ0RgZH+683E/zwvhbDmZ1wmKTBJF4vCVGCI8ex/POCKURATQwhV3NyK6YgoQsGkVDAhrL28Ttpl263a1ftKqX69jCOPztA5ukQuukJ1dIcaqIUoitETekGvFljP1pv1vmjNWcuZU/QL1sc3TtyRQw==</latexit>

TE0
<latexit sha1_base64="dNf4OiXWD4S1PufFtQY9xlM4fJo=">AAAB8nicdVBNS8NAEN3Ur1q/qh69BIvgKSSlVL0VRPBYoV+QhrLZbtqlm92wOxFL6M/w4kERr/4ab/4bt22EKvpg4PHeDDPzwoQzDa77aRXW1jc2t4rbpZ3dvf2D8uFRR8tUEdomkkvVC7GmnAnaBgac9hJFcRxy2g0n13O/e0+VZlK0YJrQIMYjwSJGMBjJ7wN9gKx1Mxu4g3LFc9wFbNepV72qWzMkV76tCsrRHJQ/+kNJ0pgKIBxr7XtuAkGGFTDC6azUTzVNMJngEfUNFTimOsgWJ8/sM6MM7UgqUwLshbo6keFY62kcms4Yw1j/9ubiX56fQnQZZEwkKVBBlouilNsg7fn/9pApSoBPDcFEMXOrTcZYYQImpdJqCP+TTtXx6k79rlZpXOVxFNEJOkXnyEMXqIFuURO1EUESPaJn9GKB9WS9Wm/L1oKVzxyjH7DevwBDZJE7</latexit>

TE0

<latexit sha1_base64="Ckd848kc1yRXwE3JxLSO5LxGOvE=">AAAB+3icdVDLSsNAFJ3UV62vWJdugkVwVRKRqruCC11WsA9oQ5hMJ+3QmUmYuZGWkF9x40IRt/6IO//G6UOorwMXDufcy733hAlnGlz3wyqsrK6tbxQ3S1vbO7t79n65peNUEdokMY9VJ8SaciZpExhw2kkUxSLktB2OrqZ++54qzWJ5B5OE+gIPJIsYwWCkwC73rrEQOMh6QMeQMZnngV3xqu4MjvuLfFkVtEAjsN97/ZikgkogHGvd9dwE/AwrYITTvNRLNU0wGeEB7RoqsaDaz2a3586xUfpOFCtTEpyZujyRYaH1RISmU2AY6p/eVPzL66YQXfjmoSQFKsl8UZRyB2JnGoTTZ4oS4BNDMFHM3OqQIVaYgImrtBzC/6R1WvVq1drtWaV+uYijiA7RETpBHjpHdXSDGqiJCBqjB/SEnq3cerRerNd5a8FazBygb7DePgHDQpTo</latexit>

�in

<latexit sha1_base64="GfRFhQLegISR8nNOS0J/uGY6fCs=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFchaSUWncFF7qsYB/QljKZTtuhM0mYuRFDiL/ixoUibv0Qd/6N0xeo9cCFwzn3cu89fiS4Btf9stbWNza3tnM7+d29/YND++i4qcNYUdagoQhV2yeaCR6wBnAQrB0pRqQvWMufXE391j1TmofBHSQR60kyCviQUwJG6tuF7jWRkvTTLrAHSMMYsqxvF13HnQG7TqlcLXkV7C2VJSmiBep9+7M7CGksWQBUEK07nhtBLyUKOBUsy3djzSJCJ2TEOoYGRDLdS2fHZ/jMKAM8DJWpAPBM/TmREql1In3TKQmM9V9vKv7ndWIYVnspD6IYWEDni4axwBDiaRJ4wBWjIBJDCFXc3IrpmChCweSVNyGsvLxKmiXHqziV23KxdrmII4dO0Ck6Rx66QDV0g+qogShK0BN6Qa/Wo/VsvVnv89Y1azFTQL9gfXwD1NCVig==</latexit>

�out

<latexit sha1_base64="vdUEtGAOXENyIt2udIPCf+rePuM=">AAAB8nicdVDJSgNBEK1xjXGLevQyGARPYUYk6i0ggscI2SAZQk+nJ2nS0z1014hhyGd48aCIV7/Gm39jZxHi9qDg8V4VVfXCRHCDnvfhLC2vrK6t5zbym1vbO7uFvf2GUammrE6VULoVEsMEl6yOHAVrJZqROBSsGQ6vJn7zjmnDlazhKGFBTPqSR5wStFK7g+wes9r1uOt1C0W/5E3her/Il1WEOardwnunp2gaM4lUEGPavpdgkBGNnAo2zndSwxJCh6TP2pZKEjMTZNOTx+6xVXpupLQtie5UXZzISGzMKA5tZ0xwYH56E/Evr51idBFkXCYpMklni6JUuKjcyf9uj2tGUYwsIVRze6tLB0QTijal/GII/5PGackvl8q3Z8XK5TyOHBzCEZyAD+dQgRuoQh0oKHiAJ3h20Hl0XpzXWeuSM585gG9w3j4BLaeRLA==</latexit>

TE0

<latexit sha1_base64="UIXKeRVHvMPQ20yFwxmgfFU8ymw=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuQlJLrbuCCC4r9AVpKJPppB06yYSZG7GEfoYbF4q49Wvc+TdOX6DWAxcO59zLvfcEieAaHOfLWlvf2Nzazu3kd/f2Dw4LR8ctLVNFWZNKIVUnIJoJHrMmcBCskyhGokCwdjC6mfrtB6Y0l3EDxgnzIzKIecgpASN5XWCPkDVuJ73LXqHo2M4M2LFL5WrJrWB3qSxJES1Q7xU+u31J04jFQAXR2nOdBPyMKOBUsEm+m2qWEDoiA+YZGpOIaT+bnTzB50bp41AqUzHgmfpzIiOR1uMoMJ0RgaH+603F/zwvhbDqZzxOUmAxnS8KU4FB4un/uM8VoyDGhhCquLkV0yFRhIJJKW9CWHl5lbRKtluxK/flYu16EUcOnaIzdIFcdIVq6A7VURNRJNETekGvFljP1pv1Pm9dsxYzJ+gXrI9vU2iRRg==</latexit>

TE3

<latexit sha1_base64="Ckd848kc1yRXwE3JxLSO5LxGOvE=">AAAB+3icdVDLSsNAFJ3UV62vWJdugkVwVRKRqruCC11WsA9oQ5hMJ+3QmUmYuZGWkF9x40IRt/6IO//G6UOorwMXDufcy733hAlnGlz3wyqsrK6tbxQ3S1vbO7t79n65peNUEdokMY9VJ8SaciZpExhw2kkUxSLktB2OrqZ++54qzWJ5B5OE+gIPJIsYwWCkwC73rrEQOMh6QMeQMZnngV3xqu4MjvuLfFkVtEAjsN97/ZikgkogHGvd9dwE/AwrYITTvNRLNU0wGeEB7RoqsaDaz2a3586xUfpOFCtTEpyZujyRYaH1RISmU2AY6p/eVPzL66YQXfjmoSQFKsl8UZRyB2JnGoTTZ4oS4BNDMFHM3OqQIVaYgImrtBzC/6R1WvVq1drtWaV+uYijiA7RETpBHjpHdXSDGqiJCBqjB/SEnq3cerRerNd5a8FazBygb7DePgHDQpTo</latexit>

�in

<latexit sha1_base64="GfRFhQLegISR8nNOS0J/uGY6fCs=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFchaSUWncFF7qsYB/QljKZTtuhM0mYuRFDiL/ixoUibv0Qd/6N0xeo9cCFwzn3cu89fiS4Btf9stbWNza3tnM7+d29/YND++i4qcNYUdagoQhV2yeaCR6wBnAQrB0pRqQvWMufXE391j1TmofBHSQR60kyCviQUwJG6tuF7jWRkvTTLrAHSMMYsqxvF13HnQG7TqlcLXkV7C2VJSmiBep9+7M7CGksWQBUEK07nhtBLyUKOBUsy3djzSJCJ2TEOoYGRDLdS2fHZ/jMKAM8DJWpAPBM/TmREql1In3TKQmM9V9vKv7ndWIYVnspD6IYWEDni4axwBDiaRJ4wBWjIBJDCFXc3IrpmChCweSVNyGsvLxKmiXHqziV23KxdrmII4dO0Ck6Rx66QDV0g+qogShK0BN6Qa/Wo/VsvVnv89Y1azFTQL9gfXwD1NCVig==</latexit>

�out

<latexit sha1_base64="9dMUeqwulKwYhOkr6BB2rKlGMuU=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFZJSat0V3LgRKvQFaSiT6aQdOpmEmRuxhH6GGxeKuPVr3Pk3Tl+g1gMXDufcy733BIngGhzny8ptbG5t7+R3C3v7B4dHxeOTto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDPzOw9MaR7LJkwS5kdkKHnIKQEjeT1gj5A176Z9p18sObYzB3bscqVWdqvYXSkrUkJLNPrFz94gpmnEJFBBtPZcJwE/Iwo4FWxa6KWaJYSOyZB5hkoSMe1n85On+MIoAxzGypQEPFd/TmQk0noSBaYzIjDSf72Z+J/npRDW/IzLJAUm6WJRmAoMMZ79jwdcMQpiYgihiptbMR0RRSiYlAomhLWX10m7bLtVu3pfKdWvl3Hk0Rk6R5fIRVeojm5RA7UQRTF6Qi/o1QLr2Xqz3hetOWs5c4p+wfr4BlsUkUs=</latexit>

TM0

<latexit sha1_base64="vdUEtGAOXENyIt2udIPCf+rePuM=">AAAB8nicdVDJSgNBEK1xjXGLevQyGARPYUYk6i0ggscI2SAZQk+nJ2nS0z1014hhyGd48aCIV7/Gm39jZxHi9qDg8V4VVfXCRHCDnvfhLC2vrK6t5zbym1vbO7uFvf2GUammrE6VULoVEsMEl6yOHAVrJZqROBSsGQ6vJn7zjmnDlazhKGFBTPqSR5wStFK7g+wes9r1uOt1C0W/5E3her/Il1WEOardwnunp2gaM4lUEGPavpdgkBGNnAo2zndSwxJCh6TP2pZKEjMTZNOTx+6xVXpupLQtie5UXZzISGzMKA5tZ0xwYH56E/Evr51idBFkXCYpMklni6JUuKjcyf9uj2tGUYwsIVRze6tLB0QTijal/GII/5PGackvl8q3Z8XK5TyOHBzCEZyAD+dQgRuoQh0oKHiAJ3h20Hl0XpzXWeuSM585gG9w3j4BLaeRLA==</latexit>

TE0

<latexit sha1_base64="demYqA8joVo6gramk8QqEJw1am4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXbvM4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHe3qMtw==</latexit>

1

<latexit sha1_base64="/ezMbhlFw1RyU8lbvOogOEIwYyg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQiVW8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1luXaTx1GAYziBM/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDkv4zu</latexit>�1
<latexit sha1_base64="SJy7j9NP6EU19lCncuAGjiTjdiE=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5gRiXoLeMkxilkgGYaeTk3SpGehu0YMQ7z4K148KOLVv/Dm39hZDpr4oODxXlV31fMTKTTa9re1tLyyurae28hvbm3v7Bb29hs6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD67HfvMelBZxdIfDBNyQ9SIRCM7QSF7hsIPwgNktMEkTppDGAR3Rqjf0CkW7ZE9AF4kzI0UyQ80rfHW6MU9DiJBLpnXbsRN0M/Om4BJG+U6qIWF8wHrQNjRiIWg3m1wwoidG6dIgVqYipBP190TGQq2HoW86Q4Z9Pe+Nxf+8dorBpZuJKEkRIj79KEglxZiO46BdoYCjHBrCuBJmV8r7TDGOJrS8CcGZP3mRNM5KTrlUvjkvVq5mceTIETkmp8QhF6RCqqRG6oSTR/JMXsmb9WS9WO/Wx7R1yZrNHJA/sD5/ALh+lmY=</latexit>
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<latexit sha1_base64="demYqA8joVo6gramk8QqEJw1am4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXbvM4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHe3qMtw==</latexit>

1

<latexit sha1_base64="/ezMbhlFw1RyU8lbvOogOEIwYyg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQiVW8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1luXaTx1GAYziBM/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDkv4zu</latexit>�1

<latexit sha1_base64="SJy7j9NP6EU19lCncuAGjiTjdiE=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5gRiXoLeMkxilkgGYaeTk3SpGehu0YMQ7z4K148KOLVv/Dm39hZDpr4oODxXlV31fMTKTTa9re1tLyyurae28hvbm3v7Bb29hs6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD67HfvMelBZxdIfDBNyQ9SIRCM7QSF7hsIPwgNktMEkTppDGAR3Rqjf0CkW7ZE9AF4kzI0UyQ80rfHW6MU9DiJBLpnXbsRN0M/Om4BJG+U6qIWF8wHrQNjRiIWg3m1wwoidG6dIgVqYipBP190TGQq2HoW86Q4Z9Pe+Nxf+8dorBpZuJKEkRIj79KEglxZiO46BdoYCjHBrCuBJmV8r7TDGOJrS8CcGZP3mRNM5KTrlUvjkvVq5mceTIETkmp8QhF6RCqqRG6oSTR/JMXsmb9WS9WO/Wx7R1yZrNHJA/sD5/ALh+lmY=</latexit>
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y

<latexit sha1_base64="demYqA8joVo6gramk8QqEJw1am4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXbvM4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHe3qMtw==</latexit>

1

<latexit sha1_base64="eZR/HSoUQtuNhX4dJN4Hoxu4ji0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXbvM4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHefaMtg==</latexit>

0

<latexit sha1_base64="BbMUaJ+11bsgySMNW/tq+qpNCpg=">AAAB/nicbVDLSgNBEJz1GeMrKp68DAbBU9gViXoLiOAxgnlAsoTZ2U4yZHZ2mekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5BIYdB1v52l5ZXVtfXcRn5za3tnt7C3XzdxqjnUeCxj3QyYASkU1FCghGaigUWBhEYwuB77jQfQRsTqHocJ+BHrKdEVnKGVOoXDNsIjZjcKdG9IQ1BG4HDUKRTdkjsBXSTejBTJDNVO4asdxjyNQCGXzJiW5yboZ0yj4BJG+XZqIGF8wHrQslSxCIyfTc4f0ROrhLQba1sK6UT9PZGxyJhhFNjOiGHfzHtj8T+vlWL30s+ESlIExaeLuqmkGNNxFjQUGjhK+7dgXAt7K+V9phlHm1jehuDNv7xI6mclr1wq350XK1ezOHLkiByTU+KRC1Iht6RKaoSTjDyTV/LmPDkvzrvzMW1dcmYzB+QPnM8f+i2WIg==</latexit>E
n
ergy

d
en

sity

Optimization of (left) A power divider; (center) A mode converter; (right) A polarization converter.
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A word of advertisement

A webpage gathering lecture notes, slides, demonstration codes, etc.

https://membres-ljk.imag.fr/Charles.Dapogny/tutosto.html
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Thank you!

Thank you for your attention!
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Technical appendix
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The Lax Milgram theorem

In a Hilbert space H, let a : H × H → R be a bilinear form and ` : H → R be a linear
form such that:

• a is continuous, i.e. there exists M > 0 such that:

∀u, v ∈ H, |a(u, v)| ≤ M||u||H ||v ||H .

• a is coercive, i.e. there exists α > 0 such that:

∀u ∈ H, α||u||2H ≤ a(u, u).

• ` is continuous (i.e. ` belongs to the dual space H∗):

||`||H∗ := sup
v∈H
v 6=0

|`(v)|
||v ||H

<∞.

Theorem 3.
Under the above hypotheses, the variational problem

Search for u ∈ H s.t. for all v ∈ H, a(u, v) = `(v)

has a unique solution u ∈ H, which depends continuously on `:

||u||H ≤
M

α
||`||H∗ .
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The implicit function theorem

The implicit function theorem ensures the existence and smoothness of a solution
u = uθ to a parametrized, non linear equation of the form:

F(θ, u) = 0,

where u is the unknown and θ is a “parameter”.

Theorem 4 (Implicit function theorem).
Let Θ,E ,F be Banach spaces, V ⊂ Θ, U ⊂ E be open sets. and F : V ×U → F be a
function of class Cp for p ≥ 1. Let (θ0, u0) ∈ V × U be such that F(θ0, u0) = 0 and:

The derivative
∂F
∂u

(θ0, u0) : E → F is a linear isomorphism.

Then there exist open subsets V ′ ⊂ V of θ0 in Θ and U ′ ⊂ U of u0 in E , and a
mapping g : V ′ → U ′ of class Cp satisfying the properties:

¶ g(θ0) = u0,

· For all θ ∈ V ′, the equation F(θ, u) = 0 has unique solution u = g(θ) ∈ U ′.
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