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Fioralba Cakoni Department of mathematics, Rutgers University
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Notations

The following notations are used throughout the manuscript.

Calculus in the Euclidean spaces Rd:

• The real and imaginary parts of a complex number z ∈ C are respectively denoted by Re(z) and
Im(z).

• The Euclidean norm of a vector x = (x1, . . . , xd) ∈ Rd is denoted by |x| = (x2
1 + . . .+ x2

d)
1/2.

• The Euclidean distance d(x,A) between a point x ∈ Rd and a set A ⊂ Rd is:

d(x,A) = inf
y∈A

|x− y|.

• The Hausdorff distance dH(K1,K2) between two compact subsets K1,K2 ⊂ Rd is:

dH(K1,K2) = max(ρ(K1,K2), ρ(K2,K1)), where ρ(K1,K2) = sup
x∈K1

d(x,K2).

• The vector product u × v ∈ R3 between two vectors u = (u1, u2, u3) and v = (v1, v2, v3) in R3 is
defined by:

u× v = (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1).

• When x = (x1, . . . , xd) is a vector in Rd and α = (α1, . . . , αd) ∈ Nd is a multi-index, we denote:

xα = xα1
1 . . . xαdd .

• The unit sphere in Rd is denoted by Sd−1 :=
{
x ∈ Rd, |x| = 1

}
.

• We denote by Rd×dsym the vector space of symmetric, d× d matrices with real-valued entries.

• The Frobenius inner product between two square matrices M,N ∈ Rd×d is denoted by

M : N :=
∑

i,j=1,...,d

mijnij ,

and we denote by ||M || := (M : M)1/2 the associated norm.
• The Kronecker symbol δij of size d is:

∀i, j = 1, . . . , d, δij =

{
1 if i = j,
0 otherwise.

Functional spaces:

• When A is a subset of an arbitrary set X, we denote by 1A : X → R the characteristic function of
A:

∀x ∈ X, 1A(x) =

{
1 if x ∈ A,
0 otherwise.
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• When (X, E) is an abstract measure space equipped with a positive measure µ (see Section 2.A) and
p ∈ [1,∞), we denote by Lp(X,µ) the space of µ measurable functions f : X → R with integrable
pth power:

Lp(X,µ) =

{
f : X → R measurable,

∫

X

|f(x)|p dµ(x) <∞
}
.

It is a Banach space when equipped with the norm

||f ||Lp(X,µ) :=

(∫

X

|f(x)|p dµ(x)

) 1
p

.

• When (X, E) is an abstract measure space equipped with a positive measure µ, L∞(X,µ) stands
for the vector space of µ measurable functions on Ω whose essential supremum

||f ||L∞(X,µ) := inf
m≥0
{|f(x)| ≤ m for µ a.e. x ∈ X}

is finite. It is a Banach space when equipped with the norm || · ||L∞(Ω).

• When X = Ω is an open or closed subset of the Euclidean space Rd and µ is the Lebesgue measure,
we simply denote these spaces by Lp(Ω), p ∈ [1,∞].

• When Ξ is a measure space, we denote by P(Ξ) the space of probability measures on Ξ, see
Definition 2.A.2.

• When Ξ is a locally compact and separable metric space, we denote byMloc(Ξ) the space of Radon
measures on Ξ, and by M(Ξ) the space of finite Radon measures on Ξ, see Definition 2.A.7.

• When (E, || · ||E) and (F, || · ||F ) are normed vector spaces, we denote by L(E,F ) the space of
continuous and linear mappings from E into F .

• When (E, || · ||) is a Banach space, we denote by B(x, r) the open ball centered at a point x ∈ E,
with radius r > 0.

• When Ω is a Lipschitz domain of Rd, we denote by nΩ – or simply n when no confusion is possible
– the unit normal vector to ∂Ω, pointing outward Ω.

• When Ω is an open subset of Rd, we equivalently denote by D(Ω) or C∞c (Ω) the space of smooth
functions with compact support inside Ω, and by D′(Ω) the space of distributions on Ω. The duality
between these spaces is expressed by the bracket:

〈T, ϕ〉, T ∈ D′(Ω), ϕ ∈ D(Ω).

We also denote by E ′(Ω) is the space of distributions with compact support in Ω.
• When Ω is a Lipschitz domain of Rd and k ≥ 0, we denote by Ck(Ω) the space of the restrictions

to Ω of functions of class Ck on Rd.
• When Ω is an open subset of Rd, for all m ∈ N and p ∈ [1,∞], Wm,p(Ω) is the Sobolev space of

functions in Lp(Ω) whose distributional derivatives up to order m belong to Lp(Ω):

Wm,p(Ω) =

{
u ∈ Lp(Ω), ∀α ∈ Nd, |α| ≤ m, ∂u

∂xα
∈ Lp(Ω),

}
.

When p = 2, the space Wm,p(Ω) is denoted by Hm(Ω).
• When Ω is a smooth bounded domain, for an arbitrary integer m ≥ 0, Hm(∂Ω) stands for the

Sobolev space of functions u ∈ L2(∂Ω) whose tangential derivatives up to order m also belong to
L2(∂Ω); the space H−m(∂Ω) is the topological dual of Hm(∂Ω).

• For the definition of fractional Sobolev spaces Hs(Γ) defined on a region Γ of the boundary of a
domain Ω, see Section 4.1.2.

• When Ω is a bounded, Lipschitz domain of Rd and ΓD is a region of the boundary ∂Ω, we denote
by

H1
ΓD (Ω) :=

{
u ∈ H1(Ω), u = 0 on ΓD

}

the subspace of H1(Ω) composed of functions with vanishing trace on ΓD.
• For the definition of exterior Sobolev spaces W 1,−1(Ωe), defined on the complement Ωe = Rd \ Ω

of a bounded domain Ω ⊂ Rd, see Section 4.1.2.
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Introduction

This document summarizes the research work that I have been conducting since my recruitment as a CNRS
junior researcher and affectation to the Laboratoire Jean Kuntzmann, in January 2015.

A great deal of this work revolves around the subject of shape and topology optimization, which, as the
name suggests, is about optimizing the design of an object with respect to a performance criterion. This
age-old idea has aroused a surge of enthusiasm in the recent decades: the development of efficient optimal
design methods, enabled by the tremendous advances made in hardware capabilities and mathematical
programming methods, is ever more relevant in the current context where the prices of raw materials are
skyrocketting, see Fig. 0.0.1 for a few illustrations of concrete applications.

From the mathematical point of view, a basic shape optimization problem can be formulated as follows:

min
Ω
J(Ω),

where a domain Ω in Rd (d = 2, 3 in practice) is optimized with respect to a cost function J(Ω). This
slightly unconventional problem is rendered even more disconcerting by the potentially intricate definition of
J(Ω): in concrete applications, the latter often depends on Ω via the solution to a boundary value problem
characterizing its physical behavior.

This difficult setting raises fascinating questions from the theoretical viewpoint, as well as challenging
modeling and computational issues, such as the device of a convenient means to represent the shape and
its large deformations during the optimization process, the formulation of geometric and manufacturing
constraints, the treatment of realistic physical situations, to name just a few.

A few of these topics are considered in the present manuscript, whose general organization is outlined
below. Briefly, it is composed of six chapters; the first Chapter 1 gathers some background material about
shape and topology optimization which is useful in most of the developments presented in the document.
The next Chapters 2 to 5 focus on four different research axes; they generally start with some more specific
preliminary material, including tentative overviews of the work related to the reported investigations, and
they end with a few perspectives. The final Chapter 6 broaches some more general directions for future work.
The manuscript is written in an expository, self-contained way insofar as possible. Formal descriptions and
insights about the main ideas of the described works, sometimes expressed in particular, simple cases, are
often preferred to strictly rigorous discussions, with the hope that these choices facilitate easy reading; the
reader is generally referred to the published versions of the corresponding works for complete details.

Chapter 1: Preliminaries: shape and topology optimization algorithms and their implementa-
tion

This first chapter collects some background material around the subject of shape and topology optimization,
mainly. It contains no original result per se, but it is rather intended as a fairly detailed presentation of a few
theoretical and technical ingredients that are perhaps not so easily found as is in the literature. The expert
reader may skip this chapter shamelessly, but we hope that its contents can be useful to the newcomer.

After a few historical notes about the development and practice of the idea of shape and topology
optimization, we describe the two mathematical and physical settings in which most of our discussions take
place, namely the conductivity equation and the linear elasticity system. We give a special emphasis on
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Figure 0.0.1. (a) Optimization of the shape of a staircase by the commercial software
ansys; (b) Optimized design of the roof of a convention center under the form of a shell
(Picture from [8]); (c) Optimized profile of a wing for the maximization of its lift.

the latter, recalling essential concepts about the modeling of elastic structures, such as the descriptions of
deformations and stresses, the role of constitutive laws, and we formulate optimal design problems in this
context.

The main mathematical framework used to deal with shape optimization problems is introduced next,
namely, the boundary variation method of Hadamard, leading to the notion of shape derivative. We outline
the calculation of the shape derivatives of basic functionals such as the volume or the perimeter, and the
general trail to calculate the shape derivatives of “complex” functionals of the domain, depending on the
latter via the solution to a boundary value problem is explained in detail. We seize this opportunity to
present the key argument, namely, the celebrated adjoint method from optimal control, in an abstract and
general context. A few other topics are broached, such as the flexible Hilbertian method to identify shape
gradients from shape derivatives, and the concurrent type of sensitivity with respect to the domain encoded
in topological derivatives.

The second part of this chapter is more directly concerned with numerical implementation. We present
the historical algorithms, based on the deformation of a computational mesh of the structure, insisting on its
limitations to motivate the more modern methods presented subsequently. After a digression about meshing,
we present the level set method in a general fashion, and its application in the field of shape optimization.
We also detail a recent strategy, combining the latter with remeshing techniques to allow for an accurate,
meshed representation of the shape throughout the optimization process. For completeness, we also outline
two different usages of topological derivatives in the context of optimal design algorithms.
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This chapter ends with a few appendices gathering technical tools used throughout the manuscript, and
notably, a primer in the differential geometry of surfaces, and a glimpse of the regularity theory for elliptic
boundary value problems.

Chapter 2: Shape and topology optimization under uncertainties

This second chapter summarizes a series of investigations dealing with the optimization of a design, generi-
cally denoted by h, with respect to a cost function C(h, ξ) which also depends on physical data ξ ∈ Ξ. The
nominal optimization problem, when the parameter ξ is assumed to be known exactly, reads:

min
h
C(h, ξ).

Unfortunately, the performance of the design resulting from this optimization program is usually very sen-
sitive to “small” perturbations of ξ. Depending on the available information about these uncertain data,
different strategies may be undertaken to make the optimal design process “robust” with respect to uncer-
tainties about ξ.

At first, we place ourselves in the situation where no information is available about ξ, except for a
maximum bound m on its amplitude ||ξ||. The perhaps most reasonable means to enforce robustness with
respect to such uncertainties is then to minimize the worst value of the cost when ξ has maximum amplitude
m, i.e.

min
h

Jwc(h), where Jwc(h) := sup
ξ∈Ξ
||ξ||≤m

C(h, ξ).

We present a general, formal approach for approximating the worst-case functional Jwc(h) when m is “small”,
which is based on a Taylor expansion of the cost functional C(h, ·).

Following a similar line of thinking, we next deal with a concrete application of this type of methodology
in the context of mechanical structures plagued by an uncontrolled level of porosity.

The main drawback of these pessimistic approaches is that they lead to designs h with poor nominal
performance for the sake of anticipating a worst-case scenario which is unlikely to occur.

When the law P ∈ P(Ξ) of the uncertain parameter ξ is available, a probabilistic quantity of the cost
can be considered, such as its expectation:

min
h

Jmean(h), where Jmean(h) :=

∫

Ξ

C(h, ξ) dP(ξ).

Again, a method based on the linearization of the cost C(h, ·) allows to derive a tractable approximation of
the functional Jmean(h).

In turn, this paradigm is flawed as it rests on the knowledge of the law P of ξ, which is often known
imperfectly, through a set of few observations. A recent paradigm to cope with this conceptual drawback is
that of distributional robustness, whereby the worst value of the expected cost is minimized when the law
Q of ξ is “close” to a nominal, measured law P within a maximum “distance” m:

min
h

Jdr(h), where Jdr(h) := sup
Q∈P(Ξ),
W (Q,P)≤m

∫

Ξ

C(h, ξ) dQ(ξ),

where W (·, ·) is a distance over probability measures on Ξ. Leveraging recent results from convex duality
theory, we reformulate this problem as a tractable optimal design problem when W (·, ·) is the Wasserstein
distance.

This chapter ends with two appendices, devoted to general notions about measure theory and to the
more specific subject of the Karhunen-Loève decomposition of an infinite-dimensional uncertain parameter
on a countable basis – a tool which underlies many assumptions about the structure of the uncertain data
made in this chapter.

Chapter 3: Geometric and manufacturing constraints in shape and topology optimization

This chapter is devoted to the modeling and treatment of constraints in shape and topology optimization,
with a particular emphasis on those related to the manufacturing of shapes. It starts with some background
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material about the signed distance function dΩ to a shape Ω ⊂ Rd, which is a key ingredient in the mathe-
matical formalization of geometric constraints about the thickness of Ω, the distance between its members,
etc.

Two useful mathematical tools are then discussed:

• A general-purpose constrained optimization algorithm is introduced, which lends itself to a very
convenient use in the context of shape and topology optimization.
• A variational method is proposed to simplify dramatically the numerical evaluation of the shape

derivatives of functions depending on the domain Ω via the signed distance function dΩ, which
usually involve awkward quantities such as the principal curvatures and the normal rays to ∂Ω.

We then motivate and devise a few geometric constraints which are specific to the field of architecture.
In particular, constraints about the resemblance of the optimized shape with a target design are considered,
as well as constraints about an anisotropic version of its thickness.

The next part of this chapter is devoted to the burning field of additive manufacturing, also referred to
as 3d printing. In spite of the unprecedented freedom offered in terms of the complexity of the constructed
design, these modern construction processes impose new constraints on the design process. They notably
experience difficulties with overhang features – large regions hanging over void without sufficient support
from the lower structure. We explain why the “naive” geometric modeling of overhang constraints fails to
penalize the onset of such regions, and we propose a more sophisticated, layer-by-layer mechanical functional
based on a simplified model of the construction process. Still in the context of shapes produced by additive
manufacturing, we also try and appraise the anisotropic behavior of the elastic material induced by the
particular trajectory of the printing machine.

This chapter ends with a new perspective about the aforementioned modeling of constraints imposing
the resemblance of the optimized design Ω with a general target object, thanks to the notion of Wasserstein
distance from optimal transport theory.

Chapter 4: Asymptotic analysis of partial differential equations and applications in shape and
topology optimization

This chapter deals with several questions pertaining to the field of asymptotic analysis, some of which find
original applications in shape and topology optimization.

A quite lengthy preliminary exposition sets the common scene of our developments. At first, several
classical notions from functional analysis and potential theory are recalled, including the notion of Green’s
function and the definition of fractional Sobolev spaces on a region of the boundary of a domain. We then
present the more specific question of how “small” perturbations of the material properties in a physical
boundary value problem influence its solution. We collect a few key related results, that we try to present
under an intuitive and formal perspective.

The first original work reported in this chapter deals with a unifying paradigm for the concepts of shape
derivative, topological derivative, and density-based derivative in optimal design. We introduce a general
strategy to convert a shape optimization problem into a density-based topology optimization problem, relying
on the classical idea of “filtering”, and we prove that the derivatives of the functionals involved in the latter
converge to the shape or the topological derivatives involved in the former, as the filtering parameter tends
to 0. This result suggests a new numerical strategy for solving optimal design problems which naturally
combines shape and topological derivatives. We also outline how to extend these ideas to the important case
of perimeter functionals, which is not covered by the general theory.

The next topic considered in this chapter is the effect on the solution to a physical problem of mod-
ifications of the regions of the boundary of the defining domain bearing its boundary conditions. Our
investigations take two different paths. On the one hand, we consider “regular” perturbations of such re-
gions, by smooth diffeomorphisms, in the spirit of the classical method of Hadamard. The “shape derivative”
of a generic performance criterion with respect to modifications of these regions is difficult to calculate and
evaluate, as it involves the knowledge of the singular behavior of the physical solution near there. To alle-
viate this difficulty, we introduce a consistent approximation of the boundary value problem at stake, and
of the attached shape optimization problem, where the sharp transition between regions bearing different
boundary conditions is smoothed. On the other hand, we analyze the complementary question of “singular”
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perturbations of these regions supporting boundary conditions, such as the replacement of a homogeneous
Neumann boundary condition with a homogeneous Dirichlet boundary condition on a “small” boundary
region ωε. We then provide a general representation formula for the solution to the perturbed problem,
under minimal assumptions on the vanishing subset ωε, and we make this formula explicit in the case where
ωε is a surface ball with vanishing radius ε.

The study presented next is of rather theoretical interest, although it is motivated by natural consid-
erations. It deals with the uniform behavior of the solution to a model boundary value problem in the
setting of the conductivity equation when the material coefficients undergo perturbations of arbitrarily large
magnitude inside a “thin” inclusion subset of the defining domain.

We then explore a related problem of “small” inhomogeneities from a computational perspective, by
revisiting the idea of “topological ligament”. This rather exotic concept measures the sensitivity of the
solution to a boundary value problem (and of a related quantity of interest) with respect to the graft of
a thin ligament to the domain. To the best of our knowledge, no implementation of this difficult concept
was available before this study. By looking at thin tubular inclusion asymptotics, we provide a general
calculation method of approximate topological ligament expansions. These are used to address various
issues in shape optimization, and notably to insert bars to a structure with a “too poor” topology in the
course of a classical shape optimization process, to optimize the auxiliary scaffolds of a shape constructed
by additive manufacturing whici presents overhang features, and to provide a “clever” initialization in the
optimization of truss structures.

We conclude this chapter with a few perspectives for future research, related to the implementation of
the aforementioned results about regular and singular perturbations of the boundary conditions within a
boundary value problem, and to uniform asymptotic expansions of the solutions to various perturbations of
boundary value problems.

Chapter 5: Shape and topology optimization in challenging physical contexts

This chapter broaches several investigations of shape and topology optimization problems arising in less
classical and perhaps more challenging physical situations than that of mechanical structures.

At first, we consider a generic three-physics setting, taking into account fluid, structure and thermal
effects, which encompasses in particular fluid-structure interaction problems as well as heat exchanger models.

The next study deals with an original foray of shape and topology optimization in quantum chemistry.
The identification of classical chemical structures (such as the electron pairs in the Lewis theory) from
quantum mechanics quantities (the wave function of the system) is expressed as a rather peculiar shape
optimization problem – a paradigm referred to as the theory of maximum probability domains. We analyze
this problem from the theoretical viewpoint, showing existence of global solutions under mild assumptions,
and we present a numerical algorithm tailored to its specificities.

We then consider the optimization of the shape of nanophotonic devices, which are components used
to manipulate light at the microscopic level, whose physical behavior is described by the time-harmonic
Maxwell’s equations.

We conclude this chapter with the description of an ongoing work devoted to the optimization of the
structure of an electric motor.

Chapter 6: A few more general and long-term perspectives

In this final chapter, we outline a few research directions which are perhaps less directly related to the main
topics discussed in the manuscript.

At first, we present three natural but non trivial extensions of the remeshing algorithms used repeatedly
in the work summarized in this report. These concern the explicit discretization of curves and open surfaces
in an ambient mesh – an operation which finds applications in the numerical simulation of fault lines, cracked
domains, or shells – and the parallel implementation of remeshing algorithms, which would ease their use in
the context of large scale numerical simulations.

Secondly, we outline an original and promising framework for shape and topology optimization, featuring
a very robust numerical representation of shapes which completely differs from those used in this manuscript.
It leverages tools from computational geometry (such as Laguerre diagrams – a weighted variant of Voronoi
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diagrams), optimal transport theory, and the recent “virtual element method” for solving boundary value
problems on general polygonal meshes.

The material presented in this manuscript is based on the following journal articles, teaching supports
and open-source implementations.
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Chapter 1
Preliminaries: Shape and topology optimization
algorithms and their implementation

Elaborating upon the review articles [A2, A4, A12] and the contents of the course [C1], this chapter col-
lects preliminary material about shape and topology optimization which is used repeatedly throughout the
manuscript. It is admittedly rather long, but we hope that it can serve as a self-contained introduction to
the main aspects of the discipline, while positioning the research contributions presented in the subsequent
chapters with respect to the past and ongoing developments in the field. The reader who is already familiar
with these concepts may shamelessly skip most of its contents. Some more specific background material is
provided later, in the relevant chapters.

1.1 A few selected historical milestones

The general idea of optimizing the shape of an object has long been an obsession for scientists, and also
artists, ... Before delving into the modern developments of shape optimization in the next sections, we
present here a few of its noteworthy historical forays.

1.1.1. The isoperimetric inequality

If we except the fact that life itself tends to favor optimal patterns via the selection process – see e.g.
[114, 157] about the optimal character of the structure of beehives and the shape of eggs, respectively –,
the perhaps first occurrence of shape optimization in history dates back to the myth of the foundation of
Carthage, in 814 B.C. Virgil’s Aeneid (Book I, 16) reports that1, after her brother Pygmalion had murdered
her husband, Dido fled with her servants to reach the coasts of the current Tunisia. At her arrival, she
requested a piece of land from the local landlord Jarbas, who would sarcastically grant her “what could be
encompassed by a bull’s hide”. The ingenious queen cut the hide into very thin slices to enclose as large an
area as possible, shaped as a half-disk against the shore, see Fig. 1.1.1 (a).

Without knowing, Dido had the intuition that the disk is the solution to the isoperimetric problem

max
Ω⊂R2

Vol(Ω) s.t. Per(Ω) = PT ,

aiming at maximizing the volume Vol(Ω) =
∫

Ω
dx of a two-dimensional domain under a constraint PT on

its perimeter Per(Ω) =
∫
∂Ω

ds.

1

“They sailed to the place where today you’ll see
Stone walls going higher and the citadel
Of Carthage, the new town. They bought the land,
Called Drumskin from the bargain made, a tract

They could enclose with one bull’s hide.”
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A similar rationale underlies the circular shape of ancient fortified towns, which is driven by the moti-
vation to enclose the largest area, for a given length of fortifications, see Fig. 1.1.1 (b).

a b

Figure 1.1.1. (a) Aerial view of antique Carthage (Credits: J.-C. Golvin); (b) Map of the
fortifications of ancient Paris.

The isoperimetric problem has inspired numerous scientists and philosophers from the Antiquity: Euclid,
Archimedes, Zenodora, Pappus, to name a few. The optimal character of the disk has been the focus of
much attention; elegant analyses were conducted (notably by J. Steiner) in this direction, all incomplete
because they would take for granted the existence of an optimal shape for the isoperimetric problem. This
non trivial fact could only be proved thanks to the new concepts in the calculus of variations introduced by
K. Weierstrass in the middle of the XVIIIth century, turning the previous attempts into complete proofs.

1.1.2. Optimal design in architecture

Since their early construction works, humans have strived to optimize the shape of buildings to make them
more robust or lighter. For instance, the structure of the ancient Egyptian pyramids reveals a high level of
concern with optimization [63].

A pioneering step toward the systematic optimization of buildings was achieved by the British engineer
Robert Hooke, who was concerned with the design of a self-supporting arch. He postulated in 1675 that

“As hangs a flexible cable so, inverted, stand the touching pieces of an arch.”

According to this principle, by inverting the shape of a catenary, in equilibrium under its own weight and
the tension efforts, one obtains the design of an arch in equilibrium under its weight and compression efforts.

Since then, architects have drawn inspiration from such principles to design constructions, from their
general outlook to their fine structure. Modern optimization methods now allow to take into account more
precisely and more systematically constraints on the geometry of a building, such as the width of its columns,
but also its mechanical performance (in terms of vibrations, wear, etc.).

1.1.3. Optimal design and the calculus of variations

The great headway made in differential calculus, calculus of variations and their applications to the modeling
of physical phenomena (notably, in acoustics, electrostatics) have steadily paved the way to more complex
problems of optimal design, that involve a taste of the physical behavior of shapes via ordinary or partial
differential equations. In this direction, relying on a simplified model based on the Laplace equation, Newton
investigated the shape of a projectile that would encounter minimal resistance from air friction. In a similar
spirit, Lagrange sought the most robust shape of a column; President Thomas Jefferson himself tried to
optimize the shape of a ploughshare.

One representative question of these studies, which achieved posterity, was formulated by Lord Rayleigh
in 1896, in his book [312]. He conjectured that among all homogeneous membranes fixed at their boundary,
that with lowest fundamental frequency is the disk: mathematically, the disk is the unique minimizer of the
problem

min
Ω⊂R2

λΩ, s.t. Vol(Ω) = VT ,
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a b

c d

Figure 1.1.2. Shape optimization in architecture: (a) Robert Hooke with the catenary; (b)
The St Louis vault (Missouri) is a “weighted catenary”; (c) Funicular model (assembly of
catenaries) underlying the construction of the Sagrada Familia by Gaudi; (d) Optimization
of the roof of the Olympic centre of Munchen (H. Berberich).

where VT is a volume target. Here, λΩ is the first eigenvalue of the Laplace operator with homogeneous
Dirichlet boundary conditions, i.e. the smallest (positive) value λ such that the boundary value problem

{
−∆u = λu in Ω,
u = 0 on ∂Ω,

has a non trivial solution u. This conjecture fostered the rise of spectral optimization; it was demonstrated
about 30 years later by Faber and Krahn, see also [305] for a reference book summarizing many related
mathematical concepts.

1.1.4. Toward modern shape and topology optimization in structural and aeronautical engi-
neering

The first optimal design studies in mechanical engineering date back to 1869, when Maxwell started to
inquire about the optimization of truss structures, i.e. structures made of bars, see Fig. 1.1.3 (a). His work
was considerably extended by Michell in 1904.
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These investigations have been limited to theoretical aspects until the 1960’s. The concurrent advent of
efficient optimization algorithms and numerical methods for the simulation of physical phenomena (notably,
the finite element method) and of powerful computational resources has then fostered the device and imple-
mentation of automatic optimal design techniques. In particular, these developments have enabled major
headway in aeronautical engineering, such as the optimization of wing profiles, see Fig. 1.1.3 (b).

a b

Figure 1.1.3. Optimal design in engineering: (a) An electric pylon is one example of a
truss structure; (b) Optimization of the internal structure of the wing of a plane (image
excerpted from [1]).

Nowadays, the dramatic increase in the cost of raw materials makes it necessary to optimize all kinds
of mechanical components from the early stages of design. Several engineering softwares (such as Altair

OptiStruct, or Ansys Discovery, to name a few) have emerged from these concerns, but numerous issues
have yet to be addressed.

1.2 Mathematical models for conductive media and linearly elastic
structures

Most of the discussions of this manuscript take place in the physical context of conductive media or in that
of linearly elastic structures, which we briefly present in Section 1.2.1 and Section 1.2.2, respectively. We
then set the scene of shape and topology optimization in Section 1.2.3.

1.2.1. The conductivity equation

This section is devoted to the conductivity equation, whose mathematical simplicity will often allow to
expose our arguments with a minimum amount of technicality.

1.2.1.1. The one-phase conductivity equation

In the present setting, a shape is a bounded, Lipschitz domain Ω ⊂ Rd (d = 2 or 3 in practice), representing
a device made of a material with (a priori inhomogeneous) conductivity γ(x). The voltage potential inside
the medium is denoted by u, or uΩ when its dependence on Ω needs to be emphasized. The induced electric
current j : Ω→ Rd describes the stream of charges within Ω; it is given by the following constitutive law:

(1.2.1) j(x) = −γ(x)∇u(x), x ∈ Ω,

i.e. the electric charges flow from large to low values of the potential. Usually, u is grounded (i.e. it is
set to 0) on a subset ΓD of the boundary ∂Ω; an external field g : ΓN → R is applied on a disjoint subset
ΓN ⊂ ∂Ω, and the remaining boundary Γ = ∂Ω \ (ΓD ∪ ΓN ) is free. Eventually, Ω contains electric charges
whose density evolves at the steady rate f , see Fig. 1.2.1 (a) for an illustration.
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The behavior of the potential u inside Ω is governed by a boundary value problem, which stems from
the charge conservation principle. The latter imposes that, for any subdomain ω of Ω, the electric current
passing through the surface ∂ω should coincide with the change in the total charge inside ω, that is:∫

∂ω

j · n ds =

∫

ω

f dx,

where n ≡ nω stands for the unit normal vector to ∂ω, pointing outward ω. An application of Green’s
formula from Proposition 1.A.10 then yields:∫

ω

(div(j)− f) dx = 0,

and since this relation holds for any subdomain ω b Ω, we arrive at

−div(γ∇u) = f in Ω.

Summarizing the previous considerations, the steady state u of the voltage potential inside Ω is the solution
to the following conductivity equation:

(Cond)





−div(γ∇u) = f in Ω,
u = 0 on ΓD,
γ ∂u∂n = 0 on Γ,
γ ∂u∂n = g on ΓN .

From the mathematical viewpoint, the coefficient γ is assumed to be smooth, say γ ∈ C∞(Ω), and it is
elliptic, i.e. uniformly bounded away from 0 and ∞:

(Ell-Cond) There exist constants 0 < α ≤ β <∞ s.t. ∀x ∈ Ω, α ≤ γ(x) ≤ β.
The data f and g belong to L2(Ω) and L2(ΓN ), respectively. The function u is sought within the functional
space

H1
ΓD (Ω) :=

{
u ∈ H1(Ω), u = 0 on ΓD

}
,

and it is the unique solution in the latter to the following variational problem:

(1.2.2) Search for u ∈ H1
ΓD (Ω) s.t. for all v ∈ H1

ΓD (Ω),

∫

Ω

γ∇u · ∇v dx =

∫

Ω

fv dx+

∫

ΓN

gv ds.

The classical Lax-Milgram theory ensures the well-posedness of this problem, see e.g. [14].
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Figure 1.2.1. (a) Setting of the one-phase conductivity equation of Section 1.2.1.1; (b)
Setting of the two-phase conductivity equation of Section 1.2.1.2.

Remark 1.2.1 Depending on the assumptions on the domain Ω, the conductivity γ and the data f and g,
the solution uΩ to (Cond) may be more regular than what is predicted by the application of the Lax-Milgram
framework to (1.2.2). Loosely speaking, the following facts hold true:

• If γ, f and g are smooth, then uΩ is smooth inside any subdomain ω b Ω.
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• Moreover, if the boundary ∂Ω is smooth, then for any point x0 ∈ ∂Ω \ (∂ΓD ∪ ∂Γ ∪ ∂ΓN ), there
exists an open neighborhood ω of x0 in Rd such that uΩ is smooth in ω ∩ Ω.

• Even if ∂Ω, γ, f and g are smooth, uΩ is not “very regular” near the points x0 ∈ ∂ΓD ∪ ∂Γ∪ ∂ΓN
where the boundary conditions of the problem (Cond) change types. This fact has a deep physical
meaning that we shall study in more details in Section 4.3.

We refer to Section 1.A.6 for a glimpse about the elliptic regularity theory leading to these conclusions, and
to §9.6 in [95] for a more detailed presentation.

1.2.1.2. The two-phase conductivity equation

We now turn to a variation of the previous setting, which is illustrated on Fig. 1.2.1 (b): we consider
the voltage potential u inside a physical device D ⊂ Rd composed of two distinct materials, one with high
conductivity γ1 ∈ C∞(Ω), occupying the Lipschitz subdomain Ω ⊂ D, also denoted by Ω1, and the other with
low conductivity γ0 ∈ C∞(Ω0), which occupies the complement Ω0 := D\Ω; both functions γ0 and γ1 satisfy
(Ell-Cond). We still assume that the boundary ∂D is divided into three disjoint subregions ΓD,ΓN ,Γ, with
a similar meaning as in the previous Section 1.2.1.1: u is grounded on ΓD, an electric current g : ΓN → R
is imposed on ΓN , and the region Γ is free. Denoting by f : D → R the density of charges inside D, the
potential u – also denoted by uΩ when it comes to stress its dependence on the phase Ω – satisfies the
following two-phase conductivity equation:

(1.2.3)





−div(γ∇u) = f in D,
u = 0 on ΓD,
γ ∂u∂n = g on ΓN ,
γ ∂u∂n = 0 on ∂D \ (ΓD ∪ ΓN ),

where γ(x) :=

{
γ0(x) if x ∈ Ω0,
γ1(x) otherwise.

The variational formulation for this problem reads: search for u ∈ H1
ΓD

(D) such that,

∀v ∈ H1
ΓD (D),

∫

D

γ∇u · ∇v dx =

∫

D

fv dx+

∫

ΓN

gv ds.

In this model, the conductivity γ has a particular structure: it is piecewise smooth, with jumps at the
interface ∂Ω between the phases Ω0 and Ω1. A simple calculation reveals that the restrictions u0 = u|Ω0

and
u1 = u|Ω1

of u to Ω0 and Ω1 satisfy the following coupled problems:

Search for (u0, u1) ∈ H1(Ω0)×H1(Ω1) s.t.




−div(γ0∇u0) = f in Ω0,
u0 = 0 on ΓD ∩ Ω0,

γ ∂u0

∂n = g on ΓN ∩ Ω0,

γ ∂u0

∂n = 0 on (∂D ∩ ∂Ω0) \ (ΓD ∪ ΓN ),

and





−div(γ1∇u1) = f in Ω1,
u1 = 0 on ΓD ∩ Ω1,

γ ∂u1

∂n = g on ΓN ∩ Ω1,

γ ∂u1

∂n = 0 on (∂D ∩ ∂Ω1) \ (ΓD ∪ ΓN ),

complemented with the transmission conditions

u0 = u1 and γ0
∂u0

∂n
= γ1

∂u1

∂n
on ∂Ω ∩D.

These conditions express the continuity of the potential u and of the electric current j = −γ∇u at the
interface between Ω0 and Ω1.

Remark 1.2.2 The boundary-value problem (Cond) and its two-phase counterpart (1.2.3) admit various
physical interpretations beyond the realm of conductive media. For instance, they are used in the study of
dielectric devices, where they account for the potential u inside a medium with permittivity γ. They are also
ubiquitous in the field of thermics, where u stands for the temperature inside the medium, γ is the thermal
conductivity, and the constitutive law (1.2.1) is the familiar Fourier’s law, whereby the heat flux j is oriented
from hot to cold regions.

1.2.1.3. The ersatz material approximation

For various purposes, it is useful to approximate the conductivity equation (Cond) attached to a domain
Ω ⊂ Rd by a counterpart posed on a larger domain D. One possibility to achieve this goal – usually referred
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Figure 1.2.2. Ersatz material approximations of the “ideal” situation of a dielectric
medium Ω inside a large box D (in (a)); the latter can be approximated by the situation
where the “void” region D \ Ω is filled with a very soft material (b), and, going further, by
the situation where the resulting discontinuous material properties are smoothed (in (c)).

to as the “ersatz material approximation” in the literature – hinges on a two-phase conductivity equation of
the form (1.2.3).

Let Ω ⊂ Rd be a shape as in Section 1.2.1, and let u be the voltage potential, solution to (Cond). Let
D ⊂ Rd be a larger, “hold-all” domain. For simplicity, we assume that the regions ΓD and ΓN bearing
respectively homogeneous Dirichlet and inhomogeneous Neumann boundary conditions are comprised in the
boundary ∂D, so that only the part Γ of ∂Ω where Ω is surrounded by void lies strictly inside D, see
Fig. 1.2.2.

We approximate the system (Cond) by the following one, where the void in D \ Ω is mimicked by the
presence of a very soft material, with conductivity ηγ, for a “small” parameter η � 1 (typically, η = 1e−3

or 1e−4):
(1.2.4)




−div(γη∇uη) = (η + (1− η)1Ω)f in D,
uη = 0 on ΓD,

γη
∂uη
∂n = g on ΓN ,

γη
∂uη
∂n = 0 on ∂D \ (ΓD ∪ ΓN ),

where γη(x) :=

{
γ(x) if x ∈ Ω,
ηγ(x) otherwise.

Note that here, γ(x) stands for any smooth extension of the conductivity γ ∈ C(Ω) when x /∈ Ω.
It is sometimes preferable to use a smoothed version γ̃η of the above discontinuous conductivity γη, as

exemplified on Fig. 1.2.2. This notably allows the solution ũη to the resulting boundary value problem to
be smooth, see Remark 1.2.1 and Section 1.A.6.

Let us insist that this ersatz material approximation is possible because the transition between the full
and ersatz materials in (1.2.4) replaces that between material and void in the reference problem (Cond), i.e.
the soft material ηγ mimicks the presence of void near Γ, which is encoded in the homogeneous Neumann
boundary condition on Γ in the reference problem (Cond). This ersatz material approximation has been
proved rigorous in [140]: under mild technical assumptions that we omit for brevity, the following convergence
holds:

||uη − u||H1(Ω)
η→0−−−→ 0.

It can be generalized to several contexts, including that of linear elasticity. A counterpart in the case
where other boundary conditions are imposed on Γ (e.g. homogeneous Dirichlet boundary conditions) is
possible and relevant in some contexts (notably in fluid mechanics), but demands alternative approximate
systems, see for instance Chap. VII in [92] about this point.

1.2.2. Linear elastic structures

In this section, we slip into the physical setting of linearly elastic structures, which is relatively simple from
the mathematical viewpoint and lends itself to rich applications.
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From the physical viewpoint, elasticity refers to the ability of an object to undergo deformations when
it is subjected to external stresses, and to revert exactly to its original configuration when these stresses are
released. The theory of linearized elasticity, which is specialized to the description of “small” deformations, is
essentially composed of three ingredients, that are discussed next: Section 1.2.2.1 is devoted to the kinematic
description of an elastic shape, i.e. to the representation of its motion, regardless of the efforts that have
caused it; Section 1.2.2.2 presents the modeling of the internal and external efforts applied on an elastic
shape; Section 1.2.2.3 introduces the concept of constitutive relation, relating the deformation of a shape to
the stresses that are responsible for it. In Section 1.2.2.4, we summarize these developements and we provide
the mathematical framework for the study of the linear elasticity equations. Finally, in Section 1.2.2.5, we
discuss energy considerations related to elastic structures. We refer to classical textbooks such as [194, 321,
352] for further details about the modeling of elastic structures.

Remark 1.2.3 Although the natural applications of structural mechanics take place in the three-dimensional
setting d = 3, the mathematical theory of linear elasticity can be formulated in a unified way for any d ≥ 2.
The 2d linear elasticity equations can be interpreted as a reduction of the 3d theory in the case of structures
which are invariant in one dimension, say e3. Two cases occur, which are illustrated on Fig. 1.2.3:

• Plane stress 2d elasticity is used to describe a structure Ω which is very thin in the direction e3:
the internal and external efforts applied to Ω are assumed to be purely two-dimensional.

• Plane strain 2d elasticity corresponds to the case of a very thick structure Ω in the direction e3:
the deformations undergone by Ω are assumed to be contained in the plane spanned by e1 and e2.

Formally, both situations differ solely in how the material properties of the 3d structure are turned into 2d
equivalent ones, see Section 1.2.2.3.
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Figure 1.2.3. (a) The stresses experienced by a structure in plane stress situation are
purely two-dimensional; (b) The strain of a structure in plane strain situation is purely two-
dimensional.

1.2.2.1. Kinematic description of linearly elastic structures

The usual description of an elastic structure is Lagrangian. It is based on the configuration at rest of the
structure, which is a domain Ω ⊂ Rd, and on the displacement vector field u : Ω → Rd, which encodes
the location x + u(x) of any point x ∈ Ω after deformation: the deformed configuration of the structure is
(Id + u)(Ω), as depicted on Fig. 1.2.4.

In the present manuscript, we only consider the setting of linear elasticity, where the displacement u
and all its derivatives are assumed to be “small”, which allows for major simplifications in the mathematical
equations.

The relative motion of the points of a structure Ω undergoing a displacement u is measured in terms of
the linearized strain tensor e(u) : Ω→ Rd×dsym , defined by:

e(u) =
1

2
(∇u+∇uT ).

For a point x ∈ Ω, the physical interpretation of the matrix e(u)(x) is as follows, see Fig. 1.2.5:
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u(x)

Figure 1.2.4. The elastic structure Ω realizes the displacement u under the effect of body
forces f : Ω→ Rd and surface loads g : ΓN → Rd.
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Figure 1.2.5. Physical interpretation of the entries of the strain tensor e(u)(x); (a) The
diagonal entry e(u)(x)ii appraises the variation of the segment [x, x+hei] after deformation;
(b) The off-diagonal entry e(u)(x)12 measures the variation of the angle between [x, x+he1]
and [x, x+ he2] after deformation.

• For i = 1, . . . , d, the diagonal entry e(u)(x)ii encodes the stretching or the compression effect
induced by u in the direction ei; the length h� 1 of the small line segment with endpoints x and
x+ hei becomes, after deformation:

|x+ hei + u(x+ hei)− (x+ u(x))| ≈ h+ he(u)(x)ii.

• For i, j = 1, . . . , d, i 6= j, e(u)(x)ij measures the distortion of angles between the directions ei and
ej ; more precisely,

e(u)(x)ij =
1

2
(κ1 + κ2), where κ1 ≈ tanκ1 ≈

∂u2

∂x1
, and κ2 ≈ tanκ2 ≈

∂u1

∂x2
.

Another means to appraise how e(u) accounts for the deformation of lengths and angles induced by u is
the following. Let [0, 1] 3 t 7→ γ(t) be a curve drawn within Ω, with length:

`(γ) =

∫ 1

0

|γ′(t)| dt.
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The deformed version of γ is the curve [0, 1] 3 t 7→ (Id + u)(γ(t)), whose length equals:

`((Id + u) ◦ γ) =

∫ 1

0

√
C(u)(γ(t))γ′(t) · γ′(t) dt,

≈ `(γ) +

∫ 1

0

e(u)(γ(t))
γ′(t)
|γ′(t)| ·

γ′(t)
|γ′(t)| |γ

′(t)| dt,

where C(u) is the right Cauchy-Green strain tensor defined by

C(u) = (I +∇u)T (I +∇u).

The latter depends in a nonlinear way on u, and it measures exactly the deformation of lengths incurred by
the displacement u. The linearized strain tensor e(u) is the linear part of the tensor 1

2 (C(u)−I). Considering
e(u) in place of C(u) is the first source of linearity in the classical linear elasticity model; this simplification
is called the “geometric linearity assumption”.

1.2.2.2. Description of efforts

The second ingredient in the description of an elastic structure Ω is the representation of internal and external
efforts, also called stresses. This task involves Cauchy’s stress tensor σ : Ω→ Rd×d: for any point x ∈ Ω and
any unit vector n ∈ Sd−1, σ(x)n is the force applied by the outer medium on the face of an infinitesimally
small cube of material around x, see Fig. 1.2.6. The entries of the tensor σ(x) can be separated between
traction-compression entries and shear components, as depicted on Fig. 1.2.6 (b), (c):

• For i = 1, . . . , d, σ(x)ii represents the ith component of the force applied on the face oriented by
ei; it thus accounts for a compression effect when σ(x)ii < 0, and a stretching (or dilation) effect
if σ(x)ii > 0.
• For i, j = 1, . . . , d, i 6= j, the off-diagonal entry σ(x)ij is the ith component of the force applied on

the face oriented by ej ; it accounts for a shearing effect, whereby this face undergoes a tangential
deformation.

x
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Figure 1.2.6. (a) For x ∈ Ω and n ∈ Sd−1, the vector σ(x)n is the force imposed by the
outer medium onto the face oriented by n of a small cube around x; (b) The diagonal entries
of σ(x) account for the compression efforts felt by this cube; (c) The off-diagonal entries
encode the shear effects imposed on this cube.
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The stress tensor allows to express the conditions of equilibrium of a structure Ω. Let f : Ω → Rd be
the density of body forces (e.g. gravity) at play in Ω, and let g : ΓN → Rd be the density of surface loads,
applied on a fixed subset ΓN of ∂Ω. Then:

• The law of balance of linear momentum states that, for each subdomain ω b Ω, the sum of the
body forces inside ω and the forces applied by the rest of the structure on ∂ω must vanish, i.e.

∫

ω

f dx+

∫

∂ω

σn ds = 0.

After application of the Green’s formula of Proposition 1.A.10, this rewrites:
∫

ω

(div(σ) + f) dx = 0,

and since this relation should hold for any subdomain ω b Ω, it follows:

−div(σ) = f in Ω.

• Applying the same principle inside a small enough subdomain ω ⊂ Ω whose boundary contains a
portion of ΓN , we obtain:

∫

ω

f dx+

∫

∂ω∩ΓN

g ds+

∫

∂ω\ΓN
σn ds = 0,

that is: ∫

ω

f dx+

∫

∂ω

σ · n ds+

∫

∂ω∩ΓN

g ds−
∫

∂ω∩ΓN

σn ds = 0.

Using Green’s formula on the second term in the above left-hand side together with the fact that
−div(σ) = f inside ω, we obtain that the first two terms of the above equation vanish; since ω is
arbitrary, this entails:

σn = g on ΓN .

Note that this fact can also be understood as an application of the law of reciprocal actions.
• According to the law of balance of angular momentum, no subdomain ω b Ω should undergo

rotational efforts induced by the outer medium; the (non trivial) Cauchy’s theorem shows that this
requirement is equivalent to the fact that σ should be symmetric:

∀x ∈ Ω, σ(x) ∈ Rd×dsym .

1.2.2.3. A wee bit of rheology: constitutive laws

The above description of an elastic structure is completed by a constitutive relation between the stress σ
inside Ω and the induced strain e(u). In multiple applications, it is supposed to be linear, of the form:

σ = Ae(u), or equivalently e(u) = Sσ.

Here, the a priori inhomogeneous (i.e. space dependent) tensor A and its inverse S are the Hooke’s tensor
and the compliance tensor of the material, respectively. For x ∈ Ω, A(x) and S(x) are linear mappings from
Rd×dsym into itself, encoding the local properties of the constituent material of Ω around x, in a way which we
now discuss more precisely. To this end, we focus on the three-dimensional context; the 2d case is evoked in
Remark 1.2.4. Also, to simplify the discussion, we assume the considered material to be homogeneous.

In general, A is a fourth-order tensor A = {Aijkl}i,j,k,l=1,...,3 with the following symmetries:

∀i, j, k, l = 1, . . . , 3, Aijkl = Aklij , and Aijkl = Ajikl = Aijlk.

Hence, A has 21 independent entries. Fortunately, most materials present symmetries, which allows to reduce
the number of these independent entries:

• Isotropic materials exhibit the same behavior in all directions of space; their Hooke’s tensor A is
completely characterized by two scalar parameters λ and µ, called the Lamé parameters of the
material:

(1.2.5) ∀ξ ∈ R3×3
sym, Aξ = 2µξ + λtr(ξ)I.
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The parameter µ is called the shear modulus; it corresponds to the angular deviation caused by a
unit shear stress, see Fig. 1.2.7 (a); the physical interpretation of λ is unfortunately not as clear.
Usually, two more physical quantities E and ν are used, from which λ and µ can be retrieved as:

µ =
E

2(1 + ν)
, and λ =

Eν

(1 + ν)(1− 2ν)
.

The Young’s modulus E measures the resistance of the material to traction and compression, and
the Poisson’s ratio ν measures its resistance to transverse deformations, see Fig. 1.2.7.
• A more general class of materials is that of orthotropic materials. These possess three orthogonal

planes of symmetry, and as a result, they enjoy different properties along the corresponding axes.
They are characterized by one Young’s modulus Ei in each direction i = 1, 2, 3, one Poisson’s ratio
νij and one shear modulus Gij for each pair i 6= j. One example of an orthotropic material is
depicted on Fig. 1.2.8 (a).
• Transversely isotropic materials have a particular form of orthotropy. They have one plane of

symmetry, and show an isotropic behavior within any plane parallel to the latter. The physical
properties of a material with transverse isotropy, say in direction e3, are characterized by five
independent parameters: two Young’s moduli E3 and E1 = E2 encoding the resistance to stretching
in the transverse and longitudinal directions, respectively, two Poisson’s ratios ν13 = ν23 and ν12

and the shear modulus G13 = G23 between the transverse and longitudinal directions. One example
of a transversely isotropic material is depicted on Fig. 1.2.8 (a).
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Figure 1.2.7. (a) The shear modulus µ accounts for the force σ23 = µα that should be
applied on the face oriented by e3 of a piece of material in the transverse direction e2 to
create an angle α with the e3 direction; (b) The Young’s modulus E = σ/L accounts for the
amplitude of the force σ needed to stretch a piece of material by a length L; the Poisson’s
ratio ν = −`/L measures the relative transverse displacement in this process.

Remark 1.2.4 The above considerations related to the elastic properties of structures take place in the
physically prevalent setting of three space dimensions. The definition of the Hooke’s tensor A of a 2d structure
depends on how the latter accounts for a 3d one which is invariant in the e3 direction, see Remark 1.2.3. In
plane stress, where the components σi3 = σ3i of the stress tensor vanish (i = 1, 2, 3), the Lamé parameters λ
and µ characterizing the 2d tensor A in (1.2.5) are obtained from the Young’s modulus E and the Poisson’s
ratio ν of the 3d material via the relations:

µ =
E

2(1 + ν)
, and λ =

Eν

1− ν2
.
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a b

Figure 1.2.8. (a) Wood is an orthotropic material with large stiffness in the direction of
the grain, low stiffness in the radial direction, and intermediate stiffness in the azimuthal
direction; (b) Fiber-reinforced concrete is a transversely isotropic material: it is much stiffer
in the direction of the metallic fibers than in the orthogonal directions.

In plane strain, where the components e(u)i3 = e(u)3i of the strain tensor vanish, one has instead:

µ =
E

2(1 + ν)
, and λ =

Eν

(1 + ν)(1− 2ν)
.

Remark 1.2.5 The strain tensor e(u) is by essence a Lagrangian quantity, as it is defined on the reference
configuration Ω of the structure. On the contrary, stresses are naturally expressed in the Eulerian variable, i.e.
on the deformed configuration (Id + u)(Ω). Hence, the constitutive law should relate e(u) with a transported
version of the stress tensor σ onto the reference configuration, called the Piola-Kirchoff stress tensor. In the
present setting, this difficulty is ignored since both notions of stress tensors coincide at leading order, as the
displacement of the structure is small, see the discussion in Chap. 13 of [352] about this point.

1.2.2.4. The linear elasticity system

Gathering the concepts of the previous sections, we are in position to write down a prototype for boundary-
value problems in the physical context of linearly elastic structures.

Let Ω ⊂ Rd be a structure which is attached on a region ΓD of its boundary; it is submitted to body
forces f : Ω→ Rd and surface loads g : ΓN → Rd, applied on a region ΓN of ∂Ω disjoint from ΓD, see again
Fig. 1.2.4. The displacement u of Ω – also denoted by uΩ – is the solution to the following system:

(Elas)





−div(Ae(u)) = f in Ω,
u = 0 on ΓD,

Ae(u)n = g on ΓN ,
Ae(u)n = 0 on Γ.

The mathematical framework associated to this system is similar to that presented in Section 1.2.1.1.
The Hooke’s tensor A : Ω→ L(Rd×dsym ,Rd×dsym) is a smooth enough mapping satisfying the following ellipticity
property:

(1.2.6) There exist constants 0 < α ≤ β <∞ s.t. ∀x ∈ Ω, ∀ξ ∈ Rd×dsym , α||ξ||2 ≤ A(x)ξ : ξ ≤ β||ξ||2.

The body forces and surface loads f and g belong to the respective spaces L2(Ω)d and L2(ΓN )d and the
displacement u is sought as the solution to the variational problem:

(1.2.7) Search for u ∈ H1
ΓD (Ω)d s.t. ∀v ∈ H1

ΓD (Ω)d,

∫

Ω

Ae(u) : e(v) dx =

∫

Ω

f · v dx+

∫

ΓN

g · v ds,

whose well-posedness follows from the Lax-Milgram theory – the ellipticity of the involved bilinear form
being a consequence of (1.2.6) and the Korn’s inequality, see for instance [129].
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Remark 1.2.6 The elliptic regularity theory, which loosely speaking ensures that, under suitable assumptions
on Ω, f and g, the solution u to (Elas) is “smooth”, can be deployed pretty much as in the scalar case of the
conductivity equation evoked in Remark 1.2.1. As is exemplified in the sketch provided in Section 1.A.6, the
pivotal ingredient of this theory is the ellipticity assumption (1.2.6), ensuring a control of the norm of u in
terms of the operator u 7→ −div(Ae(u)).

Remark 1.2.7 The ersatz material approximation discussed in Section 1.2.1.3 has a straightforward coun-
terpart in the framework of linear elasticity.

1.2.2.5. Energy considerations in linear elasticity

Much intuition about the behavior of an elastic structure can be gleaned from energetic considerations.
Let us assume that the structure Ω under scrutiny is in a deformed state characterized by the displace-

ment u. One may prove that the work done by internal forces when this structure is further displaced by a
small increment v equals:

(1.2.8) −
∫

Ω

σ(u) : e(v) dx.

Equivalently, in order to bring the structure from the configuration defined by u to that defined by u + v,
one has to supply an amount of energy equal to

∫
Ω
σ(u) : e(v) dx. Note that, when v is of the form v = dhu

with dh� 1, the work (1.2.8) is negative, indicating that internal forces always work again the motion.
The total strain energy needed to bring Ω from rest to (Id + u)(Ω) is obtained by integrating the above

increment between both configurations, which reads:
∫ 1

0

∫

Ω

σ(hu) : e(u) dx dh =
1

2

∫

Ω

σ(u) : e(u) dx.

Physically, the elastic energy of a system is the potential energy stored in the latter as the deformation
occurs under the effect of work performed on it. This energy can then be converted and released under
various forms, such as kinetic or thermal energy.

Likewise, when the structure is further deformed according to a small increment v from the deformed
configuration characterized by u, the work of external loads is

∫

Ω

f · v dx+

∫

ΓN

g · v ds.

This quantity is positive when v is oriented in the direction of the forces f and g: intuitively, these then
work in favor of the motion by handing energy to the system. The total work of f and g when Ω passes
from rest to the deformed configuration (Id + u)(Ω) is obtained by a similar integration as above:

∫

Ω

f · u dx+

∫

ΓN

g · u ds.

Finally, the total energy E(u) stored by Ω in the displacement from rest to (Id + u)(Ω) equals:

E(u) :=
1

2

∫

Ω

σ(u) : e(u) dx−
∫

Ω

f · u dx−
∫

ΓN

g · u ds.

The actual displacement uΩ of Ω, which we have characterized as the solution to (Elas) in the previous
section, is obtained by minimizing E(u) among all the possible displacements of the structure, that is:

(1.2.9) uΩ = arg min
u∈H1

ΓD
(Ω)d

E(u).

The mathematical equivalence between (Elas) and (1.2.9) follows from a classical application of the Lax-
Milgram theory. Note that, using the variational problem (1.2.7) satisfied by uΩ, the minimum value of the
energy E(u) reads:

E(uΩ) = min
u∈H1

ΓD
(Ω)d

E(u) = −1

2

∫

Ω

Ae(uΩ) : e(uΩ) dx.
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This quantity is always nonpositive, reflecting that the application of external forces f and g to the structure
Ω always triggers a motion of the latter by conveying energy (which is thus subtracted from its potential
energy).

1.2.3. Shape optimization of elastic structures

Having set the physical background of our investigations, we now enter into the core of the matter discussed
in this manuscript and we sketch a typical shape and topology optimization problem, retaining the physical
context of elastic structures to set ideas:

(P) min
Ω∈Uad

J(Ω) s.t.

{
G(Ω) = 0,
H(Ω) ≤ 0.

In this formulation,

• Uad is the set of admissible shapes Ω, which often encompasses “hard constraints” on shapes Ω, for
instance that their boundary should enclose fixed regions of space;
• J(Ω) is the objective function;
• G(Ω) and H(Ω) are collections of p and q real-valued equality and inequality constraint functionals,

respectively.

Most physically relevant objective and constraint functions often depend on the structure Ω in a complicated
way, via the elastic displacement uΩ, solution to the boundary-value problem (Elas) posed on Ω – a “state”
equation in the jargon of shape and topology optimization. For instance, the objective function J(Ω) may
stand for one of the following quantities of interest:

• The compliance C(Ω), defined by:

(1.2.10) C(Ω) =

∫

Ω

f · uΩ dx+

∫

ΓN

g · uΩ ds =

∫

Ω

Ae(uΩ) : e(uΩ) dx.

According to Section 1.2.2.5, this quantity is a global measure of the inverse of the rigidity of Ω: it
can be equivalently interpreted as (twice) the total elastic energy stored in Ω, or as the work done
by the external loads when Ω passes from rest to its deformed configuration.
• A least-square discrepancy D(Ω) between the displacement uΩ of Ω and a target displacement
uT ∈ L2(Rd)d:

(1.2.11) D(Ω) =

∫

Ω

k(x)|uΩ − uT |2 dx,

where k ∈ L∞(Rd) is a weighting factor. Among other applications, such a criterion is useful in
the design of mechanical actuators (also called compliant mechanisms), i.e. devices that realize a
prescribed displacement when submitted to given input efforts, see e.g. [337].
• A criterion based on the level of stress inside the structure

S(Ω) =

(∫

Ω

||σ(uΩ)||p dx

) 1
p

, σ(u) ≡ Ae(u),

as a differentiable approximation of the supremum supx∈Ω ||σ(uΩ)(x)|| as p→∞. Such functionals
are of utmost importance in engineering, as the maximum level of stress inside Ω is an indicator of
where fracture is likely to occur first.

The constraints featured in the problem (P) could represent:

• Requirements about maximum bounds VT or PT on the volume Vol(Ω) or the perimeter Per(Ω) of
Ω, respectively, where:

Vol(Ω) =

∫

Ω

dx, and Per(Ω) :=

∫

∂Ω

ds.

• Geometric constraints imposed by the manufacturing process, such as thickness constraints, casting
constraints – for which we refer to [261] and the references therein – or constraints imposed by
additive manufacturing technologies, as we shall study in detail in Chapter 3.
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Our discussions will sometimes be eased by considering unconstrained variants of the shape optimization
problem (P), of the form

(Puncons) min
Ω∈Uad

L(Ω),

where L(Ω) may be a weighted sum of an objective function J(Ω) and a constraint function G(Ω) or H(Ω)
in the above list.

1.3 Mathematical representation of shapes and their variations

One central issue in both theoretical and numerical investigations in shape and topology optimization lies in
the selection of an appropriate representation of the “shape” and of a suitable notion of differentiation with
respect to the latter in view of its optimization. After general discussions about the description of shapes in
Section 1.3.1 and the non existence of an optimal design in Section 1.3.2, we focus on the context where the
shape is represented as a bounded domain of Rd: we present the notion of shape derivative in Section 1.3.3.1,
and that of topological derivative in Section 1.3.4, with a lesser level of detail.

1.3.1. The thorny question of the representation of shapes

Early shape optimization approaches rely on a description of shapes by a collection of parameters P, lying
in a finite- or infinite-dimensional vector space. The set P may have various natures and origins:

(i) In engineering, shapes are modeled thanks to a Computer-Aided Design (CAD) software, via a parametriza-
tion of their boundary by polynomial curves in 2d (e.g. Bézier curves, B-Splines or NURBS), or portions
of surfaces in 3d, see Fig. 1.3.1 (a) and [175]. It is then natural to imagine that the set P of the coeffi-
cients (or control points) of such a representation could serve as design variable for optimization.

(ii) Discretize-then-optimize shape optimization approaches for a problem such as (P) start with a dis-
cretization of the optimized domain Ω, typically by means of a computational mesh; this yields a nat-
ural parametrization via the collection P of the positions of the vertices of this mesh, as in Fig. 1.3.1
(b). The state variable uΩ is then replaced by the solution uP to a discrete finite element system
whose coefficients depend on P. The objective and constraint criteria in (P) are in turn converted into
functions of P, say J(P), G(P) and H(P), and the optimization is conducted in this finite-dimensional
context.

(iii) In particular situations, the optimized object Ω is naturally described by a function in a fixed subset
of a (possibly infinite-dimensional) vector space. For instance, an elastic plate is characterized by its

height h ∈
{
h ∈ L∞(S), 0 ≤ h(x) ≤ hmax for a.e. x ∈ S

}
over a fixed cross-section S ⊂ R2, see

Fig. 1.3.1 (c).

These approaches share the feature that the optimization variable belongs to a fixed subset of a vector
space, so that at least theoretically speaking, it is simple to define “small variations” of a shape. From the
mathematical viewpoint, such shape optimization problems boil down to optimal control problems, where
the control variable operates in the coefficients of a partial differential equation. This intuitive practice
unfortunately suffers from major difficulties: at first, the choice of an adequate set of parameters P is delicate
when the shape is a complex object. Besides, in practice, it may be difficult to realize small variations of these
parameters: for instance, when P accounts for the CAD parameters of the shape, the practical realization
of a change in P requires to generate a new CAD model. Last but not least, the optimized design can only
be described in terms of the a priori selected parameters, which inherently limits the possibility to predict
innovative solutions.

One second shape and topology optimization paradigm deals with shapes as domains Ω ⊂ Rd. This is
the intuitive choice that we shall retain in most of this manuscript. As we have seen in Section 1.2.3, it
allows for a clear mathematical formulation of the mechanical criteria driving the optimization process, in
terms of partial differential equations posed on Ω. From the technical vantage, as we shall see in the next
Sections 1.3.3 and 1.3.4, efficient methods are available to define and numerically realize “small” variations of
domains, leaving the room for a great freedom in the considered designs. Such approaches are not free from
drawbacks, though. Notably, they are usually very sensitive to the existence of multiple local minimizers,
that we shall evoke in the next Section 1.3.2.
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Figure 1.3.1. A 2d shape Ω can be parametrized by (a) The finite-dimensional collection P
of the positions of control points and associated tangent vectors of a CAD representation, or
(b) The positions of the vertices of a computational mesh. (c) A plate Ω can be parametrized
by its height h ∈ L∞(S) over a fixed cross-section S ⊂ R2.

Let us eventually mention another popular philosophy in the field of engineering, where it bears the
name “topology optimization”. This strategy is rooted in the homogenization theory (see Section 1.3.2
for a glimpse): it downright consists in dropping the conventional representation of a shape as a domain
Ω ⊂ Rd, or equivalently via its characteristic function 1Ω, taking the “black” and “white” values 0 and 1
outside and inside Ω, respectively. Instead, a density function h : Rd → [0, 1] is used, which is allowed to
take intermediate “grayscale” values between 0 and 1. This practice requires a consistent reformulation of
the physical problem for the state variable uΩ in terms of the density h, so as to endow the “grayscale”
regions with material properties – a task which is delicate in many realistic situations. The resulting optimal
design problem boils down to a parametric optimization problem, of the form described at the beginning of
this section. Such topology optimization approaches were introduced in the seminal article [69], and were
thence considerably developed, see e.g. [70] for an overview, and Section 1.4.5 for a brief presentation of the
numerical realization of this idea.

1.3.2. Non existence of optimal shapes: the homogenization phenomenon

This section deals with the perhaps first issue that comes to mind in the treatment of shape optimization
problems, that of the existence of solutions, or more precisely, the general non existence of an optimal design.
The study of this effect is not central in this manuscript, but its manifestations are ubiquitous in material
science and in the numerical practice of shape and topology optimization; hence, we solely provide a brief
intuition, refer to e.g. [16, 97, 123, 276, 277] for more advanced presentations. To set ideas, this discussion
arises in the context of structural optimization problems of the form (P) introduced in Section 1.2.3, but
the main concepts are far more general.

The fact that “most” shape optimization problems do not possess a solution has a physical origin in
the homogenization theory. Qualitatively, for a general objective function J(Ω) and a given volume Vol(Ω),
better and better designs Ω can always be obtained from an initial one by making more and more, smaller
and smaller holes, with similar geometric patterns, see Fig. 1.3.2 for an illustration.

A globally optimal design would thus be attained as a “composite design” (ρ,A), defined on a large “hold-
all” domain D by a local density of material ρ and a microstructure tensor A, encoding a local arrangement
of material and void:

(1.3.1) (ρ,A) ∈
{
θ ∈ L∞(D, [0, 1]), A(x) ∈ Gρ(x) for a.e. x ∈ D

}
,

where:

• ρ(x) ∈ [0, 1] is the local proportion of material around x ∈ D: ρ(x) = 1 (resp. ρ(x) = 0) indicates
that x is surrounded by material (resp. void).
• A(x) : Rd×dsym → Rd×dsym is the microstructure tensor, in the set Gρ(x) of all the tensors obtained by

mixing material A and void (or an ersatz material ηA, η � 1) in proportions ρ(x) and (1− ρ(x));

see Fig. 1.3.3 for an illustration.
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Figure 1.3.2. The homogenization phenomenon is the trend that better designs can be
obtained by making more numerous, smaller holes inside designs, until the point that porous
designs, outside the range of “true shapes” are reached.
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Figure 1.3.3. Composite design obtained by a microscopic repartition of void and material.

However optimal, such composite designs are often undesirable in practice, as they are difficult to
fabricate. Practitioners thus strive to tame the trend for designs to develop smaller and smaller features in
the course of the optimization process; this usually takes on two opposite forms.

• Restriction of the set of admissible designs: Imposing additional constraints on the optimized design
Ω in the formulation (P) of the problem may discourage the presence of too small patterns. For
instance, imposing a constraint on the perimeter of shapes [27], on their uniform Lipschitz regularity
[120], or on their number of holes in 2d [349] are so many means to prevent the onset of the
homogenization phenomenon, see [201] for a more detailed account. From the numerical viewpoint,
the minimum length scale imposed by the mesh size acts by itself as such a mechanism. However,
this homogenization effect explains why shape and topology optimization problems usually have
so many local minima, and why their numerical resolution is so sensitive to the initial design, the
mesh, etc.
• Relaxation: Instead of preventing the emergence of composite designs, homogenization-based topol-

ogy optimization accepts them by enlarging the class of admissible designs to composite designs of
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the form (1.3.1), and by giving a meaning to the formulation (P) when the variable Ω is changed
for such a more general design. The resulting, relaxed problem often possesses an optimal design,
see [19, 16] about this method.

The previous discussion emphasizes that the natural formulation of shape optimization problems fea-
turing domains as shapes is bound to suffer from the existence of multiple local minima. Fortunately, in
practice, these local minima, which are close to an input initial design over which “small” improvements are
expected, are already quite desirable – and sometimes more desirable than a globally optimal design which
would be very far from the initial guess and thus raise the need for an altogether different construction
process.

Remark 1.3.1 With the advent of additive manufacturing technologies, which are allegedly capable of as-
sembling designs with an arbitrary level of complexity, homogenization-based optimal design techniques have
recently experienced a rebirth of interest. Notably, the interesting deshomogenization approach makes it pos-
sible to extract minimizing sequences of “black-and-white” designs, with a controlled length-scale, from the
knowledge of the homogenized solution to a shape optimization problem, see the seminal article [295] and
[22, 197] for recent developments about this issue.

1.3.3. Shape derivatives

From this section on, we slip into the context where the optimized design is described by a bounded, Lipschitz
domain Ω ⊂ Rd; we recall some basic material about shape derivatives, which are central to several works
presented in this manuscript.

1.3.3.1. The boundary-variation method of Hadamard and the definition of shape derivatives

The notion of differentiation with respect to the domain that we shall use in most of this manuscript can
be traced back to the early work of Hadamard [200]. A complete and rigorous framework was introduced in
the article [275], a comprehensive account of which can be found in the more recent book [201].

Let Ω ⊂ Rd (d = 2, 3) be a shape, that is, a bounded and Lipschitz domain. The method of Hadamard
hinges on variations of Ω of the form:

(1.3.2) Ωθ := (Id + θ)(Ω), where θ ∈W 1,∞(Rd,Rd), ||θ||W 1,∞(Rd,Rd) < 1.

Roughly speaking, Ωθ is obtained from Ω by displacing its points according to the “small” vector field θ, see
Fig. 1.3.4 for an illustration.
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Figure 1.3.4. The variation Ωθ of Ω is obtained by displacing its points according to θ.

In (1.3.2), W 1,∞(Rd,Rd) stands for the Banach space of vector-valued functions in L∞(Rd)d whose first-
order derivatives in the sense of distributions are also functions in L∞(Rd)d. Equivalently, W 1,∞(Rd,Rd) is
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the space of Lipschitz vector fields on Rd with uniformly bounded Lipschitz modulus, and it holds:

||θ||W 1,∞(Rd,Rd) = ||θ||L∞(Rd)d + ||∇θ||L∞(Rd)d×d ,

= sup
x∈Rd

|θ(x)|+ sup
x,y∈Rd
x 6=y

|θ(y)− θ(x)|
|x− y| .

We refer to [174] about the equivalence between these two functional viewpoints.
The variations Ωθ are “close” to Ω insofar as they express “small” perturbations of its boundary; in

particular, they all share the same topology, as asserted by the next proposition.

Proposition 1.3.2 For all θ ∈W 1,∞(Rd,Rd) with ||θ||W 1,∞(Rd,Rd) < 1, the mapping (Id + θ) is a Lipschitz

homeomorphism from Rd into itself with Lipschitz inverse.

The previous ingredients lead to the notion of shape derivative.

Definition 1.3.3 One function J(Ω) of the domain is shape differentiable at a particular shape Ω if the
mapping θ 7→ J(Ωθ), defined on a neighborhood of 0 in W 1,∞(Rd,Rd) and taking values in R, is Fréchet
differentiable at θ = 0. The corresponding derivative J ′(Ω)(θ) is called the shape derivative of J(Ω) at Ω,
and the following expansion holds:

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o(θ), where
|o(θ)|

||θ||W 1,∞(Rd,Rd)

θ→0−−−→ 0.

Intuitively, the shape derivative J ′(Ω)(θ) appraises the variations in the objective function when the
shape Ω is displaced according to the “small” vector field θ.

The notion of shape derivative is handful for a variety of purposes. From the theoretical point of view,
it allows to express the necessary optimality conditions for a problem of the form (P). From the practical
point of view, it is a convenient tool to calculate descent directions. For instance, when the unconstrained
problem (Puncons) is considered, any vector field θ ∈ W 1,∞(Rd,Rd) such that L′(Ω)(θ) < 0 yields “better”
variations Ωtθ of Ω for t > 0 small enough:

L(Ωtθ) = L(Ω) + tL′(Ω)(θ) + o(t) < L(Ω).

Remark 1.3.4 In the practice of Hadamard’s method, the deformations θ are often restricted to a subspace
of Θad of W 1,∞(Rd,Rd) composed of more regular vector fields, so that the variations Ωθ be better than just
Lipschitz regular (provided Ω is too): one often considers the spaces Ck,∞(Rd,Rd) composed of vector fields
θ : Rd → Rd of class Ck, which are bounded on Rd, together with all their derivatives up to order k. A
similar restriction can be used to impose various constraints on the variations Ωθ: for instance, a region
ΓD ⊂ ∂Ω belongs to the boundaries of all variations Ωθ if θ is required to vanish on ΓD. In order to keep
the presentation simple, this technicality is ignored in the following.

Remark 1.3.5 An equivalent, alternative formulation of Hadamard’s method, sometimes referred to as the
“velocity method” in the literature, relies on variations of the shape Ω via the flow of the vector field θ, i.e.
variations of the form

Tθ(Ω), where Tθ(x) = χθ(1, 0, x) and

{
dχ
dt (t, 0, x) = θ(χ(t, 0, x)) for t > 0,

χ(0, 0, x) = x.

Both methods give rise to the same notion of differentiation with respect to the domain, see Rem. 5.2.9 in
[201]. We refer to [343] for a more exhaustive presentation of this point of view.

1.3.3.2. Structure of shape derivatives

The shape derivatives of “most” functionals of the domain have a quite intuitive structure: they only depend
on the values of the normal component θ · n of the deformation θ on the boundary ∂Ω, as asserted by the
following proposition, see §5.9.2 in [201] for a proof and Fig. 1.3.5 for an illustration.
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Figure 1.3.5. At first order, a tangential deformation θ (i.e. θ · n = 0 on ∂Ω) results in a
convection of the shape Ω; at first order, J(Ωθ) ≈ J(Ω) and it is expected that J ′(Ω)(θ) = 0.

Proposition 1.3.6 Let Ω ⊂ Rd be a bounded domain of class C1, and let J be a function of the domain
such that the mapping

C1,∞(Rd,Rd) 3 θ 7→ J(Ωθ) ∈ R

is Fréchet differentiable at 0. Then,

∀θ ∈ C1,∞(Rd,Rd) s. t. θ · n = 0 on ∂Ω, J ′(Ω)(θ) = 0.

In fact, the shape derivatives that we shall consider will often have the slightly more precise surface
expression

(1.3.3) J ′(Ω)(θ) =

∫

∂Ω

vΩ θ · n ds,

where vΩ : ∂Ω→ R is a scalar function, depending on the considered functional J(Ω), on the solution uΩ to
the considered state equation, on a suitable “adjoint state” pΩ, etc.

The structure (1.3.3) is quite desirable in the practical use of shape derivatives. For instance, when the
unconstrained optimization problem (Puncons) is considered, a descent direction θ is immediately obtained
by setting

(1.3.4) θ = −vΩn on ∂Ω.

We shall return to the issue of extracting descent directions from shape derivatives in Section 1.3.5.

1.3.3.3. First examples of shape derivatives

This section deals with the calculation of the derivatives of some functionals which depend on the domain
Ω in a relatively “simple” way, that is, via the integration of fixed, smooth enough functions on Ω or its
boundary ∂Ω (in particular, no physical state equation is involved).

The first result of interest is stated in the following proposition, which is Th. 5.2.2 in [201]. We provide
a brief sketch of its proof, as it illustrates one of the key ingredients in the general calculation procedure of
shape derivatives.

Proposition 1.3.7 Let f ∈W 1,1(Rd) be a function, and let the shape functional F (Ω) be defined by

(1.3.5) F (Ω) =

∫

Ω

f dx.

Then F is shape differentiable at any bounded, Lipschitz domain Ω, and its derivative reads:

(1.3.6) ∀θ ∈W 1,∞(Rd,Rd), F ′(Ω)(θ) =

∫

Ω

div(fθ) dx =

∫

∂Ω

fθ · n ds.
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Sketch of proof. By definition, the quantity F (Ωθ) equals

F (Ωθ) =

∫

Ωθ

f dx,

and we rely on the change of variables formula of Proposition 1.A.7 to transport this integral back to the
reference domain Ω:

F (Ωθ) =

∫

Ω

|det(I +∇θ)|f ◦ (Id + θ) dx.

The variable θ appears solely in the integrand of the above expression, whose components have the following
expansions:

• The mapping θ 7→ |det(I +∇θ)|, from W 1,∞(Rd,Rd) into R, is Fréchet differentiable at θ = 0, and

|det(I +∇θ)| = 1 + div(θ) + o(θ).

• The mapping θ 7→ f ◦ (Id + θ), from a neighborhood of 0 in W 1,∞(Rd,Rd) into L1(Ω), is Fréchet
differentiable at θ = 0, and

f ◦ (Id + θ) = f +∇f · θ + o(θ).

Finally, using the product rule and the Lebesgue dominated convergence theorem, it follows that the mapping
θ 7→ F (Ωθ) is Fréchet differentiable at θ = 0, with derivative

∀θ ∈W 1,∞(Rd,Rd), F ′(Ω)(θ) =

∫

Ω

(div(θ)f +∇f · θ) dx.

This is the first expression in (1.3.6); the second one follows from the Green’s formula of Proposition 1.A.10.
�

This formula plays a central role in continuum mechanics, where it is referred to as Reynolds’ theorem. It
is used, in particular, in the derivation of the equations of motions from conservation principles, see Fig. 1.3.6
(a) for an illustration.

As an immediate byproduct, by letting f ≡ 1, we obtain the shape derivative of the volume functional

∀θ ∈W 1,∞(Rd,Rd), Vol′(Ω)(θ) =

∫

Ω

div(θ) dx =

∫

∂Ω

θ · n ds.

The next proposition and its proof are conceptually similar, see Prop. 5.4.4 in [201].

Proposition 1.3.8 Let Ω ⊂ Rd be a bounded domain of class C3, and let g ∈ W 2,1(Rd). Consider the
functional:

G(Ω) =

∫

∂Ω

g ds;

then G(Ω) is shape differentiable at Ω when deformations θ are chosen in the space C1,∞(Rd,Rd) (see Re-
mark 1.3.4) and its shape derivative is:

G′(Ω)(θ) =

∫

∂Ω

(
∂g

∂n
+ κg

)
(θ · n) ds,

where κ : ∂Ω → R is the mean curvature of ∂Ω, oriented so that κ(x) > 0 when Ω is locally convex around
x ∈ ∂Ω.

By letting g ≡ 1, we obtain the shape derivative of the perimeter functional

∀θ ∈ C1,∞(Rd,Rd), Per′(Ω)(θ) =

∫

∂Ω

κ θ · n ds,

see Fig. 1.3.6 (b) for an illustration.
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Figure 1.3.6. Intuitive meanings of the shape derivatives in Propositions 1.3.7 and 1.3.8.
(a) The quantity F (Ωθ) in (1.3.5) is decreased when θ imposes that Ω expand in the regions
where f < 0 and retract where f > 0. (b) The perimeter θ 7→ Per(Ωθ) is decreased when
θ · n > 0 where κ < 0 (i.e. the “holes” of Ω are filled), and when θ · n < 0 where κ > 0 (the
“bumps” of Ω are resorbed).

1.3.3.4. Lagrangian and Eulerian derivatives of a function defined on the shape

The previous section has considered functions featuring a “simple” dependence with respect to the domain
Ω. We presently discuss how to differentiate a functional J(Ω) involving a physical quantity uΩ characterized
as the solution to boundary value problem posed on Ω.

The crucial point is to give a precise meaning to the differentiability of the mapping Ω 7→ uΩ. This is
not a straightforward task since uΩ lies in a space of functions defined on Ω, say H1

0 (Ω) to set ideas. One
could think about two ways of defining such a notion of differentiability, which are illustrated on Fig. 1.3.7:

• Eulerian point of view: For a fixed point x ∈ Ω, and for θ ∈W 1,∞(Rd,Rd) small enough, x belongs
to the perturbed shape Ωθ. Hence, the mapping

(1.3.7) W 1,∞(Rd,Rd) 3 θ 7→ uΩθ (x) ∈ R

is well-defined for small enough θ, and it makes sense to inquire about its derivative at θ = 0.
When it exists, we shall denote this “Eulerian” derivative by u′Ω(θ)(x).

• Lagrangian point of view: The transported mapping

(1.3.8) uΩ(θ) := uΩθ ◦ (Id + θ)

is well-defined from the unit open ball in W 1,∞(Rd,Rd) into H1
0 (Ω), and one could consider its

differentiation at θ = 0. When it exists, we denote this “Lagrangian” derivative of Ω 7→ uΩ by
ůΩ(θ) ∈ H1

0 (Ω).

Going further, if both notions of derivatives were to make sense, we would expect that the following relation
hold:

ůΩ(θ) = u′Ω(θ) +∇uΩ · θ,
which is obtained by a formal application of the chain rule to the mapping θ 7→ uΩθ ◦ (Id + θ).

However natural the Eulerian viewpoint could seem at first glance, it proves more difficult to make
rigorous. Intuitively, how “small” θ has to be for the mapping (1.3.7) to be well-defined actually depends
on x. Notably, this mapping is ill-defined when x ∈ ∂Ω, and taking into account the boundary conditions
satisfied by uΩ is expected to be difficult in the calculation of its derivative. On the contrary, the Lagrangian
viewpoint is much more adequate to carry out analyses on uΩ, since the transported function uΩ(θ) is not
just defined pointwise, but as a mapping taking values in a fixed functional space.
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Figure 1.3.7. Two different notions for the differentiation of a function defined on the
variable domain Ω: (a) The calculation of the Eulerian derivative u′Ω(θ)(x) requires to
“freeze” the point x and differentiate the mapping θ 7→ uΩθ (x); (b) The Lagrangian de-
rivative ůΩ(θ)(x) transports the point x into x+θ(x) and the domain Ω into Ωθ at the same
time.

The rigorous formalization of these intuitions is provided in the following definition, which takes place
in the case of functions uΩ in H1

0 (Ω), but can be readily generalized to different contexts.

Definition 1.3.9 Let Ω 7→ uΩ be a mapping which to a bounded Lipschitz domain Ω ⊂ Rd associates a
function uΩ ∈ H1

0 (Ω).

• This mapping has a Lagrangian derivative ůΩ(θ) at a shape Ω if the transported mapping uΩ(θ) in
(1.3.8), defined from a neighborhood of 0 in W 1,∞(Rd,Rd) into H1

0 (Ω), is Fréchet differentiable at
θ = 0.
• This mapping has a Eulerian derivative u′Ω(θ) at Ω if it has a Lagrangian derivative ůΩ(θ) and if
uΩ ∈ H2(Ω). The quantity u′Ω(θ) is then defined by

u′Ω(θ) = ůΩ(θ)−∇uΩ · θ ∈ H1(Ω).

When the existence of a Lagrangian (and Eulerian) derivative of uΩ is known, the shape derivative of a
quantity of interest depending on this function is easily inferred.

Proposition 1.3.10 Let j : R→ R be a smooth function satisfying the following growth conditions

(Growth-j) |j(u)| ≤ C(1 + |u|2), |j′(u)| ≤ C(1 + |u|), and |j′′(u)| ≤ C,
for a certain constant C > 0. Let Ω 7→ uΩ ∈ H1(Ω) be a mapping with a Lagrangian derivative ůΩ(θ) at a
shape Ω. Then J(Ω) is shape differentiable at Ω, and its derivative reads

(1.3.9) J ′(Ω)(θ) =

∫

Ω

(
div(θ)j(uΩ) + j′(uΩ)ůΩ(θ)

)
dx.

If in addition Ω 7→ uΩ has a Eulerian derivative u′Ω(θ) at Ω, this formula rewrites:

(1.3.10) J ′(Ω)(θ) =

∫

∂Ω

j(uΩ) θ · n ds+

∫

Ω

j′(uΩ)u′Ω(θ) dx.

Sketch of proof. The growth conditions (Growth-j) ensure that all the integrals featured in the above
formulas are well-defined. Again, we use the change of variables formula of Proposition 1.A.7 to reformulate
J(Ωθ) as an integral posed on the reference domain Ω. This yields:

J(Ωθ) =

∫

Ω

|det(I +∇θ)|j(uΩ(θ)) dx,

where the transported mapping uΩ(θ) = uΩθ ◦ (Id + θ) is naturally brought into play. Here,
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• We have already seen in the proof of Proposition 1.3.7 that the mapping θ 7→ |det(I + ∇θ)| is
Fréchet differentiable at θ = 0, with derivative

|det(I +∇θ)| = 1 + div(θ) + o(θ).

• The Lagrangian differentiability of uΩ and the chain rule entail that

j(uΩ(θ)) = j(uΩ) + j′(uΩ)ůΩ(θ) + o(θ).

By the product rule, we immediately obtain the first formula (1.3.9).
The formula (1.3.10) follows directly from the definition of Eulerian derivative. �

Remark 1.3.11 The formula (1.3.10) for J ′(Ω)(θ) has an intuitive structure which expresses a formal
application of the chain rule. The first term in the right-hand side of (1.3.10) corresponds to the shape
derivative of the mapping Ω 7→

∫
Ω
f dx where the fixed function f is chosen to be j(uΩ), according to

Proposition 1.3.7. The second term is, formally, the shape derivative of the mapping Ω 7→
∫
j(uΩ) dx, where

the domain of integration is kept fixed (equal to Ω).

1.3.3.5. Shape derivatives of mechanical functionals of the domain

In this section, we exemplify how the previous concepts can be implemented to calculate the shape derivative
of a functional depending on the domain Ω via a physical state uΩ which is the solution to a boundary value
problem posed on Ω. The trail of the proof illustrates the general and rigorous procedure to achieve such a
purpose.

In order to keep the presentation at the lowest level of technicality while still exposing the salient ideas
of the methodology, we consider the following model situation. For any shape Ω, we denote by uΩ the unique
solution in H1

0 (Ω) to the Laplace equation

(1.3.11)

{
−∆uΩ = f in Ω,
uΩ = 0 on ∂Ω,

where the source term f belongs to L2(Rd).
We then aim to calculate the shape derivative of the functional

(1.3.12) J(Ω) =

∫

Ω

j(uΩ) dx,

where j : R→ R is a smooth function satisfying the growth conditions (Growth-j).

Theorem 1.3.12 The functional J(Ω) in (1.3.12) is differentiable at any bounded Lipschitz domain Ω, and
its derivative has the following volume expression:

(1.3.13) J ′(Ω)(θ) =

∫

Ω

div(θ)j(uΩ) dx+

∫

Ω

(div(θ)I−∇θ−∇θT )∇uΩ ·∇pΩ dx−
∫

Ω

(fdiv(θ) +∇f · θ)pΩ dx,

where pΩ is an adjoint state, defined as the unique solution in H1
0 (Ω) to the boundary value problem:

(1.3.14)

{
−∆pΩ = −j′(uΩ) in Ω,

pΩ = 0 on ∂Ω.

If the domain Ω is of class C2, this formula can be rewritten under the following surface form:

(1.3.15) J ′(Ω)(θ) =

∫

∂Ω

(
j(uΩ)− ∂uΩ

∂n

∂pΩ

∂n

)
(θ · n) ds.

Sketch of proof. We proceed in four steps.

Step 1. We prove that the mapping Ω 7→ uΩ has a Lagrangian derivative ůΩ(θ) and we characterize this
quantity.

This task relies on the application of the implicit function Theorem 1.A.11, after expressing the transported
function uΩ(θ) = uΩθ ◦ (Id + θ) ∈ H1

0 (Ω) as the solution to an equation with coefficients depending on θ.
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Let us start from the variational formulation for uΩθ ∈ H1
0 (Ωθ):

∀v ∈ H1
0 (Ωθ),

∫

Ωθ

∇uΩθ · ∇v dx =

∫

Ωθ

fv dx.

Like in the proof of Proposition 1.3.7, we use the change of variables formula from Proposition 1.A.7 to
transport the integrals on Ωθ back to the reference domain Ω; this yields:

∀v ∈ H1
0 (Ωθ),

∫

Ω

|det(I +∇θ)|
(
∇uΩθ ◦ (Id + θ)

)
·
(
∇v ◦ (Id + θ)

)
dx =

∫

Ω

|det(I +∇θ)|(f ◦ (Id + θ))(v ◦ (Id + θ)) dx.

Now, using the change of test functions w = v ◦ (Id + θ) ∈ H1
0 (Ω), an elementary calculation based on the

identity
∀v ∈ H1

0 (Ωθ), (∇v) ◦ (Id + θ) = (I +∇θ)−T∇(v ◦ (Id + θ))

reveals that uΩ(θ) is the unique function in H1
0 (Ω) satisfying:

(1.3.16) ∀w ∈ H1
0 (Ω),

∫

Ω

A(θ)∇uΩ(θ) · ∇w dx =

∫

Ω

|det(I +∇θ)|f ◦ (Id + θ)w dx,

where A(θ) : Rd → Rd×d is the matrix-valued function

A(θ) = |det(I +∇θ)|(I +∇θ)−1(I +∇θ)−T .
The variational problem (1.3.16) can be rewritten under the form of an equation posed between functional
spaces, with parameters depending on θ: denoting by B(0, 1) the unit open ball in W 1,∞(Rd,Rd), uΩ(θ) is
the unique solution u ∈ H1

0 (Ω) to the equation

(1.3.17) F(θ, u) = 0,

where F : B(0, 1)×H1
0 (Ω)→ H−1(Ω) is defined by

∀w ∈ H1
0 (Ω), F(θ, u)(w) =

∫

Ω

A(θ)∇u · ∇w dx−
∫

Ω

|det(I +∇θ)|f ◦ (Id + θ)w dx.

We now verify that:

• The mapping F : B(0, 1)×H1
0 (Ω)→ H−1(Ω) is Fréchet differentiable.

• The partial derivative ∂F
∂u (0, uΩ) : H1

0 (Ω)→ H−1(Ω), given by:

∀w ∈ H1
0 (Ω),

∂F
∂u

(0, uΩ)(w) =

∫

Ω

∇uΩ · ∇w dx

is an isomorphism, owing to the Lax-Milgram theorem.

The implicit function Theorem 1.A.11 then ensures that the solution mapping θ 7→ uΩ(θ) to the equation
(1.3.17) is Fréchet differentiable at θ = 0, i.e. uΩ has a Lagrangian derivative ůΩ(θ) at Ω. We may now take
derivatives in the variational formulation (1.3.16), to obtain the following characterization of ůΩ(θ):

(1.3.18) ∀w ∈ H1
0 (Ω),

∫

Ω

∇ůΩ(θ)·∇wdx = −
∫

Ω

(div(θ)I−∇θ−∇θT )∇uΩ ·∇wdx+

∫

Ω

(fdiv(θ)+∇f ·θ)wdx.

Step 2. We infer that J(Ω) is shape differentiable and we calculate its derivative.

From the existence of the Lagrangian derivative for uΩ, Proposition 1.3.10 allows to conclude that J(Ω) is
shape differentiable at Ω, with derivative

(1.3.19) J ′(Ω)(θ) =

∫

Ω

(
div(θ)j(uΩ) + j′(uΩ)ůΩ(θ)

)
dx.

The resulting expression, although perfectly rigorous, is a little unsatisfactory in the perspective of appli-
cations: the calculation of J ′(Ω)(θ) passes through that of uΩ – which can be realized by solving (1.3.11))
once and for all, independently of the deformation θ – and of ůΩ(θ), which requires the resolution of the
θ-dependent problem (1.3.18). In particular, formula (1.3.19) does not easily lend itself to the identification
of a descent direction θ such that J ′(Ω)(θ) < 0, see the discussion in the end of Section 1.3.3.1.
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Step 3. We reformulate J ′(Ω)(θ) by introducing the adjoint state pΩ.

This task relies on the adjoint method, pertaining to the general framework of optimal control, that we
describe in a more systematic fashion in the next Section 1.3.3.6. We also refer to [240] and [304] for a
comprehensive introduction to the latter.

Let us consider the function pΩ ∈ H1
0 (Ω) defined in (1.3.14), whose variational formulation reads:

(1.3.20) ∀v ∈ H1
0 (Ω),

∫

Ω

∇pΩ · ∇v dx = −
∫

Ω

j′(uΩ)v dx.

Then, (1.3.19) rewrites:
(1.3.21)

J ′(Ω)(θ) =

∫

Ω

(
div(θ)j(uΩ) + j′(uΩ)ůΩ(θ)

)
dx

=

∫

Ω

div(θ)j(uΩ) dx−
∫

Ω

∇pΩ · ∇ůΩ(θ) dx

=

∫

Ω

div(θ)j(uΩ) dx+

∫

Ω

(div(θ)I−∇θ −∇θT )∇uΩ · ∇pΩ dx−
∫

Ω

(fdiv(θ) +∇f · θ)pΩ dx,

where we have used the variational formulation (1.3.20) of the adjoint state pΩ with the test function
v = ůΩ(θ) ∈ H1

0 (Ω) to pass from the first line to the second one, and the variational formulation (1.3.18)
of the Lagrangian derivative ůΩ(θ) with test function w = pΩ ∈ H1

0 (Ω) to pass from the second line to the
third one. The resulting expression is the desired volume form (1.3.13) for J ′(Ω)(θ) which is thus completely
explicit with respect to θ: once the calculations of uΩ and pΩ are achieved, J ′(Ω)(θ) can be calculated for
any deformation θ ∈W 1,∞(Rd,Rd) without any additional resolution of a boundary value problem.

A close inspection of the above series of equalities sheds light on how the adjoint problem (1.3.14) and
its variational formulation (1.3.20) were coined. The introduction of pΩ is meant to transform the expression∫

Ω
j′(uΩ)ůΩ dx, where the quantity ůΩ(θ) depends implicitly on θ, via (1.3.18), into an expression featuring

an explicit dependence on θ. The right-hand side of the variational formulation (1.3.20) is exactly what is
needed for the passage between the first and the second lines of (1.3.21), i.e. to lift the quantity

∫
Ω
j′(uΩ)ůΩdx

into a quantity of the form
∫

Ω
∇ůΩ ·∇w dx for an adequate choice of the test function w. Since this quantity

has exactly the structure of the operator in (1.3.18) through which we have access to ůΩ(θ), the passage
from the second to the third line in (1.3.21) is allowed.

Step 4. We perform integration by parts to obtain the surface form.

The obtained result is not yet completely satisfactory, since we would like to obtain an expression for J ′(Ω)(θ)
showing the surface structure (1.3.3).

The passage from the volume expression (1.3.13) to the surface formula (1.3.15) relies on the following
strategy. We perform integration by parts in all the terms (1.3.13) featuring derivatives of θ, which is possible
provided uΩ and pΩ are more regular than mere H1(Ω) functions. This fact in turn relies on the classical
elliptic regularity theory, which ensures that, provided Ω is of class C2, these functions belong to H2(Ω), see
Section 1.A.6 and the references therein about this point.

The aforementioned integration by parts yield an expression for J ′(Ω)(θ) of the form

(1.3.22) J ′(Ω)(θ) =

∫

Ω

SΩ · θ dx+

∫

∂Ω

vΩθ · n ds+

∫

∂Ω

tΩ · θ∂Ω ds,

where SΩ : Ω → Rd, vΩ : ∂Ω → R and tΩ : ∂Ω → Rd are functions depending on J(Ω), uΩ, pΩ. We now

remark that an expression of this form for J ′(Ω)(θ) must be unique, i.e. if S̃Ω, ṽΩ and t̃Ω are other functions
such that

J ′(Ω)(θ) =

∫

Ω

S̃Ω · θ dx+

∫

∂Ω

ṽΩ θ · n ds+

∫

∂Ω

t̃Ω · θ∂Ω ds,

then necessarily S̃Ω = SΩ, ṽΩ = vΩ and t̃Ω = tΩ. Hence, if we believe that J ′(Ω)(θ) has a surface structure
of the form (1.3.3), it must hold that SΩ = 0 and tΩ = 0 in (1.3.22).
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Let us carry out this strategy; integrating by parts all the terms featuring derivatives of θ in (1.3.13),
and using the elementary identities (1.A.1) and (1.A.2), we obtain:

J ′(Ω)(θ) =

∫

∂Ω

j(uΩ)(θ · n) ds+

∫

∂Ω

∇uΩ · ∇pΩ(θ · n) ds−
∫

∂Ω

(
∇uΩ · θ

∂pΩ

∂n
+∇pΩ · θ

∂uΩ

∂n

)
ds

−
∫

∂Ω

fpΩ(θ · n) ds+

∫

Ω

SΩ · θ dx,

for some vector field SΩ : Ω → Rd depending on uΩ and pΩ, whose explicit expression is not reported for
brevity. Since uΩ = 0 and pΩ = 0 on ∂Ω, all the tangential derivatives of uΩ and pΩ vanish on ∂Ω, so that:

J ′(Ω)(θ) =

∫

∂Ω

j(uΩ)(θ · n) ds−
∫

∂Ω

∂uΩ

∂n

∂pΩ

∂n
(θ · n) ds+

∫

Ω

SΩ · θ dx.

It must now hold that SΩ = 0 according to the above principle, which can be verified by elementary,
albeit tedious calculations. The desired surface expression (1.3.15) of the shape derivative J ′(Ω)(θ) is then
obtained. �

Remark 1.3.13 The above methodology can be adapted to a wide variety of physical situations and objective
functions. For instance, in the structural optimization context of Section 1.2.3 where the displacement uΩ of
the optimized structure Ω is the solution to the linear elasticity system (Elas), it allows to prove that, if Ω is
sufficiently regular and deformations θ vanish on ΓD ∪ ΓN ,

• The compliance functional C(Ω) defined by (1.2.10) is shape differentiable, with derivative:

C ′(Ω)(θ) =

∫

Γ

(
2f · uΩ −Ae(uΩ) : e(uΩ)

)
θ · n ds.

• The least-square functional D(Ω) in (1.2.11) is shape differentiable, with derivative:

D′(Ω)(θ) =

∫

Γ

(
k(x)|uΩ − uT |2 +Ae(uΩ) : e(pΩ)− f · pΩ

)
θ · n ds,

where the adjoint state pΩ is the unique solution in H1
ΓD

(Ω)d to the system:



−div(Ae(pΩ)) = −2k(x)(uΩ − uT ) in Ω,

pΩ = 0 on ΓD,
Ae(pΩ)n = 0 on ΓN ∪ Γ.

1.3.3.6. A more general perspective on the adjoint method

The adjoint method is the cornerstone of the proof of Theorem 1.3.12. Loosely speaking, it is a very general
calculation technique of the derivatives of functions depending on the considered variable in an implicit way,
via the solution to an equation.

To better appraise this feature, let us place ourselves in the following abstract setting: let (H, 〈·, ·〉H) be
a Hilbert space of designs. Each element h ∈ H is characterized by a state u(h), lying in another Hilbert
space (V, 〈·, ·〉V ). The latter is characterized as the solution to a “physical” equation, of the form:

(1.3.23) F(h, u(h)) = 0,

where F : H × V → V is a smooth function.
We aim to differentiate a function of the form

J(h) = j(u(h)), where j : V → R is a smooth function.

The first step towards this goal is to verify that H 3 h 7→ u(h) ∈ V is differentiable. This usually follows
from the application of the implicit function Theorem 1.A.11 to the equation (1.3.23), as in the first step of
the proof of Theorem 1.3.12. Once this property is proved, by taking derivatives in (1.3.23), we obtain an

equation for the derivative u′(h)(ĥ):

(1.3.24) ∀ĥ ∈ H,
[
∂F
∂h

(h, u(h))

]
ĥ+

[
∂F
∂y

(h, u(h))

]
u′(h)(ĥ) = 0.
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On the other hand, we may also calculate the derivative of J(h); a simple use of the chain rule produces:

J ′(h)(ĥ) =
〈
j′(u(h)), u′(h)(ĥ)

〉
V
,

where we have introduced the gradient j′(u(h)) ∈ V of j at u(h). We now wish to eliminate the “tedious”

derivative u′(h)(ĥ) from the previous equation, since the latter depends in a “difficult”, implicit way on the

direction ĥ, via (1.3.24). To achieve this, we introduce the adjoint state p(h) ∈ V as the solution to the
equation:

(1.3.25)

[
∂F
∂u

(h, u(h))

]∗
p(h) = −j′(u(h)),

where the notation ∗ refers to the adjoint of an operator between Hilbert spaces. A calculation then yields:

J ′(h)(ĥ) =
〈
j′(u(h)), u′(h)(ĥ)

〉
V

= −
〈[∂F

∂u
(h, u(h))

]∗
p(h), u′(h)(ĥ)

〉
V

= −
〈[∂F

∂u
(h, u(h))

]
u′(h)(ĥ), p(h)

〉
V

=
〈[∂F

∂h
(h, u(h))

]
ĥ, p(h)

〉
V

=
〈[∂F

∂h
(h, u(h))

]∗
p(h), ĥ

〉
H
.

The resulting expression is explicit in terms of the direction ĥ, and it can be evaluated in no time once u(h),
then p(h) have been calculated.

In this seemingly harmless sequence of equalities, we have used:

• The definition (1.3.25) of the adjoint state p(h) to pass from the first line to the second one;

• The definition of the adjoint mapping
[
∂F
∂u (h, u(h))

]∗
to pass from the second line to the third one;

• The “variational formulation” (1.3.24) for the derivative u′(h)(ĥ) to pass from the third line to the
penultimate one;

• The definition of the adjoint mapping
[
∂F
∂h (h, u(h))

]∗
to terminate the calculation.

This sheds some light on the construction of the adjoint problem (1.3.25): its right-hand side is exactly what
is needed to express the element j′(u(h)) ∈ V (second line) under a form which allows, by transposition of

the left-hand side of (1.3.25), to use the only available information about the derivative u′(h)(ĥ).

1.3.3.7. The formal method of Céa

In the previous Section 1.3.3.5, we have presented the general, rigorous strategy for calculating the derivative
of a functional of the domain. We now briefly exemplify an alternative, formal method to achieve this goal,
which is due to Céa, see [111] and also [26] for a detailed presentation. The setting is exactly that of the
previous section: we consider the shape functional J(Ω) in (1.3.12), depending on the domain Ω via the
solution uΩ to the Laplace equation (1.3.11).

Céa’s method is inspired from optimization theory: it consists in “twisting” the values of the function
J(Ω) so that it rewrites as the value of a Lagrangian functional at a critical point. More precisely, it holds:

(1.3.26) ∀p ∈ H1(Rd), λ ∈ H1(Rd), J(Ω) = L(Ω, uΩ, p, λ),

where for each shape Ω, the mapping L(Ω, ·, ·, ·) : H1(Rd)×H1(Rd)×H1(Rd)→ R is defined by:

L(Ω, u, p, λ) =

∫

Ω

j(u) dx+

∫

Ω

(−∆u− f)p dx+

∫

∂Ω

λu ds

=

∫

Ω

j(u) dx+

∫

Ω

∇u · ∇p dx−
∫

Ω

fp dx+

∫

∂Ω

(
λu− ∂u

∂n
p
)

ds.
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Figure 1.3.8. Céa’s method turns the quantity J(Ω) =
∫

Ω
j(uΩ) dx into a critical

value of the Lagrangian L(Ω, ·, ·, ·). Indeed, the Lagrange multiplier (pΩ, λΩ) is sought in
such a way that the Lagrangian has a critical point at (uΩ, pΩ, λΩ) with the same value
L(Ω, uΩ, pΩ, λΩ) = J(Ω) (red line). This rewriting is particularly convenient since, by
the so-called “envelope theorem”, the derivative of the parametrized critical point Ω 7→
L(Ω, uΩ, pΩ, λΩ) boils down to the explicit derivative of L with respect to Ω, which is simple
to calculate, see (1.3.29).

Intuitively, the dummy variable u ∈ H1(Rd) represents the state uΩ; it is constrained to satisfy the equation
−∆u = f in Ω by the Lagrange multiplier p ∈ H1(Rd) and the boundary condition u = 0 on ∂Ω is imposed
thanks to λ ∈ H1(Rd), see Fig. 1.3.8. Crucially, the three variables u, p and λ are independent of Ω, as they
belong to spaces of functions defined on the whole space Rd. Note also that the relation (1.3.26) obviously
implies that

(1.3.27) J(Ω) = inf
u∈H1(Rd)

sup
p,λ∈H1(Rd)

L(Ω, u, p, λ),

but unless the integrand j is a convex function of u, the above inf-sup has no reason to be a “true” saddle
point.

Let us now search for the critical points of the Lagrangian L(Ω, ·, ·, ·), which are the triples (u, p, λ) ∈
H1(Rd) × H1(Rd) × H1(Rd) where its partial derivatives vanish. Elementary calculations, which are for
instance detailed in [A12], reveal that





∀p̂ ∈ H1(Rd),
∂L
∂p

(Ω, u, p, λ)(p̂) = 0,

∀λ̂ ∈ H1(Rd),
∂L
∂λ

(Ω, u, p, λ)(λ̂) = 0

⇒ u = uΩ, the solution to (1.3.11),

and

∀p̂ ∈ H1(Rd),
∂L
∂p

(Ω, u, p, λ)(p̂) = 0 ⇒
{

p = pΩ, the solution to (1.3.14),

λ = λΩ := −∂pΩ

∂n
on ∂Ω.

With this information in hand, we return to the expression (1.3.26). We admit that the state mapping
Ω 7→ uΩ has a Eulerian derivative, which is where the method becomes purely formal; we have seen in
Section 1.3.3.4 that this property typically requires stronger regularity for uΩ than that guaranteed by the
Lax-Milgram framework for the boundary value problem (1.3.11). A formal differentiation with respect to
the domain in (1.3.26) yields the following identity, which is valid for all p, λ ∈ H1(Rd):

(1.3.28) J ′(Ω)(θ) =
∂L
∂Ω

(Ω, uΩ, p, λ)(θ) +
∂L
∂u

(Ω, uΩ, p, λ)(u′Ω(θ)).

The first term in the above right-hand side is fairly simple, as it is the derivative of the explicit dependence of
the expression L(Ω, u, p, λ) with respect to Ω, the result being then evaluated at u = uΩ, p and λ. The second
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Figure 1.3.9. Variation Ωx,ε (in (b)) of a shape Ω (depicted in (a)) used in the definition
of topological derivative.

term is more difficult to handle, since it features the awkward Eulerian derivative u′Ω(θ) of uΩ. To overcome
this issue, we take advantage of the fact that the expression (1.3.28) holds for any choice of p ∈ H1(Rd),
λ ∈ H1(Rd) to select suitable particular instances of these parameters: we have just seen that ∂L

∂u vanishes

when p = pΩ and λ = −∂pΩ

∂n . With these particular choices, (1.3.28) becomes:

(1.3.29) J ′(Ω)(θ) =
∂L
∂Ω

(Ω, uΩ, pΩ, λΩ)(θ),

which is readily calculated by using Propositions 1.3.7 and 1.3.8. This finally yields

J ′(Ω)(θ) =

∫

∂Ω

(
j(uΩ)− ∂uΩ

∂n

∂pΩ

∂n

)
(θ · n) ds,

which is the desired surface form (1.3.15) of the shape derivative J ′(Ω)(θ).

This method can be justified under particular assumptions, involving notably the convexity of j, under
which (1.3.27) really accounts for a saddle point; this task hinges on a theorem for differentiating the value
of a Lagrangian functional at a saddle point with respect to a parameter, see Chap. 10 in [156] and [356] in
the more general context of optimal control of partial differential equations.

Let us conclude this presentation of Céa’s method with a word of caution: in several important cases
where the state mapping Ω 7→ uΩ does not admit a Eulerian derivative (which is the case when uΩ fails to
be “regular enough”), this method leads to erroneous results. This phenomenon arises for instance in the
context of two-phase optimization [A34, 294] , and when the transition region between boundary conditions
is optimized, as we shall study in the next Section 4.3.

1.3.4. Topological derivatives

The boundary variation method of Hadamard accounts for the sensitivity of a function of the domain with
respect to “small” perturbations of the boundary of the latter. In particular, Proposition 1.3.2 ensures
that all variations Ωθ, ||θ||W 1,∞(Rd,Rd) < 1 of a shape Ω are homeomorphic to Ω, and thus share the same
topology – in particular, they have the same number of holes in 2d. Hence, in principle, this type of variation
of shapes does not allow for topological changes. In numerical practice, this is not exactly true, and we shall
see that a small abuse of the above framework (and the use of a suitable numerical method) allows for certain
topological changes, see Remark 1.4.4. However, in any event, this framework does not allow to appraise how
J(Ω) can be improved by nucleating holes inside Ω: this is the purpose of introducing topological derivatives.

The concept of topological derivative relies on variations Ωx,ε of a domain Ω ⊂ Rd of the form:

Ωx,ε = Ω \B(x, ε), for x ∈ Ω, ε� 1,

i.e. Ωx,ε is a version of Ω where a tiny hole with radius ε has been nucleated around x, see Fig. 1.3.9.
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Definition 1.3.14 A function of the domain J(Ω) has a topological derivative at x ∈ Ω if there exists a
function ρ(ε) such that ρ(ε)→ 0 as ε→ 0 and g(x) ∈ R such that the following expansion holds:

J(Ωx,ε) = J(Ω) + ρ(ε)g(x) + o(ρ(ε)), where
|o(ρ(ε))|
ρ(ε)

ε→0−−−→ 0.

The number g(x) is called the topological derivative of J(Ω) at x and is denoted by dJT (Ω)(x).

The calculation of topological derivatives fits in the framework of asymptotic analysis, which generally
analyzes “small”, often singular perturbations in partial differential equations. A model calculation of a
topological derivative is presented in Section 4.1.5. For the moment, let us solely mention that this task can
be realized by various techniques: layer potentials, or adjoint method, see for instance [42, 187, 289, 342].

We shall see in Section 1.4.8 how the information contained in topological derivatives can be exploited
in numerical algorithms.

1.3.5. A focus on the Hilbertian method for handling shape derivatives

As we have seen in the previous sections, the perturbations θ of shapes featured by the method of Hadamard
belong to the Banach space W 1,∞(Rd,Rd), or a subspace of the latter. However, as we shall see, it is
useful for a wide variety of purposes to endow the space of deformations with a Hilbertian structure. The
so-called Hilbertian method, introduced in [53, 100, 152, 307] (see also [271]), aimed to achieve this goal, is
the cornerstone of many useful operations in shape optimization.

Let (V, 〈·, ·〉V ) be a Hilbert space which is continuously embedded in W 1,∞(Rd,Rd), and let J(Ω) be
a function with shape derivative J ′(Ω)(θ) at some shape Ω ⊂ Rd. The latter is a continuous linear form
on W 1,∞(Rd,Rd), and so it is also a continuous and linear form on V . Hence, according to the Riesz
representation theorem, there exists an element θJ ∈ V such that:

(1.3.30) ∀v ∈ V, J ′(Ω)(v) = 〈θJ , v〉V .
Mathematically, θJ ∈ V is the gradient associated to the continuous and linear form V 3 v 7→ J ′(Ω)(v) ∈ R.
Regardless of the choice of V (as long as it fulfills the above requirements), the vector field −θJ realizes a
descent direction for J(Ω) since, for t > 0 small enough:

(1.3.31)
J(Ω−tθJ ) = J(Ω)− tJ ′(Ω)(θJ) + o(t)

= J(Ω)− t〈θJ , θJ〉V + o(t)
< 0.

Besides, −θJ inherits from additional properties with respect to vector fields lying merely in W 1,∞(Rd,Rd),
which are encoded in the space V (higher regularity, etc.).

Another avatar of this strategy consists in selecting a Hilbert space (V, 〈·, ·〉V ) which containsW 1,∞(Rd,Rd).
This is possible provided the shape derivative θ 7→ J ′(Ω)(θ) admit an extension into a continuous and linear
form on V . In this situation, it is still possible to calculate a Riesz representative θJ ∈ V for the derivative
V 3 v 7→ J ′(Ω)(v) ∈ R, i.e. a vector field satisfying (1.3.30). This assumption actually corresponds to a kind
of “regularity” assumption about the ingredients of the shape derivative J ′(Ω)(θ). For instance, the surface
expression (1.3.15) of the shape derivative calculated in Section 1.3.3.5 can be extended into a continuous
and linear form on H1(Rd)d as soons as the state and adjoint functions uΩ and pΩ belong to W 1,∞(Ω). Note
however that this second practice is mostly formal: although the produced “descent direction” −θJ does
satisfy J ′(Ω)(−θJ) < 0, it is not clear how to account for a variation of Ω according to the perturbation −θJ
since the latter does not belong to W 1,∞(Rd,Rd).

Let us provide a few concrete application examples:

• The perhaps most natural implementation of this idea is to set

V = Hm(Rd)d, with the inner product 〈u, v〉V :=
∑

|α|≤m

∫

Rd

∂|α|u
∂xα

· ∂
|α|v
∂xα

dx,

where the exponentm is chosen sufficiently large so that V is continuously embedded inW 1,∞(Rd,Rd)
owing to the Sobolev embedding theorem, see e.g. [7] about this point.
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• A common practice consists in the choice:

V = H1(Rd)d, with the inner product 〈u, v〉V := α2

∫

D

∇u : ∇v dx+

∫

D

u · v dx,

involving a parameter α which can be interpreted as a smoothing length scale. Note that, as we
have discussed above, this choice is not rigorous, since H1(Rd)d is not a subset of W 1,∞(Rd,Rd).
• As we have seen in Section 1.3.3.2, when the shape derivative J ′(Ω)(θ) has the nice structure

∀θ ∈W 1,∞(Rd,Rd), J ′(Ω)(θ) =

∫

∂Ω

vΩθ · n ds,

for some scalar field vΩ : ∂Ω→ R, it is tempting to consider a descent direction θ such that:

(1.3.32) θ = −vΩn on ∂Ω.

In the language introduced in this section, this amounts to selecting θ as the L2(∂Ω)d gradient of
J ′(Ω)(θ). However straightforward, this choice is often ill-suited. Indeed, the field vΩ is often not
very regular, and its practical calculation may be riddled with numerical artifacts, as it involves the
derivatives of H1 solutions to boundary value problems posed on Ω, see for instance the expression
(1.3.15). Besides, the choice (1.3.32) only sets the values of θ on ∂Ω. As we shall see, most
numerical methods actually rely on descent directions defined on the whole space Rd, or at least a
large computational domain D in practice.
• Yet another choice is V = H1(D)d, where D is a large computational domain, containing all

the shapes of interest. It is endowed with the following inner product, induced by the linearized
elasticity operator:

∀u, v ∈ H1(D)d, 〈u, v〉V =

∫

D

(
Ae(u) : e(v) + u · v

)
dx.

Intuitively, this choice tends to produce gradients which induce little compression inside the domain
D (as they mimick elastic displacements). In this definition, the Hooke’s tensor A can be chosen
to be inhomogeneous, with a stronger Young’s modulus in the regions of space where compression
effects should be avoided. This practice is especially useful when a mesh deformation method is
used in the numerical framework, as we shall see in Section 1.4.4.

Remark 1.3.15 From the practical point of view, the resolution of the identification problem (1.3.30)
amounts to the resolution of a “simple” boundary value problem (at least, with respect to those defining
the state and adjoint mappings) which can be conveniently solved by the finite element method on a fixed
mesh of a computational domain D.

Let us summarize some of the manifold applications of the “Hilbertian trick” described in this section.

• It makes it possible to extract descent directions from the volume expressions of shape derivatives
(see e.g. (1.3.13)), which is not as straightforward a task as it is from their surface expression, see
Section 1.3.3.2. This use of the volume expression of shape derivatives turns out to guarantee a
better consistence between the theoretical formulation of the shape optimization problem and its
numerical discretization, see [190, 203] for more details.
• Many optimization algorithms take advantage of a Hilbertian structure for the optimization vari-

able, see notably the next Section 3.2.
• It allows to calculate descent directions with user-defined properties. For instance, using V =
Hm(Rd,Rd) with a large exponent m yields gradients with better regularity than that of the natural
space W 1,∞(Rd,Rd). Also, using a space such as that Hm

ΓD
(Rd,Rd) of vector fields vanishing on

a fixed common region ΓD to all optimized shapes imposes that the produced descent direction
vanish on this subset.

Remark 1.3.16 One may wonder about the “best” choice of a Hilbert space V (and the corresponding
inner product 〈·, ·〉V ) to extract a gradient from the shape derivative of a functional J(Ω). This feature
mainly depends on the targeted application, which guides the particular “effects” that are desirable for descent
directions (in terms of smoothness, rigidity, etc.). Let us emphasize again that any choice fitting with the

55



above strategy yields a descent direction for J(Ω), see again (1.3.31). To the best of our knowledge, there
is no simple means to appraise which choice would entail the “best” decrease in the value of the objective
function, unless the second order expansion of θ 7→ J(Ωθ) is considered.

1.4 Numerical implementation of shape optimization algorithms

This section deals with the application of the theoretical material of the previous sections to the device of
numerical shape and topology optimization algorithms. After providing the general template of such an
algorithm in Section 1.4.1, we recall a few basic but central notions related to meshing and remeshing in
Sections 1.4.2 and 1.4.3. We then propose in Section 1.4.4 a first, intuitive and historical algorithm, which
illustrates the difficulties related to meshing faced by most implementations of shape and topology optimiza-
tion algorithms. For comparison purpose and further reference, we briefly present in the next Section 1.4.5
the general sketch of density-based topology optimization methods. We then turn in Section 1.4.6 to the
level set method for shape and topology optimization, before describing in Section 1.4.7 a variant of the
latter which additionally makes it possible to account for the evolution of a mesh of the optimized shape,
however dramatic it may be. We finally present two implementations of the notion of topological derivative
in Section 1.4.8.

1.4.1. General outline of a shape and topology optimization algorithm

To set ideas, let us go back to a model structural optimization problem such as that introduced in Sec-
tion 1.2.3:

(P) min
Ω
J(Ω) s.t.

{
G(Ω) = 0,
H(Ω) ≤ 0,

where the objective and constraint functions J(Ω), G(Ω) and H(Ω) depend on the optimized shape Ω via the
displacement uΩ, solution to the linear elasticity system (Elas). A generic algorithm based on the concept
of shape derivative for this problem is summarized in Algorithm 1.

Algorithm 1 Generic shape gradient algorithm.

Initialization: Initial shape Ω0.
for n = 0, ..., until convergence do

(1) Calculate the solution uΩn (resp. pΩn) to the state (resp. adjoint) equation posed in Ωn.
(2) From the theoretical formulas for the derivatives J ′(Ω)(θ), G′(Ω)(θ) and H ′(Ω)(θ), infer a

descent direction θn from Ωn for the problem (P).
(3) Deform Ωn according to θn for a small descent step τn > 0, so that the new shape

(1.4.1) Ωn+1 := (Id + τnθn)(Ωn)

is “better” than the previous one in view of (P).
end for
return Ωn

Briefly, at each iteration n of the process, indexed by the superscript n, the state equation (Elas) for uΩn

(as well as the adjoint equation for pΩn) is solved on the current shape Ωn (Step 1); this task can be realized
via the finite element method, provided a mesh of Ωn is available. Then, (Step 2) a descent direction for
(P) is extracted from the shape derivatives J ′(Ω)(θ), G′(Ω)(θ) and H ′(Ω)(θ). In the particular case where
(P) does not feature constraints and where the surface form (1.3.3) of J ′(Ω)(θ) is available, this task can for
instance rely on the simple rule (1.3.4), as proposed in Section 1.3.3.2. In the general situation, it requires a
constrained optimization algorithm, which often leverages the Hilbertian method presented in Section 1.3.5.
We shall return to this issue in Section 3.2, where a novel optimization algorithm is proposed, which is
especially suited for shape optimization. The main issue raised by the implementation of any strategy of
the form of Algorithm 1 lies in the update of the optimized shape (Step 3), and more accurately in the
inadequacy of this operation with the requirements of Step 1: in a nutshell, it is difficult to find a means to
represent shapes which is equally suitable for conducting mechanical computations on them and for tracking
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their evolution. This concern has been acknowledged since the early implementations of shape optimization
algorithms; it is by no means specific to the discipline, being rather a general bottleneck in the numerical
tracking of evolving physical interfaces. We shall see a few attempts to address this issue in the subsequent
sections.

1.4.2. Preliminaries about meshes

In this section, we introduce some basic material about simplicial meshes; we refer to e.g. [87, 121, 182,
244, 353] for further details about these issues.

Let Ω ⊂ Rd be a bounded domain; a mesh of Ω is a collection T = {Ti}i=1,...,NT
of open simplices (i.e.

triangles in 2d, tetrahedra in 3d), accounting for a covering of Ω, in the sense that

Ω =

NT⋃

i=1

Ti.

In addition, we assume that

• T is valid : the simplices Ti are mutually disjoint: Ti ∩ Tj = ∅, i 6= j,

• T is conforming : each intersection Ti ∩ Tj , i 6= j, is reduced to either a vertex, an edge, or (in 3d)
a face of T .

Additionnally, a mesh T usually contains information about a surface mesh S, that is, a set {Sj}j=1,...,NS

gathering edges (in 2d) or triangles (in 3d) Sj ⊂ Rd. In the most simple situations, S is made of the external
faces of the simplices T ∈ T , as a (approximate) representation of the boundary of Ω. However, in some
applications, Ω is composed of several subdomains, whose simplices are identified with different labels. Then,
S also contains the elements of the inner boundaries of these subregions, see Fig. 1.4.10 (right) below for an
example.

Usually, the creation of a mesh T of Ω starts from the datum of a surface mesh S of the boundary ∂Ω,
which is often supplied by a CAD software in 3d. Thence, several strategies are available to fill the volume
of Ω with simplices conforming to the elements in S, the perhaps most efficient ones being based on the
constrained Delaunay algorithm, see for instance [121, 182] for detailed presentations of the latter. Without
entering into details, let us mention that, in spite of having been extensively addressed for decades, mesh
generation is still a delicate issue when complicated shapes Ω are considered.

Beyond the aforementioned mild requirements, it is often desirable to evaluate “how well” a mesh T
lends itself to accurate numerical simulations. This feature can be appraised in at least two independent
ways, which are illustrated on Fig. 1.4.1.

• Most numerical methods experience trouble when T contains very flat, nearly degenerate elements.
For instance, such configurations are well-known to increase dramatically the condition number
of finite element systems based on this mesh, thus slowing down iterative matrix solvers, see e.g.
the books [130, 173] about this classical issue. Several quantities are used in the literature to
discriminate “well-shaped elements” Ti (i.e. that are close from being regular), from “ill-shaped”
ones (i.e. that are nearly degenerate); for instance, the following measure of the quality of a
tetrahedron T ⊂ R3 is quite popular in the literature:

Q(T ) = α
Vol(T )

(
6∑
i=1

|ei|2
) 3

2

.

Here, the ei, i = 1, . . . , 6 are the edges of T , Vol(T ) is its volume, and α is a normalization factor,
such that Q(T ) equals 1 when T is regular, and it is close to 0 when T is nearly degenerate.

• Another crucial feature in the evaluation of the quality of T is related to an issue that we have
overlooked so far. Often, the domain Ω of interest is smooth, with a curved boundary ∂Ω, while the
faces of the surface triangulation S, intended as a discrete approximation of the latter, are planar.
Hence, it should be required that S be a close approximation of the smooth surface ∂Ω up to a
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a b

c d

Figure 1.4.1. (a) Fine geometric approximation of a domain Ω1, with a mesh containing
bad quality elements; (b) Good quality mesh of Ω1; (c) Good quality mesh, yet poor geometric
approximation of a domain Ω2; (d) Mesh of Ω2 accounting for a fine geometric approxima-
tion of the latter.

certain tolerance, for instance that

(1.4.2) dH(S, ∂Ω) ≤ ε,
where dH(·, ·) is the Hausdorff distance between compact subsets of Rd and ε is a user-defined
tolerance threshold.

Grossly speaking, this requirement is fulfilled when the density of the mesh is such that S features smaller
and more numerous elements in the regions of ∂Ω with large curvature.

Summarizing, we shall require from a mesh T of Ω that each simplex Ti have quality Q(Ti) close to 1,
and that the surface mesh S be a “close” approximation of the continuous surface ∂Ω.

1.4.3. Basic stakes about remeshing

As suggested by the name, remeshing assumes the datum of a tetrahedral mesh T of Ω which is valid
and conforming, but may still be unsuitable for computation: it may suffer from poor element quality, or
its surface part S may account for a poor geometric approximation of the curved boundary ∂Ω (or other,
internal surfaces), in the sense that the property (1.4.2) is not satisfied. Remeshing aims to modify T into

a high-quality mesh T̃ of Ω, whose element density is well-tailored to its geometric features.
This objective is usually achieved thanks to a series of local operations, which are applied iteratively;

these are briefly described below, and illustrated on Fig. 1.4.2 in the two-dimensional context.

• Edge split: When an edge pq is “too long”, a new vertex m is inserted in the mesh T ; pq is replaced
by the two edges pm and mq and the connectivity of T is updated accordingly.
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Figure 1.4.2. (a) Split of the “long” edge pq: a new point m is inserted in T and the
triangles sharing this edge are subdivided accordingly; (b) Collapse of point q onto p: the
two red triangles are erased, and q is replaced by p in all the other triangles connected to q
(in blue); (c) Swap of the edge pq (in red): the connection pq is replaced with the alternative
configuration, featuring the edge rs (in blue); (d) Relocation of the vertex p while maintaining
all the connections in the mesh.

• Edge collapse: When an edge pq is “too short”, its endpoints p and q are merged and the connections
of the mesh T are updated accordingly.
• Edge swap: An edge pq is removed from the mesh T and the “shell” of pq, consisting of all the

tetrahedra sharing this edge, is adequately reconnected.
• Vertex relocation: A vertex p is moved slightly, while all its connections remain unaltered.

Each of these operators exists under two different versions, depending on whether it is applied to a
surface configuration, involving tetrahedra bearing surface triangles Sj ∈ S, or to an internal one. For
instance, when an internal edge pq of T is split, the inserted point m is usually chosen as the midpoint of p
and q; on the contrary, when pq ∈ S is a boundary edge, m is rather placed on the continuous surface ∂Ω.
In practice, since this “ideal” surface is unknown, the position of m is inferred from those of p and q, and
other associated geometric quantities (such as the normal vectors at p and q).

In the above description, the criterion whereby an edge pq is deemed to be “too long” (or “too short”)
may depend on the situation. For instance, pq may be “too long” with respect to a user’s prescription for
the size of the elements of the mesh or, when pq ∈ S is a surface edge, it may be considered to be “too long”
with respect to the curvature of ∂Ω, as its size entails a too coarse geometric approximation of ∂Ω.

Last but not least, let us emphasize that the use of the above remeshing operators should be carefully
monitored: several checks are in order so as to prevent the emergence of invalid configurations.

These methods have been implemented in the open-source library mmg [S2], based on the work in [A35].

1.4.4. The historical Lagrangian methods for shape optimization

The historical “Lagrangian” realizations of shape optimization algorithms such as Algorithm 1 hinge on a
representation of the shape by means of a computational mesh, see for instance [26, 271, 303].

In a nutshell, at each iteration n of the optimization process, the shape Ωn is discretized by means of a
simplicial mesh T n. Thus, the mechanical computations on Ωn involved in the evaluation of the state uΩn

and the adjoint pΩn (Step 1 in Algorithm 1) can be conducted in an accurate way, for instance by means of
the finite element method. Thence, a descent direction θn for the problem (P) can be calculated (Step 2).
The update Ωn+1 = (Id + τnθn)(Ωn) of the shape (Step 3) and that of the mesh T n into a mesh T n+1 of
Ωn+1 are the tedious operations in this framework, as it is notoriously difficult to realize the evolution of a
mesh in a robust way, especially when the imposed displacement of the latter is “large”, not even mentioning
the case where it induces changes in the topology of the shape. For instance, the “naive” use of the update
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rule

(1.4.3) For each vertex x ∈ T n, x 7→ x+ τnθn(x),

inevitably creates very stretched, bad quality, and even overlapping elements.
Admittedly, a number of heuristics allow to make this strategy more robust. For instance, in [56], an

elastic displacement is assigned to the interior nodes of the mesh T n, withthe hope that this should help de-
crease the compression and degeneration of elements occurring during the motion. The deformation induced
by the corresponding vector field is applied as long as the mesh stays valid and remeshing is periodically
applied to improve the quality of the elements that end up badly distorted during the process, see also [60,
160]. Nevertheless, such mesh deformation methods are usually reserved to deal with “small” evolutions of
the shape.

An illustration of this procedure is given in Fig. 1.4.3. The educational article [A23] proposes a peda-
gogical implementation of these ideas in FreeFem accompanied with an open-source code, in the context of
the optimization of the shape of fluid domains.

a b c

Figure 1.4.3. (a) Mesh T n of the shape Ωn with the descent direction θn discretized at
its vertices; (b) Updated mesh T n+1 of Ωn+1 := (Id + τnθn)(Ωn) obtained by using the rule
(1.4.3) with a “small enough” time step τn; (c) Invalid mesh T n+1 when the chosen time
step τn is “too large” (code available on the webpage of the course [C1]).

Remark 1.4.1 Recently, two interesting series of work (at least) based on such mesh deformation strategies
have proved able to account for impressively large evolutions of domains.

• The so-called Deformable Simplicial Complex method proposed in [266] couples the update rule
(1.4.3) with a heuristic strategy to handle topological changes, based on the detection of stretched
simplices near the boundary of the evolving mesh, see [128] in the context of shape and topology
optimization.

• The X-mesh method proposed in [269] proceeds by moving the vertices of the mesh according to
(1.4.3) up the point where the measure of some of its elements equals 0. The motion is then
relayed from one node to its neighbour while leaving unchanged the connectivity of the mesh before
the evolution is resumed. This strategy relies on the assumption that the numerical resolution of
boundary value problems can be achieved on meshes with degenerate elements.

1.4.5. Density-based formulations

The idea of using density functions in place of (the characteristic functions 1Ω of) shapes Ω in the formulation
of optimal design problems was introduced in [69] as a simplified, heuristic version of the homogenization
method. It has given rise to the most prevalent techniques in this field, which are often referred to as “topol-
ogy optimization methods”. While originally developed in the context of structural mechanics, they have
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since then been adapted to a wide range of physical situations, including fluid mechanics [88], electromag-
netism [2], etc. As they are widespread in the engineering literature, and since we shall at times leverage
such formulations in this manuscript, we briefly present these approaches in this section, referring to [70,
338] for further details.

Essentially, the design variable, accounting for a mechanical structure, is a density function h defined on
a large, fixed computational box D ⊂ Rd and taking values in the interval [0, 1], with the meaning that

• h(x) = 1 at “black” points x ∈ D surrounded by material;
• h(x) = 0 in “white” regions of D which are completely empty of material;
• h(x) ∈ (0, 1) when x accounts for a “grayscale” arrangement of material and void in respective

proportions h(x) and (1− h(x)).

As usual, the considered structure is assumed to clamped on a region ΓD ⊂ ∂D, submitted to forces
f : D → Rd and surface loads g : ΓN → Rd, applied on a region ΓN ⊂ ∂D disjoint from ΓD; its elastic
displacement uh ∈ H1

ΓD
(D)d is characterized by the following counterpart of the linear elasticity system

(Elas):

(1.4.4)





−div(A(h)e(uh)) = f in D,
uh = 0 on ΓD,

A(h)e(uh)n = g on ΓN ,
A(h)e(uh)n = 0 on ∂D \ (ΓD ∪ ΓN ).

Here, the material law A(h) is meant to endow the “grayscale” region where h(x) ∈ (0, 1) with physical
properties; it satisfies:

A(t) = ηA if t ≤ 0 and A(t) = A if t ≥ 1,

where A is the Hooke’s law of the reference material and η � 1 is a “small” ersatz parameter, so that the
soft material ηA mimicks void, see Section 1.2.1.3. In the seminal contribution [69], this function A(h) was
inspired by the homogenization theory (see e.g. [16]): it was constructed by selecting one microstructure
pattern parametrized by the local density h, calculating the homogenized tensor A(hi) for a few values hi,
i = 1, . . . , N , and interpolating the mapping h 7→ A(h) from these data, see Fig. 1.4.4.

h
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A⇤(h)
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Figure 1.4.4. Material law h 7→ A(h) obtained by parametrizing a microstructure with the
local volume fraction, and reconstructing a continuous function from a few samples A(hi).

Soon after, the common practice evolved into using an interpolation profile ζ ∈ C∞(R) satisfying the
properties

ζ(t) ∈ [0, 1], ζ(t) = η if t ≤ 0, and ζ(t) = 1 if t ≥ 1,
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to define the material law

(1.4.5) A(h) = ζ(h)A.

A common choice about ζ is the so-called SIMP law (Solid Isotropic Material with Penalization), defined by:

ζ(t) = η + t3(1− η), t ∈ [0, 1],

but multiple possibilities are available beyond this one.
With this replacement, it is simple to devise density-based counterparts for the objective and constraint

functions of the design presented in Section 1.2.3, as well as for the optimal design problems in there. The
resulting, density-based topology optimization problems fall into the framework of parametric optimization,
or optimal control problems, as the design variable h ∈ L∞(D, [0, 1]) belongs to a fixed functional space. It
can be treated by a standard use of the adjoint method presented in Section 1.3.3.6.

Without entering into details, let us eventually mention the important technical feature of filtering in
density-based topology optimization [90, 96]. Often, the design variable h ∈ L∞(D, [0, 1]) is involved in the
material law via a filtered version: (1.4.5) is replaced with

A(h) = ζ(Lεh)A,

where Lε is an operator acting on density functions which is meant to impose a desired effect on h. The
most common filter is of the form

Lεh = χε ∗ h, where χε is a smooth convolution kernel.

This practice imposes a length-scale on the spatial variations of the density h; it helps to remedy the non
existence of optimal designs and to deal with numerical artifacts, such as checkerboards. Other examples
of filters include so-called morphology filters, imposing minimum and maximum thickness constraints, see
[360].

Open-source implementations of such topology optimization methods are proposed in the articles [47,
336], see also Figs. 1.4.5 and 1.4.6 for a numerical example treated with this method.
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Figure 1.4.5. Setting of the 2d cantilever example, as considered in Section 1.4.5: the
structure is clamped on the left-hand side ΓD of ∂D, and a unit vertical load g = (0,−1)
is applied on a region ΓN in the middle of the right-hand side of ∂D. The density-based
version of the compliance C(h) =

∫
D
A(h)e(uh) : e(uh) dx is minimized under a constraint

on the volume Vol(h) =
∫
D
h dx.

This framework is appealing for multiple reasons:

• It is relatively simple to implement, as the optimal design problem boils down to the parametric
optimization of a function defined on a fixed mesh of the computational domain D.
• It is less prone to fall into local minima when compared to geometric optimization methods.
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Figure 1.4.6. Iterations (a) 0, (b) 25, (c) 50, (d) 75, (e) 100 and (f) 200 in the cantilever
test case tackled with the SIMP method of Section 1.4.5 (code available on the webpage of
the course [C1]).

It unfortunately suffers from a significant drawback: as the notion of shape is lost, it may prove difficult to
devise density-based counterparts of some objective or constraint functionals, for instance those involving
the geometry of shapes, such as their curvature, thickness, etc. Besides, the adoption of density functions as
designs raises the need to approximate the physical equations of the problem. In the context of mechanical
structures, the ersatz material method described in Section 1.2.1.3 combined with heuristic material laws
of the form (1.4.5) provide relevant results (although some problems may show up in the calculation of
eigenmodes, with the appearance of so-called parasitic “ghost modes”, localized in the ersatz material), but
similar approximations may prove more difficult to construct in challenging physical contexts, such as that
of fluid-structure interaction.

1.4.6. The level set method for shape optimization

This section deals with shape and topology optimization frameworks leveraging the level set method – a
general paradigm in numerical simulation which allows for a robust “black-and-white” description of the
shape and of its evolution, leveraging an implicit representation. We first give a general presentation of this
method in Section 1.4.6.1, before specializing to the shape optimization context in Section 1.4.6.2.
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a b

Figure 1.4.7. (a) One 2d domain; (b) Graph of an associated level set function φ.

1.4.6.1. The level set method for tracking the evolution of a domain

The level set method was introduced in the seminal article [292] as a means to track the motion of a
domain evolving according to its mean curvature. It rapidly became a key numerical method for the robust
description of the evolution of a front, in a wide variety of contexts. We refer for instance to [333, 291] about
the main theoretical and numerical aspects of the method, and to the recent review chapter [326] for some
of its recent extensions.

The level set method hinges on an implicit representation of a shape Ω contained in a fixed computational
domain D, as the negative subdomain of a scalar, “level set” function φ : D → R satisfying the following
properties:

(LS) ∀x ∈ D,





φ(x) < 0 if x ∈ Ω,
φ(x) = 0 if x ∈ ∂Ω,
φ(x) > 0 if x ∈ D \ Ω,

see Fig. 1.4.7.
Formally, the motion of a (smooth) shape Ω(t) ⊂ D over a time period (0, T ), according to a velocity

field V (t, ·) : D → Rd, translates in terms of an associated level set function φ(t, ·) (i.e. (LS) holds at each
t ∈ [0, T ]) as the following advection-like equation:

(LS-adv)
∂φ

∂t
(t, x) + V (t, x) · ∇φ(t, x) = 0, for (t, x) ∈ (0, T )×D.

In the particular case where the velocity field is consistently oriented along the normal vector to Ω(t),
that is

V (t, x) = v(t, x)nt(x),

where v(t, x) is a (smooth) scalar field and

(1.4.6) nt(x) =
∇φ(t, x)

|∇φ(t, x)|
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is the unit normal vector to ∂Ω(t) pointing outward Ω(t), the above equation rewrites as a Hamilton-Jacobi-
like equation:

(LS-HJ)
∂φ

∂t
(t, x) + v(t, x)|∇φ(t, x)| = 0, for (t, x) ∈ (0, T )×D.

We refer to [28, 192] for the rigorous derivation of these equations, and notably as regards their mathematical
setting and physical meaning in the inevitable situation where φ or V are not “smooth enough”.

Note that, strictly speaking, (LS-adv) is not a true advection equation as the vector field V (t, x) generally
depends on Ω(t), thus on φ(t, x) itself, in a very complex manner. For instance, V (t, x) may involve physical
quantities attached to Ω(t), which are solutions to boundary value problems posed on the latter. The
numerical treatment of (LS-adv) is then achieved by discretizing the time period (0, T ) into a collection of
“small” subintervals of the form (tn, tn+1), over which V (t, x) can be frozen in time as

∀t ∈ (tn, tn+1), V (t, x) ≈ V (tn, x),

so that (LS-adv) is approximated by a series of “true” advection equations, with known, stationary vector
fields V (tn, x).

Remark 1.4.2 Since the evolving domain Ω(t) is never discretized explicitly (i.e. with a mesh) in the
framework of the level set method, a number of operations where it is involved are a priori difficult to realize,
such as the calculation of integrals on Ω(t), ∂Ω(t), etc. Fortunately, several numerical recipes are available
to conduct these tasks with a reasonable accuracy, see [333, 291].

Remark 1.4.3 The theory of the level set method is independent of the choice of a level set function for
the initial domain Ω = Ω(0). In practice the considered level set function φ for Ω is often chosen to be the
signed distance function dΩ to Ω, defined by

(SDF) dΩ(x) =




−d(x, ∂Ω) if x ∈ Ω,

0 if x ∈ ∂Ω,
d(x, ∂Ω) otherwise,

where d(x, ∂Ω) = minp∈∂Ω |x− p| is the Euclidean distance function to ∂Ω.
This choice bestows stability on the numerical practice of the level set method, as it satisfies the so-called

Eikonal property:

(1.4.7) |∇dΩ(x)| = 1 for a.e. x ∈ Rd.

Grossly speaking, dΩ is a good trade-off between a “too steep” level set function which causes artifacts in
the detection of the boundary ∂Ω, and a “too flat” one, making the evaluation of formulas such as (1.4.6)
unstable. Unfortunately, even though the initial datum φ(0, ·) is chosen as the signed distance function to
Ω(0), φ(t, ·) rapidly loses the desirable properties of such functions – in particular, (1.4.7) ceases to hold.
A common practice in the implementation of the level set method consists in redistancing: the iterative
resolution process of (LS-adv) is periodically interrupted, and the level set function is restored to be a signed
distance function, see [127] about these details.

In a nutshell, the level set method conveniently allows to encode the difficult evolution problem of Ω into
a partial differential equation posed in a fixed computational domain D. The numerical practice of the level
set method thus relies on two fundamental operations: the calculation of the signed distance function to a
shape Ω ⊂ D and the resolution of the level set evolution equation (LS-adv) or (LS-HJ). Various algorithms
are available to these ends, depending on the nature of the computational support of D. We shall present
in Sections 1.4.7.1 and 1.4.7.2 below some numerical methods adapted to the case of a simplicial mesh.

1.4.6.2. The level set method for shape and topology optimization

The use of the level set method in optimal design was proposed in [332, 293] as a robust means to capture
the evolution of the shape; it was later made more systematic in the seminal references [24, 25, 362].

To set ideas, let us once again use the structural optimization setting of Section 1.2.3. A large compu-
tational domain D ⊂ Rd is introduced, which contains all the shapes Ω of interest. Usually, for practical
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convenience, the non optimizable regions ΓD and ΓN of ∂Ω bearing homogeneous Dirichlet and inhomoge-
neous Neumann boundary conditions are chosen as subsets of ∂D.

The domain D is equipped with a fixed mesh T , for instance a Cartesian grid or a simplicial mesh. Each
shape Ω ⊂ D is represented by means of an associated level set function φ : D → R (i.e. (LS) holds), which
is in practice discretized at the vertices of D and interpolated from these data (i.e. in a piecewise linear
fashion) when its values are needed at other points x ∈ D.

The difficult task in this framework lies in the solution of boundary value problems such as that (Elas)
for the elastic displacement uΩ (Step 1 in Algorithm 1), since the shape Ω is not equipped with a mesh. To
circumvent this drawback, one typically uses the ersatz material method, presented in Section 1.2.1.3: since
the only region Γ of ∂Ω which is subject to optimization bears homogeneous Neumann boundary conditions,
uΩ can be approximated by the solution uΩ,η to the following problem, posed on D as a whole:

(1.4.8)





−div(AΩ,ηe(uΩ,η)) = f in D,
uΩ,η = 0 on ΓD,

AΩ,ηe(uΩ,η)n = g on ΓN ,
AΩ,ηe(uΩ,η)n = 0 on ∂D \ (ΓD ∪ ΓN ),

where AΩ,η(x) =

{
A if x ∈ Ω,
ηA otherwise,

where the void D \ Ω is filled by a “very soft” material, with Hooke’s law ηA, η � 1. This problem can be
solved on the fixed mesh T of D by approximating the tensor AΩ,η from the values of φ, see Remark 1.4.2.

After this first step of Algorithm 1, the calculation of a descent direction θn for the optimization problem
at hand (Step 2) and the evolution of Ωn according to θn (Step 3) can be conducted efficiently in the
framework of the level set method, see Section 1.4.6.1 and the numerical algorithms presented in Section 1.4.7.

This procedure is summarized in Algorithm 2 and a numerical example is presented in Fig. 1.4.8, dealing
with the same physical situation as that in Section 1.4.5.

Algorithm 2 The level set method for shape and topology optimization.

Initialization:

• Mesh T of the computational domain D;
• Level set function φ0 : D → R representing the initial shape Ω0.

for n = 0, ..., until convergence do
(1) Calculate an approximate version of the elastic displacement uΩn and of the adjoint state pΩn

on T by solving the ersatz material problem (1.4.8).
(2) From the theoretical formulas for the shape derivatives J ′(Ω)(θ), G′(Ω)(θ) and H ′(Ω)(θ), infer

a descent direction θn : D → Rd for (P) according to the selected constrained optimization
algorithm.

(3) Solve the level set advection equation (LS-adv) on T with (time-independent) velocity V (t, x) =
θn(x), initial datum φ0 = φn and final time T = τn; a level set function φn+1 for the new
shape Ωn+1 is obtained.

end for
return Level set function φn for the optimized design Ωn.

Remark 1.4.4 It may seem surprising that the shape change topology in the course of the optimization
process depicted on Fig. 1.4.8. Indeed, as we have seen in Section 1.3.3.1, the updated versions Ωn+1 =
(Id + τnθn)(Ωn) of Ωn with τn||θn||W 1,∞(Rd,Rd) < 1 are homeomorphic to Ωn, and in particular, share the
same topology. As a matter of fact, when the step τn is “too large”, τnθn may have norm larger than 1, thus
violating the rigorous setting of Hadamard’s method.

In practice, this abuse does not pose much problem, as it is systematically verified that Ωn+1 is “better”
than Ωn in view of (P); the time step τn is then reduced when this fails to be the case. The fact that, often,
such updates involving topological changes lead to improvements of the shape suggests that shape derivatives
do contain information of a “topological nature”, see Section 4.2 for investigations in this direction.
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Figure 1.4.8. Iterations (a) 0, (b) 5, (c) 10, (d) 15, (e) 25 and (f) 200 in the cantilever
shape optimization test case tackled with the level set method in Section 1.4.6.2.

Summarizing, the level set method is a robust strategy for shape and topology optimization, which
allows to account for arbitrarily large deformations of the shape. One drawback is that it does not feature
an explicit discretization of the optimized shape, so that approximations of the state and adjoint equations
for uΩ and pΩ are needed. In the next section, we present a variant of this method which remedies this
difficulty.

1.4.7. The level set based mesh evolution method

In this section, we present a variant of the level set method for shape and topology optimization which
still benefits from its robust description of the motion of the shape, but also enjoys accurate mechanical
computations, performed on a meshed representation of the latter. This method was first implemented in
the physical context of elastic structures [A37, A36, A32]; its range was then extended to various physical
contexts in the articles [A20, A11, A8], which will be presented in the later Chapter 5. We also refer to
[A3] for a review of the subject, which is accompanied with a tutorial and an open-source educative code
[S1]. Let us finally mention that similar strategies, based on some of the numerical tools described in the
next Sections 1.4.7.1 to 1.4.7.3 have been used in [159, 235, 236, 278] in the contexts of fracture mechanics,
reaction-diffusion phenomena, etc.

The salient feature of this level set based mesh evolution method is that, at each stage n of the opti-
mization process, the computational domain D is equipped with a (valid, conforming) simplicial mesh T n
in which the shape Ωn and its complement D \ Ωn are explicitly discretized, as submeshes T nint, T next, see
Fig. 1.4.9 (a). Hence, two complementary representations of Ωn are available:
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• On the one hand, Ωn is meshed exactly, by the submesh T nint of T n, which allows to carry out
accurate mechanical calculations.
• On the other hand, Ωn is known as the negative subdomain of a level set function φn : D → R,

discretized at the vertices of the total mesh T n of D. This allows for a robust description of the
motion of Ωn by means of the level set method.

The cornerstone of this method is a set of numerical algorithms allowing to pass from one representation to
the other whenever needed.

This level set based mesh evolution method is sketched in Algorithm 3 and its main stages are illustrated
on Fig. 1.4.9. The next sections provide a little more details about the main operations of this framework:
in Section 1.4.7.1, we discuss the calculation of the signed distance function to the shape. Then, in Sec-
tion 1.4.7.2, we outline the resolution of the level set evolution equation (LS-adv) in the context where
the mesh of the computational domain is simplicial. Finally, in Section 1.4.7.3, we overview the meshing
operations involved in the passage from a level set to a meshed representation of shapes.

Algorithm 3 The level set based mesh evolution method.

Initialization: Mesh T 0 of the computational domain D, enclosing a mesh T 0
int of Ω0 as a submesh.

for n = 0, ..., until convergence do
(1) Calculate the signed distance function φn = dΩn to Ωn at the vertices of T n.
(2) Calculate the displacement uΩn (and the adjoint state pΩn) by solving the corresponding

boundary value problem (Elas) on the interior part T nint of T n.
(3) Infer a descent direction θn on T n for (P) thanks to a constrained optimization algorithm.

(4) Choose a small enough time step τn and calculate a level set function φ̃n+1 for the new shape
Ωn+1 := (Id + τnθn)(Ωn) on the mesh T n by solving the level set evolution equation (LS-adv)
over (0, τn) with velocity field V (t, x) = θn(x) and initial condition φ0 = φn.

(5) Create a new mesh T n+1 of D where Ωn+1 is explicitly discretized, from the datum of the level

set function φ̃n+1 on T n.
end for
return Mesh T n of D where Ωn is discretized as a submesh T nint.

1.4.7.1. Calculating the signed distance function to a discrete contour

This section deals with the first step of each iteration n of Algorithm 3, the reference to which is omitted for
notational simplicity: one aims to construct one particular level set function φ for a shape Ω ⊂ D, namely the
signed distance function dΩ in (SDF), out of a meshed representation of the latter (Step (1) in Algorithm 3),
see the discussion in Remark 1.4.3.

Let the computational domain D be endowed with a simplicial mesh T and let Ω ⊂ D be a shape; we
wish to calculate the quantity φ(x) = dΩ(x) at all vertices x ∈ T . Note that in the workflow of Algorithm 3,
Ω is supplied as an explicit submesh Tint of T , but for the purpose of this section, it could actually be given
under a different format, for instance via a mesh TΩ of its own right which is not a submesh of T .

The numerical calculation of dΩ can be conducted in a variety of manners. “Geometric” algorithms
involve an exhaustive calculation of the distance d(x, ∂Ω) from x to ∂Ω at every vertex x of T . Although
this operation can be made efficient owing to a number of heuristics – see e.g. [255, 357] and the references
therein – we rather rely on a method in the class of “propagation algorithms”, which comprise two steps:

(1) The function φ is initialized with (an approximation of) the exact value of dΩ at the vertices of
T which are “close” to ∂Ω (for instance, at the vertices of the simplices T ∈ T intersecting ∂Ω),
and with large, positive or negative values elsewhere. This stage is elementary; however, depending
on the input format and of the complexity of the geometry of Ω, it may prove tedious from the
implementation viewpoint, and time-consuming in practice, see e.g. [148].

(2) The calculation of the signed distance φ(x) = dΩ(x) is realized from the vertices x ∈ T closest to
∂Ω to farther ones, by relying on a discretization of the Eikonal equation (1.4.7). This purpose
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Figure 1.4.9. Illustration of the main stages of the mesh evolution method sketched in
Section 1.4.7. (a) Mesh T n of the computational domain D; the submesh T nint of Ωn consists

of the black elements, and that T next of D \ Ωn is made of the white elements; (b) isovalues
of the signed distance function φn to Ωn, calculated on T n; (c) solution uΩn to the elasticity
system on the mesh T nint of Ωn; (d) descent direction θn on the whole mesh T n; (e) level

set function φ̃n+1 on the mesh T n; the 0 level set of φ̃n+1 is depicted in red; (f) new mesh
T n+1 with the new shape Ωn+1 enclosed as the submesh T n+1

int (made of the black elements).

is greatly simplified when the computational mesh T is a Cartesian grid, since high-order finite
different schemes are available.

The most popular algorithm in this second category is certainly the fast marching method, see [331] for
an overview and [215] for an adaptation to the case where the computational mesh is simplicial; let us also
mention the fast sweeping method [381]. In the previous work [A39], we have proposed an algorithm based
on the properties of the so-called redistancing equation, an open-source implementation of which is available
in the library mshdist [S4].
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1.4.7.2. Solving the advection equation

In this section, we turn to the numerical resolution of the equation (LS-adv) accounting for the evolution of
the shape.

Let us consider the generic situation, occurring at each iteration n of the process described in Algorithm 3:
a level set function φ = φn : D → R accounting for the current shape Ω = Ωn is supplied via its values at
the vertices of a simplicial mesh T = T n of the computational domain D. Analogously, the velocity field
V : D → Rd driving the evolution of the shape, which is the descent direction θn at the current iteration, is
supplied at the vertices of T . We aim to compute the solution ψ(t, x) to the following advection equation:

(1.4.9)

{
∂ψ
∂t (t, x) + V (x) · ∇ψ(t, x) = 0 for t ∈ (0, T ), x ∈ D,

ψ(0, x) = φ(x) for x ∈ D,
and notably its values ψ(T, x) at the final time t = T , which stands for the time step τn.

Numerical methods for the resolution of (1.4.9) are numerous when the computational support is a
Cartesian grid of D, which allows for the use of high-order finite difference methods. In our context where
it is a simplicial mesh, this issue is a little less classical and deserves a few comments.

We rely on the method of characteristics proposed in [302], which is close in spirit to the semi-Lagrangian
scheme developed in [346]; see alternatively [172] about the use of discontinuous Galerkin methods, and [4, 61]
for the construction of numerical schemes for more general Hamilton-Jacobi equations on simplicial meshes.

The method of characteristics is based on the analytical formula for the solution to (1.4.9). The latter
is expressed in terms of the characteristic curves t 7→ X(t, t0, x) of the velocity field V (x), emerging from an
arbitrary point x ∈ D at a time t0. Such a function is defined as the solution to the ordinary differential
equation:

(1.4.10)

{
d
dtX(t, t0, x) = V (X(t, t0, x)) for t ∈ R,

X(t0, t0, x) = x.

Intuitively, t 7→ X(t, t0, x) is the trajectory of a particle located in x at time t = t0, which is transported
according to the velocity field V (x). The exact solution to (1.4.9) is then given by:

(1.4.11) ∀t ∈ (0, T ), x ∈ D, ψ(t, x) = φ(X(0, t, x)),

which expresses the natural fact that the value of ψ at time t and point x is the value of the initial datum
φ at the initial position X(0, t, x) of the particle lying in x at time t.

One simple means to exploit the closed-form formula (1.4.11) is to directly discretize it: for each vertex
x ∈ T , the ordinary differential equation (1.4.10) is solved for the “backward” characteristic curve t 7→
X(t, T, x), for instance by a Runge-Kutta 4 scheme; φ is then evaluated at the “foot” X(0, T, x) of this
characteristic line. This task requires adequate data structures to efficiently identify the simplices of the
mesh T containing the discretization points involved in the integration of these characteristic lines.

Remark 1.4.5 The origin X(0, T, x) of the characteristic curve passing through x at t = T may lie outside
D. This notably happens when the velocity field V (x) is pointing inward D on at least one portion of the
boundary ∂D. In such a case, the information supplied in (1.4.9) is not sufficient to guarantee the well-
posedness of this equation (as one would have to add a boundary condition on the “entrant” part of ∂D); in
numerical practice, it is customary to endow ψ(T, x) with a consistent value by extrapolating the value of φ
(and the characteristic curve t 7→ X(t, T, x)) outside D.

An open-source implementation of this algorithm is proposed in the advection code [S3], based on the
article [A38].

1.4.7.3. Explicit discretization of the negative subdomain of a level set function

The last key operation in the realization of Algorithm 3 assumes the data of a simplicial mesh T of the
computational domain D, and of the values at its vertices of a level set function φ : D → R for a shape

Ω ⊂ D. We aim to create a new mesh T̃ which is valid, conforming, with high quality, and contains two

submeshes T̃int and T̃ext of Ω and D \ Ω, respectively.
This task can be conducted within two steps, which are illustrated on Fig. 1.4.10.
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Figure 1.4.10. (a) One level set function φ is defined at the vertices of the mesh T of the
square-shaped computational domain D; its 0 level set (which is not explicitly discretized in
T ) is depicted in red; (b) Explicit discretization of the 0 level set of φ into the mesh T ; the

intermediate, low-quality mesh Ttemp is obtained; (c) High-quality mesh T̃ obtained after
remeshing Ttemp.

(1) The 0 level set ∂Ω = {x ∈ D, φ(x) = 0} of φ is identified from the values of φ at the vertices of T ,
and it is discretized explicitly into T . This stage is simple and relies on the marching tetrahedra
algorithm [161], as a variant of the well-known marching cubes algorithm [247]: each simplex T ∈ T
crossed by ∂Ω is subdivided according to a pattern. This ends up with a valid, conforming mesh
Ttemp of D, where Ω is explicitly discretized, but which generally has very bad quality.

(2) The valid, conforming, albeit ill-shaped mesh Ttemp is remeshed into a fine quality mesh T̃ of D,

where Ω and D \Ω are explicitly discretized. This task leverages the remeshing methods presented
in Section 1.4.3.

This operation is implemented in the open-source mmg library [S2].

1.4.7.4. A 3d numerical example: shape optimization of a cantilever

We conclude this presentation of the level set based mesh evolution method with the treatment of the classical
3d cantilever optimization test-case, whose details are depicted on Fig. 1.4.11. The results are reported on
Fig. 1.4.12.

The shape visibly undergoes dramatic deformations, including changes of its topology, while it is meshed
exactly at each iteration of the process, thus ensuring an accurate solution of relate boundary value problems,
such as the state and adjoint equations, which can be accomplished thanks to a finite element solver used in
a black-box fashion.

We shall see various illustrations of this level set based mesh evolution strategy in more challenging
physical contexts in Chapter 5.

1.4.8. Bringing topological derivatives into play

The method of Hadamard recalled in Section 1.3.3.1 makes it possible to optimize a shape by iterative
deformations of its boundary. This practice allows for certain topological changes, up to a slight abuse of
the theoretical framework: different parts of ∂Ω may collide and merge, see Remark 1.4.4. However, not all
topological changes can occur, though. With this description of shapes and their deformations, holes cannot
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Figure 1.4.11. Setting of the 3d cantilever example, considered in Section 1.4.7.4: the
structure is clamped on one face ΓD of ∂D, and a unit vertical load g = (0, 0,−1) is applied
on a region ΓN in the middle of the opposite face. The compliance C(Ω) =

∫
Ω
Ae(uΩ) :

e(uΩ) dx of the shape Ω is minimized under a constraint on the volume Vol(Ω).

emerge in the bulk of shapes. To allow for such operations, the use of the sensitivity with respect to the
emergence of small holes, which is contained in topological derivatives, is pivotal. In this section, we present
two different strategies to leverage this information.

1.4.8.1. A coupling between the Hadamard’s method and topological derivatives

At first, it is natural to combine the independent sensitivities of a functional of the domain encoded in
shape and topological derivatives. A simple strategy based on this principle was proposed in [21], which is
easily integrated into any shape optimization algorithm based on the level set method, such as Algorithms 2
and 3. Briefly, the process featured in there is interrupted (say, every 5 or 10 iterations), and the topological
derivative of J(Ω) is calculated. A small hole (e.g. of the size of a mesh element) is inserted where it is most
negative, or a small percentage of material is removed where the topological derivative is most negative.
Then the boundary variation process is resumed.

A numerical example illustrating this strategy is provided in Fig. 1.4.13, in the context of the benchmark
2d bridge test-case, whose specifications are reported on Fig. 1.4.13 (a). Interestingly, although the initial
structure Ω0 has a very simple topology, multiple holes are created with the help of the information contained
in topological derivatives, which then freely evolve, and sometimes disappear, under the effect of the boundary
variation method.

Remark 1.4.6 In principle, this idea could also be integrated in a classical, mesh-based optimization algo-
rithm, such as that described in Section 1.4.4, but it is typical in this strategy that newly created holes (which
are multiple) will tend to merge. This would precipitate the failure of the algorithm, see nevertheless [128].

1.4.8.2. A standalone, fixed point algorithm

The information contained in topological derivatives can be exploited in an alternative, standalone fashion.
In this spirit, a topology optimization algorithm leveraging only this type of sensitivity with respect to the
domain was proposed in [43] and analyzed in [41].

The rationale of this method is better explained in the two-phase version of the structural optimization
setting of Section 1.2.3: a hold-all domain D is given, and it is made of two phases Ω1 = Ω and Ω0 = D \Ω,
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Figure 1.4.12. Iterations (a) 0, (b) 50, (c) 120 and (d) 200 (final) of the three-dimensional
cantilever example presented in Section 1.4.7.4.

built from a shape Ω b D. Each phase Ωi is made of a material with Hooke’s tensor Ai, Young’s modulus
Ei and Poisson’s ratio νi. The structure D is clamped on a region ΓD ⊂ ∂D; body forces f ∈ L2(D)d are at
play and surface loads g ∈ L2(ΓN )d are applied on a subset ΓN of ∂D disjoint from ΓD.

In this context, the elastic displacement uΩ ∈ H1
ΓD

(D)d of the total structure D is the unique solution
to the boundary value problem:





−div(AΩe(uΩ)) = f in D,
uΩ = 0 on ΓD,

AΩe(uΩ)n = g on ΓN ,
AΩe(uΩ)n = 0 on ∂D \ (ΓD ∪ ΓN ),

where AΩ(x) =

{
A1 if x ∈ Ω1,
A0 otherwise.

We aim to minimize a weighted sum of the compliance of the structure and the volume of the phase Ω, say:

(1.4.12) min
Ω
L(Ω), where L(Ω) = C(Ω) + `Vol(Ω),

and

C(Ω) =

∫

D

AΩe(uΩ) : e(uΩ) dx =

∫

D

f · uΩ dx+

∫

ΓN

g · uΩ ds.

In this two-phase setting, we denote by Ωx,r the variation of Ω inducing a change of the material
properties of D inside a ball centered at x ∈ D, with radius r, that is:

Ωx,r =

{
Ω \B(x, r) if x ∈ Ω1,
Ω ∪B(x, r) if x ∈ Ω0.
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Figure 1.4.13. Iterations (a) 0, (b) 26, (c) 40 and (d) 150 of the optimization of the
shape of a 2d bridge with the combined use of shape and topological derivatives proposed in
Section 1.4.8.1.

We also assume that the topological derivative of the shape functional L(Ω) is available under the following
format:

(1.4.13) L(Ωx,r) = L(Ω) + sΩ(x)gΩ(x)rd + o(rd), where sΩ(x) =

{
−1 if x ∈ Ω,
1 otherwise.

The following two-dimensional result is excerpted from [83, 193]:

Theorem 1.4.7 Let the space dimension d equal 2 and let Ω b D be any shape inducing the two phases
Ω1 = Ω and Ω0 = D \Ω. The function L(Ω) in (1.4.12) has then a topological derivative gTΩ(x) at any point
x ∈ Ω0 ∪ Ω1, whose expression reads:

gTΩ(x) = sΩ(x) Pσ(uΩ(x)) : e(uΩ(x)) + `.

In this formula, P is the fourth-order Pólya-Szegö polarization tensor, given by:

(1.4.14) ∀e ∈ Rd×dsym , Pe =
1

ρ2ρ3 + τ1

(
(1 + ρ2)(τ1 − ρ3)e+

1

2
(ρ1 − ρ2)

ρ3(ρ3 − 2τ3) + τ1τ2
ρ1ρ3 + τ2

tr(e)I

)
,
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where

(1.4.15) ρ1 =
1 + ν

1− ν , ρ2 =
3− ν
1 + ν

, ρ3 =
E?

E
, τ1 =

1 + ν?

1 + ν
, τ2 =

1− ν?
1− ν and τ3 =

ν?(3ν − 4) + 1

ν(3ν − 4) + 1
,

and we have posed:

• If x ∈ Ω1, E = E1, E? = E0, ν = ν1, and ν? = ν0,
• If x ∈ Ω0, E = E0, E? = E1, ν = ν0, and ν? = ν1.

This expansion allows to express the necessary conditions for a shape Ω to be optimal in view of the
information supplied by topological derivatives. If such is the case, it must hold that:

• For all x ∈ Ω1, gΩ(x) < 0;
• For all x ∈ Ω0, gΩ(x) > 0,

i.e. the value of L(Ω) is increased (at leading order in the expansion (1.4.13)) if Ω is replaced by the
perturbation Ωx,r.

In order to exploit this information in practice, let us introduce a level set function φ : D → R for Ω,
i.e. (LS) holds. We express the above optimality conditions in terms of φ: if Ω is a local minimizer of L(Ω),
it holds:

∀x ∈ Ω0 ∪ Ω1,

{
φ(x) < 0 ⇒ gΩ(x) < 0,
φ(x) > 0 ⇒ gΩ(x) > 0;

in other terms, gΩ is one level set function for Ω. Since any positive multiple of φ is still a level set function for
Ω, we may without loss of generality impose that ||φ||L2(D) = 1, and so the necessary optimality conditions
for Ω can be enforced by requiring that:

Ω =
{
x ∈ D, φ(x) < 0

}
, where φ =

1

||gΩ||L2(D)
gΩ.

We search for a shape Ω ⊂ D satisfying these conditions thanks to a fixed point method with relaxation,
adapted to the case where the handled functions have unit norm. Indexing iterations by n = 0, . . ., we denote
with a superscript n the values of the various quantities at stake at iteration n, namely φn, gn := gΩn , etc.;
we also let g̃n := 1

||gn||L2(D)
gn. The closed-form expressions of Section 1.A.5 for the linear interpolation

between vectors on the unit sphere of a Hilbert space lead to the following formula for the update of φ:

φn+1 =
1

sin an

(
sin((1− τn)an)φn + sin(τnan)g̃n

)
,

where an ∈ [0, π] is the angle an = arccos((φn, g̃n)L2(D)) and τn ∈ (0, 1) is a time step.
An example of the use of this strategy is provided in Fig. 1.4.14, in the context of the benchmark optimal

mast test case, whose details are reported on Fig. 1.4.14 (a). The corresponding code can be downloaded
from the webpage of the course [C1].

Remark 1.4.8 Let us mention yet another use of topological derivatives in optimal design: in the arti-
cle [101] dealing with inverse problems, the topological derivative is incorporated as a source term in the
Hamilton-Jacobi evolution equation. In a similar spirit, a reaction-diffusion equation is used in [373] to
update a level set function for the shape, where the diffusion term comes from a perimeter penalization,
and the reaction term corresponds to the topological derivative of the objective function. To the best of our
knowledge, these two methods are essentially heuristic and it would be interesting to explore their theoretical
fundations.

1.A Technical facts

In this appendix, we gather a few technical facts which are useful for various purposes in this introduction,
and throughout the manuscript.
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Figure 1.4.14. Iterations (a) 1, (b) 10, (c) 50 and (d) 100 of the optimization of the shape
of a 2d mast with the fixed point algorithm based on topological derivatives of Section 1.4.8.2.

1.A.1. A short reminder of the differential geometry of hypersurfaces

This appendix gathers basic material about the differential geometry of hypersurfaces in Rd, and sets some
notation used throughout the manuscript; we refer to classical treaties such as e.g. [306] for exhaustive
presentations of these concepts.

For simplicity, throughout this section, we restrict ourselves to the case of a closed hypersurface Γ = ∂Ω
which is the boundary of a smooth bounded domain Ω ⊂ Rd, although most of this material can be extended
to the case of a general smooth, oriented hypersurface in Rd. We denote by n : Γ → Rd the unit normal
vector field to Γ, pointing outward Ω.

Definition 1.A.1 For all x ∈ Γ, the tangent plane TxΓ to Γ at x is the (d − 1) hyperplane with normal
vector n(x). It is equipped with the inner product induced by that of the ambient space Rd, and its elements
are called tangent vectors to Γ at x.

The restriction to tangent planes of the inner product of Rd naturally induces a notion of intrinsic
distance on the surface Γ.

Definition 1.A.2 The geodesic distance dΓ(p, q) between any two points p, q ∈ Γ is the length of the shortest
curve between p and q traced on Γ:

dΓ(p, q) = inf

∫ 1

0

|γ′(t)| dt,

where the infimum is taken over all curves γ : [0, 1]→ Γ of class C1 such that γ(0) = p and γ(1) = q.

The following statement is concerned with the presentation of the main differential operators acting on
functions or vector fields on the surface Γ.

Proposition-Definition 1.A.3 In the above context,

• Let f : Γ → R be a function of class C1; then there exists an extension f̃ : U → R of f which is
of class C1 on an open neighborhood U of Γ in Rd. The tangential gradient ∇Γf(x) of f at some
point x ∈ Γ is then defined by:

∇Γf(x) = ∇f̃(x)−
(
∇f̃(x) · n(x)

)
n(x),

where f̃ is any such extension of f .
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Equivalently, for any x ∈ Γ, ∇Γf is the unique vector in TxΓ such that:

∀h ∈ TxΓ, dfx(h) = ∇Γf(x) · h,
where dfx : TxΓ→ R is the differential of the real-valued mapping f : Γ→ R at x.

• Let V : Γ→ Rd be a vector field of class C1 on Γ; then there exists an extension Ṽ : U → Rd of V
which is of class C1 on an open neighborhood U of Γ in Rd. The tangential divergence divΓV (x) of
V at x is then defined by

divΓṼ (x) = divṼ (x)−∇Ṽ (x)n(x) · n(x),

where Ṽ is any such extension of V .
• Let f : Γ → R be a function of class C2. The action of the Laplace-Beltrami operator ∆Γ on f is

given by:

∆Γf = divΓ(∇Γf).

We next turn to the second-order structure of the hypersurface Γ, and notably to the notion of curvature,
see Fig. 1.A.1 for an illustration.

Definition 1.A.4

• Let x ∈ Γ, and let τ ∈ TxΓ be a unit tangent vector, that is |τ | = 1. The curvature of Γ at x ∈ Γ
in the direction τ is the quantity

κx,τ :=
d

ds

(
n(γ(s))

)∣∣∣∣
s=0

· γ′(0),

where γ : (−ε, ε)→ Rd is any curve traced on Γ, defined on some neighborhood of 0 in R and such
that γ(0) = 0 and γ′(0) = τ .

• The second fundamental form of Γ at x ∈ Γ is the bilinear form IIΓ(x) : TxΓ × TxΓ → R defined
by:

∀τ, ζ ∈ TxΓ, IIΓ(x)(τ, ζ) = ∇Γn(x)τ · ζ.
In particular, the curvature κx,τ of Γ at x in some unit direction τ ∈ TxΓ equals IIΓ(x)τ · τ .

Intuitively, the curvature κx,τ of Γ at x in a tangent direction τ ∈ TxΓ appraises how the surface bends
near x in the direction τ .

Definition 1.A.5 Let x ∈ Γ; the principal curvatures of Γ at x are the eigenvalues of the second funda-
mental form IIΓ(x); its eigenvectors (τ1(x), . . . , τd−1(x)) are the principal directions of Γ at x; they form an
orthonormal basis of TxΓ, which can be completed into an orthonormal basis (τ1(x), . . . , τd−1(x), n(x)) of the
space Rd.

The mean curvature κ(x) of Γ at a point x ∈ Γ is defined by

κ(x) = κ1(x) + . . .+ κd−1(x).

Remark 1.A.6 With these definitions, the mean curvature κ(x) of Γ at x ∈ Γ is positive when the domain
Ω is locally convex near x

1.A.2. Change of variables formulas

The following change of variables formula via a Lipschitz diffeomorphism is found in Chap. 3 of [174].

Proposition 1.A.7 Let Ω ⊂ Rd be a bounded, Lipschitz domain and let T : Ω → T (Ω) be a bijective
Lipschitz mapping, with Lipschitz inverse. Then, for any function f ∈ L1(T (Ω)), the function f ◦ T belongs
to L1(Ω) and: ∫

T (Ω)

f dx =

∫

Ω

|det∇T | f ◦ T dx.
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Figure 1.A.1. Illustration of the main concepts about the differential geometry of an hy-
persurface Γ ⊂ Rd introduced in Section 1.A.1; the curvature κx,τ of is by definition the
curvature of the red dotted curve.

Note that the above statement implicitly hinges on Rademacher’s theorem, whereby ∇T exists almost
everywhere on Rd.

The above formula has a counterpart when it comes to changing variables in surface integrals, see Prop.
5.4.3 in [201].

Proposition 1.A.8 Let Ω ⊂ Rd be a bounded domain of class C1, and let n : ∂Ω→ Rd be the unit normal
vector to ∂Ω, pointing outward Ω. Let T : Ω→ T (Ω) be a diffeomorphism of class C1. Then, for any function
g ∈ L1(T (∂Ω)), g ◦ T belongs to L1(∂Ω), and

∫

T (∂Ω)

g ds =

∫

∂Ω

|com(∇T )n| g ◦ T ds.

Remark 1.A.9 The quantity |com(∇T )n| is sometimes called the tangential Jacobian attached to T . It is
a quantity involving in the transformation rule for the normal vector n, as the unit normal vector to T (∂Ω)
equals

nT (∂Ω)(T (x)) =
com(∇T )(x)n(x)

|com(∇T (x))n(x)| , x ∈ ∂Ω.

1.A.3. The Green’s formula

The Green’s formula is the counterpart in multiple space dimensions of the basic integration by parts formula
for functions on the real line. Among its numerous avatars, let us state the following one.

Proposition 1.A.10 (Green’s formula). Let Ω ⊂ Rd be a bounded Lipschitz domain, and let n = (n1, . . . , nd)
be the unit normal vector to ∂Ω, pointing outward Ω. Then, for any function f ∈ W 1,1(Ω), it holds for all
i = 1, . . . , d: ∫

Ω

∂f

∂xi
dx =

∫

∂Ω

fni ds.

For convenience, we provide below two identities which are easily derived from Green’s formula: for
θ ∈W 1,∞(Rd,Rd) and u ∈W 1,1(Ω),

(1.A.1)

∫

Ω

div(θ)u dx =

∫

∂Ω

u (θ · n) ds−
∫

Ω

θ · ∇u dx,

and for θ ∈W 1,∞(Rd,Rd) and v, z ∈W 1,1(Ω)d,

(1.A.2)

∫

Ω

∇θv · z dx =

∫

∂Ω

(θ · z)(v · n) ds−
∫

Ω

div(v)θ · z dx−
∫

Ω

∇zv · θ dx.
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1.A.4. The implicit function theorem

For the convenience of the reader, we recall the statement of the implicit function theorem, which is used
repeatedly across this document. We refer to e.g. Th. 5.9 in Chap. 1 of [224] about the present version.

Theorem 1.A.11 (Implicit function theorem). Let Θ, E, F be Banach spaces, V ⊂ Θ, U ⊂ E be open sets.
and F : V ×U → F be a function of class Cp for p ≥ 1. Let (θ0, u0) ∈ V ×U be such that F(θ0, u0) = 0 and
assume that:

The differential duF(θ0, u0) : E → F is a linear isomorphism.

Then there exist open neighborhoods V ′ ⊂ V of θ0 in Θ and U ′ ⊂ U of u0 in E, and a mapping g : V ′ → U ′

of class Cp satisfying the properties:

• g(θ0) = u0,
• For all θ ∈ V ′, the equation F(θ, u) = 0 has a unique solution u in the set U ′, which is given by
u = g(θ).

1.A.5. Linear interpolation on the unit sphere of a Hilbert space

Let (H, 〈·, ·〉H) be a Hilbert space, and let u, v ∈ H be two vectors with unit norm. The spherical linear
interpolation formula was introduced in [335] as an elegant, closed-form expression for a function ϕ(t) :
[0, 1]→ H satisfying the following properties:

• ϕ realizes an interpolation between u and v, i.e. ϕ(0) = u and ϕ(1) = v;
• For all t ∈ [0, 1], the vector ϕ(t) has unit norm;
• The function ϕ has constant angular velocity.

in order to derive an expression for ϕ, let us first restrict ourselves to the two-dimensional subspace F of
H generated by u and v. We consider the orthonormal basis of F composed by the vector u and a second
vector w, obtained from v by the Gram-Schmidt orthonormalization process:

w =
v − 〈u, v〉Hu
||v − 〈u, v〉Hu||H

.

Introducing the angle θ = arccos(〈u, v〉H) ∈ [0, π] between u and v, it follows that

||v − 〈u, v〉Hu||2H = 1 + cos2 θ − 2〈u, v〉H cos θ = 1− cos2 θ = sin2 θ,

whence we obtain the following expressions:

w =
1

sin θ
(v − (cos θ)u), and v = (cos θ)u+ (sin θ)w.

We then define the spherical linear interpolation ϕ(t) between u and v by:

∀t ∈ [0, 1], ϕ(t) = cos(tθ)u+ sin(tθ)w,

which obviously satisfies the above requirements. Eventually, a simple calculation allows to express ϕ(t) in
terms of u and v only:

ϕ(t) =

(
cos(tθ)− sin(tθ) cos(θ)

sin(θ)

)
u+

sin(tθ)

sin(θ)
v

=
sin((1− t)θ)

sin(θ)
u+

sin(tθ)

sin(θ)
v.

1.A.6. A glimpse of elliptic regularity

On several occasions in this chapter, we have encountered the fact that the solution to a second-order elliptic
boundary value problem posed on a domain Ω enjoys higher regularity than that predicted by the Lax-
Milgram theory invoked to justify its existence and uniqueness. It is actually a very general fact that such
solutions are “as smooth as permitted by the regularity of the domain and the data”.

This regularizing effect of elliptic equations is a central topic in the thriving literature about partial
differential equations. Instead of abstract generalities, we limit ourselves with providing a typical statement
from this theory; as the method of proof is very general and can be adapted to multiple contexts, we outline
a short sketch of the latter, relying on §9.6 of [95] for a rigorous treatment.
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Theorem 1.A.12 Let Ω ⊂ Rd be a bounded domain of class Ck+2, and let f ∈ Hk(Ω). Then, the unique
solution u ∈ H1

0 (Ω) to the equation

(1.A.3)

{
−∆u = f in Ω,
u = 0 on ∂Ω,

belongs to Hk+2(Ω), and the following estimate holds:

||u||Hk+2(Ω) ≤ C||f ||Hk(Ω),

for a constant C > 0 which only depends on k and Ω.

Sketch of proof. We focus on the case where k = 0, that is, we prove that if f ∈ L2(Ω), then the solution u
to (1.A.3) belongs to H2(Ω); the complete statement of the theorem follows by induction.

The proof follows the method of translations introduced in [9]. For a function u : Ω→ R, a point x ∈ Ω,
and a vector h ∈ Rd such that x+ h ∈ Ω, the difference quotient Dhu is defined by

Dhu(x) =
u(x+ h)− u(x)

|h| .

The following characterization of functions in H1(Ω) is the cornerstone of the argument.

Lemma 1.A.13 The following statements are equivalent:

(i) u ∈ H1(Ω) and there exists C > 0 such that
∣∣∣
∣∣∣ ∂u∂xi

∣∣∣
∣∣∣
L2(Ω)

≤ C for i = 1, . . . , d;

(ii) There exists C > 0 such that:

∀i = 1, . . . , d, ∀ϕ ∈ C∞c (Ω),

∣∣∣∣
∫

Ω

u
∂ϕ

∂xi
dx

∣∣∣∣ ≤ C||ϕ||L2(Ω).

(iii) There exists C > 0 such that for any open subset ω b Ω, and any vector h ∈ Rd with |h| < dist(ω, ∂Ω),

||Dhu||L2(ω) ≤ C.
In addition, one may take C = ||∇u||L2(Ω)d in each of the above statements.

We then proceed in three steps.

Step 1: Interior regularity. We prove that for every cut-off function χ ∈ C∞c (Ω), one has:

(1.A.4) χu ∈ H2(Ω), and ||χu||H2(Ω) ≤ C||f ||L2(Ω),

for a constant C > 0 depending only on χ and Ω.

At first, a simple calculation yields the following equation for the function χu:

(1.A.5) −∆(χu) = g, where g := −(∆χ)u− 2∇χ · ∇u− χf ∈ L2(Rd).

Under variational form, χu is the unique solution in H1
0 (Ω) to the variational problem:

(1.A.6) ∀v ∈ H1
0 (Ω),

∫

Ω

∇(χu) · ∇v dx =

∫

Ω

gv dx.

As g is in L2(Ω) and supp(g) is a compact subset of Ω, for every i = 1, . . . , d, the distributional derivative
∂g
∂xi

is an element of H−1(Ω).
Intuitively, we know from the standard Lax-Milgram theory that the variational problem

Search for wi ∈ H1
0 (Ω) s.t. ∀v ∈ H1

0 (Ω),

∫

Ω

∇wi · ∇v dx =

〈
∂g

∂xi
, v

〉

H−1(Ω),H1
0 (Ω)

,

obtained from (1.A.6) by formally taking derivatives, has a unique solution wi ∈ H1
0 (Ω). Comparing with

(1.A.6), we expect that wi should coincide with ∂
∂xi

(χu), in which case χu would belong to H2(Ω), as
expected.
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Figure 1.A.2. Localization around a boundary point x0 ∈ ∂Ω in the sketch of proof of
Theorem 1.A.12.

The formalization of this idea relies on Lemma 1.A.13: for an arbitrary, “small enough” vector h ∈ Rd,
let us take v = D−hDh(χu) as test function in the variational formulation (1.A.6) for χu, which is possible
because supp(χu) is a compact subset of Ω; this yields:

∫

Ω

∇(χu) · ∇(D−hDh(χu)) dx =

∫

Ω

gD−hDh(χu) dx.

A “discrete integration by parts” (i.e. a change of variables) in this identity yields:
∫

Ω

∇(Dh(χu)) · ∇(Dh(χu)) dx =

∫

Ω

gD−hDh(χu) dx.

Now using the Cauchy-Schwarz inequality with Lemma 1.A.13 ((i) ⇒ (iii)), we arrive at:

||∇(Dh(χu))||2L2(Ω)d ≤ ||g||L2(Ω)||∇(Dh(χu))||L2(Ω)d ,

and so:

||Dh(∇(χu))||L2(Ω)d ≤ ||g||L2(Ω).

It then follows from Lemma 1.A.13 ((iii) ⇒ (i)) that ∇(χu) belongs to H1(Ω)d and satisfies the desired
estimate (1.A.4).

Step 2: Regularity near the boundary. Let x0 be any point on ∂Ω; we prove that there exists a bounded
open set O containing x0 such that for any cut-off function χ ∈ C∞c (Rd) with compact support inside O,

(1.A.7) χu ∈ H2(Ω), and ||χu||H2(Ω) ≤ C||f ||L2(Ω),

for a constant C > 0 depending on Ω and χ.

Since ∂Ω is “smooth”, we may take O so small that ∂Ω is “nearly flat” around x0 (say, Ω coincide with
the lower half-space H := {x = (x1, . . . , xd), xd < 0} near x0), see Fig. 1.A.2. Also, because x0 belongs to
∂Ω, the method of translations can only be implemented with horizontal vectors h ∈ Rd, i.e. with hd = 0,
so that x + h belongs to Ω when h is “small enough”. Doing so, it is possible to prove the existence of a
constant C > 0 such that:

∀i = 1, . . . , d− 1,
∂

∂xi
(χu) ∈ H1(Ω), and

∣∣∣∣
∣∣∣∣
∂

∂xi
(χu)

∣∣∣∣
∣∣∣∣
H1(Ω)

≤ C||f ||L2(Ω).

This shows that all the partial derivatives ∂2u
∂xi∂xj

belong to L2(Ω) and satisfy the estimate in (1.A.7) for

i = 1, . . . , d and j = 1, . . . , d− 1. It thus remains to prove that the last second order derivative ∂2

∂x2
d
(χu) also

belongs to L2(Ω). To achieve this, we return to the strong form of the equation (1.A.5), which guarantees
that:

∂2

∂x2
d

(χu) = g −
d−1∑

i=1

∂2

∂x2
i

(χu),

which then obviously belongs to L2(Ω) and satisfies the desired estimate (1.A.7).
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Figure 1.A.3. Covering of Ω used in the final step of the proof of Theorem 1.A.12.

Note that the rigorous justification of this second step hinges on a change of variables in the equation
(1.A.5) via a diffeomorphism T of Rd such that:

T (B(0, r)) ⊂ O for r > 0 small enough, and T (H ∩B(0, r)) = Ω ∩ T (B(0, r)).

Step 3: Global regularity. By using a partition of unity argument, we “glue” the local results from the two
previous steps.

By compactness of Ω, there exist open subsets O0 b Ω, and O1, . . . ,ON ⊂ Rd as in the statement of
Step 2 such that:

Ω ⊂
N⋃

i=0

Oi,

see Fig. 1.A.3. Let then {θi}i=0,...,N be a partition of unity associated to the covering {Oi}i=0,...,N , i.e.

∀i ∈ {0, . . . , N} , θi ∈ C∞c (Oi), θi ≥ 0, and

N∑

i=0

θi = 1 on Ω.

The solution u to (1.A.3) can now be decomposed as:

u = θ0u+

N∑

i=1

θiu,

where the first term θ0u belongs to H2(Ω), with ||θ0u||H2(Ω) ≤ C||f ||L2(Ω) on account of Step 1, and each
term θiu fulfills the same properties on account of Step 2.

This last step terminates the proof. �

Remark 1.A.14

• Elliptic regularity is a very general phenomenon: similar statements hold for other types of boundary
conditions (for instance when the Dirichlet condition in (1.A.3) is replaced with a Neumann, or
Robin boundary condition), and other partial differential operators such as those featured in the
linearized elasticity system (Elas), or the Stokes equations.
• There are however important cases where elliptic regularity fails, with clear physical obstructions.

Let us mention two of them:
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– Two-phase problems. We have seen in Section 1.2.1.2 that the solution u ∈ H1(D) to the two-
phase conductivity equation (1.2.3) involving two phases Ω1 := Ω b D and Ω0 := D \Ω inside
a given (smooth) domain D ⊂ Rd, made of material with different, say constant conductivities
γ1, γ0 > 0 satisfies the following jump relations:

∀x ∈ ∂Ω, u0(x) = u1(x) and

(
γ0
∂u0

∂n

)
(x) =

(
γ1
∂u1

∂n

)
(x),

where u0, u1 are the restrictions of u to Ω0, Ω1, respectively. The second condition, corre-
sponding to the continuity of the flux through the interface ∂Ω implies that the gradient ∇u
cannot have a continuous normal component across ∂Ω, so that u cannot belong to H2(Ω).
Note however that an adaptation of the proof of Theorem 1.A.12 allows to show that the
restrictions u0, u1 of u to Ω0 and Ω1 belong to H2(Ω0) and H2(Ω1), respectively.

– Change in boundary conditions. The solution u to a boundary value problem equipped with
mixed boundary conditions is typically not smooth near the points x0 ∈ ∂Ω where the boundary
conditions change types. More precisely, let for instance u be the unique solution in H1(Ω) to
the problem: 



−∆u = f in Ω,
u = 0 on ΓD,
∂u
∂n = 0 on ΓN ,

posed inside a smooth bounded domain Ω ⊂ Rd, involving a smooth source f ∈ C∞(Ω), and
featuring homogeneous Dirichlet boundary conditions on a subset ΓD ⊂ ∂Ω and homogeneous
Neumann boundary conditions on the complement ΓN := ∂Ω \ ΓD.
One may prove that u enjoys H2 regularity in the neighborhood of any point x0 inside Ω, or of
any point x0 ∈ ∂Ω \ Σ, where Σ := ΓD ∩ ΓN is the region where boundary conditions change
types. On the other hand, u shows a “weakly singular behavior” at such points x0 ∈ Σ (i.e. it
is no more regular than H3/2−η for some η > 0). We shall return to this issue in Section 4.3.
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Chapter 2
Shape and topology optimization under uncertainties

The objective and constraint functions involved in realistic optimal design problems depend on the physical
behavior of the shape, which is usually appraised mathematically via the solution to a boundary-value
problem. The specifications of the configuration at hand are incorporated into the latter via parameters,
whose values are rarely known with sufficient accuracy. In the context of structural mechanics, this situation
incarnates as follows:

• Loads are typical of physical data marred by large uncertainties. They are often measured indirectly
by devices such as load cells, which are inherently prone to errors. They may also be changing in
an unpredictable way due to alterations in the external medium, see Fig. 2.0.1 (a).
• The physical properties of the constituent material of shapes (encoded in the Young’s modulus and

the Poisson’s ratio) are also source of uncertainties. They may be difficult to estimate because of
the presence of heterogeneities or impurities, and they may be altered under uncontrolled variations
of the temperature or of the humidity of the ambient medium.
• Often, the geometry of shapes itself is known imperfectly. The actual design of a shape may differ

significantly from its blueprint counterpart because of unexpected manufacturing errors, or it may
end up deteriorated in time under the effect of wear, see Fig. 2.0.1 (b).

Unfortunately, even very small uncertainties may greatly jeopardize the optimal character of a design,
as illustrated by the following example, excerpted from [124].

Example 2.0.1 Let us consider the optimization of the constituent material of a fixed square-shaped domain
D ⊂ Rd whose upper and lower sides are subjected to a vertical traction load g, see Fig. 2.0.2. The setting
is that of the homogenization method, broached in Section 1.3.2: given a weak and a strong elastic materials
with respective Hooke’s tensors A0, A1, we optimize the composite structure (θ,A∗) within D, made of

• A density function θ : D → [0, 1] encoding the local volume fraction of the strong material A1;
• A microstructure tensor A∗ whose value A∗(x) at each point x ∈ D is the effective tensor of a

mixture of A0 and A1 in proportions (1− θ(x)) and θ(x), respectively.

We aim to minimize a weighted sum of the compliance of D and the volume of strong material:

min
(θ,A∗)

J(θ,A∗), where J(θ,A∗) := C(θ,A∗) + `

∫

D

θ dx.

It can be proved rigorously, at least when neither of the two phases A0, A1 is degenerate, that an optimal
composite structure for this problem is a rank 1 laminate material with lamination direction e1, that is, an
arrangement of A0 and A1 into vertical stripes at the microscopic level, optimized to sustain a perfectly
vertical load, see the proof of Th. 4.1.2.1 in [16] and Fig. 2.0.2.

The inspection of the explicit expression for the homogenized tensor A∗ reveals that it is degenerate: the
entries A∗1212, A∗1211 and A∗1222 vanish, see Chap. 7 in [26] for precise expressions. The structure D filled
with the material is therefore incapable of sustaining the slightest shear strain: the compliance is infinite as
soon as a small perturbation is added to the horizontal component of g.
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a

b

Figure 2.0.1. (a) The rib structure of the wing of a plane has to cope with unpredictable
and multiple diffuse loads during flight [220]; (b) scratched geometry of a brake pad under
the effect of wear.
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Figure 2.0.2. An optimal microstructure for the vertical load g is the worst possible design
as soon as a (however small) horizontal component is added to g.

This chapter summarizes the investigations conducted in the articles [A33, A31, A30, A18, A1], which
generally aim to develop robust expressions of optimal design problems with respect to certain sources of
uncertainties. This challenging issue has recently received much attention from both academic and industrial
communities, see e.g. [339, 257] for overviews.

Most of the developments presented in this chapter lend themselves to a formulation which is independent
of the particular shape and topology optimization framework. For this reason, we adopt insofar as possible
a formal abstract setting, which shall be specialized when needed: we consider the optimization of a design
variable h with respect to a cost C(h, f) which also depends on the physical data f of the situation:

(2.0.1) min
h
C(h, f).
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The strategies to make optimal design problems aware of uncertainties usually fall into one of the
following two categories, depending on the available knowledge about the data f :

• Worst-case formulations are grounded on the fact that nothing is known about f , except for a
maximum bound m on their deviation to a known reference value f0. The robust version of (2.0.1)
then reads:

(2.0.2) min
h

sup
||f−f0||≤m

C(h, f).

• In probabilistic formulations, the data f are modeled by a random variable, defined over an abstract
probability space (O,F ,P), with known law. The aim is then to minimize a statistical quantity of
the cost, such as its expectation

min
h

∫

O
C(h, f(ω)) dP(ω),

or the probability

P
{
ω ∈ O, C(h, f(ω)) > α

}
.

that its value exceed a safety threshold α.

This chapter is organized as follows. The first Section 2.1 summarizes investigations related to worst-case
optimal design; a general strategy is presented to address such problems. The next Section 2.2 deals with
an issue which is fairly close in essence to this worst-case optimization paradigm, in the context of a source
of uncertainties quite specific to the shape optimization context: the presence of “small” porosities inside
the structure. Based on the articles [A30, A31], the next Section 2.3 deals with probabilistic approaches for
shape and topology optimization. As we shall see in multiple occasions in this chapter, both worst-case and
probabilistic viewpoints suffer from severe drawbacks. In particular, the latter assumes the perfect knowledge
of the law of the uncertain data (or at least of some if its moments), which is unrealistic. Summarizing the
work of the preliminary note [A1], we present in Section 2.4 a more realistic perspective: introducing the
recent idea of distributional robustness in the context of shape and topology optimization, we optimize the
worst-case value of a risk measure (typically the expectation) of the cost function when the actual (unknown)
law of uncertainties is “close” to a nominal, estimated law. This chapter ends with two appendices: in
Section 2.A, we recall a few basic notions from measure theory. Then, Section 2.B is about the so-called
Karhunen-Loève expansion of a random field, giving a rigorous ground to the finite-dimensional structure of
the random uncertainties considered in this chapter.

2.1 Optimal design in the worst-case scenario

This first section deals with worst-case versions of optimal design problems, of the form (2.0.2). It is based on
the work [A33], written at the end of my Ph. D. thesis. After presenting the proposed approximation method
for such problems in a formal and general setting in Section 2.1.1, two concrete examples are discussed in
Section 2.1.2.

2.1.1. A formal, general linearization method for worst-case design

Let us first introduce a formal and abstract optimal design framework which will be considered on several
occurrences in this chapter. The design variable h is sought within a set H of admissible designs, and the
physical data f belong to a Banach space (Ξ, || · ||Ξ) (or a subset of the latter). The performance of a design
h when the data f are at play is measured in terms of a cost function C(h, f). The optimal design of interest,
when the data of the problem equal f reads:

(2.1.1) min
h∈H

sup
||f−f0||Ξ≤m

C(h, f),

where constraints are omitted for simplicity. Often, C(h, f) has the structure:

(2.1.2) C(h, f) = S(f, uh,f ), for some smooth function S : H× V → R,

87



as it depends on the physical situation via a state uh,f , characterized as the unique solution in a Hilbert
space (V, 〈·, ·〉V ) to a design-dependent linear system of the form:

(2.1.3) A(h)uh,f = b(f).

For simplicity of the exposition, the design h and the data f only appear in the operator A(h) and in the
right-hand side b(f) of this equation.

For instance, this setting comprises that of elastic structures introduced in Section 1.2.3: the design
variable h then stands for the shape Ω, the data f are (for instance) the applied external loads, and the cost
C(h, f) may represent the compliance of the structure, depending on its elastic displacement uh,f .

As the starting assessment of worst-case approaches, the only available information about the data f

is that they differ from a reference, unperturbed value f0 by a perturbation f̂ with maximum amplitude
m > 0. The worst-case counterpart of (2.1.1) then reads:

min
h∈H

Jwc(h), where Jwc(h) := sup
||f−f0||Ξ≤m

C(h, f).

Unfortunately, this bi-level program is untractable, except in very specific situations; we seek to construct

an approximate worst-case functional J̃wc(h) which lends itself to an easier analysis. To achieve this, we

leverage the “closeness” of f = f0 + f̂ (that is, the “smallness” of f̂) with the unperturbed value f0 to
linearize the cost f 7→ C(h, f) around f0:

(2.1.4) C(h, f) ≈ C(h, f0) +
∂C
∂f

(h, f0)(f̂).

We then define our formal approximation J̃wc(h) of Jwc(h) to be the largest value of the first-order approxi-

mation of f 7→ C(h, f) when ||f̂ ||Ξ ≤ m:

J̃wc(h) = sup
||f̂ ||Ξ≤m

(
C(h, f0) +

∂C
∂f

(h, f0)(f̂)

)
.

Recognizing the supremum of an affine mapping over a ball in a Banach space, this quantity rewrites:

(2.1.5) J̃wc(h) = C(h, f0) +m

∣∣∣∣
∣∣∣∣
∂C
∂f

(h, f0)

∣∣∣∣
∣∣∣∣
Ξ∗
,

where Ξ∗ is the dual of the Banach space Ξ. This expression is not yet fully satisfactory: it brings into play
the partial derivative ∂C

∂f of the cost C with respect to the data f which is uneasy to handle, as C depends

on f via the solution uh,f to (2.1.3), see (2.1.2). To make the quantity ∂C
∂f more explicit, we rely on the

first-order expansion of the mapping f 7→ C(h, f) around f0, which reads:
(2.1.6)

For f = f0 + f̂ , f̂ “small”, C(h, f) = S(f, uh,f )

≈ S(f0, uh,f0
) +

∂S

∂f
(f0, uh,f0

)(f̂) +
∂S

∂u
(f0, uh,f0

)(u1
h,f0

(f̂)).

Here, we have introduced the derivative u1
h,f0

(f̂) :=
∂uh,f
∂f

∣∣∣
f=f0

(f̂) of the state function at f = f0. The

latter is characterized by the following equation obtained by differentiation of (2.1.3):

A(h)u1
h,f0

(f̂) =
∂b

∂f
(f0)(f̂).

We now give another expression to the last term in the right-hand side of (2.1.6) thanks to the adjoint
method, which is summarized in Section 1.3.3.6. Let the adjoint state ph,f0 ∈ V be defined as the solution
to the equation

(2.1.7) A(h)T ph,f0
= −∂S

∂u
(f0, uh,f0

),
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where we have identified the derivative ∂S
∂u (f0, uh,f0) of S at (f0, uh,f0) with its gradient in the Hilbert

space V , up to a small abuse of notation. The familiar series of transformations involved in adjoint-based
computations reads in the present context:

∂S

∂u
(f0, uh,f0)(u1

h,f0
(f̂)) = −

〈
A(h)T ph,f0 , u

1
h,f0

(f̂)
〉
V

= −
〈
A(h)u1

h,f0
(f̂), ph,f0

〉
V

= −
〈
∂b

∂f
(f0)(f̂), ph,f0

〉

V

= −
〈
∂b

∂f
(f0)T ph,f0

, f̂

〉

Ξ∗,Ξ

,

where ∂b
∂f (f0)T : V → Ξ∗ is the adjoint of the mapping ∂b

∂f (f0) : Ξ→ V . Eventually, (2.1.6) becomes:

C(h, f) ≈ C(h, f0) +
∂S

∂f
(f0, uh,f0)(f̂)−

〈
∂b

∂f
(f0)T ph,f0 , f̂

〉

Ξ∗,Ξ

.

Inserting this identity in (2.1.5), our approximate worst-case functional J̃wc(h) rewrites:

J̃wc(h) = C(h, f0) +m

∣∣∣∣
∣∣∣∣
∂S

∂f
(f0, uh,f0

)− ∂b

∂f
(f0)T ph,f0

∣∣∣∣
∣∣∣∣
Ξ∗
.

Note that in practice, the quantity
(
∂S
∂f (f0, uh,f0

)− ∂b
∂f (f0)T ph,f0

)
is more “regular” than a mere element of

Ξ∗: it actually belongs to the Banach pre-dual space Υ of Ξ, i.e. Ξ = Υ∗. In this case, the dual norm above
equals that of Υ.

The approximate worst-case functional J̃wc(h) can be incorporated into a classical optimal design prob-
lem, either as an objective, or as a constraint function. The calculation of its derivative with respect to
the design h, which is required in the implementation of typical constrained optimization algorithms can be
realized thanks to the adjoint method, see again Section 1.3.3.6. Let us emphasize that this calculation is a

little tedious, as J̃wc(h) depends on h via the solution uh,f0 to the state equation (2.1.3) and that ph,f0 to
the adjoint equation (2.1.7).

Remark 2.1.1 The above approximation procedure is formal: it is usually not verified that first-order expan-
sion of the supremum of a function coincides with the supremum of its first-order expansion, see nevertheless
[198] for a very particular situation where such is the case. In general, the approximate worst-case functional

J̃wc(h) can only be expected to be a rough account of the exact one Jwc(h), whose minimization instills in the
optimized design h “good trends” towards robustness with respect to perturbations on the data f .

2.1.2. A couple of numerical results

As we have mentioned, the above procedure for constructing approximate worst-case functionals encompasses
a whole gammut of optimal design situations. In this section, we discuss two such instances of shape
optimization problems.

2.1.2.1. Robust shape optimization of a 2d bridge under load uncertainties

This first example deals with the problem of robust design of structures with respect to the compliance
when perturbations are expected over the applied loads. This problem has been extensively considered in
the literature; its very particular structure allows for a quite explicit treatment, see [44, 124, 153].

We consider the optimization of the design of a 2d bridge: as depicted on Fig. 2.1.1 (a), the shapes Ω
are contained in a box D with size 2× 1.5; they are clamped near their bottom-left corner, and the vertical
displacement is prevented around their bottom-right corner. In the unperturbed situation, a body force
f0 = (0,−10) is applied on a region in the middle of the bottom side of D, and the perturbed versions of
the force f read:

f = f0 + f̂ , where f̂ has maximum amplitude m and is concentrated on the blue rectangles.
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The cost C(Ω, f) of a shape Ω when body forces f are at play is the compliance:

C(Ω, f) =

∫

Ω

f · uΩ,f dx,

where uΩ,f is the solution to the linear elasticity system (Elas). We solve the constrained optimization
problem

(2.1.8) min
Ω

J̃wc(Ω) s.t. Vol(Ω) = VT ,

involving the approximate worst-case compliance functional J̃wc(Ω) constructed in the previous section, with
the volume target VT = 0.75.

As far as the numerical resolution is concerned, the classical level set method for shape optimization is
used on a fixed mesh of D, see Section 1.4.6.2. Several examples are presented on Fig. 2.1.1, associated to
different values of the magnitude m of expected perturbations over the nominal force f0.

1.5

2

<latexit sha1_base64="plHx5hU9foZyzkxDHI/sd1UKbh0="></latexit>

f0

0.2
0.2 0.2a

b c

d e f

Figure 2.1.1. Optimized design of the 2d bridge considered in Section 2.1.2.1 with respect
to the approximate worst-case compliance minimization problem (2.1.8) with an amplitude

m over perturbations f̂ equal to (a) 0 (unperturbed case), with details of the test-case (b)
0.2, (c) 0.5, (d) 1, (e) 1.5 and (f) 2.

The mechanical analysis of these results complies with the general trends of worst-case formulations of
optimal design problems. The robust designs show an improved (i.e. lower) value of the compliance than the
design optimized for the unperturbed load f0 when the actual force f is a (significant) perturbation of f0;
on the other hand, the nominal performance of the robust designs (i.e. the value of the compliance when the
unperturbed force f0 is applied) gets dramatically deteriorated as m increases. In other terms, anticipating
the worst-case scenario leads to designs with poor nominal performance.

2.1.2.2. Worst-case optimization of a gripping mechanism in the presence of geometric uncertainties

This section illustrates how the above framework allows to handle uncertainties on the geometry of the shape
Ω itself – an issue which is considered with other techniques in e.g. [118, 139, 198, 379].
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Perturbations of the geometry of a shape Ω are considered as variations of Ω in the sense of the Hadamard
method (see Section 1.3.3) with maximum amplitude m in the supremum norm:

Ωθ = (Id + θ)(Ω), θ ∈W 1,∞(Rd,Rd), ||θ||W 1,∞(Rd,Rd) < 1 and ||θ||L∞(Rd)d < m.

To set ideas, let us consider the following constraint-free minimization problem of a cost function C(Ω):

(2.1.9) min
Ω
C(Ω).

Its worst-case version when geometric perturbations of maximum amplitude m are expected reads:

min
Ω
Jwc(Ω), where Jwc(Ω) := sup

||θ||
L∞(Rd)d

≤m
C(Ωθ).

Let us assume that the shape derivative of C(Ω) enjoys the desirable surface structure discussed in Sec-
tion 1.3.3.2, say

C′(Ω)(θ) =

∫

∂Ω

vΩ θ · n ds,

for some scalar field vΩ : ∂Ω → R which encodes all the first-order information about the shape sensitivity
of C(Ω). Our formal method yields the following approximate problem:

(2.1.10)

min
Ω
J̃wc(Ω), where J̃wc(Ω) := sup

||θ||
L∞(Rd)d

≤m

(
C(Ω) +

∫

∂Ω

vΩ θ · n ds

)
,

= C(Ω) +m

∫

∂Ω

|vΩ| ds.

This problem can be addressed with the methods presented in Chapter 1. Note that, roughly speaking, the

shape derivative of J̃wc(Ω) involves the second-order sensitivity of C(Ω) with respect to the domain.

To illustrate this idea, let us consider the 2d optimization example of the shape of a gripping mechanism.
As depicted on Fig. 2.1.2 (a), shapes are contained in a box D with size 1× 1; they are clamped near their
upper- and lower-left corner, and a force g = (−0.1, 0) is applied at the middle of their left-hand side. We
aim that the displacement uΩ of the shape Ω comply with a target displacement uT : D → R2 so that the
jaws (the blue regions on Fig. 2.1.2 (a)) close. To achieve this, we solve the optimization problem (2.1.9)
with the cost function

C(Ω) =

∫

Ω

k(x)|uΩ − uT |2 dx,

where k ∈ L∞(Rd) is an indicator function for the fixed region near the jaws of Ω.
We solve the approximate robust problem (2.1.10) for several values of the expected amplitude m of the

geometric perturbations; the results are displayed on Fig. 2.1.2.
Inspection of the results yields similar conclusions to those of the previous Section 2.1.2.1: the nominal

performance of the shape gets degraded as m increases. This phenomenon is highlighted by Fig. 2.1.3 where
the displaced configurations of the optimized designs of Fig. 2.1.2 are represented (without application of
geometric perturbations). For large values of m, the jaws of the mechanism barely move closer from one
another.

2.2 Shape optimization under porosity constraints

Relying on the general idea developed in the previous Section 2.1.1 about worst-case optimal design, this
section deals with a source of uncertainties which is naturally expressed in the more specific context of shape
optimization: the presence of porosities inside the optimized shape. Such defects are indeed ubiquitous in
engineering; for instance,

• Porosity often shows up in the course of the casting process, where the shape is constructed upon
solidification of a liquid material poured into a mold. Bubbles of air are trapped during the
solidification stage, jeopardizing the material strength, see [273] and Fig. 2.2.1 (a).
• Porosity is a fairly common effect in welding [384] – an operation during which two parts are fused

together to form a joint upon cooling. It is entailed by small gas holes distributed randomly all
over the weld bead, thus weakening the weld, see Fig. 2.2.1 (b).
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Figure 2.1.2. Optimized design of the 2d gripping mechanism considered in Section 2.1.2.2
under geometric uncertainties with magnitude m equal to (a) 0 (unperturbed case), with
details of the test-case (b) 0.002, (c) 0.007, (d) 0.009, (e) 0.01 and (f) 0.02.

• Porosity also affects most additive manufacturing techniques (see Section 3.5.1 for a short presen-
tation), and notably the popular Electron Beam Melting technology [351], and Fig. 2.2.1 (c).

Uncontrolled porosity defects are very harmful to mechanical structures in practice: they degrade the
reliability and quality of materials, and they make structures more prone to crack initiation and fatigue.
This raises the need to enforce robustness of structures with respect to the presence of porosities. In spite
of its importance, this topic seems to have received very little attention from the optimal design literature,
see nevertheless [107]. This section is based on the work [A18].

2.2.1. Formal presentation of the mathematical model

Let us slip into the context of structural optimization introduced in Section 1.2.3: let C(Ω) be a cost function
of the optimized elastic structure Ω ⊂ Rd. As usual in this manuscript, C(Ω) depends on Ω via the elastic
displacement uΩ : Ω→ Rd, solution to the linear elasticity system (Elas).

In the perspective of devising a version of C(Ω) which is robust with respect to the presence of “small”
porosities inside Ω, we consider topological perturbations of a shape Ω ⊂ Rd of the form

Ωx,r = Ω \B(x, r), x ∈ Ω, r � 1,

i.e. Ωx,r is a version of Ω where a small hole with radius r has been nucleated around x.
We impose that the cost C(Ω) of Ω be “not too much degraded” when a hole with “small” size r emerges

in its bulk, that is:

(2.2.1) ∀x ∈ Ω, C(Ωx,r) ≤ (1 + η)C(Ω),
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Figure 2.1.3. Displaced configurations of the optimized gripping mechanisms in Sec-
tion 2.1.2.2 when anticipating geometric uncertainties with magnitude m equal to (a) 0,
(b) 0.002, (c) 0.007, (d) 0.009, (e) 0.01 and (f) 0.02.

a b c

Figure 2.2.1. Examples of porosity defects in mechanical engineering: (a) Shrinkage
porosity in casting (source: http://efoundry.iitb.ac.in/Defects/shrinkage.html);
(b) weld metal porosity [199]; (c) Hydrogen pores in a 3D-printed aluminum alloy [366].

where η > 0 is a given tolerance threshold (depending on r).
In order to make this requirement amenable to numerical computations, we leverage the smallness of

the hole r: the cost C(Ωx,r) of the perturbed structure Ωx,r can be related to C(Ω) thanks to the topological
derivative dCT (Ω) of C(Ω) – a notion introduced in Section 1.3.4. This yields the following expansion:

(2.2.2) C(Ωx,r) = C(Ω) + rddCT (Ω)(x) + o(rd).

Hence, retaining only the leading order in terms of r in (2.2.1), we consider the following approximate
requirement for Ω to be robust with respect to the emergence of porosities with size r:

(2.2.3) ∀x ∈ Ω, rddCT (Ω)(x) ≤ ηC(Ω).
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Eventually, we are led to replace C(Ω) with the functional

(2.2.4) Jpor(Ω) :=

∫

Ω

jpor,Ω(x) dx, where jpor,Ω(x) =
1

2

[
dCT (Ω)(x)− η

rd
C(Ω)

]2
+
,

and [t]+ = max(t, 0) is the positive part of a real number t.
The latter can be used in a standard shape and topology optimization algorithm like those presented

in Chapter 1, either as the objective, or as a constraint function, whose values should be kept under a
“small” positive threshold. Loosely speaking, the calculation of the shape derivative of Jpor(Ω) amounts to
“differentiating the topological derivative of C(Ω) with respect to the domain”, a task which can be conducted
thanks to the techniques exemplified in Section 1.3.3, however technically tedious.

Remark 2.2.1 The above mathematical description of porosity patterns could legitimately be criticized. Be-
yond the formal replacement of the requirement (2.2.1) by the leading-order approximation (2.2.3), the topo-
logical expansion (2.2.2) only accounts for the nucleation of one “small” hole inside Ω, or at best of a
collection of finitely many isolated holes. Hence, the description of small porosities spread out at random
inside the shape Ω would rather rely on the homogenization theory.

2.2.2. Two numerical examples of robust optimization of shapes taking into account the emer-
gence of porosities

2.2.2.1. Robust minimization of the stress within an L-shaped beam

Our first example deals with the optimization of an L-shaped beam: inside a domain D with size 100× 100,
the optimized shape Ω is clamped on its upper side, and a vertical load g = (0,−3) is applied at the middle
of its right-hand side.

In a first step, we minimize the compliance of Ω under a volume constraint, without taking into ac-
count the effect of porosity; using the standard level set method for shape and topology optimization (see
Section 1.4.6.2), we solve the problem

(2.2.5) min
Ω

C(Ω) s.t. Vol(Ω) = VT , where C(Ω) =

∫

Ω

Ae(uΩ) : e(uΩ) dx,

and the volume target is set to VT = 0.35Vol(D). The resulting shape Ω∗ is represented on the left column
of Fig. 2.2.2.

We now bring into play the porosity constraint functional Jpor(Ω) constructed by (2.2.4) from the
following cost function C(Ω) evaluating the stress within Ω:

C(Ω) =

∫

Ω

||σ(uΩ)||2 dx,

and where the parameters r and η are set to 0.625 and 0.01, respectively. Starting from Ω∗, we solve the
new problem:

(2.2.6) min
Ω

C(Ω) s.t.

{
Jpor(Ω) = 0,
Vol(Ω) = VT .

The optimized design is depicted on the right column of Fig. 2.2.2; the main difference between the
latter and Ω∗ is that the reentrant corner has been significantly rounded.

2.2.2.2. Robust minimization of the compliance within a double hook

In this second, 3d example, the design of a double hook structure is investigated, see Fig. 2.2.3 (a). The
T-shaped working domain is clamped at the top of the T-leg and two vertical loads g = (0, 0,−5) are applied
in the middle of the faces at the end of the T-shafts. The initial shape is represented in Fig. 2.2.3 (b).

Since we are interested in studying the impact of porosity on shapes, and because the latter is expected
to weaken especially thin regions of the structure, a low volume constraint VT = 0.04 Vol(D) is imposed.
This raises the need for a high-resolution discretization of the domain. Taking advantage of symmetry, only
one quarter of D is considered, which is meshed with 192 × 48 × 272 hexahedral eight-node linear Finite
Elements, so that the Finite Element model is composed of 2.506.752 elements and 7.745.283 degrees of
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Figure 2.2.2. Optimized designs in the L-shaped beam test case of Section 2.2.2.1; (left
column) shape Ω∗ without porosity constraint: (a) distribution of the integrand jpor,Ω and (c)
distribution of the stress intensity ||σ(uΩ)||2; (right column) using the porosity constraint:
(b) distribution of the integrand jpor,Ω and (d) distribution of the stress intensity ||σ(uΩ)||2.

freedom. The latter is solved thanks to the GPU implementation of a matrix-free geometrical multigrid
PCG described in [251].

We first minimize the compliance C(Ω) of Ω under the volume constraint Vol(Ω) = VT without porosity
constraint- i.e. (2.2.5) is solved; the resulting optimized shape Ω∗ is displayed on Fig. 2.2.5 (a).

We then incorporate the porosity constraint Jpor(Ω) constructed from the compliance for a tolerance
parameter η = 0.0003 and ρ = 0.5 – i.e. Jpor(Ω) is defined by (2.2.4) with C(Ω) = C(Ω). Starting from Ω∗,
we solve the problem (2.2.6); the evolutions of the compliance, the porosity constraint and the volume in
the course of the optimization process are depicted in Fig. 2.2.4. From the value Jpor(Ω

∗) = 66, the porosity
constraint functional smoothly converges to the value 0.062 within 20 iterations. Meanwhile, the compliance
C(Ω) of the structure is increased by only 1.8%.

The isolines of the integrand jpor,Ω of Jpor(Ω) are shown in Fig. 2.2.5. As expected, a significant reduction
in the peak value of cΩ,1 is achieved. This reduction is obtained by removing thin bars and smoothing sharp
regions. Note that the surface in the out-of-plane direction is inflated near the reentrant corner of the hook
from the initial to the final design, see Fig. 2.2.6.
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Figure 2.2.3. Setting of the 3d double hook test case of Section 2.2.2.2: (a) computational
domain D with boundary conditions; (b) initial shape.
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Figure 2.2.4. Convergence histories for (a) the compliance, (b) the porosity constraint
functional and (c) the volume in the 3d double hook test case of Section 2.2.2.2.

2.3 Optimal design under random uncertainties

The investigations of this section arise in a conceptual setting which is similar to that introduced in Sec-
tion 2.1.1. A design variable h is optimized with respect to a cost function C(h, f) which depends on the
data f of the physical configuration at stake; these data still read as the sum of an unperturbed, reference

value f0, and an unknown perturbation f̂ , but a little more information is available about f̂ than a mere
maximum bound on its amplitude: it is a random variable whose law is known – or at least some of its
moments. This setting is fairly common in robust optimal design, see e.g. [139, 167, 252, 253]. Leveraging
this information, we construct robust optimal design criteria approximating the mean value of the cost, its
variance, or a failure probability.

This section is based on the works [A30, A31]; after presenting the key ingredients of our constructions
in Section 2.3.1, we discuss two numerical examples in Section 2.3.2.
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Figure 2.2.5. Distribution of the integrand jpor,Ω in the optimized 3d double hook of Sec-
tion 2.2.2.2 for (a) the optimized shape Ω∗ (without porosity constraint), and (b) the opti-
mized shape taking into account porosity constraint.

2.3.1. Formal presentation of the main ideas in an abstract setting

Let us bring the abstract and formal setting of Section 2.1.1 back into use: we aim to optimize a design
variable h ∈ H with respect to a cost function C(h, f) = S(f, uh,f ). The latter depends on the physical data
f ∈ Ξ via a state uh,f , which is the solution in the Hilbert space (V, || · ||V ) to the equation

A(h)uh,f = b(f),

see (2.1.2) and (2.1.3).

The actual data f = f0 + f̂ deviate from a known reference value f0 by a “small” perturbation f̂ which

is uncertain, say f ≡ f̂(ω) where the event variable ω belongs to a probability space (O,F ,P). In practice,
it is often unnecessary to refer to this event space, as it contains too much unnecessary – and unavailable –

information. Instead, the probability law of f̂ is given, which is the push-forward f̂#P of the measure P to
the data space Ξ, that is:

(2.3.1) ∀A ⊂ Ξ, f̂#P(A) = P
{
ω ∈ O, f̂(ω) ∈ A

}
.

Loosely speaking, only the information about the probability for f̂ to take particular values is retained, and
not the individual events for which this occurs. For the purpose of this section, however, it is clearer to keep
the mention to this event space.

We rely on the following assumptions about f̂ :

• f̂ is “small”; depending on the situation, this may mean that f̂(ω) is “small” for all event ω – i.e. f̂
is small as an element in L∞(O,Ξ) – or that it is “small” for “most” events ω ∈ O, but that it may

occasionally take “large” values – i.e. f̂ is “small” as an element in Lp(O,Ξ) for some 1 ≤ p <∞.

• f̂ has a finite-dimensional structure: it arises as a finite sum

(2.3.2) f̂(ω) =

N∑

i=1

fiξi(ω),

where the fi ∈ Ξ are deterministic data and the ξi(ω) are real-valued random variables with mean
value 0 and identity covariance matrix:

(2.3.3)

∫

O
ξi(ω) dP(ω) = 0, and

∫

O
ξi(ω)ξj(ω) dP(ω) = δij , i, j = 1, . . . , N.
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With porosity constraint
Without porosity constraint

a

b c

Figure 2.2.6. Comparison between the optimized designs for the 3d double hook problem
of Section 2.2.2.2 obtained with and without porosity constraint; (a) cut in the plane y = 0;
(bottom row) zoom near the corner of (b) the optimized shape Ω∗ without porosity constraint,
and (c) the optimized shape considering the porosity constraint Jpor(Ω).

Such a structure is typical of random variables in L2(O,Ξ) when Ξ is a Hilbert space: it results in

this case from the truncation of a Karhunen-Loeve expansion for f̂(ω), see Section 2.B.

In this setting, we wish to address optimal design problems featuring two types of statistical quantities:

• Some moments of the uncertain cost C(h, f0 + f̂(ω)), such as its mean value Jmean(h), defined by:

(2.3.4) Jmean(h) =

∫

O
C(h, f0 + f̂(ω)) dP(ω),

or its variance Jvar(h), given by:

(2.3.5) Jvar(h) =

∫

O

(
C(h, f0 + f̂(ω))− Jmean(h)

)2

dP(ω).
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• A failure probability Jfail(h) of the design h:

(2.3.6) Jfail(h) = P
{
ω ∈ O, C(h, f0 + f̂(ω)) > α

}
,

where α is a threshold encoding the maximum value of the cost guaranteeing a safe use of h.

Unfortunately, these quantities and their derivatives with respect to the design are difficult to calculate in
practice, as their expressions feature integrals over the event space O, whose evaluation requires advanced
and very costly numerical methods, such as Monte-Carlo algorithms, (isotropic or anisotropic) sparse grid
collocation methods [252, 285], etc, see e.g. [230] for an overview.

To alleviate this issue, we leverage the “smallness” and “finite-dimensionality” of f̂ to construct approx-
imate versions of the functionals Jmean(h), Jvar(h) and Jfail(h). Our developments hinge on the second-order
expansions of the mappings f 7→ C(h, f) and f 7→ uh,f . Let us write:

uh,f ≈ uh,f0
+ u1

h,f0
(f̂) +

1

2
u2
h,f0

(f̂ , f̂), where

u1
h,f0

(f̂) :=
∂uh,f
∂f

∣∣∣∣
f=f0

(f̂) and u2
h,f0

(f̂ , f̂) :=
∂u1

h,f (f̂)

∂f

∣∣∣∣∣
f=f0

(f̂)

are the first- and second-order derivatives of the state mapping f 7→ uh,f , which are the solutions in V to
the respective equations:

A(h)u1
h,f0

(f̂) =
∂b

∂f
(f0)(f̂), and A(h)u2

h,f0
(f̂ , f̂) =

∂2b

∂f2
(f0)(f̂ , f̂).

The cost function C(h, f) can be expanded in a similar fashion thanks to the chain rule:

(2.3.7)

C(h, f0 + f̂) = S(f0 + f̂ , uh,f0+f̂ )

≈ S(f0, uh,f0
) +

∂S

∂f
(f0, uh,f0

)(f̂) +
∂S

∂u
(f0, uh,f0

)(u1
h(f̂))

+
1

2

(
∂2S

∂f2
(f0, uh,f0)(f̂ , f̂) + 2

∂2S

∂f∂u
(f0, uh,f0)(f̂ , u1

h,f0
(f̂)) +

∂2S

∂u2
(f0, uh,f0)(u1

h,f0
(f̂), u1

h,f0
(f̂)) +

∂S

∂u
(f0, uh,f0)(u2

h,f0
(f̂ , f̂))

)
.

2.3.1.1. Approximation of moments of the cost function

We first construct an approximate version J̃mean(h) of the mean value Jmean(h) of the uncertain cost C(h, f0+

f̂(ω)), see (2.3.4). To this end, we first insert the finite-dimensional structure (2.3.2) into the truncated
expansion (2.3.7) to second-order, which yields:

(2.3.8) C(h, f0 + f̂(ω)) ≈ S(f0, uh,f0
) +

N∑

i=1

c1,iξi(ω) +

N∑

i=1

∑

j 6=i
c2,ijξi(ω)ξj(ω)

+
1

2

N∑

i=1

(
∂2S

∂f2
(f0, uh,f0

)(fi, fi) + 2
∂2S

∂f∂u
(f0, uh,f0

)(fi, u
1
h,f0

(fi)) +
∂2S

∂u2
(f0, uh,f0

)(u1
h,f0

(fi), u
1
h,f0

(fi))

+
∂S

∂u
(f0, uh,f0

)(u2
h,f0

(fi, fi))

)
ξi(ω)2.

where the terms c1,i and c2,ij , i 6= j belong to V and do not depend on the event variable ω; these terms do
not need to be made explicit for our purpose.
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Our approximate functional J̃mean(h) is then defined to be the mean value of the above expression:

(2.3.9) J̃mean(h) = S(f0, uh,f0) +
1

2

N∑

i=1

∂2S

∂f2
(f0, uh,f0)(fi, fi) +

N∑

i=1

∂2S

∂f∂u
(f0, uh,f0)(fi, u

1
h,i)

+
1

2

N∑

i=1

∂2S

∂u2
(f0, uh,f0)(u1

h,f0,i, u
1
h,f0,i) +

1

2

∂S

∂u
(f0, uh,f0)(u2

h,f0
),

where we have defined the reduced sensitivities:

(2.3.10) u1
h,f0,i = u1

h,f0
(fi) and u2

h,f0
=

N∑

i=1

u2
h,f0

(fi, fi),

as the solutions to the following equations:

(2.3.11) A(h)u1
h,f0,i =

∂b

∂f
(f0)(fi), and A(h)u2

h,f0
=

N∑

i=1

∂2b

∂f2
(f0)(fi, fi).

Note that the terms involving the quantities c1,i and c2,ij vanish when passing from (2.3.8) to (2.3.9) owing
to the assumptions (2.3.3) on the random variables

An approximation J̃var(h) of the variance functional in (2.3.5) can be constructed by following a similar
trail:

J̃var(h) =

N∑

i=1

(
∂S

∂f
(f0, uh,f0)(fi) +

∂S

∂u
(f0, uh,f0)(u1

h,f0,i)

)2

.

Both functions J̃mean(h) and J̃var(h) can be integrated into classical optimal design problems. Their
derivatives are obtained by a tedious calculation thanks to the adjoint method, exactly along the lines of
Section 1.3.3.6.

Remark 2.3.1 The computational cost entailed by the calculation of the approximate functions J̃mean(h)

and J̃var(h) may be large, depending on the number N of elements in the sum (2.3.2): (N +2) linear systems
have to be solved for the evaluation of Jmean(h), associated to the functions uh,f0

, u1
h,f0,i

and u2
h,f0

and

(N + 2) adjoint systems are involved in the calculation of its derivative. In practice, N corresponds to the
number of retained modes after truncation of a Karhunen-Loève expansion for f . For instance, when the

correlation kernel of f̂ is analytic, one may prove that its eigenvalues decay exponentially fast, and so do
the norms of the data fi. Then, only a few modes are needed for the decomposition (2.3.2) to be an accurate

approximation of f̂ , see again Section 2.B about these questions.

Remark 2.3.2 The approximate function J̃mean(h) in (2.3.9) has a remarkably simple expression in the
particular case where the cost S(f, u) is quadratic in terms of u and the state mapping f 7→ uh,f is quadratic,
say:

S(f, u) = 〈Bu, u〉V , where B : V → V is a linear and continuous mapping.

This situation arises for instance in the context of structural optimization of Section 1.2.3 when the cost

function C(h, f) is the compliance and the data f stand for loads. It then turns out that J̃mean(h) coincides
with the exact mean-value function Jmean(h) and:

J̃mean(h) = S(f0, uh,f0) +

N∑

i=1

〈Bu1
h,f0,i, u

1
h,f0,i〉V .

2.3.1.2. Approximation of probability of failure

We now turn to the device of a suitable approximation J̃fail(h) of the failure probability Jfail(h) defined in
(2.3.6). The main idea echoes to the so-called First-Order Reliability Method (FORM) in the context of

reliability-based optimization, see [126]: we rely on an additional assumption about the uncertainty f̂ : the
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random variables ξi are Gaussian and independent. In particular, the cumulative distribution function of
any of the ξi reads:

P
{
ω ∈ O, ξi(ω) < t

}
= Φ(t) :=

1√
2π

∫ t

−∞
e−u

2/2 du.

This assumption is satisfed, for instance, in the case when f̂ is a Gaussian random field, see Section 2.B.3.
Let us rewrite the truncated expansion of the cost in (2.3.8) at first-order under the following form:

C(h, f0 + f̂(ω)) ≈ b(h) + a(h) · ξ(ω),

with

b(h) = S(f0, uh,f0
), and ai(h) =

∂S

∂f
(f0, uh,f0

)(fi) +
∂S

∂u
(f0, uh,f0

)(u1
h,f0,i), i = 1, . . . , N,

where the functions uh,f0,i satisfy (2.3.10) and (2.3.11). We define our approximate functional J̃fail(h) to be
the probability that this truncated expansion exceed α, that is:

J̃fail(h) = P
{
ω ∈ O, b(h) + a(h) · ξ(ω) > α

}
.

Since the random vector ξ = (ξ1, . . . , ξN ) is Gaussian, this quantity can be calculated explicitly. Indeed,

J̃fail(h) =
1

(2π)N/2

∫

{ξ∈RN , b(h)+a(h)·ξ>α}
e−
|ξ|2

2 dξ.

This expression is the integral of a multi-variate Gaussian function on a half-space of RN ; introducing any

orthogonal transformation A : RN → RN such that AeN = a(h)
|a(h)| , we obtain by the successive use of a change

of variables and the Fubini theorem:

J̃fail(h) =
1

(2π)N/2

∫

{ξ∈RN , ed·AT ξ>α−b(h)
|a(h)| }

e−
|ξ|2

2 dξ

=
1

(2π)N/2

∫

{ξ∈RN , ed·ζ>α−b(h)
|a(h)| }

e−
|ζ|2

2 dζ

=
1

(2π)1/2

∫

{ζ1∈R, ζ1>α−b(h)
|a(h)| }

e−
ζ21
2 dζ1

= Φ

(
−α− b(h)

|a(h)|

)
.

Again, J̃fail(h) may be integrated as the objective or a constraint into a classical optimal design algorithm;
its derivative may be calculated thanks to the classical adjoint method.

Remark 2.3.3 The approximation procedures discussed in this section can be rigorously justified under

some assumptions which depend on the particular situation. Loosely speaking, J̃mean(h) can be proved to be

a second-order approximation of Jmean(h) in terms of the “smallness” of the deviation f̂ between f and f0;

J̃var(h) and J̃fail(h) can likewise be proved to be first-order approximations of Jvar(h) and Jfail(h), respectively.

2.3.2. A few numerical results

2.3.2.1. Optimization of the shape of a 2d bridge under random load uncertainties

This first numerical example arises in the exact same physical context as the 2d bridge test case considered
in Section 2.1.2.1, see Fig. 2.3.1 (top, left): shapes are contained in a working domain D with size 2 × 1.5;
they are clamped near their lower-left corner, their vertical displacement is prevented near their lower-right
corner, and a reference body force f0 = (0,−10) is applied on a region around the center of their lower side.

The perturbations f̂(ω) on these forces are expected to be of the form:

∀x ∈ D, f̂(x, ω) =

2∑

i=1

fi(x)ξi(ω),

where the loads f1, f2 equal (0,−m) and are supported on either of the blue regions of Fig. 2.3.1 (top, left).
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The cost C(Ω, f) of a shape Ω when the actual loads equal f is the compliance:

C(Ω, f) =

∫

Ω

f · uΩ,f dx,

and we aim to minimize a weighted sum of the (approximate) mean value and standard deviation of this
cost, under a volume constraint, that is, we solve:

min
Ω
J̃mean(Ω) + δ

√
J̃var(Ω), s.t. Vol(Ω) = VT ,

where the volume target is set to VT = 0.75.
The level set method for shape and topology optimization is used on a fixed mesh of D to this end, see

Section 1.4.6.2 for a presentation of the latter. The results obtained for different values of the parameters m
and δ are represented on the first 3 rows of Fig. 2.3.1.

It is instructive to compare them with those produced by the worst-case approach described in Sec-
tion 2.1, which are displayed on the last row of Fig. 2.3.1. As expected, the nominal performance of shapes is
worse when using the worst-case approach. This confirms the previous observation that worst-case optimal
design formulations generally produce very pessimistic designs, so that a probabilistic approach should be
preferred when some statistical information is available about the uncertainties.

1.5

2
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f0

0.2
0.2 0.2

Figure 2.3.1. Optimized shapes in the bridge optimization example under random load
uncertainties of Section 2.3.2.1; the parameter values are (Upper row) δ = 0 and m = 1
(with details of the test-case), 2, 5, 10; (middle row) δ = 3 and m = 1, 2, 5, 10; (bottom row)
Optimized shapes for the linearized worst-case design approach with m = 1, 2, 5, 10.
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2.3.2.2. Optimization of a 2d gripping mechanism under random material uncertainties

This second example deals with the treatment of uncertainties over the elastic properties of the constituent
material of shapes, and more precisely over the Young’s modulus E of the material, see Section 1.2.2.3 for
an explanation.

The shape optimization setting of interest is that of the classical gripping mechanism test-case, as
depicted in Fig. 2.3.2 (top, left). The considered shape Ω is enclosed in a 1 × 1 working domain D in 2d.
It is clamped on its upper- and lower-left corners, and a horizontal load g = (0.1, 0) is applied on a region
around the center of its left-hand side. In the reference configuration, Ω is made of an elastic material with
homogeneous Young’s modulus E(x) = E0 = 1 and Poisson’s ratio ν = 0.3.

We aim to optimize the design of Ω so that its jaws (the blue parts in Fig. 2.3.2 (top, left)) close in the
deformed configuration, which is characterized by the solution uΩ,E to (Elas). To this end, we consider the
cost function C(Ω, E) defined by:

C(Ω, E) =

∫

Ω

k(x)|uΩ,E − uT |2 dx,

where k(x) is a weighting factor supported near the jaws and the target displacement uT is tuned so that
the jaws of the mechanism close.

The considered uncertainties Ê over the Young’s modulus E(x) of the material are described by a random

field Ê ≡ Ê(x, ω), see Section 2.B. The covariance kernel of the latter is defined by:

∀x, y ∈ D, Cov(Ê)(x, y) = m2e−
|x−y|
δ ,

where m is the amplitude of perturbations and the characteristic length δ is set to 0.1. A Karhunen-Loève
decomposition of this random field is performed (see again Section 2.B), then truncated after its first three

terms, so that Ê has the form

Ê(x, ω) =

3∑

i=1

Ei(x)ξi(ω),

where Ei(x) are deterministic functions on D and the ξi are centered, normalized and uncorrelated random
variables.

In this context, we solve the robust optimization problem

min
Ω
J̃mean(Ω)

for different values of the parameters m; the results are depicted on Fig. 2.3.2. Understandably, as the mag-
nitude of uncertainties grows, the hinges of the device get thicker in order to accommodate more pessimistic
situations, to the expanse of the nominal performance of the shape.

2.4 A perspective: distributionally robust shape optimization

This section is a natural continuation of the investigations of the previous Section 2.3 about random uncer-
tainties. It addresses a conceptual flaw in the modeling of the uncertain data f(ω), whose law is assumed to
be known exactly. This assumption is unrealistic as most often in practice, it can at best be estimated.

Recently, the paradigm of distributionally robust optimization has emerged as an elegant means to
overcome this conceptual shortcoming, see [239, 309, 367, 383]. In this framework, one minimizes the worst
(i.e. largest) value supQ

∫
Ξ
C(h, f) dQ(f) of the expectation of the cost C(h, f) of a design h (or of another

of risk measure depending on the latter) when the actual law Q of f is “close” to a known nominal law P,
obtained e.g. by empirical sampling. To the best of our knowledge, distributional robustness has hitherto
been restricted to quite academic situations; the present work aims to introduce this idea in the realm of
optimal design.

After a general presentation of the incorporation of distributional robustness in optimal design in Sec-
tion 2.4.1, we sketch two numerical illustrations in Section 2.4.2. This section is based on the short note
[A1], which heralds longer-term investigations, a few perspectives of which are outlined in Section 2.4.3.
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Figure 2.3.2. (From left to right, top to bottom) Optimized gripping mechanisms ob-
tained in Section 2.3.2.2 when perturbations of order m = 0 (with details of the test-case),
0.5, 1, 1.5, 2, 2.5 are expected over the Young’s modulus of the material.

2.4.1. Formal presentation of the main ideas

Let us slip again into the abstract optimal design setting introduced in Section 2.1.1: we aim to optimize a
design variable h ∈ H with respect to a cost function C(h, f) which depends on the uncertain data f ∈ Ξ
of the physical situation. Unlike that of the previous Section 2.3, the present discussion does not need to
refer to the event space O, but only to the laws (2.3.1) of the considered random variables as elements in
the set P(Ξ) of probability measures on the data set Ξ. The notation P used in the previous section for the
probability measure on O now stands for such a probability law. Additionally, we suppose that the set Ξ
containing all possible data is a compact subset of Rd. Again, in practice, this reduction can be obtained by
retaining only the dominant data functions in a Karhunen-Loève decomposition of f , see Section 2.B.

The considered data f are governed by a probability law Q ∈ P(Ξ) which is unknown. Fortunately, Q
can be estimated by a nominal law P, which is typically the empirical sum of a series of observations fi ∈ Ξ,
i = 1, . . . , N :

P =
1

N

N∑

i=1

δfi .

We then assume that Q is “close” to P within a maximum distance m.
This notion of distance between probability measures in P(Ξ) can be appraised in a variety of manners.

The most prevalent quantity used to this end in the literature is certainly the so-called Kullback-Leibler
divergence, which suffers from the undesirable feature to be infinite as soon as the two considered measures
do not have the same support, see [178, 322].

Following the contributions [185, 270], to circumvent this drawback, we rely on the Wasserstein distance
from optimal transport theory [260, 322]. The latter is defined by the following formula:

(2.4.1) ∀P,Q ∈ P(Ξ), W (P,Q) = inf

∫

Ξ×Ξ

c(f, ζ) dπ(f, ζ),

where the infimum is taken over transport plans π ∈ P(Ξ × Ξ) between P and Q. These are probability
measures on the product space Ξ × Ξ whose first and second marginals π1 and π2 coincide with P and Q,
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respectively, that is:

∀ϕ ∈ C(Ξ),

∫

Ξ×Ξ

ϕ(f) dπ(f, ζ) =

∫

Ξ

ϕ(f) dP(f), and

∫

Ξ×Ξ

ϕ(ζ) dπ(f, ζ) =

∫

Ξ

ϕ(ζ) dQ(ζ).

Intuitively, the ground cost c(f, ζ) on the set Ξ of loads measures the cost of “moving a unit of mass” from
f to ζ, and π(f, ζ) encodes the “quantity of mass” transported from f to ζ. In the following, the function
c(·, ·) is assumed to be quadratic: c(f, ζ) := |f − ζ|2. We refer e.g. to [322] about the properties of the
Wasserstein distance, and to [299] for an overview of its use in applications.

With these definitions at hand, the distributionally robust version of the cost function C(h, f) is the
worst (maximum) value of the expected cost when the law Q ∈ P(Ξ) of the uncertain parameter f is at
distance less than a given threshold m from the nominal law P:

(2.4.2) Jdr(h) = sup
Q∈P(Ξ)

W (P,Q)≤m

∫

Ξ

C(h, f) dQ(f).

Remark 2.4.1 In the distributionally robust optimization literature, the subset of P(Ξ) gathering the pos-
sible probability laws of the uncertain data (over which the supremum is taken in (2.4.2)) is often called
the ambiguity set. In the present study, this set is made of the probability laws which are “close” to the
nominal law P within a certain distance, but other types of ambiguity sets would be worth considering, see
Section 2.4.3.

This functional is unfortunately difficult to incorporate into a minimization problem for the design h, as
it would turn the latter into a worst-case problem. To alleviate this issue, we consider the entropy-regularized
version of the Wasserstein distance proposed in [138]:

(2.4.3) Wε(P,Q) = inf
π∈P(Ξ×Ξ)
π1=P, π2=Q

{∫

Ξ×Ξ

c(f, ζ) dπ(f, ζ) + εH(π)

}
,

where ε > 0 is a “small” smoothing parameter, the entropy H(π) of an element π ∈ P(Ξ× Ξ) is defined by

H(π) =

{ ∫
Ξ×Ξ

log dπ
dπ0

dπ if π is absolutely continuous w.r.t. π0,

∞ otherwise,

and π0 ∈ P(Ξ × Ξ) is a reference coupling. According to [54], a judicious choice about π0, offering nice
theoretical guarantees, is provided by the following formula:

(2.4.4) π0(f, ζ) = P(f)dνf (ζ), with dνf (ζ) := αfe
− c(f,ζ)2σ 1Ξ(ζ)dζ

for some σ > 0 and a normalization factor αf ensuring that dνf is a probability distribution on Ξ. Precisely,
the above definition means that

For all continuous functions ϕ : Ξ× Ξ→ R,
∫

Ξ×Ξ

ϕ(f, ζ) dπ0(f, ζ) =

∫

Ξ

(∫

Ξ

ϕ(f, ζ) dνf (ζ)

)
dP(f).

We are now in position to introduce the entropy-regularized version of the distributionally robust functional
Jdr(h):

(2.4.5) Jdr,ε(h) = sup
Q∈P(Ξ)

Wε(P,Q)≤m

∫

Ξ

C(h, f) dQ(f).

At first glance, the functional Jdr,ε(h) does not seem more tractable than Jdr(h); the key observation is that
it admits a convenient dual reformulation as a minimum value. This fact is expressed by the following result
from convex analysis, whose mild assumptions are omitted, and which is proved in a more general context
in [54], see also [361].
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Proposition 2.4.2 Let Ξ be a convex and compact subset of Rd, ϕ : Ξ → R be a continuous function and
let P ∈ P(Ξ) be a probability measure. For a sufficiently small value of σ, the following equality holds:

sup
Wε(P,Q)≤m

∫

Ξ

ϕ(f) dQ(f) = inf
λ≥0

{
λm+ λε

∫

Ξ

log

(∫

Ξ

e
ϕ(ζ)−λc(f,ζ)

λε dνf (ζ)

)
dP(f)

}
.

This formula yields the following alternative expression of Jdr,ε(h) as a minimum value:

(2.4.6) Jdr,ε(h) = inf
λ≥0

{
λm+ λε

∫

Ξ

log

(∫

Ξ

e
C(h,f)−λc(f,ζ)

λε dνf (ζ)

)
dP(f)

}
.

The latter can be readily incorporated into a standard optimal design problem. To illustrate this fact, let us
consider an optimal design program of the form

(2.4.7) min
h
Jdr,ε(h) s.t. C(h) = 0,

where C(h) is an equality contraint functional which does not depend on the data for simplicity. This
problem is equivalent to the following one

(2.4.8) min
h,
λ≥0

D(h, λ) s.t. C(h) = 0, where D(h, λ) := λm+ λε

∫

Ξ

log

(∫

Ξ

e
C(h,f)−λc(f,ζ)

λε dνf (ζ)

)
dP(f),

and the optimized variable is now the pair (h, λ).
Such a problem can be solved by a standard constrained optimization algorithm, once the derivatives of

D(h, λ) have been calculated with respect to both variables h and λ, which follows from a standard (albeit
a little tedious) adjoint-based calculation, see Section 1.3.3.6.

Remark 2.4.3 A similar duality result to that of Proposition 2.4.2 actually holds when the regularized
quantity Wε(P,Q) is replaced by the true Wasserstein distance W (P,Q), leading to a reformulation of the
distributionally robust function Jdr(h) in (2.4.2) of the form (2.4.6). The latter is however more difficult to

handle from the numerical viewpoint since it involves the supremum supζ∈Ξ

(
C(h, ζ)− λc(f, ζ)

)
in place of

the “smooth” log-sum-exp approximation ε log
(∫

Ξ
e
C(h,ζ)−λc(f,ζ)

λε dνf (ζ)
)

featured in (2.4.6), see [185].

2.4.2. Two numerical examples

2.4.2.1. Distributionally robust density-based optimization of a 2d bridge under load uncertainties

Let us first consider a numerical example in the context of density-based topology optimization, which is
briefly described in Section 1.4.5. The designs are density functions h : D → [0, 1] defined on a fixed
computational domain D with size 1× 1. They represent 2d bridges insofar as

• h(x) = 0 in regions of D surrounded by void,
• h(x) = 1 in regions of D surrounded by the elastic material,
• h(x) ∈ (0, 1) represents a mixture of material and void in respective proportions h(x) and (1−h(x)).

The considered designs h are clamped on the bottom side ΓD of ∂D and subjected to a constant load f
distributed on the upper side ΓN , see Fig. 2.4.1 (top, left) for details. The nominal probability law P for f
is constructed from one single observation f1, corresponding to a unit vertical load:

P = δf1 , f1 = (0,−1).

The entropic regularization coefficient ε is 1e−2 and the parameter σ appearing in the reference coupling π0

in (2.4.4) equals 1e−3.
In this context, we solve the following distributionally robust topology optimization problem

(2.4.9) min
h∈Uad

Jdr,ε(h) s.t. Vol(h) = VT ,

for several values of the tolerance parameter m and the target volume VT = 0.2. The optimized designs are
represented on Fig. 2.4.1. Understandably enough, the optimized designs develop thin branches to cope with
larger loads, with horizontal components, and their nominal performance C(h, f1) gets increasingly bad as
m increases.
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Figure 2.4.1. (From left to right, top to bottom) Optimized density in the distributionally
robust bridge topology optimization example of Section 2.4.2.1 for m = 0 (with details of the
test-case) and m = 0.25, 0.52, 0.6, 0.9, 1.

2.4.2.2. Distributionally robust optimization of the shape of a 2d cantilever under load uncertainties

One second example is about the optimization of a 2d cantilever beam, and it is treated from the geometric
shape optimization viewpoint of Section 1.2.3: the considered designs are shapes Ω, contained in the fixed
computational domain D = [0, 2]× [0, 1]. They are clamped on their left-hand side ΓD ⊂ ∂D and a constant
load f ∈ Ξ is applied on a small region ΓN at the middle of their right-hand side, see Fig. 2.4.2 for the
details. We rely on the mesh evolution method of Section 1.4.7 to track the evolution of the mesh of the
optimized shape.

Again, the nominal law P for the load is constructed from only one sample f1:

P = δf1
, f1 = (−1, 0).

The parameters ε and σ equal respectively 1e−2 and 1e−3.
We solve several instances of the distributionally robust problem

(2.4.10) min
Ω
Jdr,ε(Ω) s.t. Vol(Ω) = VT

for various values of m and the volume target VT = 0.6. The results are reported on Fig. 2.4.2; one verifies
that the nominal performance of the designs tends to deteriorate when the size of the parameter m increases.

Remark 2.4.4 In both experiments, the resulting designs with m = 0 do not correspond exactly with those
that we would obtain by minimizing the compliance in the situation where only the nominal load is applied.
For example, in the instance of the cantilever test case of Section 2.4.2.2 with m = 0, we would intuitively
expect to obtain a straight horizontal bar joining the regions ΓN and ΓD. This apparent inconsistency is
due to the fact that, for fixed ε > 0, the regularized Wasserstein distance Wε(P,Q) in (2.4.3) is only an
approximation of the true Wasserstein distance W (P,Q) in (2.4.1). In particular, it is well-known in the
literature (see e.g. [178]) that Wε(P,Q) is not a distance, so that the supremum in the right-hand side of
(2.4.5) may not be attained when the probability law Q is the nominal law P.
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Figure 2.4.2. (From left to right, top to bottom) Optimized, distributionally robust shapes
of the cantilever of Section 2.4.2.2 for m = 0 (with details of the test-case), optimized shapes
for m = 1, 1.5, 2.

2.4.3. Perspectives

As illustrated by the investigations reported in Sections 2.4.1 and 2.4.2, distributional robustness is a promis-
ing viewpoint for the treatment of uncertain data. Its recent developments, collected in the survey [309],
open the way to various applications, notably in optimal design. These will be the focus of further investi-
gation, in the context of the Ph.D. thesis of J. Prando (co-supervised by B. Thibert and myself), initiated
in October, 2022.

One immediate extension of this work concerns the treatment of more realistic and complex physical
situations, involving nominal probability distributions P built from more than one single sample f1. This
should increase significantly the computational burden of evaluating the probabilistic integrals featured in
(2.4.8), calling for the use of advanced numerical strategies based on e.g. parallel computing, efficient isotropic
or anisotropic grid collocation methods (see again [230]), or dimensionality reduction techniques (such as the
reduced basis method) to calculate multiple solutions of the defining partial differential equations associated
to different parameters, see e.g. [202].

Another natural continuation of the work presented in this section is to consider using other ambiguity
sets than the Wasserstein ball with center P and radius m in the construction of the distributionally robust
functional Jdr(h) in (2.4.2) or its approximation (2.4.5):

• As we have mentioned in Remark 2.4.4, the entropy-regularized Wasserstein distance Wε(P,Q) in
(2.4.3) is not a distance. This has the undesirable consequence that the ambiguity set featured
in the construction (2.4.5) is not reduced to the nominal law P when the radius m is set to 0.
To remedy this concern, one could consider replacing Wε(P,Q) with another entropy-regularized
version of the Wasserstein distance W (P,Q) called the Sinkhorn distance, see [178, 328]. It would
then be interesting to investigate whether a convenient dual reformulation of the function Jdr,ε(h)
as a minimum value holds in this seemingly more complex case.
• One could consider ambiguity sets defined by constraints on the moments of of its elements Q ∈
P(Ξ); for instance, ambiguity sets made of the laws Q whose expectation and covariance matrix
equal given reference values, exactly or up to a tolerance, have been considered in [80, 154].
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• A surrogate (i.e. a larger set) of the ambiguity set considered in the previous study is the so-
called Gelbrich hull, which is composed of probability laws Q satisfying certain inequalities on their
expectation and covariance matrix. This surrogate is sharp, in the sense that both ambiguity sets
coincide in several particular cases, for instance when the nominal law P is elliptic. In any event,
when the cost function f 7→ C(h, f) is quadratic with respect to the data, which is the case in several
important problems in practice (for instance, when C(h, f) stands for the compliance of an elastic
structure h, and the data f represent the loads), the distributionally robust function (2.4.2) devised
from the Gelbrich ambiguity set can be expressed as the minimum value of a semi-definite program,
see for instance [222] and the references therein. One could then give a tractable reformulation of
a constrained minimization problem involving Jdr(h), by an argument similar to that used in the
construction of (2.4.8).

One third perspective for future work is to replace the expectation of the uncertain cost f 7→ C(h, f)
in the definition (2.4.2) of the distributionally robust functional Jdr(h) by another probabilistic quantity, or
measure of risk, see for instance [334]. For instance, one could consider building a distributionally robust
version of the variance of the cost. Another very interesting measure of risk is the conditional value at risk
[318, 317] – also referred to as expected shortfall or superquantile depending on the field – that we now
briefly discuss.

The cumulative distribution function of the cost C(h, ·), when it is seen as a random variable on Ξ, is
defined by:

∀t ∈ R, Ψ(h, t) = P {f ∈ Ξ, C(h, f) ≤ t} .
This function is non decreasing, and its admits limits 0 and 1 when t → −∞ and +∞, respectively. It is
continuous from the right, but it might fail to be continuous from the left because of the existence of subsets
in Ξ with non-empty measure where C(h, ·) takes the value t.

For a given threshold β, the β value at risk αβ(h) of C(h, f) is the inverse of the cumulative distribution
function, in the sense that:

αβ(h) := inf
{
t ∈ R, Ψ(h, t) ≥ β

}
.

Intuitively, the cost C(h, f) takes values lower than αβ(h) with probability β, see Fig. 2.4.3; hence, it is
worthwile to try and minimize αβ(h) with respect to the design h for a fixed threshold β. Unfortunately,
this quantity suffers from several shortcomings, one of them being that it does not provide any information
about the magnitude reached by the cost in the events where the bound αβ(h) is not verified.

<latexit sha1_base64="nNJAR8iwU5cIte2MWxJgJmJJXNg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkfhwLXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6peNmuVei2PowgncArn4ME11OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/eaeMsQ==</latexit>

1

<latexit sha1_base64="l97ua+wBX/vHUbewoBz8kCA5eXo=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4ChOJyzHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquoFiRSGPO/Dya2srq1v5DcLW9s7u3vF/YOmiVPNscFjGet2wAxKobBBgiS2E40sCiS2gtH11G/dozYiVnc0TtCP2ECJUHBGVmp1g1RKpF6xVCl7M7jeL/JllWCBeq/43u3HPI1QEZfMmE7FS8jPmCbBJU4K3dRgwviIDbBjqWIRGj+bnTtxT6zSd8NY21LkztTliYxFxoyjwHZGjIbmpzcV//I6KYVXfiZUkhIqPl8UptKl2J3+7vaFRk5ybAnjWthbXT5kmnGyCRWWQ/ifNM/KlYvy+W21VKsu4sjDERzDKVTgEmpwA3VoAIcRPMATPDuJ8+i8OK/z1pyzmDmEb3DePgF4m4+h</latexit>•

<latexit sha1_base64="l97ua+wBX/vHUbewoBz8kCA5eXo=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4ChOJyzHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquoFiRSGPO/Dya2srq1v5DcLW9s7u3vF/YOmiVPNscFjGet2wAxKobBBgiS2E40sCiS2gtH11G/dozYiVnc0TtCP2ECJUHBGVmp1g1RKpF6xVCl7M7jeL/JllWCBeq/43u3HPI1QEZfMmE7FS8jPmCbBJU4K3dRgwviIDbBjqWIRGj+bnTtxT6zSd8NY21LkztTliYxFxoyjwHZGjIbmpzcV//I6KYVXfiZUkhIqPl8UptKl2J3+7vaFRk5ybAnjWthbXT5kmnGyCRWWQ/ifNM/KlYvy+W21VKsu4sjDERzDKVTgEmpwA3VoAIcRPMATPDuJ8+i8OK/z1pyzmDmEb3DePgF4m4+h</latexit>•
<latexit sha1_base64="AQjzMrC4yuhzcYaIPwncecMBZFQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6DXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHvX9auHy1rjsoijDCdwCufgwQ004B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfC4I6g</latexit>

�

<latexit sha1_base64="EnlBynYRox4EwjI0lMbgVEBLLec=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0WoLkoivpYFNy4r2Ac0IdxMJ+3QySTMTIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733hClnSjvOt7Wyura+sVnaKm/v7O5V7P2DtkoySWiLJDyR3RAU5UzQlmaa024qKcQhp51wdDv1O49UKpaIBz1OqR/DQLCIEdBGCuyKBzwdQuCFVENteBrYVafuzICXiVuQKirQDOwvr5+QLKZCEw5K9Vwn1X4OUjPC6aTsZYqmQEYwoD1DBcRU+fns8Ak+MUofR4k0JTSeqb8ncoiVGseh6YxBD9WiNxX/83qZjm78nIk001SQ+aIo41gneJoC7jNJieZjQ4BIZm7FZAgSiDZZlU0I7uLLy6R9Xnev6pf3F9XGWRFHCR2hY1RDLrpGDXSHmqiFCMrQM3pFb9aT9WK9Wx/z1hWrmDlEf2B9/gATa5Kl</latexit>

↵�(h)

<latexit sha1_base64="cLojWvNpI7tJIk16ijRb/JiFlgY=">AAAB8HicdVDJSgNBEK2JW4xb1KOXwSBEkTAjbseAF48RzCLJEHo6naRJd8/QXSOEIV/hxYMiXv0cb/6NnUWI24OCx3tVVNULY8ENet6Hk1lYXFpeya7m1tY3Nrfy2zs1EyWasiqNRKQbITFMcMWqyFGwRqwZkaFg9XBwNfbr90wbHqlbHMYskKSneJdTgla6a1UML/aP8bCdL/glbwLX+0W+rALMUGnn31udiCaSKaSCGNP0vRiDlGjkVLBRrpUYFhM6ID3WtFQRyUyQTg4euQdW6bjdSNtS6E7U+YmUSGOGMrSdkmDf/PTG4l9eM8HuZZByFSfIFJ0u6ibCxcgdf+92uGYUxdASQjW3t7q0TzShaDPKzYfwP6mdlPzz0tnNaaF8NIsjC3uwD0Xw4QLKcA0VqAIFCQ/wBM+Odh6dF+d12ppxZjO78A3O2ye++4+o</latexit>

 (h, t)

<latexit sha1_base64="tlECwZ+1ZevtPQd5IeoHfqsPaa0=">AAAB6HicbVDLSgNBEJz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmV4hLPkCLx4U8eonefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0N/VbT6CNiNUDjhPwIzZQIhScoZXq2CuV3Yo7A10mXk7KJEetV/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2aHTuipVfo0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPUzoZIUQfH5ojCVFGM6/Zr2hQaOcmwJ41rYWykfMs042myKNgRv8eVl0ryoeNeVq/pluXqex1Egx+SEnBGP3JAquSc10iCcAHkmr+TNeXRenHfnY9664uQzR+QPnM8f3DGM6g==</latexit>

t

Figure 2.4.3. The β value at risk αβ(h) of a cost function C(h, f) is the inverse of the
cumulative distribution function Φ(h, ·).

For this reason, the β conditional value at risk φβ(h) is often preferred as a more “robust” quantity of
interest. The latter is defined as the expectation of the cost when the latter exceeds the threshold αβ(h)
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guaranteed by the β value at risk:

φβ(h) =
1

1− β

∫
{
f∈Ξ, C(h,f)≥αβ(h)

} C(h, f) dP(f).

Among its multiple interests, the conditional value at risk conveniently allows to give tractable formulations
to failure probability constraints, see [315].

From the computational vantage, one interesting feature of φβ(h) is the following reformulation as the
minimum value of an expectation:

(2.4.11) φβ(h) = inf
α∈R

{
α+

1

1− β

∫

Ξ

[
C(h, f)− α

]
+

dP(f)

}
,

see [318, 317] about this property. This formula lends itself to an incorporation of the conditional value at
risk of a cost function in optimal design problems, in the spirit of the reformulation (2.4.8) of (2.4.7). This
idea was recently exploited in the context of density-based topology optimization in the article [169]; to go
further, it would be interesting to use (2.4.11) to construct a tractable, distributionally robust version of the
β conditional value at risk of a cost function of the design. This task seems reasonable as (2.4.11) features
the minimum value of an expectation, which is typically a structure where distributional robustness can be
imposed in a tractable way, as we have seen in Section 2.4.1.

Let us also mention other interesting measures of risk which could be given worthwhile distributionally
robust counterparts, such as the shortfall [79], the entropic value at risk [11] – which is a convenient surrogate
for the conditional value at risk –, or again the buffered probability of failure [316].

Eventually, yet another question of interest in the continuation of the work conducted in Sections 2.4.1
and 2.4.2 is the calculation of the derivative of the worst-case expectation

m 7→ sup
Wε(P,Q)≤m

∫

Ξ

C(h, f) dQ(f)

at m = 0, see [62] for a related study. A closed form formula for this derivative would pave the way to
the device of an approximate (and hopefully easier to calculate) distributionally robust version of Jdr,ε(h)
by retaining only the leading-order terms of the minimized function in terms of m, as we have done in
Section 2.1.

2.A A few words about measure theory

This appendix gathers a few basic concepts about measure theory which are useful on several occurrences
in this manuscript. We refer to classical textbooks such as [29, 48] for more details about this subject.

Let X be a non empty set, and let E be a σ-algebra composed of subsets of X, so that (X, E) is a measure
space.

Definition 2.A.1 A positive measure on the measure space (X, E) is a mapping µ : E → [0,∞] such that

• µ(∅) = 0;
• (σ-additivity) For any sequence (En)n≥0 of mutually disjoint elements of E, it holds:

µ

( ∞⋃

n=0

En

)
=

∞∑

n=0

µ(En).

The positive measure µ is said to be finite when µ(X) <∞.

Among positive measures, we distinguish the particularly interesting class of probability measures.

Definition 2.A.2 A probability measure µ on the space (X, E) is a positive measure with total mass µ(X) =
1. The triple (X, E , µ) is then called probability space.

We now introduce the notion of Rm-valued measure.

Definition 2.A.3 Let m ≥ 1; an Rm-valued measure on (X, E) is a mapping µ : E → Rm such that
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• µ(∅) = 0;
• For any sequence En of mutually disjoint subsets of E, it holds

(2.A.1) µ

( ∞⋃

n=0

En

)
=

∞∑

n=0

µ(En),

where it is understood that the series in the above right-hand side is absolutely convergent.

The total variation |µ| of such an Rm-valued measure µ is the positive measure |µ| defined by:

∀E ∈ E , |µ|(E) := sup

{ ∞∑

n=0

|µ(En)|, En ∈ E mutually disjoint, E =

∞⋃

n=0

En

}
.

Remark 2.A.4

• It is natural to require that the sum in the right-hand side of (2.A.1) be absolutely convergent, since
its value should not depend on the order of summation (as the left-hand side does not).
• Positive measures are not a particular case of the notion of Rm-valued measure, since the definition

of the latter requires finiteness, while positive measures may take infinite values.
• If µ is an Rm-valued measure on (X, E), its total variation |µ| is a finite positive measure.

The notion of measure can be explored further when X is a metric space, and E is the associated Borel
σ-algebra B(X) (i.e. that generated by open subsets). More precisely, let us introduce the notion of locally
compact and separable metric space:

Definition 2.A.5 A metric space (X, d) is called locally compact and separable if

• For each point x ∈ X, there exists an open subset U such that x ∈ U and U is compact;
• X admits a dense subset.

It is easily proved that every open subset U of a locally compact and separable metric space X can be expressed
as a countable reunion of compact subsets of X.

Throughout the rest of this section, unless stated otherwise, we assume that X is a locally compact and
separable metric space.

In this setting, we proceed to define the notion of (positive) Radon measure, which loosely speaking
corresponds to set functions inducing a (positive) measure on each compact subset of X.

Definition 2.A.6 A positive measure µ on (X,B(X)) is called a Borel measure. In addition, when µ is
finite on compact subsets of X, it is called a positive Radon measure.

Definition 2.A.7 Let µ be an Rm-valued function on the Borel subsets of X;

• µ is called a Radon measure if for every compact subset K ⊂ X, the induced mapping µ : B(K)→
Rm is a measure on (K, B(K)) in the sense of Definition 2.A.3. We denote by Mloc(X)m the set
of Rm-valued Radon measures on X.

• If µ : B(X)→ Rm is in addition a measure on (X,B(X)), it is called a finite Radon measure. We
denote by M(X)m the set of such measures.

The notion of Radon measure is particularly interesting because of its duality with continuous functions.
In order to state rigorously this property, let us introduce the following notation:

• Cc(X) is the locally convex topological vector space of real-valued continuous functions with com-
pact support in X; it is naturally endowed with the norm

||u||∞ := sup
x∈X
|u(x)|.

• C0(X) is the completion of Cc(X) for this norm. This space is made of those continuous functions
on X which “tend to 0 at infinity”, that is:

∀ε > 0, there exists a compact subset K ⊂ X s.t. ∀x ∈ X \K, |u(x)| < ε.
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Remark 2.A.8 Obviously, when X is compact, the three spaces Cc(X), C0(X) and C(X) coincide.

We now arrive at the famous Riesz representation theorem, which guarantees the identification of
bounded and linear functions on C0(X)m and finite Radon measures.

Theorem 2.A.9 (Riesz representation theorem) Let X be a locally compact and separable metric space, and
let L : C0(X)m → R be an additive and bounded functional, that is:

∀u, v ∈ C0(X)m, L(u+ v) = L(u) + L(v),

and
||L|| := sup {L(u), u ∈ C0(X)m, ||u||∞ ≤ 1} <∞.

Then there exists a unique Rm-valued finite Radon measure µ on X such that

∀u ∈ C0(X)m, L(u) =

m∑

i=1

∫

X

ui dµi.

Moreover, it holds:
||L|| = |µ|(X).

In particular, the Riesz representation theorem asserts that the space M(X) of finite-valued Radon
measures is exactly the dual space of the space C0(X) of continuous functions on X tending to 0 at infinity,
under the pairing

∀µ ∈M(X), u ∈ C0(X), 〈µ, u〉 :=

∫

X

u dµ.

The total variation µ 7→ |µ|(X) is exactly the dual norm on M(X) to the norm u 7→ ||u||∞ on C0(X) under
this pairing.

This duality result finds a very useful application in the extraction of convergent subsequences from
bounded sequences of measure, as a consequence of the Banach-Alaoglu theorem. In order to state the result
precisely, let us introduce the following definition.

Definition 2.A.10 Let µn ∈ Mloc(X)m be a sequence of Rm-valued Radon measures on X. The sequence
µn locally weakly ∗ converges to an element µ ∈Mloc(X) if

∀u ∈ Cc(X),

∫

X

u dµn →
∫

X

u dµ.

If in addition the measures µn and µ are finite, the sequence µn is said to converge weakly ∗ to µ if

∀u ∈ C0(X),

∫

X

u dµn →
∫

X

u dµ.

Theorem 2.A.11 (Compactness criterion) Let µn be a sequence of finite Radon measures such that

sup
n≥0
|µn|(X) <∞.

Then there exists a subsequence nk of n such that µnk weakly ∗ converges to some µ ∈ M(X). In addition,
the mapping

M(X) 3 µ 7→ |µ|(X) ∈ R
is lower semi-continuous for the weak ∗ convergence.

2.B The Karhunen-Loève decomposition

On several occurrences in this chapter, as often in the literature, the data f arise as the sum of a known

nominal value f0, and an uncertain perturbations f̂(ω); one key assumption to reduce the complexity of the
latter part is their finite-dimensional structure: they show up as a sum

f̂(ω) =

N∑

i=1

ξi(ω)fi,
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where the ξi(ω) are uncorrelated random variables and the fi are deterministic data functions. In practice,

such a structure often stems from a Karhunen-Loève decomposition of f̂ , which roughly speaking allows to
express it as an infinite sum of this form, which can be truncated.

In this appendix, we present this decomposition in a quite general setting. Although these results are
not needed for the rest of this section, strictly speaking, we believe that it is instructive. In this presentation,
we rely on the abstract and general point of view of e.g. [327] (see also Chap. XVII in [245]) which is based
on the tensor product of Hilbert spaces.

After a brief reminder about the construction of tensor products of Hilbert spaces in Section 2.B.1, we
present a general decomposition theorem for elements in such spaces in Section 2.B.2. We then specialize
this abstract setting in Section 2.B.3 to the case of random fields over a physical domain.

2.B.1. Preliminaries about tensor products of Hilbert spaces

In this section, we sketch an intuitive construction of the tensor product between Hilbert spaces, based on
the notion of Hilbert-Schmidt operator, for which we refer to Chap. 12 of [50], see also §6.2 in [364] for a
more abstract construction.

Proposition-Definition 2.B.1 Let (E, 〈·, ·〉E) and (F, 〈·, ·〉F ) be two separable, real Hilbert spaces.

• A linear mapping T : E → F is called a Hilbert-Schmidt operator if there exists an orthonormal
basis {en}n≥1 of E such that:

||T ||2L2(E,F ) :=

∞∑

n=1

||Ten||2F <∞.

When this is the case, the value of the above sum does not depend on the choice of the basis {en}n≥1.

• Let {en}n≥1 be an orthonormal basis of E, and let T1, T2 be two Hilbert-Schmidt operators; then
the quantity

〈T1, T2〉L2(E,F ) :=

∞∑

n=1

〈T1en, T2en〉F

is finite and does not depend on the choice of the basis {en}n≥1.

• The pairing 〈·, ·〉L2(E,F ) defines an inner product of the space L2(E,F ) of Hilbert-Schmidt operators
between E and F , for which the latter is a Hilbert space.

• The norm || · ||L2(E,F ) induces a topology on L2(E,F ) which is stronger than that of the operator
norm; more precisely:

∀T ∈ L2(E,F ), ||T || ≤ ||T ||L2(E,F ).

• If T : E → F is a Hilbert-Schmidt operator, it is compact as the limit of a sequence of finite rank
operators in the operator norm topology.

This notion of Hilbert-Schmidt operator can be extended to bilinear mappings.

Definition 2.B.2 Let (E, 〈·, ·〉E), (F, 〈·, ·〉F ) and (G, 〈·, ·〉G) be separable, real Hilbert spaces. A bilinear
mapping a : E × F → G is called Hilbert-Schmidt if the series

||a||22 :=

∞∑

n=1

∞∑

m=1

||a(en, fm)||2G

is convergent for one (and then for all) choice of orthonormal bases {en}n≥1 and {fm}m≥1 of E and F
respectively.

We now arrive to the main notion in this section.

Proposition-Definition 2.B.3 Let (E, 〈·, ·〉E) and (F, 〈·, ·〉F ) be separable, real Hilbert spaces. The tensor
product E ⊗ F is the Hilbert space L2(E∗, F ) of Hilbert-Schmidt operators from E∗ into F .
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(i) For any orthonormal bases {en}n≥1 and {fm}m≥1 of E and F , the collection {en ⊗ fm}n,m≥1, made
of the mappings

en ⊗ fm : E∗ 3 x 7→ 〈x, en〉fm, ,
is an orthonormal basis of E ⊗ F .

(ii) The bilinear mapping π : E × F → E ⊗ F defined by

∀e ∈ E, f ∈ F, π(e, f) = e⊗ f

is a Hilbert-Schmidt operator in the sense of Definition 2.B.2.
(iii) The tensor product E⊗F is the unique Hilbert space (up to a Hilbert-Schmidt isomorphism) satisfying

the following universal property: for any separable Hilbert space (G, 〈·, ·〉G), and any Hilbert-Schmidt
bilinear mapping a : E × F → G, there exists a unique Hilbert-Schmidt operator ` : E ⊗ F → G such
that ` ◦ π = a, i.e. the following diagram is commutative:

E × F G

E ⊗ F

a

π
`

(iv) Let (O,F ,P) be a measure space, and let E be a separable Hilbert space. The tensor product L2(O)⊗E
is isometric to the Bochner space L2(O, E) via the mapping I defined by:

∀s ∈ L2(O), e ∈ E, I(s, e) ∈ L2(O, E) is s.t. ∀ω ∈ O, I(s, e)(ω) = s(ω)e.

Remark 2.B.4 It is tempting to identify the dual E∗ with E and thus to define the tensor product E ⊗ F
by E ⊗ F = L2(E,F ) instead of L2(E∗, F ). Doing so results in versions of the mappings π and ` which are
no longer linear or bilinear when the Hilbert spaces E and F are complex. For this reason, even if we handle
only real Hilbert spaces in this manuscript, we stick to this convention.

2.B.2. An abstract decomposition theorem for elements in tensor product spaces

Throughout this section, U and H are two separable Hilbert spaces. We first define the correlation between
elements f and g in U ⊗H.

Definition 2.B.5 Let f, g belong to the tensor product U ⊗H. Let {ξn}n≥0 be an orthonormal basis of U ,

and let {fn}n≥1 and {gn}n≥1 be the unique families of elements of H such that:

f =

∞∑

n=1

ξn ⊗ fn, and g =

∞∑

n=1

ξn ⊗ gn,

see Proposition-Definition 2.B.3 (i). Then,

• The correlation Cor(f, g) ∈ H ⊗H between f and g is defined by:

Cor(f, g) =

∞∑

n=1

fn ⊗ gn.

This quantity is easily proved to be independent of the choice of the basis {ξn}n≥1.

• The covariance Cov(f) ∈ H ⊗H of f is:

Cov(f) =

∞∑

n=1

fn ⊗ fn.

The key decomposition result of this section is the following.
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Theorem 2.B.6 For any element f ∈ U ⊗H, there exist two orthonormal bases {ξn}n≥1 and {φn}n≥1 of
U and H, respectively, as well as a sequence λn of non negative real values decreasing to 0 such that the
following decomposition holds:

f =

∞∑

n=1

√
λn ξn ⊗ φn.

The λn and φn are the eigenelements of Cov(f) when the latter is seen as a Hilbert-Schmidt operator from
H∗ into H.

Proof. Introducing an orthonormal basis {sn}n≥1 of U , there exists a unique family {fn}n≥1 in H such that:

f =

∞∑

n=1

sn ⊗ fn, and then Cov(f) =

∞∑

n=1

fn ⊗ fn.

According to Proposition-Definition 2.B.3, we may identify Cov(f) with the operator H → H defined by:

∀h ∈ H, Cov(f)(h) =

∞∑

n=1

〈fn, h〉fn.

The latter is obviously positive semi-definite and self-adjoint; it is also compact by virtue of Proposition-
Definition 2.B.1 (iii). The spectral theorem for compact, self-adjoint operators on a Hilbert space then yields
a decomposition of the form:

Cov(f)(h) =

∞∑

n=1

λn〈φn, h〉φn,

where λn is a decreasing sequence of non negative numbers and {φn}n≥1 is an orthonormal basis of H, see

e.g. [320]. Using tensor notations, this expression can be rewritten:

(2.B.1) Cov(f) =

∞∑

n=1

λnφn ⊗ φn.

Let us now decompose f ∈ U ⊗H in the orthonormal basis {sm ⊗ φp}m,p≥1: there exist coefficients amp ∈ R
such that:

(2.B.2)

∞∑

m=1

∞∑

p=1

|amp|2 <∞, and f =

∞∑

m=1

∞∑

p=1

ampsm ⊗ φp.

On the other hand, Cov(f) now equals:

Cov(f) =

∞∑

m=1

( ∞∑

p=1

ampφp

)( ∞∑

n=1

amnφn

)

=

∞∑

n=1

∞∑

p=1

( ∞∑

m=1

ampamn

)
φp ⊗ φn.

Comparing with (2.B.1), it follows that
∞∑

m=1

ampamn =

{
λn if n = p,
0 otherwise.

Hence, the collection

ξn =
1√
λn

∞∑

m=1

amnsm

is an orthonormal basis of U , and it follows from (2.B.2) that

f =

∞∑

n=1

√
λn ξn ⊗ φn,

as desired. �

115



2.B.3. The Karhunen-Loève decomposition of square-integrable random fields

In this section, we specialize the previous material to the more practical situation of random fields.
Throughout this section, (O,F ,P) denotes a probability space, and D ⊂ Rd is a bounded “physical”

domain, equipped with the Lebesgue measure L. Intuitively, a random field associates a random variable
f(x, ·) at each point x ∈ D in the physical domain D.

Definition 2.B.7 A real-valued random field f(x, ω) on D is a measurable function on the set D×O, where
the latter is endowed with the product measure L ⊗ P.

Specializing the theory of the previous Section 2.B.2 to the case where U = L2(O) and H = L2(D), and
reading through the identifications presented before, we immediately obtain the following result.

Theorem 2.B.8 Let f(x, ω) be a random field on D with 0 mean value, that is:
∫

O
f(x, ω) dP(ω) = 0 for a.e. x ∈ D.

Let the covariance kernel Cov(f) : L2(D ×D) of f be defined by:

Cov(f)(x, y) =

∫

O
f(x, ω)f(y, ω) dP(ω).

This kernel induces a Hilbert-Schmidt operator T (f) : L2(D)→ L2(D) via the formula:

∀ϕ ∈  L2(D), T (f)(ϕ)(x) =

∫

D

Cov(f)(x, y)ϕ(y) dy, a.e. x ∈ D.

Let λn be the decreasing sequence of the eigenvalues of this compact operator, and let φn ∈ L2(D) be the
orthonormal basis of L2(D) made of the associated eigenvectors. Then, the following decomposition holds:

f(x, ω) =

∞∑

i=1

√
λiξi(ω)φi(x),

where the ξi ∈ L2(O) are the centered and uncorrelated random variables (i.e. satisfying (2.3.3)) defined by:

ξi(ω) =
1√
λi

∫

D

f(x, ω)φi(x) dx.

Remark 2.B.9 The above result rests on minimum regularity on the covariance kernel Cov(f), i.e. the
latter is only supposed to belong to L2(D × D). Upon stronger assumptions on this kernel, interesting
properties hold about the decay rate of the eigenvalues λi as i→∞. Loosely speaking,

• When Cov(f) is analytic on D × D (actually, “piecewise analytic” is enough), there exist two
positive constants α1, α2 such that

λi ≤ α1e
−α2i

1/d

.

• When Cov(f) belongs to Hk(D) ⊗ L2(D) (actually, this property may hold only in a “piecewise”
fashion), there exists a constant α > 0 such that

λi ≤ αi−k/d.
We refer to [327] about these properties.

Let us conclude this presentation with a few words about the particular case of Gaussian random fields.

Definition 2.B.10 A real-valued random field f(x, ω) is Gaussian if for any number N > 0 and any points
x1, . . . , xN , the multi-variate random vector (f(x1, ω), . . . , f(xN , ω)) has a Gaussian probability distribution
on O, whose mean value and covariance matrix depend on x1, . . . , xN .

The components of the Karhunen-Loève decomposition of Theorem 2.B.8 enjoy interesting additional
properties when the considered random field is Gaussian, as stated in the next results, which essentially
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follows from the characterisation of the law a Gaussian random variable by its mean value and its covariance,
see [246, 296].

Proposition 2.B.11 Let f(x, ω) be a Gaussian random field on D with mean value 0. The random variables
ξi ∈ L2(O) featured in the Karhunen-Loève decomposition of f(x, ω) are independent, Gaussian random
variables.
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Chapter 3
Geometric and manufacturing constraints in shape and
topology optimization

The design of realistic systems has to comply with multiple technical specifications, expressed as constraints
in the mathematical formalization of the optimal design problems. These prescriptions may originate from
mechanical concerns, such as the necessity to impose a maximum bound on the stress level inside the structure
Ω, or a minimum value on its fundamental vibration frequency. They may alternatively be about geometric
features of Ω, such as its volume, perimeter, or thickness. As a matter of fact, many constraints imposed
by manufacturing processes are of the latter, geometric nature, as ad hoc models for requirements which
are otherwise difficult to express. Despite their seemingly intuitive character, exacerbated by the fact that
they a priori do not bring into play partial differential equations, geometric constraints are often difficult to
formulate rigorously, and their numerical treatment raises quite specific issues.

The present chapter mainly deals with the modeling and treatment of several geometric or manufacturing
constraints. The first Section 3.1 is devoted to the signed distance function dΩ to a shape Ω ⊂ Rd – a
ubiquitous mathematical tool in the modeling of geometric constraints. The main properties of this object
are recalled, as well as its sensitivity with respect to the domain; we also provide examples of geometric
constraints that can be conveniently modeled in terms of the signed distance function. The next Section 3.2
introduces a general purpose constrained optimization algorithm, which is particularly well-suited for shape
and topology optimization problems. In Section 3.3, we present a new numerical method which conveniently
simplifies the use of functionals depending on the domain via the function dΩ. We then turn to more
concrete application contexts; we investigate in Section 3.4 a few geometric constraints raised by optimal
design problem in the field of architecture. The next Sections 3.5 and 3.6 take place in the context where the
optimized shape is assembled by an additive manufacturing methodology. The former Section 3.5 aims to
model constraint functions which would prevent it from developing so-called overhang features. Interestingly,
the straightforward geometric formulation of such overhang constraints proves awkward from the numerical
viewpoint, and we return to the mechanical justification of this requirement to build more efficient functionals.
In Section 3.6, we formulate a simplified model for the effective, anisotropic material properties of structures
constructed by additive manufacturing, which depend on the path followed by the machine tool. Eventually,
Section 3.7 sketches an interesting direction for future research suggested by several of the aforementioned
investigations: the device and implementation of constraints about the resemblance between the optimized
design and a target object, based on the optimal transport theory.

3.1 Preliminaries: the signed distance function to a domain and its

applications in shape optimization

The signed distance function is a recurring tool in most of the developments of this chapter, as a convenient
means to express multiple geometric quantities related to a domain. In this first section, we collect some
material from the literature about this rich concept and some of its usages in shape optimization.
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3.1.1. About the signed distance function

Relying on the references [106], [28] (Chap. 1), [156] (Chap. 7) and [67] (Chap. 1), we first present
a few generalities about the signed distance function, starting from the definition which we recall from
Section 1.4.7.1, see (SDF).

Definition 3.1.1 Let Ω be an open subset of Rd; the signed distance function dΩ to Ω is defined by

∀x ∈ Rd, dΩ(x) =




−d(x, ∂Ω) if x ∈ Ω,

0 if x ∈ ∂Ω,
d(x, ∂Ω) if x ∈ Rd \ Ω,

where

(3.1.1) d(x, ∂Ω) = min
p∈∂Ω

|x− p|

is the usual Euclidean distance from x to ∂Ω.

The signed distance function is related to several important objects, see Fig. 3.1.1 for an illustration.

Proposition-Definition 3.1.2 Let Ω be a bounded, Lipschitz domain in Rd;

• For any point x ∈ Rd, the projection set Π∂Ω(x) of x onto ∂Ω is the non empty and compact set of
points p ∈ ∂Ω minimizing the distance (3.1.1) from x to ∂Ω.

• The skeleton Σ ⊂ Rd of Ω is the set of points x ∈ Rd such that Π∂Ω(x) is not a singleton.
• When x /∈ Σ and thus Π∂Ω(x) is a singleton, its unique element is denoted by p∂Ω(x) and is called

the projection of x onto ∂Ω.
• The ray emerging from a point p ∈ ∂Ω is the set ray∂Ω(p) of elements x ∈ Rd \Σ having p as unique

projection:

ray∂Ω(p) =
{
x ∈ Rd \ Σ, p∂Ω(x) = p

}
.

The signed distance function dΩ to a domain Ω and its derivatives encode a great deal of its geometric
properties. To express these connections, we henceforth assume that the bounded domain Ω is at least of
class C2. Note that this assumption may not be minimal for some of the properties discussed below.

Proposition 3.1.3 The signed distance function dΩ is differentiable at a point x ∈ Rd if and only if the
latter does not belong to Σ; its gradient is then given:

(3.1.2) ∇dΩ(x) = n(p∂Ω(x)) =
x− p∂Ω(x)

dΩ(x)
;

in particular, ∇dΩ(x) is an extension of the normal vector field n : ∂Ω→ Rd to Rd \ Σ.
Moreover, there exists an open neighborhood U of ∂Ω in Rd such that dΩ is differentiable on U .

Let us now turn to the second-order properties of the signed distance function. Their formulation involves
the (d−1) principal curvatures κi(p) (i = 1, . . . , d−1) of ∂Ω at points p ∈ ∂Ω, and an associated orthonormal
basis (τ1(p), . . . , τd−1(p)) of the tangent plane Tp∂Ω, see Section 1.A.1 about these notions.

Proposition 3.1.4 The following properties hold true:

(i) For any point x ∈ Rd \ Σ, one has:

(3.1.3) 1 + κi(p)dΩ(x) > 0, i = 1, . . . , d− 1, where p ≡ p∂Ω(x).

(ii) The projection mapping p∂Ω : Rd \ Σ→ ∂Ω is differentiable on Rd \ Σ, and its derivative reads:

(3.1.4) ∀x ∈ Rd \ Σ, ∇p∂Ω(x) =

d−1∑

i=1

1

1 + κi(p)dΩ(x)
τi(p)τi(p)

T , p ≡ p∂Ω(x).

Remark 3.1.5
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Figure 3.1.1. Illustration of the quantities related to the signed distance function introduced
in Section 3.1.1. The point x ∈ Σ has a projection set Π∂Ω(x) composed of the two points
p1 and p2, while y ∈ Rd \ Σ admits p as unique projection and y−p

dΩ(y) = n(p).

• It easily follows from the formulas (3.1.2) and (3.1.4) that if Ω is actually of class Ck for some
k ≥ 2, then dΩ and pΩ are of class Ck and Ck−1 on Rd \ Σ, respectively.

• The projection p∂Ω is not differentiable on the boundary ∂Σ of the skeleton Σ. Actually, the following
characterization of the closure Σ is proved in [106]:

Σ = Σ ∪ C,
where the set C is made of the conjugate points of Ω, which are, loosely speaking the centers of
curvature of some region on ∂Ω; mathematically, these are defined as the points x ∈ Rd where
(3.1.3) is not satisfied for at least one index i. Note that C is not necessarily disjoint from Σ.

The above material allows to define “natural”, smooth extensions to the whole open set Rd \ Σ of the
unit normal vector field n : ∂Ω→ Rd and of any tangential vector field τ : ∂Ω→ Rd via the formulas:

(3.1.5) ∀x ∈ Rd \ Σ, n(x) ≡ n(p∂Ω(x)) = ∇dΩ(x), and τ(x) ≡ τ(p∂Ω(x)).

For this reason at least, it is of great importance in practice to estimate the “size” of the skeleton Σ and of
its closure Σ, where such extensions are either not possible or not smooth.

Proposition 3.1.6

(i) The skeleton Σ has null Lebesgue measure.
(ii) Provided Ω is of class C3, the closure Σ also has null Lebesgue measure.

The former statement actually holds true when Ω is a general open subset of Rd: it is actually a direct
consequence of Proposition 3.1.3, the Lipschitz character of dΩ and Rademacher’s theorem. The second,
highly non trivial statement is proved in [106, 250]; note that the additional assumption that Ω be of class
C3 is not a mere technicality, see [250] for an example of a domain of class C2 such that Σ has positive
Lebesgure measure.

Remark 3.1.7 Proposition 3.1.3 implies, in particular that the signed distance function satisfies the so-
called Eikonal property, i.e.:

(3.1.6) |∇dΩ(x)| = 1 for a.e. x ∈ Rd.

121



Unfortunately, many functions satisfy (3.1.6) beyond dΩ; to turn this requirement into a characterization,
one has to resort to the theory of viscosity solutions [137]. In this framework, it is proved in [28] that the
unsigned distance function d(·, ∂Ω) is the unique viscosity solution to the Eikonal equation:

{
|∇(d(x, ∂Ω))| = 1 for x ∈ Ω,
d(x, ∂Ω) = 0 for x ∈ ∂Ω.

The material in this section leads to the following result whereby an integral on the ambient space Rd
can be rewritten as nested integrals over the boundary ∂Ω of a smooth bounded domain Ω ⊂ Rd and on the
normal rays emerging from ∂Ω. It follows from an application of the coarea formula in Theorem 3.A.1 to the
mapping p∂Ω : Rd \ Σ→ ∂Ω, and from the fact that when Ω is of class C3, Σ has null Lebesgue measure.

Proposition 3.1.8 Let Ω ⊂ Rd be a bounded domain of class C3, and let ϕ ∈ L1(Rd). Then the following
equality holds true:

∫

Rd
ϕ(x) dx =

∫

∂Ω

∫

z∈ray∂Ω(p)

ϕ(z)

(
d−1∏

i=1

(1 + dΩ(z)κi(p))

)
d`(z) ds(p),

where d` is the restriction of the one-dimensional Hausdorff measure to the lines ray∂Ω(p).

3.1.2. Differentiability of the signed distance function with respect to the domain

This section deals with the sensitivity of the signed distance function dΩ with respect to the domain Ω, in
the framework of the method of Hadamard presented in Section 1.3.3. The properties recalled below are
essentially proved in [155], see also Chap. 4 in [145] for a more detailed account. They have been used in
our previous work [A34] to optimize smoothed approximations of multiphase elasticity systems, where the
signed distance function to the sharp interface between two regions with different material properties is used
to build an smooth transition layer between them. They have subsequently been involved in the modeling
and treatment of geometric constraints, as reported in the next Section 3.1.3.

Let us first consider the derivative of the mapping Ω 7→ dΩ(x) for a fixed point x ∈ Rd; an intuitive
explanation of these formulas is provided in Fig. 3.1.2.

Proposition 3.1.9 Let Ω ⊂ Rd be a bounded domain of class C2, let x ∈ Rd \ ∂Ω and let θ ∈W 1,∞(Rd,Rd)
be a given deformation field. Then, the function t 7→ dΩtθ (x) is differentiable at t = 0+, and

• If x ∈ Ω, its derivative reads:

d

dt

(
dΩtθ (x)

)∣∣∣∣
t=0+

= − inf
p∈Π∂Ω(x)

θ(p) · n(p).

• If x ∈ cΩ, its derivative reads:

d

dt

(
dΩtθ (x)

)∣∣∣∣
t=0+

= − sup
p∈Π∂Ω(x)

θ(p) · n(p).

If x /∈ (∂Ω ∪ Σ), the mapping θ 7→ dΩθ (x) is Gateaux differentiable at θ = 0, and its derivative d′Ω(θ)(x)
reads:

∀θ ∈W 1,∞(Rd,Rd), d′Ω(θ)(x) = −(θ · n)(p∂Ω(x)).

This result essentially follows from the application of a theorem about the differentiation of the minimum
value of a parameter-dependent function, see Th. 2.1 in Chap. 10 of [156], and Chap. 4 in [145] for this
particular application.

We next turn to the differentiability of integral functionals depending on the shape Ω via the signed
distance function dΩ, that we illustrate with the following template result.
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Figure 3.1.2. Differentiation of the signed distance function dΩ with respect to the domain;
(a) When x ∈ Ω \Σ, the (negative) value dΩ(x) decreases by “how much” the closest region
of ∂Ω draws away; (b) When x ∈ Σ lies outside Ω, dΩ(x) decreases by the maximum distance
by which one closest region of ∂Ω draws nearer.

Proposition 3.1.10 Let D ⊂ Rd be a bounded domain, and let J(Ω) be the function of the domain defined
by:

(3.1.7) J(Ω) =

∫

D

j(dΩ(x)) dx,

where j : R→ R is smooth. Let Ω b D be a bounded domain of class C3. Then the mapping θ 7→ J(Ωθ) from
W 1,∞(Rd,Rd) into R is Gateaux differentiable at θ = 0, with derivative

J ′(Ω)(θ) =

∫

∂Ω

vΩ(θ · n) ds, where vΩ(x) =

∫

ray∂Ω(x)∩D
j′(dΩ(z))

(
d−1∏

i=1

(1 + κi(x)dΩ(z))

)
d`(z).

Hint of proof:. Since Ω is of class C3, Proposition 3.1.6 ensure that the closure of the skeleton Σ of Ω has
0 Lebesgue measure, and so the integration domain in (3.1.7) can be changed from D to D \ Σ. Using the
result of Proposition 3.1.9 about the differentiability of the mapping θ 7→ dΩθ (x) for a fixed point x ∈ D \Σ,
together with the Lebesgue dominated convergence theorem (whose application is a little subtle, see Chap.
4 in [145]), we obtain that the mapping θ 7→ J(Ωθ) is Gateaux differentiable, with derivative:

J ′(Ω)(θ) = −
∫

D\Σ
j′(dΩ(x))(θ · n)(p∂Ω(x)) dx.

The desired result now follows from the version of the coarea formula in Proposition 3.1.8. �

3.1.3. Modeling geometric constraints using the signed distance function

Among its multiple interests, the signed distance function plays a central role in modeling geometric quantities
attached to a shape Ω, in the perspective of their treatment as constraints in shape optimization problems.
Let us mention a few examples among the most prominent such geometric constraints in the literature. We
refer to [261] for a more detailed overview of this subject and to [17] for another, recent and interesting
development around this theme, devoted to the modeling of accessibility constraints.

• Minimum thickness constraints impose that the optimized shape Ω do not contain regions that are
thinner than a prescribed threshold dmin, as thin and frail members are more likely to break during
machining or cooling. One possible expression of this property is that the motion of any point
x ∈ ∂Ω in the inward normal direction over a distance t < dmin should result in a point which is

123



still inside Ω, that is:

(3.1.8) ∀x ∈ ∂Ω, ∀t ∈ [0, dmin], dΩ(x− tn(x)) ≤ 0,

see Fig. 3.1.3 (a). This requirement may be enforced thanks to an integral functional of the form:

P (Ω) =

∫

∂Ω

∫ dmin

0

[
dΩ(x− tn(x))

]2
+

dt dx.

In this manuscript, we shall rather use the following shape functional, which is perhaps more
heuristic, but easier to handle:

(3.1.9) PminT(Ω) = −
∫

Ω

d2
Ω(x)

[
dΩ(x) +

dmin

2

]2
+

dx.

Intuitively, PminT(Ω) favors “thick” regions, until they show the desired thickness value.
• Maximum thickness constraints impose that Ω do not contain regions which are thicker than a

certain threshold dmax; such thick regions are typically undesirable when Ω is fabricated by casting
as they require a long time to cool down. Mathematically, this boils down to demanding that the
signed distance function dΩ take everywhere values larger than dmax/2:

(3.1.10) ∀x ∈ Ω, dΩ(x) ≥ −dmax

2
,

see Fig. 3.1.3 (b). In order to enforce such maximum thickness constraints, one naive possibility is
to rely on an integral penalty functional of the form

P (Ω) =

∫

Ω

[
dΩ(x) +

dmax

2

]2
−

dx

which should be constrained to be equal to 0. This requirement turns out to be too strict in
practice, and produces undesirable numerical artifacts, see [261]. It is actually more efficient to
impose the following constraint, which stems from the same line of thinking:

(3.1.11) PmaxT(Ω) ≤ dmax

2
, where PmaxT(Ω) :=




1∫

Ω

h(dΩ) dx

∫

Ω

h(dΩ) d2
Ω dx




1
2

.

Intuitively, PmaxT(Ω) is an average of (a power of) dΩ over the regions where the maximum thickness
constraint is violated. It involves an approximate characteristic function h(dΩ) for these regions,
defined from the elementary functions

h(s) = Hε

(
− 2s

dmax
− 1

)
, where Hε(s) =

1

2

(
1 + tanh

(s
ε

))
, ε� 1,

is a smoothed approximation of the Heaviside function.
• Molding constraints arise in the context where the shape Ω, contained in a fixed hold-all domain
D, is fabricated by casting: the mold occupies the region D \ Ω, and is made of several pieces

Di \ Ω, associated to a fixed subdivision D =
⋃N
i=1Di. The shape is produced by pouring the

molten material in the region Ω, which then solidifies under cooling; each part of the mold is finally
drawn for removal in a predefined parting direction ξi ∈ Sd−1.

The achievement of this process implies that Ω should not obstruct the removal of the mold,
that is:

(3.1.12) ∀i = 1, . . . , N, ∀x ∈ ∂Ω ∩Di, ξi · nΩ(x) ≥ 0,

see Fig. 3.1.3 (c). This can be imposed thanks to the following integral functional:

Pmold(Ω) =

N∑

i=1

∫

∂Ω∩Di

[
ξi · nΩ(x)

]2
−

ds.
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•
•
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y
n(y)

n(x)
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• •
xy
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Figure 3.1.3. (a) The point x satisfies the minimum thickness requirement in (3.1.8); (b)
Examples of a point x satisfying the maximum thickness constraint of (3.1.10), and of a
point y violating it; (c) The blue region of ∂Ω violates the molding criterion (3.1.12).

The shape derivatives of all the aforementioned functionals of the domain can be calculated with the
help of the material of Section 3.1.2; they can therefore be incorporated into standard shape optimization
problems formulated in the classical framework outlined in Section 1.2.3, either as objective or as constraint
functionals.

Remark 3.1.11 In order to keep the previous exposition technically simple, we have focused on intuitive
formulations of geometric constraints, sometimes at the expanse of physical relevance or practical efficiency.
Besides, the practical treatment of such geometric constraints may prove delicate, as it sometimes demands
a careful formulation of the shape optimization problem. For instance, minimum thickness constraints may
prevent the optimized shape from changing topology (notably, holes from merging), if they are imposed too
strictly from the beginning of the optimization process; hence, they are often more efficient when used via
a penalization of the objective with increasing strength; we refer to [261] for discussions about all these
numerical issues.

Remark 3.1.12 The material contained in this preliminary section about the signed distance function to
a subdomain Ω of Rd can be extended, at least partially, to various contexts. In this manuscript, we shall
encounter two instances of such:

• In Section 3.4.4, the signed distance function to a smooth subdomain Ω of the ambient space Rd is
considered when the latter is equipped with the distance dM (x, y) between points x, y ∈ Rd, induced
by a positive definite matrix M ∈ Rd×dsym , as a means to define anisotropic notions of thickness.

• In Section 4.3, the signed distance function to a region Ω within an hypersurface S of Rd is defined
from the geodesic distance dS(x, y) between points x, y ∈ S of Definition 1.A.2, in order to describe
thin tubular neighborhoods of ∂Ω.
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3.2 An efficient, general purpose optimization algorithm

The present chapter being generally devoted to the understanding of various types of engineering design
constraints, it is natural to inquire first about how such constraints can be efficiently incorporated into
shape and topology optimization algorithms. Admittedly, several constrained optimization algorithms have
been developed for infinite-dimensional settings: the augmented Lagrangian method [286], the Method
of Moving Asymptotes [348], the Sequentiel Linear Programming algorithm [166], the Method of Feasible
Directions [359], to name a few popular strategies. Surprisingly enough, relatively few of them are completely
satisfactory in shape and topology optimization applications. In particular, they all involve non physical
and rather unintuitive parameters (the penalty parameter in the augmented Lagrangian method, the size of
the trust region in the Sequential Linear Programming algorithm, ...), whose tuning demands manual and
costly trial-and-error steps that must be carried out before each application.

This section summarizes the work carried out in [A14] where a general purpose optimization algorithm
is proposed and analyzed, which is capable of handling multiple equality and inequality constraints and is
suitable for shape and topology optimization applications. Note that a quite similar optimization strategy
was developed concurrently in the article [58].

3.2.1. Abstract presentation of the algorithm

In this section, we describe our optimization algorithm in the general and abstract context of a Hilbert space
(H, 〈·, ·〉H). For simplicity of the presentation, we consider an equality-constrained optimization problem

(3.2.1) min
h∈H

J(h) s.t. G(h) = 0,

where J : H → R is a (smooth) objective function and G(h) := (Gi(h))i=1,...,p is a collection of p (smooth)
real-valued equality constraints. Let us emphasize that, up to a slight increase in technicality, our method-
ology can be adapted to problems which additionally feature multiple inequality constraints, as exemplified
by the numerical examples presented in Section 3.2.2 and the later Chapter 5.

Let θJ and θGi ∈ H be the gradients associated to the derivatives J ′(h) and G′i(h) of J(h) and Gi(h) at
a particular h ∈ H, that is:

∀ĥ ∈ H, J ′(h)(ĥ) = 〈θJ , ĥ〉H and G′i(h)(ĥ) = 〈θGi , ĥ〉H ,
and we assume that the following constraint qualification property is satisfied:

(3.2.2) The gradients θGi are linearly independent.

The null space KerG′(h) of the derivative of the constraint function G(h) is given by:

KerG′(h) =
{
ξ ∈ H, 〈θGi , ξ〉H = 0, i = 1, . . . , p

}
=
(

span {θGi}i=1,...,p

)⊥
.

The iterative resolution of (3.2.1) relies on updates of the optimization variable h between two successive
steps n, (n+ 1) (the reference to which being omitted for simplicity) of the form

(3.2.3) h+ ∆t ξ, with the descent direction ξ = −(αJξJ + αGξG).

Here, ∆t is a pseudo-time step, αJ , αG are fixed positive weights and the contributions ξJ , ξG ∈ H are the
two orthogonal vectors in H that we now define:

• The null-space step ξJ is the orthogonal projection of θJ onto the null space of the constraints
KerG′(h), that is:

ξJ ∈ KerG′(h) and θJ − ξJ ∈
(

KerG′(h)
)⊥
.

Using the fact that (KerG′(h))⊥ = span {θGi}i=1,...,p, ξJ turns out to be of the form:

ξJ = θJ +

p∑

j=1

λjθGj ,

where the scalar coefficients λ1, . . . , λp are characterized by the requirements

G′i(h)(ξJ) = 〈θGi , ξJ〉H = 0, for i = 1, . . . , p,
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that we may gather as a p× p system for λ = (λ1, . . . , λp) ∈ Rp:

(3.2.4) Sλ = b, where Sij = 〈θGi , θGj 〉H and bi = −〈θJ , θGi〉H .
This system is invertible thanks to the constraint qualification condition (3.2.2).

The null space step ξJ satisfies the intuitive property that the (negative) normalized vector
−ξJ/||ξJ ||H is the best normalized descent direction for J that leaves the value of the constraint
functional unaltered at first order, that is:

− ξJ
||ξJ ||H

= arg min
ξ∈H

J ′(h)(ξ) s.t.

{
G′(h)(ξ) = 0,
〈ξ, ξ〉H ≤ 1,

a fact which is easily proved from the first-order optimality conditions of this convex program.
• The range step ξG is the contribution to the update (3.2.3) in charge of decreasing the violation of

constraints. Its definition is based on the following observation: the set of solutions to the convex
minimization problem

(3.2.5) min
ξ∈H
||G(h) +G′(h)(ξ)||2,

involving a Gauss-Newton measure of the violation of constraints, is exactly the affine subspace

{−ξG + ζ, ζ ∈ KerG′(h)} ,
where −ξG ∈ H is the unique solution to (3.2.5) which is orthogonal to KerG′(h).

In fact, ξ is solution to (3.2.5) if and only if it satisfies the associated Euler-Lagrange equation:

(3.2.6)
∑

i=1,...,p

(Gi(h)−G′i(h)(ξ))θGi = 0.

Since the gradients θGi are linearly independent, this readily implies that the set of solutions to
(3.2.5) is an affine subspace of H which is parallel to the null space KerG′(h) of the constraints.
Besides, any solution ξG to (3.2.5) (or (3.2.6)) which belongs to (KerG′(h))⊥ = span {θGi}i=1,...,p

is of the form

−ξG =

p∑

i=1

βiθGi for some β1, . . . , βp ∈ R;

injecting this expression into (3.2.6) yields the following invertible p× p system for the coefficient
vector β = (β1, . . . , βp) ∈ Rp:

Sβ = c where S is defined in (3.2.4) and ci = Gi(h), i = 1, . . . , p,

which characterizes explicitly the range step ξG.

Intuitively, the weights αJ and αG of the contributions ξJ and ξG to the update ξ in (3.2.3) encode the
relative rates of the decrease of the objective J(h) and of the violation of the constraints G(h) = 0 entailed
by the update vector ξ, respectively. This point is more clearly explained by the following calculation; the
update of the variable h by the rule (3.2.3) ensures that:

G(h+ ∆tξ) ≈ G(h) + ∆tG′(h)(ξ)
= G(h)− αG∆t G′(h)(ξG)
= (1− αG∆t)G(h),

where the second line follows from the fact that ξJ belongs to the null space KerG′(h) of the constraints, and
the last line follows from the property (3.2.6) of ξG. In other words, the violation of constraints decreases
by a percentage of αG∆t in the course of the update (3.2.3).

Hence, as we have mentioned, one of the great assets of the above optimization strategy is that it features
only a few parameters which have an intuitive interpretation and do not require any cumbersome fine tuning.
In fact, beyond the time step ∆t, only the values of αJ and αG have to be specified by the user.

Let us eventually comment about the choice of the time step ∆t in the update (3.2.3). In order to ensure
that the latter be not “too large”, we utilize a so-called merit function M(h), i.e. a function for which the
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update vector ξ in (3.2.3) is a descent direction. One such function reads:

M(h) = αJ

(
J(h) +

p∑

i=1

λiGi(h)
)

+
αG
2
S−1G(h) ·G(h).

During each iteration of the optimization process, we require that ∆t be so small that:

M(h+ ∆t ξ) < M(h) (possibly up to a small tolerance).

Remark 3.2.1 An open-source implementation of this algorithm, due to F. Feppon, is available at the
following address:

https://gitlab.com/florian.feppon/null-space-optimizer

3.2.2. Application in shape and topology optimization and a numerical example

This null space optimization algorithm naturally takes place in the context of a Hilbert space; its application
in shape optimization in combination with Hadamard’s boundary variation method (see Section 1.3.3.1) lever-
ages the Hilbertian method introduced in Section 1.3.5. As we have seen, the latter restricts the considered
deformations θ of a reference shape Ω ⊂ Rd to a Hilbert space (H, 〈·, ·〉H) contained in W 1,∞(Rd,Rd). Thus,
the search for a deformation θ “improving” the performance of Ω with respect to a constrained optimization
problem of the form

min
Ω

J(Ω) s.t.

{
G(Ω) = 0,
H(Ω) = 0,

where G(Ω) and H(Ω) are equality and inequality constraint functions,

boils down to the search of a an update vector θ ∈ H from the initial value 0 for the problem

min
θ∈H

J(Ωθ) s.t.

{
G(Ωθ) = 0,
H(Ωθ) = 0,

which fits in the abstract framework of the previous Section 3.2.1.

Remark 3.2.2 In this context where the optimized deformation θ has a clear physical meaning, the weights
αJ , αG in the update (3.2.3) between two successive optimization steps n, (n + 1) (whose related iteration-
dependent quantities are labelled by n and n+1, respectively) can be directly tied to physical quantities. Indeed,
choosing iteration dependent parameters αJ ≡ αnJ , αG ≡ αnG defined by

αnJ =
AJ∆x

||ξnJ ||L∞(D)d
, and αnG =

AG∆x

||ξnG||L∞(D)d
,

where ∆x stands for the average size of edges in the mesh of the computational domain D and AJ , AG are
fixed real values, ensures that the update ξ entails a motion with maximum spatial amplitude ∆t(AJ+AG)∆x;
the coefficients AJ , AG are naturally interpretable as the relative contributions of the decrease of the objective
function and of the violation of the constraints to this motion.

Let us apply this null space algorithm to deal with an example in structural optimization. The considered
setting is that of a 2d bridge: the optimized shape Ω is contained in a computational domain D with size
10 × 2, and it is clamped on two regions ΓD near the lower-left and right corners of ∂D. Nine different
situations are possible in terms of the applied loads; in each one of them, indexed by i = 0, . . . , 8, a unit
vertical load gi is applied on a region ΓN,i of the upper side of ∂D, see Fig. 3.5.6. The performance of Ω
under the load case gi is measured in terms of its compliance

Ci(Ω) =

∫

Ω

Ae(uΩ,i) : e(uΩ,i) dx,

where uΩ,i is the elastic displacement of Ω in this situation.
The shape optimization problem of interest consists in minimizing the volume Vol(Ω) of the structure

Ω under the constraint that each individual compliance Ci(Ω) do not exceed a given threshold CT :

(3.2.7) min
Ω

Vol(Ω) s.t. Ci(Ω) ≤ CT for all i = 0, . . . , 8.
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�N,8

Figure 3.2.1. Setting of the bridge optimization problem under multiple load cases consid-
ered in Section 3.2.

The value of CT is set to a fraction of the maximum of the compliances of the initial design Ω0, which is
depicted on Fig. 3.2.3 (a):

(3.2.8) CT = 0.7 max
i=0,...,8

Ci(Ω
0).

We solve (3.2.7) by the combination of the present null space optimization algorithm with the level
set based mesh evolution strategy presented in Section 1.4.7. Several intermediate shapes are displayed on
Fig. 3.2.3, and the meshes of the initial and final designs are represented on Fig. 3.2.2. The convergence
histories are reported on Fig. 3.2.4; they allow to verify the decrease of the objective function even after the
saturation of the constraints.

a

b

Figure 3.2.2. Meshes of (a) The initial shape, (b) The optimized shape in the bridge op-
timization problem under multiple load cases of Section 3.2.

3.3 A variational method for the evaluation of the shape derivatives of
geometric functions

As illustrated by the various geometric constraint models described in Section 3.1.3, functionals depending
on the domain Ω via the signed distance function dΩ to Ω, say, of the form:

J(Ω) =

∫

D

j(dΩ(x)) dx,

where D ⊂ Rd is a fixed computational domain and j : R→ R is smooth enough, have manifold applications
in shape optimization. The usage of such a functional in algorithms raises the need to compute its shape
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Figure 3.2.3. Iterations (a) 0, (b) 5, (c) 10, (d) 20, (e) 80, and (f) 300 in the bridge
optimization problem under multiple load cases considered in Section 3.2.
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Figure 3.2.4. Convergence histories for the bridge optimization problem under multiple
load cases of Section 3.2; (a) Evolution of the volume Vol(Ω); (b) Values of the constraints
Ci(Ω).

derivative J ′(Ω)(θ). whose expression reads, under suitable regularity assumptions about Ω:

(3.3.1) J ′(Ω)(θ) =

∫

∂Ω

vΩ(θ · n) ds, where vΩ(x) = −
∫

ray∂Ω(x)∩D
j′(dΩ(z))

(
d−1∏

i=1

(1 + dΩ(z)κi(x))

)
d`(z),

see Section 3.1.2. However feasible, the numerical implementation of this formula is cumbersome for multiple
reasons:

• At first, it requires the identification of the sets ray∂Ω(x), x ∈ ∂Ω. This task can be realized thanks
to a variant of the method of characteristics, but it requires adequate data structures to travel
efficiently the mesh of the computational domain D, especially when the latter is simplicial, see
Section 1.4.7.2 about this point.
• It then involves integrals along these normal rays. Notably, when J(Ω) also depends on the solution
uΩ to a boundary value problem posed on Ω, the calculation of these implies to evaluate derivatives
of uΩ (and of the adjoint state pΩ) on these rays.
• It depends on the principal curvatures κi, i = 1, . . . , d − 1 of ∂Ω. However ubiquitous in scien-

tific computing, it is notoriously difficult to compute these functions with sufficient accuracy and
robustness to numerical artifacts.

In this section, we summarize a novel numerical technique introduced in the work [A15] to evaluate
derivative formulas of the form (3.3.1) via the solution to a “simple” variational problem, thus alleviating
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the need to identify and handle the normal rays to the boundary of the shape. After a formal sketch of the
main ideas in the next Section 3.3.1, we present a validation example in Section 3.3.2.1, and we treat a shape
optimization example featuring geometric constraints with this method in Section 3.3.2.2.

3.3.1. A formal insight about the main idea

Let D ⊂ Rd be a fixed bounded, Lipschitz computational domain, and let Ω b D be a shape with skeleton
Σ. We also introduce the open set U = D \ Σ and we denote by β = ∇dΩ : U → Rd the natural extension
to U of the normal vector field n : ∂Ω → Rd. For a given, smooth enough function f : U → R, we aim to
calculate the quantity:

(3.3.2) uf (x) :=

∫

ray∂Ω(x)

f(z)

(
d−1∏

i=1

(1 + dΩ(z)κi(x))

)
d`(z), for x ∈ ∂Ω,

without having to identify the set ray∂Ω(x) or to calculate integrals on the latter, compare with (3.3.1).

3.3.1.1. From the calculation of a quantity along rays to the resolution of a variational problem

The key idea to achieve this is to express uf in terms of the solution to a suitable variational problem. In
this perspective, let us consider the following formulation:

(3.3.3) Search for u ∈ Vω s.t. ∀v ∈ Vω,
∫

∂Ω

uv ds+

∫

U

ω(β · ∇u)(β · ∇v) dx =

∫

D

fv dx,

where ω : U → R is a continuous, positive weight function to be specified, and Vω is the Hilbert space

Vω =

{
v ∈ L2

loc(U),

∫

U

ωv2 dx+

∫

U

ω(β · ∇v)2 dx <∞
}
.

Let us assume for a moment that this problem has a unique solution u ∈ Vω, and that the space Vω has
the following property:

∀v0 ∈ C∞(∂Ω), ∃v ∈ Vω s.t.

{
v = v0 on ∂Ω,
v is constant along the sets ray∂Ω(x) : β · ∇v = 0.

Then, for any v0 ∈ C∞(∂Ω), introducing such a function v, we obtain:
∫

∂Ω

uv0 ds =

∫

∂Ω

uv ds+

∫

U

ω(β · ∇u)(β · ∇v) dx

=

∫

U

fv dx

=

∫

∂Ω

(∫

ray∂Ω(x)

f(z)

(
d−1∏

i=1

(1 + dΩ(z)κi(x))

)
d`(z)

)
v0(x) ds(x),

where the first line is a consequence of the fact that β · ∇v = 0 and the last line follows from the coarea
formula of Proposition 3.1.8. Since this identity holds for any v0 ∈ C∞(∂Ω), the solution u to (3.3.3) thus
satisfies:

u(x) =

∫

ray∂Ω(x)

f(z)

(
d−1∏

i=1

(1 + dΩ(z)κi(x))

)
d`(z), for x ∈ ∂Ω.

which is exactly the quantity uf that we aim to calculate, see (3.3.2).
The rigorous realization of this idea demands that the weight ω be chosen so that all the facts that we

have admitted in the above argument hold true. This is guaranteed by the following result, whose quite
technical assumptions are not rigorously stated to keep the presentation simple; let us solely mention that
they are satisfied for a wide variety of practical choices for ω.

Theorem 3.3.1 Let ω : U → R be a continuous weight function taking positive values on U . Under “mild
assumptions” about ω, it holds:

(i) (Existence and surjectivity of traces): There exists a bounded trace operator Vω 3 v 7→ v|∂Ω∈ L2(∂Ω),
which extends the usual restriction of smooth functions to ∂Ω. Furthermore, for any v0 in L2(∂Ω),
there exists one function v ∈ Vω such that β · ∇v = 0 on U and v|∂Ω= v0.
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(ii) (Poincaré’s inequality): There exists a constant C > 0 such that

∀v ∈ Vω,
∫

U

ωv2 dx ≤ C
(∫

∂Ω

v2 ds+

∫

U

(β · ∇v)2 dx

)
.

(iii) The problem (3.3.3) is well-posed for any f ∈ L∞(U) and its unique solution u satisfies u|∂Ω= uf ,
where uf is defined in (3.3.2).

Remark 3.3.2 The above presentation only reports on a particular case of the general framework considered
in [A15], where β : U → Rd is a more general vector field, and the sets ray∂Ω(x) are replaced by the
characteristic curves s 7→ η(s, y) of β emerging from points y on the surface ∂Ω, i.e. the solutions to the
ordinary differential equation {

dη
ds (s, y) = β(η(s, y))

η(0, y) = y.

3.3.1.2. About the choice of the weight function ω

The previous section paves the way to a simple method for calculating the quantity uf in (3.3.2): after
selection of a weight ω satisfying the “mild” assumptions of Theorem 3.3.1, we calculate the solution u ∈ Vω
to the variational problem (3.3.3) and uf is obtained as the trace on ∂Ω of u.

In principle, this process does not depend on the weight ω as long as it fulfills the “mild hypotheses” of
Theorem 3.3.1, which leaves freedom about its definition. In practice, however, we would like to solve the
variational problem (3.3.3) with a “simple” Lagrange P1 finite element method, and some weight functions
may be more adapted than others to this purpose.

In order to get a formal insight into this question, and not aiming at precise statements, let us assume
that D is equipped with a simplicial mesh T , and let VT denote the space of P1 Lagrange finite element
functions on T , i.e.

VT =
{
vT ∈ C(D), ∀T ∈ T , vT |T is affine

}
.

Let also uT ∈ VT be the solution to the finite element discretization of (3.3.3). A combination of the trace
inequality with Céa’s lemma yields:

||u|∂Ω−uT |∂Ω||L2(∂Ω) ≤ C||u− uT ||Vω ≤ C inf
vT ∈VT

||u− vT ||Vω ,

for some constant C depending on ω. In order to leave the possibility for the term in the above right-hand
side to become “very small” upon refinement of T , it seems appropriate to select a weight ω vanishing near
Σ, so that a lesser weight be attributed to the region where u is discontinuous and uT is continuous.

A convenient class of weights built from this intuition is supplied by the next lemma.

Lemma 3.3.3 For any p < 2, the weight function

ω(x) =
1

1 + |∆dΩ(x)|p
satisfies the assumptions of Theorem 3.3.1.

Remark 3.3.4

• The weights in the above statement do not vanish on the whole set Σ but only at the conjugate
points x ∈ C, see Remark 3.1.5. Nevertheless, in practice, such functions ω take very small values
on Σ, which is the crucial point in the selection of a suitable weight.
• The definition of the weight functions in Lemma 3.3.3 depends on the principal curvatures κi of
∂Ω via the second-order derivatives of the signed distance function dΩ, see Proposition 3.1.4. This
might seem to contradict the aforementioned desire to avoid the calculation of these quantities which
are prone to numerical artifacts. Again, the evaluation of these curvatures does not need to be very
precise when it comes to evaluating ω, as the latter function should only be expected to take “small”
values on Σ.
• In practice, choosing p ≥ 2 also yields good results, although there is no rigorous justification of

this fact.
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3.3.2. Numerical illustrations

This section contains two types of numerical illustrations of our variational method for calculating integrals
along rays. After a numerical validation of our method in Section 3.3.2.1, we illustrate its use in the context
of a shape and topology optimization problem containing geometric constraints in Section 3.3.2.2.

3.3.2.1. About the choice of the weight function

In this first example, we verify the accuracy of our variational method on a relatively simple problem, which
already has its own interest. For given u0 ∈ L2(∂Ω), we aim to construct a function u : U → R with trace
u0 on ∂Ω, and which is constant alongs the normal rays to ∂Ω, viz.:{

∇dΩ · ∇u = 0 on U,
u = u0 on ∂Ω.

Let ω : U → R be a weight function satisfying the assumptions of Theorem 3.3.1. It is relatively simple to
prove that this problem has a unique solution u ∈ Vω, a good approximation of which is obtained by solving
the following (well-posed) variational problem

(3.3.4) Search for u ∈ Vω s.t. ∀v ∈ Vω,
1

ε

∫

∂Ω

uv ds+

∫

U

ω(β · ∇u)(β · ∇v) dx =
1

ε

∫

∂Ω

u0v ds,

where the boundary condition u = u0 on ∂Ω is imposed by penalization, with a “small” parameter ε > 0.
Let D be the unit square (0, 1)2 in R2, and let Ω ⊂ D be an ellipse, which is explicitly discretized in the

mesh of D. We solve the variational problem (3.3.4) with the Lagrange P1 finite element method in three
situations, which are illustrated on Fig. 3.3.1.

(1) A simplicial mesh T ′ of D is used where the skeleton Σ is truncated, with the weight ω = 1;
(2) A simplicial mesh T of D is used with the weight ω = 1;
(3) A simplicial mesh T of D is used with the weight ω = 2

1+|∆dΩ|2 .

a

b

c

Figure 3.3.1. Meshes T and T ′ used for the test case of Section 3.3.2.1; (a) Mesh T of
the hold-all domain D with Ω ⊂ D discretized as a submesh (in blue); (b) Zoom on T ; (c)
Zoom on the mesh T ′.

The results are presented on Fig. 3.3.2. As expected, the resolution of (3.3.4) on the mesh T ′ where the
skeleton Σ has been truncated flawlessly delivers a function u which is constant along the normal rays to ∂Ω.
In the second experiment, where no such truncation has been performed the mesh T and where the weight
ω = 1 is used, the numerical resolution of (3.3.4) is polluted by the very bad approximation of functions
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u : U → R which are constant along rays by Lagrange P1 finite element functions. Finally, when the same
mesh T of D is used with the weight ω = 2

1+|∆dΩ|2 , the solution of (3.3.4) becomes much more accurate: the

numerical solution u is “almost discontinuous” across Σ, up to what is allowed by the representation by P1

finite element functions.

a b

c
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−20
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Figure 3.3.2. Calculation of the extension of a function u0 ∈ L2(∂Ω) which is constant
along rays thanks to the variational problem (3.3.4) for (a) The mesh T ′ and ω = 1; (b)
The mesh T and the weight ω = 1; (c) The mesh T and the weight ω = 2/(1 + |∆dΩ|2); (d)
Input function u0(y1, y2) = cos(3y1)2 + 20y2; the horizontal coordinate is the arc length with
the green point as reference point.

3.3.2.2. Application to the treatment of minimum thickness constraint

We now turn to the application of the variational method of Section 3.3.1 to the calculation of the shape
derivative of a geometric constraint functional, in the context of the solution of a shape and topology
optimization problem.

The physical situation is that of a 2d half MBB beam, as depicted on Fig. 3.3.3: the considered shapes
Ω are contained in a box D with size 3× 1; they are clamped on a small region near the lower-right corner
of ∂D, a unit vertical load g = (0,−10) is applied near the upper-left corner of ∂D, and the horizontal
displacement is prevented on the left-hand side of ∂D, as a means to represent the fact that the optimized
shape is only the right half of a structure which is symmetric with respect to this axis.

We aim to optimize the compliance of this structure under constraints on its volume and on its minimum
thickness, see Section 3.1.3 about this notion. As suggested in there, we consider the following shape
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D

Figure 3.3.3. Setting of the half MBB beam test case considered in Section 3.3.2.2.

optimization problem

min
Ω
PminT(Ω), s.t.

{
C(Ω) ≤ CT ,
Vol(Ω) ≤ VT ,

where the minimum thickness functional PminT(Ω) defined in (3.1.9) is featured as an objective function.
This problem is solved by combining the the level set based mesh evolution method of Section 1.4.7 with
the null space optimization algorithm of Section 3.2, and the strategy of this section for the calculation of
the shape derivative of PminT(Ω). The results are depicted on Fig. 3.3.4 for several values of the parameter
dmin. Note that this approach – and its treatment by our variational method – yield coherent results; even
though the minimum thickness constraint is violated in the design obtained for dmin = 0.2, the value of the
functional PminT(Ω) is significantly reduced in the process.

3.4 Modeling of constraints on shapes for architectural design

As we have hinted at in Section 1.1.2, architects have a long-standing interest in optimal design. However,
modern optimal design techniques have only recently been considered in this field, for very specific applica-
tions at that. Beyond the relatively late acknowledgement of scientific computing techniques in architectural
design, three main reasons may account for this fact:

• From the technical point of view, shape and topology optimization has essentially been developed
in the realm of continuum mechanics, while most situations in architectural design deal with trusses
(i.e. sets of bars), or flat structures, such as plates or shells.
• On a different note, architects usually follow construction rules guided by a long-established intu-

ition. Only when the structure is exceptional, by nature of by size, or unique, and the aesthetics
of the design is the utmost priority, is it worth deviating from these, see [8, 65] for examples.
• More fundamentally, even when designing a “unique” structure, architects do no wish to rely on

sole mechanical considerations, whose results could be reproduced by anyone! See [371] for a related
discussion. As a matter of fact, aesthetic criteria about the outline of the shape, which are then
the main motivation of architects, do not lend themselves to an easy modeling.

Based on the article [A27], and to a lesser extent on [A28], we presently investigate several applications of
shape optimization methods in architectural design. In the first Section 3.4.1, we present the mechanical
setting of our investigations together with a test-case that will serve as guide throughout the numerical
experiments of this section. In Section 3.4.2, we report on a conceptually simple strategy to introduce
diversity in the architectural designs suggested by shape and topology optimization techniques, which consists
in playing on the boundary conditions of the mechanical problem. In the subsequent Section 3.4.3, we
introduce and use a functional based on the signed distance function to a target shape ΩT to impose that
the optimized shape resemble the latter. Finally, in Section 3.4.4, we show how the addition of an anisotropic
flavor to the notion of signed distance function may help in producing designs made of branches or walls.
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(a) No minimum thickness constraint is imposed (i.e C(Ω) is minimized under the volume constraint Vol(Ω) ≤ VT ).

(b) A minimum thickness constraint is imposed with dmin = 0.1

(c) A minimum thickness constraint is imposed with dmin = 0.2

Figure 3.3.4. Intermediate shapes in the optimization of the MBB beam under minimum
thickness constraints considered in Section 3.3.2.2: (in each situation, from left to right, top
to bottom) Iterations 0, 10, 40, 100, 150 and 200.

3.4.1. Presentation of the mechanical setting and of a guiding example

Throughout this section, Ω ⊂ Rd stands for an architectural design – an elastic structure filled by a material
with Hooke’s law A. The shape Ω is clamped on a part ΓD of its boundary ∂Ω; it is subjected to surface loads
g ∈ L2(ΓN )d applied on a disjoint subset ΓN ⊂ ∂Ω, and the remaining free boundary Γ := ∂Ω \ (ΓD ∪ ΓN )
is the only region subjected to optimization. In this setting, the displacement uΩ of Ω is the unique solution
in H1

ΓD
(Ω)d to the linear elasticity system, whose expression is recalled for convenience:

(3.4.1)





−div(Ae(uΩ)) = 0 in Ω,
uΩ = 0 on ΓD,

Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.

To illustrate the developments of this section, we shall consider throughout an example inspired by the
Pylon Design Competition organized by the Royal Institute of British Architects (RIBA) in 2014 [319]. The
setting is that depicted on Fig. 3.4.1: the shape Ω of interest represents an electric pylon; it is contained in a
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box D ⊂ R3 with size 15× 15× 45, and six different loads cases gi, i = 1, . . . , 6 are considered, associated to
various sets of forces applied at the blue dots. Physically, these originate from wind and from the weight of
the electric cables hanging at the arms of the structure. The central optimization problem in this situation,
around which several variations will be considered, reads as follows:

(3.4.2) min
Ω
S(Ω) s.t. Vol(Ω) = VT ,

where VT is a volume target, and S(Ω) is the sum of the compliances of Ω in the six loads situations:

S(Ω) =

6∑

i=1

Ci(Ω), where Ci(Ω) =

∫

Ω

Ae(uiΩ) : e(uiΩ) dx,

involving the elastic displacement uiΩ of Ω when it is submitted to the load case gi.
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Figure 3.4.1. Setting and boundary conditions of the pylon design example of Section 3.4.1.

3.4.2. Instilling diversity in the optimized shape by changing the specifications of the test-case

In this section, we investigate a naive, albeit already quite efficient means to leave the room for diversity in the
outcome of an optimal design problem, which consists in playing artificially on the mechanical specifications
of the latter.

In the context of the model problem of Section 3.4.1, two simple instances of this idea are the following:

• The region ΓD where shapes are clamped in the mechanical definition (3.4.1) of the problem could
be reduced to a subset of the lower side of ∂D, so as to guide the ground fixation system of Ω
towards a particular geometry; a similar idea is used in [371].
• The volume target VT in the statement (3.4.2) of the optimal design problem could be decreased

in order to entice the structure to develop thin bars.

This practice is justified by the fact that not all the mechanical specifications of an optimal design
problem such as (3.4.2) are determined so firmly that they cannot be slightly modified. On the other hand,
as recalled in Section 1.3.2, shape and topology optimization problems are well-known to possess numerous
local minimizers, and their convergence towards one or the other of them is very sensitive to even small
variations of the parameters of the problem. Hence, “small” modifications of the clamping regions of Ω
or of the imposed volume target in the optimal design process may already help in producing significantly
different designs.

A few results of such simple experiments are depicted on Fig. 3.4.2.
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Figure 3.4.2. Optimized designs of the pylon of Section 3.4.1 when (a) The volume con-
straint is VT = 0.1Vol(D), and the shape is clamped on the full lower side of ∂D, (b) The
volume constraint is decreased to VT = 0.05Vol(D), and ΓD is again the full lower side of
∂D, (c) The volume constraint VT = 0.05Vol(D), and where ΓD is reduced.

3.4.3. Constraints about the resemblance with a target design

Despite its diverse potential applications, the modeling and treatment of similarity constraints is scarce in
shape and topology optimization. To the best of our knowledge, beyond our works [A28, A27], the only
contributions in this direction are the articles [290, 377], taking place in the setting of density-based topology
optimization and using a crude L2 discrepancy criterion between the optimized and target densities. This
subject has been much more extensively tackled in the context of computer graphics applications, as we
describe in Section 3.7 below with a little more details.

In our context, let ΩT ⊂ Rd be a target shape; in order to impose that Ω resemble ΩT , we consider the
constraint functional Pm(Ω) defined by:

(3.4.3) Pm(Ω) =

∫

Ω

dΩT dx.

Intuitively, to minimize Pm(Ω), the optimized shape Ω has to enclose all the interior of ΩT , where dΩT takes
negative values, while avoiding the exterior of dΩT , where it takes positive values. In particular, the unique
global minimizer of Pm(Ω) is ΩT itself.

Let us illustrate the use of this functional Pm(Ω) in the context of the optimal design of the pylon
introduced in Section 3.4.1. Considering the target shape of Fig. 3.4.3 (a), we solve the optimization problem

(3.4.4) min
Ω
L(Ω), s.t. Vol(Ω) = VT , and L(Ω) = α

S(Ω)

S(ΩT )
+ (1− α)

Pm(Ω)

Pm(ΩT )
,

for different values of the coefficient α ∈ [0, 1]. Several results are presented in Fig. 3.4.3, as α increases,
they show a smooth transition between the target shape ΩT and the optimized shape of the pylon in view
of its compliance and volume (without resemblance constraint) displayed on Fig. 3.4.2 (a).

Let us insist that this model of a similarity constraint is quite naive. We expect that, by leveraging
more elaborated tools used in imaging (and notably using concepts from optimal transport theory), it is
possible to devise resemblance functionals which are more “aware” of the global geometric characteristics of
the compared shapes, see Section 3.7 for a few leads in this direction.

3.4.4. Promoting the emergence of bars and walls by using constraints based on the anisotropic
signed distance function

In this section, we present a trick to encourage the optimized structure Ω to be “thin” in one or two directions
of space, as a means to promote patterns such as bars or shells, which are familiar in architectural design. To
this end, we use an anisotropic version of the maximum thickness constraint presented in Section 3.1.3, which
in turn involves an adaptation of the notion of signed distance function and the related material recalled in
Section 3.1 to the case where the Euclidean norm on Rd is replaced with an anisotropic norm.
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Figure 3.4.3. Optimization of the multi load compliance S(Ω) of the pylon in Section 3.4.3
while imposing its resemblance with the target shape ΩT in (a): optimized designs for the
problem (3.4.4) with (b) α = 0.2, (c) α = 0.5, (d) α = 0.8.

Definition 3.4.1 Let M ∈ Rd×dsym be a symmetric, positive definite d× d matrix. For any bounded, Lipschitz

domain Ω ⊂ Rd, the signed, anisotropic distance function dMΩ to Ω reads:

dMΩ (x) =




−dM (x, ∂Ω) if x ∈ Ω,

0 if x ∈ ∂Ω,
dM (x, ∂Ω) if x ∈c Ω̄,

where

dM (x, ∂Ω) := inf
y∈∂Ω

|x− y|M , and ∀z ∈ Rd, |z|M :=
√
Mz · z.

Elementary verifications allow to adapt the material about the signed distance function recalled in
Section 3.1 to the present anisotropic context. As in the previous definition, we shall use an M superscript
to denote the anisotropic counterpart of a quantity depending on the isotropic signed distance function.

To gain insight about this notion, let us consider the following example. Let Ω be the 2d shape depicted
in Fig. 3.4.4 (a) and let M be the matrix

(3.4.5) M =

(
0.1 0
0 1

)
.

The use of a metric tensor M with a much lower coefficient in the horizontal direction than in the vertical
one implies that traveling from a point x ∈ R2 in the horizontal direction until hitting ∂Ω “costs” almost
nothing, whereas it does “cost” much when this travel has a vertical component. Hence, the quantity dMΩ (x)
evaluates almost exclusively the horizontal distance needed to reach ∂Ω from x, which explains its very small
values in the vertical bar of Ω, and comparatively large values in the horizontal bar, see Fig. 3.4.4 (b), (c).
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Figure 3.4.4. (a) One shape Ω (in black); (b) Isolines of the isotropic distance function
dΩ; (c) Isolines of the anisotropic distance function dMΩ associated to the tensor (3.4.5).

Let us now illustrate the use of quantities involving the anisotropic signed distance function in the
context of the optimal design of the pylon of Section 3.4.1. In order to impose that the shape be “thin”
in certain directions of space, we rely on several versions PMmaxT(Ω) of the maximum thickness function in
(3.1.11) built from anisotropic metric tensors M . More precisely, in order to enforce that Ω should be “thin”
in both directions e1, e2, we solve the following version of the problem (3.4.2).

(3.4.6) min
Ω
S(Ω) s.t.





Vol(Ω) = VT ,

PM1

maxT ≤ δ/2,
PM2

maxT ≤ δ/2,
where VT = 0.1Vol(D) and δ > 0 is a fixed tolerance parameter. The tensors M1 and M2 are diagonal with
entries

(M1)11 = (M1)33 = 0.01, (M1)22 = 1 (constraint on the thickness in the plane normal to e2),
(M2)22 = (M2)33 = 0.01, (M1)11 = 1 (constraint on the thickness in the plane normal to e1).

The optimized shapes resulting from the solution of (3.4.6) with different values of δ are depicted on
Fig. 3.4.5. As expected, these shapes tend to feature fewer extended surfaces in the directions e1 and e2.

a b

Figure 3.4.5. Optimized designs of the pylon for the minimization problem (3.4.6) of
the multi load compliance under anisotropic maximum thickness constraints with (a) δ =

4
√

min {m1,m2,m3}∆x; (b) δ = 3
√

min {m1,m2,m3}∆x.
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3.5 Imposing constraints on the overhang regions of shapes

This section – as well as the next one – aims at comprehending how the assembly of a shape by additive
manufacturing imposes new requirements in terms of constructibility, affects its mechanical behavior, and
thereby its optimality. We particularly focus on the concerns posed by overhangs – that is, large, nearly
horizontal regions hanging over void: our goal in the present section is to devise constraint functionals
which, when incorporated into a shape optimization problem, prevent the optimized shape from developing
such patterns. Relying on [59, 191, 323], we first describe briefly additive manufacturing technologies in
Section 3.5.1; we then present in Section 3.5.2 a naive idea to deal with overhangs, based on purely geometric
constraint functionals. To overcome its limitations, we introduce in Section 3.5.3 a mechanical constraint
functional, which is based on a simplified model of the layer-by-layer construction process. Two numerical
examples are eventually analyzed in Section 3.5.4. The work reported in this section is based on the articles
[A26, A22].

3.5.1. A few facts about additive manufacturing

Additive manufacturing is a common label for different construction technologies, all of which starting by
a slicing operation: the Computer Aided Design (CAD) model for the input shape (which is often supplied
as a surface mesh under the popular STL format) is converted into a series of two-dimensional layers; see
Fig. 3.5.1. These layers are then assembled individually, one atop the other.

Figure 3.5.1. Rough sketch of the slicing procedure initiating an additive manufacturing
process.

The different additive manufacturing processes correspond to as many different construction technologies
for the successive 2d layers; these show competing features in terms of speed, cost, accuracy, and of the nature
of the handled materials. Two important categories are the following (see Fig. 3.5.2 for illustrations):

• Material extrusion methods, such as Fused Filament Fabrication (FFF), use a nozzle to extrude
the molten material which is then deposited under the form of rasters; such methods are typically
used to process plastic (ABS), although recent studies have considered applying the same principle
with metal [265].
• Powder bed fusion strategies (such as Selective Laser Sintering, or Electron Beam Melting) are

generally used to process metal; at the beginning of the construction of each layer, metallic powder
is spread within the build chamber before a laser (or an electron beam) binds the grains together.

The recent breakthroughs in the development of additive manufacturing technologies have given a new
impetus to the capabilities of construction techniques. Their unique potential in terms of the complexity of
the assembled designs has been applied far beyond their original purpose of rapid prototyping, and they have
already been integrated into various real-life, industrial environments. For instance, additive manufacturing
technologies have penetrated the automotive industry [134], as well as the fields of civil engineering [186],
biomedical engineering [259], etc., see [298] for an overview. They also give whole new perspectives to
shape and topology optimization techniques, which are often reproached for predicting intricate designs,
whose construction is difficult. In particular, additive manufacturing has aroused a renewed interest for
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Figure 3.5.2. (a) Fused Filament Fabrication (FFF) methods proceed by deposition of a
molten filament a nozzle along rasters; (b) with the Electron Beam Melting (EBM) technol-
ogy, metallic powder is fused by an electron beam, giving birth to the desired shape.

the homogenization method (see Section 1.3.2 for a short presentation), and more generally for multi-scale
shape and topology optimization methods, working at the level of the microscopic structure of designs, see
[189, 197] and [368] for an overview. We generally refer to [242] for an overview of the stakes of additive
manufacturing in connection with the field of shape and topology optimization.

In spite of their unique assets, additive manufacturing technologies suffer from quite specific drawbacks:
at first, they are not scalable, contrary to, for instance, casting techniques where the mold, once constructed,
can serve to produce quickly and efficiently thousands of copies of the desired component. Besides, although
designs with an unprecedented level of complexity can be assembled by additive manufacturing, these have
to fulfill new, original constraints to be identified, and the mechanical quality of the resulting shapes has to
be evaluated. In the present Section 3.5 and the next Section 3.6, we focus on two such aspects of additive
manufacturing which have a direct impact on optimal design analyses.

(i) Almost all additive manufacturing techniques experience difficulties in constructing parts showing large
overhangs. These are defined as large regions hanging over void, without sufficient support from the
lower structure; see Fig. 3.5.3 for an illustration. Beyond the increased staircase effect entailed by such
patterns, the reason for this difficulty varies from one additive manufacturing technology to the other:
• In the case of material extrusion methods, structures with large overhangs cannot be produced as

is, since this would demand that material be deposited over void.
• In the case of powder bed fusion methods, the rapid melting and solidification of the material in-

duces large thermal variations in the structure, incurring residual stresses, and eventually warpage.
This phenomenon is all the more likely to occur in regions which are insufficiently anchored to
the lower structure (such as overhangs); see [274]. Another source of difficulties in the assembly
of overhang regions lies in that the fused material may drip between the unfused powder of the
lower structure, thus leaving the processed boundary with rough patches [103].

(ii) The mechanical behavior of parts produced by additive manufacturing methods is not precisely con-
trolled, as the specific path followed by the printing nozzle or the laser naturally induces an anisotropy
in their material properties; see for instance [12, 385] and Fig. 3.5.4 for an illustration.

The present Section 3.5 deals with the issues raised by the presence of overhangs in the constructed
shape. On the one hand, these concerns could be tackled by post-processing methods, that apply to the final
shape and are not included in the prior design optimization stage. In this direction, much effort has been
devoted to the construction of an efficient scaffold structure to support the shape, which has to be removed
at the end of the process; see for instance [18, 165], although some works such as [102, 206, 227] propose to
modify the constructed design so that it becomes self-supporting.
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Figure 3.5.3. The angle between the structural boundary and the build direction has a
direct impact on the quality of the processed shape.

a b

Figure 3.5.4. Examples of two-dimensional layers constructed according to (a) the “crust-
pattern” model, and (right) the “offset” model (Photo courtesy of Richard Horne).

Here, we propose to tackle the penalization of overhangs at the level of the shape optimization problem.
As far as this strategy is concerned, most investigations focus on criteria based on the angle between the
structural boundary and the build direction, see for instance [93] for an early investigation, [188, 225, 226,
308] in the context of density-based topology optimization and [363, 365] in the context of parametric or
level set shape optimization.

3.5.2. An intuitive, geometric description, and its limitations

In this section, we report on a naive, geometric attempt to penalize the emergence of overhangs, and we
emphasize its limitations.

From the mathematical viewpoint, overhangs are identified as the regions of the boundary of a shape Ω
made of points x where the angle between the normal vector nΩ(x) and the negative vertical direction −ed
is below a certain threshold – the value π

4 is frequently encountered in the literature. In order to penalize
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the onset of such regions, it is therefore tempting to rely on a shape functional of the form

(3.5.1) Pg(Ω) =

∫

∂Ω

ϕ(nΩ) ds,

where ϕ : Sd−1 → R takes large values at elements n ∈ Sd−1 which are “close” to −ed, and “small” values
otherwise.

To emphasize the limitations of this simple approach, let us consider the optimization of a 2d MBB
beam, as depicted on Fig. 3.5.5 (a): the shape Ω is contained in a box D with size 6× 1; it is clamped on its
lower-left and lower-right corners, and a vertical load g = (0,−1) is applied at the middle of its upper side.
We first consider the minimization of the compliance C(Ω) of Ω (see (1.2.10)) under a volume constraint:

(3.5.2) min
Ω

C(Ω) s.t. Vol(Ω) = VT ,

where the volume target is VT = 0.2Vol(D). The optimized shape, depicted on Fig. 3.5.5 (a), presents
multiple large overhangs, especially in its upper part. These are essential to the mechanical performance
of the shape, as they allow to withstand the bending effect induced by g, we therefore expect that they
should be very difficult to circumvent. To try and drive the optimization path towards a design free of such
patterns, we solve a modified version of (3.5.2) involving the geometric constraint functional Pg(Ω):

(3.5.3) min
Ω

(
(1− αg)

C(Ω)

C(Ω∗)
+ αg

Pg(Ω)

Pg(Ω∗)

)
s.t. Vol(Ω) = VT ,

with a weight αg = 0.5. The resulting design, depicted on Fig. 3.5.5 (b), shows multiple sawtooth patterns.
This “dripping effect” is not a numerical artifact. In fact, these features are relevant in the perspective of
solving (3.5.3): to decrease the value of Pg(Ω) without either adopting an altogether different system of bars
for transferring the stress induced by g or jeopardizing dramatically the value of the compliance C(Ω), it is
beneficial to create such patterns where the normal vector nΩ is almost everywhere “far” from the negative
vertical direction, except at a few points which are barely seen by the numerical discretization.

One might think that the addition of yet another penalization to the problem (3.5.3) with the perimeter
functional could neutralize this dripping effect. To appraise this strategy, we solve such a variant of (3.5.3)
featuring an additional penalization with Per(Ω). The result in Fig. 3.5.5 (c) reveals that this practice solely
results in blurred sawtooth patterns.

Summarizing, the use of geometric functionals based on the angle between the normal vector nΩ and the
direction −ed, such as (3.5.1), to penalize the onset of overhangs is awkward for significant physical reasons.
This pleads for the device of overhang constraint functionals based on an utterly different characterization.

3.5.3. A layer-by-layer mechanical functional for overhang constraints

In this section, based on the articles [A26, A22], we present an alternative, efficient construction to prevent the
emergence of overhang features in the course of the shape optimization process, which appeals to the original
mechanical reasons why these features are undesirable. Note that a very similar idea to that developed in
this section was independently proposed in [254] in the context of density-based topology optimization.

More precisely, we rely on a simplified model of the mechanical behavior of the shape Ω during its
construction. In this situation, Ω is comprised in a fixed domain D ⊂ Rd of the form D = S × (0, H), where
S ⊂ R2 and H > 0, accounting for the build chamber.

For each value h ∈ [0, H] of the height, we introduce the intermediate shape

Ωh := {x = (x1, . . . , xd) ∈ Ω, xd < h} ,
corresponding to the stage of the construction process where the shape is erected up to the height h. We
introduce the following decomposition of ∂Ωh, which is illustrated on Fig. 3.5.6:

(3.5.4) ∂Ωh = Γ0 ∪ Γuh ∪ Γlh,

where

• Γ0 = {x ∈ ∂Ωh, xd = 0} is the contact region between the shape and the build plate;
• Γuh = {x ∈ ∂Ωh, xd = h} is the upper side of Ωh;

• Γlh = ∂Ωh \ (Γ0 ∪ Γuh) is the lateral surface of ∂Ωh.
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Figure 3.5.5. (a) Optimized shape in the MBB Beam example of Section 3.5.2 for the
problem (3.5.2) (where no geometric constraint is imposed), with details of the test-case; (b)
Optimized shape for (3.5.3); (c) Optimized shape when a perimeter constraint is added.

At each stage h of the construction process, Ωh is clamped on Γ0, and it is solely subjected to grav-
ity effects, represented by a fixed volume force f : Rd → Rd. Hence, the mechanical behavior of Ωh is
characterized by the displacement ucΩh ∈ H1

Γ0
(Ωh)d, which is the solution to the boundary value problem:

(3.5.5)




−div(Ae(ucΩh)) = f in Ωh,

ucΩh = 0 on Γ0,

Ae(ucΩh)n = 0 on ∂Ωh \ Γ0.

The self-weight of Ωh in this situation, i.e. its compliance, then reads:

cΩh =

∫

Ωh

Ae(ucΩh) : (ucΩh) dx =

∫

Ωh

f · ucΩh dx.

Building on this model, we propose to evaluate the presence of overhangs on a shape Ω thanks to the
following “self-weight manufacturing compliance” functional, which aggregates the self-weights of all the
intermediate structures Ωh of Ω appearing in this course of its construction:

(3.5.6) Psw(Ω) =

∫ H

0

j(cΩh) dh,

where j : R→ R is a smooth function (e.g j(t) = t). Intuitively, if Ω features an overhang causing failure of
the construction process for lack of support from the lower structure, the self-weights cΩh of the intermediate
structures Ωh at levels h “close” to this overhang will be large, and so will Psw(Ω).

Remark 3.5.1 Let us insist that the functional Psw(Ω) is defined from the mechanical behavior of Ω – more
accurately that of the intermediate structures Ωh – during its construction, which is independent from that
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Figure 3.5.6. Situation of a shape Ω during the layer-by-layer construction process pre-
sented in Section 3.5.3.

observed during its final use, used to evaluate the mechanical performance of Ω (in terms of the compliance,
stress, etc.). In particular, ucΩh differs from uΩ, and the decomposition (3.5.4) used to define the former is

independent of that ∂Ω = ΓD ∪ ΓN ∪ Γ typically used to describe the final state of use of Ω.

The functional Psw(Ω) features a quite complicated dependence on the domain Ω, via the continuous
sequence of intermediate structures Ωh, which makes the study of its differentiability non trivial. It turns out
that, under “mild assumptions” on the actual shape Ω which we omit for brevity, Psw has a shape derivative
at Ω, which reads:

P ′sw(Ω)(θ) =

∫

∂Ω\Γ0

vΩ θ · n ds,

where, for any point x = (x1, . . . , xd) ∈ ∂Ω \ Γ0, the integrand vΩ(x) aggregates the shape derivatives of the
self-weights cΩh of the structures Ωh lying above x:

vΩ(x) =

∫ H

xd

j′(cΩh)
(

2f · ucΩh −Ae(ucΩh) : e(ucΩh)
)

(x) dh.

This expression makes it possible to incorporate Psw(Ω) as a penalization or a constraint functional in general
shape and topology optimization problems, such as those presented in Section 1.2.3.

Remark 3.5.2 The computational costs of evaluating Psw(Ω) and its shape derivative P ′sw(Ω)(θ) are a priori
tremendous, as they require the solution of a very large number of linear elasticity systems on the intermediate
structures of Ωh of Ω. In practice, an acceleration procedure can be implemented, which takes advantage of
the “derivative” of the mapping h 7→ ucΩh to reduce dramatically the number of needed finite element solutions.
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Figure 3.5.7. (a) The function Psw(Ω) in (3.5.6) only considers the stages of the construc-
tion process where the layers are completely assembled, as if their deposition were instanta-
neous; (b) One structure which is printable in the e1 direction, but not in the e2 direction.

A different physical effect could have been taken into account for the mechanical behavior of the in-
termediate shapes Ωh, in place of their elastic displacement ucΩh under gravity effects. For instance, one
may consider that the force applied near the upper part of Ωh by the nozzle of the 3d printing machine is
the prevailing physical effect, in which case its displacement is the unique solution uaΩh ∈ H1

Γ0
(Ωh)d to the

system:




−div(Ae(uaΩh)) = fh in Ωh,

uaΩh = 0 on Γ0,

Ae(uaΩh)n = 0 on ∂Ωh \ Γ0,
where fh = f1{∈h, ∈[h−εh,h]}.

This would give rise to the new “upper-weight manufacturing compliance” functional Puw(Ω), defined by:

Puw(Ω) =

∫ H

0

j(caΩh) dh, where caΩh =

∫

Ωh

Ae(uaΩh) : (uaΩh) dx

Remark 3.5.3

• The second functional Puw(Ω) proves much more efficient than Psw(Ω) in penalizing overhangs.
In a nutshell, the former one does not evaluate as bad completely horizontal structures, as our
simplified model only considers intermediate stages of the construction process where each layer is
completely assembled. Hence, in the case of a completely horizontal overhang, it only takes into
account the stage where the layer is already fully connected to the lower structure, and not its whole
construction, during which part of the layer is really hanging over void, see Fig. 3.5.7 (a).

• Several other models are possible for the behavior of the intermediate shapes Ωh, in the perspective
of accounting for other possible sources of failure during the additive manufacturing construction
process. For instance, in the work [23], each intermediate stage h is associated to a coupled thermal
equation - elasticity system, and the thermal residual stress inside Ωh, or its vertical displacement
(which could cause failure if it is so large that it hits the nozzle) is penalized.

3.5.4. Two numerical applications of layer-by-layer mechanical constraints for overhang fea-
tures

3.5.4.1. The 2d MBB Beam example

In order to appraise the efficiency of our mechanical approach to overhang constraints, we revisit the numeri-
cal example considered in Section 3.5.2. The physical situation is exactly that of the 2d MBB beam discussed
in there, and we solve the following shape optimization problem involving the upper-weight manufacturing
compliance functional:

(3.5.7) min
Ω
C(Ω), s.t.

{
Vol(Ω) ≤ VT ,
Puw(Ω) ≤ αPuw(Ω∗),
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where C(Ω) is the compliance of Ω in its final state of use, the target volume is set to VT = 0.3Vol(D) and
Ω∗ is the optimized design of the beam without overhang constraint, obtained in Section 3.5.2 and reprinted
on Fig. 3.5.8 (a) for convenience.

Several optimized designs associated to different values of the threshold α are represented on Fig. 3.5.8.
As α decreases, the large overhangs in the upper regions of the shape are successfully replaced by self-
supporting features oriented along the build direction, connected together by small archs with optimal
rigidity for self-weight loadings.

a

b

c

d

Figure 3.5.8. Optimized shapes for the two-dimensional MBB Beam example of Sec-
tion 3.5.4.1, solving (3.5.7) with values of the threshold α (a) 0.30, (b) 0.10, (c) 0.05, and
(d) 0.03.

3.5.4.2. Optimization of a 3d bridge under overhang constraints

In this second example, we consider the three-dimensional configuration of a bridge depicted on Fig. 3.5.9:
in a computational domain D with size 6× 1× 1, the structure Ω is clamped at the lower-right corners, and
its vertical displacement is prevented at the lower-left corners; a vertical load g = (0, 0,−1) is distributed
over its upper side ΓN .

The layer-by-layer construction of Ω is realized from top to bottom, i.e. the region Γ0 in the description
(3.5.5) of the behavior of the intermediate shapes during this stage coincides with the upper deck ΓN where
loads are applied in the context of final use of Ω.

We first optimize the compliance of Ω by imposing a volume constraint VT = 0.3Vol(D), i.e. we solve
(3.5.2). The resulting optimal design Ω∗, depicted on Fig. 3.5.10 (a) (b), presents large overhangs, as revealed
by the upside-down view in Fig. 3.5.10 (b).

To try and remove these features, we next minimize the volume of Ω while imposing that its final
use compliance C(Ω) be no greater than that of Ω∗, with an additional constraint on its upper-weight
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Figure 3.5.9. (a) Setting of the three-dimensional bridge example considered in Sec-
tion 3.5.4.2; (b) Manufacturing context of the bridge.

manufacturing compliance, i.e. we solve:

(3.5.8) min Vol(Ω) s.t.

{
C(Ω) ≤ C(Ω∗),
Puw(Ω) ≤ αPuw(Ω∗).

The resulting shapes for two different values of α are represented on Fig. 3.5.10 (c) (d). Comparing with
Ω∗, most of the overhang regions have disappeared from the optimized design, but we observe a new, purely
three-dimensional phenomenon which is sketched on Fig. 3.5.7 (b): when the value of αc is sufficiently
small, the optimized shape shows, at each level, sufficient support from the lower structure to enable its
manufacturability. However, there is no information about where this support comes from. More precisely,
the shape could be self-supporting assuming that the printing direction of each layer is directed along the
e1 axis, but not when it is printed along the e2 axis. This effect is another shortcoming of our simplified
modeling of the construction process, which does not take into account the printing path of each individual
layer, see Remark 3.5.3.

To remedy this last drawback, we couple this mechanical constraint with the purely geometric constraint
Pg(Ω) introduced in Section 3.5.2. Intuitively, the aforementioned patterns are undesirable for this functional,
and we expect that the presence of the upper-weight manufacturing constraint in the problem will thwart
the dripping effect it induces. We now solve the problem:

(3.5.9) min

(
β

Vol(Ω)

Vol(Ω∗)
+ (1− β)

Pg(Ω)

Pg(Ω∗)

)
s.t.

{
C(Ω) ≤ C(Ω∗),
Puw(Ω) ≤ αPuw(Ω∗),

where α, β are two parameters in [0, 1]. This results in the optimized designs displayed in Fig. 3.5.10 (e) (f),
which are now completely free from overhangs, at the expanse of a greater value of the volume.

3.6 Taking into account the anisotropic material properties induced by

additive manufacturing into the optimal design process

This section deals with another concern caused by additive manufacturing processes, and notably by Fused
Filament Fabrication techniques: these inherently induce anisotropy in the effective material properties of
the structure Ω. Indeed, the bonds between regions of Ω that melt and solidify jointly are stronger than those
between regions which solidify apart from one another [12, 229, 387]; thus, the effective material properties
within structures assembled by additive manufacturing are influenced by the build direction and by the
construction pattern of each individual layer, which in turn depend on the shape Ω itself. As the mechanical
performance of Ω is very sensitive to the properties of the constituent material, it is essential to appraise
this anisotropic effect and to integrate it into the optimal design process.

This section summarizes the work conducted in [A21] in this direction. The next Section 3.6.1 describes
two popular patterns used by additive manufacturing machine tools for constructing the 2d layers of a 3d
structure, and it proposes a model for the resulting effective material properties. Two numerical examples
are presented in the subsequent Section 3.6.2.
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a b

c d

e f

Figure 3.5.10. Optimized designs for the three-dimensional bridge example of Section
3.5.4.2, (a) Optimized shape Ω∗ for (3.5.2) (without manufacturing constraints), (b) Upside-
down view of Ω∗; (c) Optimized shape for (3.5.8) for α = 0.7 and (d) α = 0.1; (e) Optimized
shape for (3.5.9) for α = 0.1 and β = 0.1; (f) α = 0.1 and β = 0.9.

3.6.1. Two different models for the construction of shapes

In order to simplify the exposition, we consider a 2d elastic structure Ω, accounting for one of the individual
layers of a real-life 3d structure. The developments of this section can be generalized to three-dimensional
shapes in a conceptually simple way, at the expanse of an increased level of technicality. The shape Ω under
scrutiny is therefore a 2d elastic structure, enclosed in a fixed computational domain D, whose mechanical
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Crust-pattern model

Figure 3.6.1. Illustration of the “crust-pattern” and “offset” models for printing the 2d
layers of a structure within an additive manufacturing process, as presented in Section 3.6.1.

behavior is appraised by the linearized elasticity system, in the setting of Section 1.2.2.4. The Hooke’s tensor
A ≡ AΩ encoding the properties of the constituent material depends on Ω through the pattern used for its
assembly.

Mainly two popular models are used to construct the layer Ω, that we shall refer to as the “crust-pattern”
and the “offset” models. Both start by printing carefully the boundary ∂Ω in a rather slow and accurate
way, which results in a thin crust of material, see Fig. 3.6.1 for an illustration. They then differ from the
way the bulk region of Ω is assembled.

• In the “crust-pattern” model, it is printed according to a predefined pattern: rasters of material
are deposited along a given direction, and separated by a user-specified air gap, see Fig. 3.5.4 (a).
• In the “offset” model, the whole 2d layer Ω is constructed by following the offsets of the contour
∂Ω, as in Fig. 3.5.4 (b). This is usually the way the upper and lower layers of a 3d structure are
assembled so as to protect the infill part.

As we have mentioned, the constituent material of Ω will be stiffer (in terms of Young’s modulus) in the
direction of deposition of the material than in the transverse direction. The translation of this observation
in terms of the Hooke’s tensor AΩ leverages the signed distance function dΩ, see Section 3.1. Notably,
we recall from there that the unit normal vector nΩ to ∂Ω pointing outward Ω has a natural extension
nΩ(x) ≡ nΩ(p∂Ω(x)) to almost every point x ∈ D. Let us denote by Aref, Acp and Aoff the Hooke’s tensor
of the elastic material in the reference situation where Ω is built by casting, in the “crust-pattern” model
and in the “offset” model, respectively. Likewise, we denote by ρcp and ρoff the material density within
Ω depending on the model retained for its construction. We finally label with a crust (resp. bulk, void)
superscript properties that hold within the crust (resp. bulk, void) regions of D.

In the “crust-pattern” model, a “small” parameter ε > 0 is introduced, which stands for the half-
thickness of the transition region between the bulk of Ω and the void. The computational domain D is then
decomposed into three regions, as exemplified on Fig. 3.6.2 (a):

• The crust of Ω is the band {x ∈ D, −ε < dΩ(x) < ε} with width 2ε around ∂Ω; the elastic properties
in this region are encoded in a tensor Acrust(n(x)), where Acrust(n) is “weak” in the direction n and
enjoys the properties of the reference material in the orthogonal direction. The material density in
this region equals ρcrust = 1.
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• The interior of Ω, or “infill” region is the set {x ∈ D, dΩ(x) < −ε}; the material properties in this
region are encoded in a tensor Abulk

cp , which shows “strong” properties in the direction of the rasters
and weak properties in the orthogonal direction. depending on the air gap defined by the user, this
region is more or less hollow; its density is denoted by ρbulk

cp ∈ (0, 1).

• The void region is {x ∈ D, dΩ(x) > ε}; its material properties equal Avoid = ηAref, for a “small”
ersatz parameter η � 1.

According to this decomposition, the entries of the elasticity tensor Acp
Ω (x) encoding the material prop-

erties at a particular point x ∈ D of a 2d layer printed according to the “crust–pattern model” depend on
the distance from x to the boundary ∂Ω, and on the local orientation of ∂Ω, say:

(3.6.1) AΩ,cp(x) = Acp(dΩ(x), nΩ(x)).

The tensor Acp(d, n) is constructed by gluing the three Hooke’s tensors Abulk
cp , Acrust(n) and Avoid:

Acp(d, n) = hm(d)Abulk
cp + (1− hm(d)− hp(d))Acrust(n) + hp(d)Avoid,

where hm, hp : R→ R are suitable approximate Heaviside functions, whose explicit expressions are omitted
for brevity, see Fig. 3.6.2 (a).

n
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Figure 3.6.2. Interpolation of the material properties between the bulk and the void regions
according to (a) The “crust–pattern” model; (b) The “offset” model.

The mass of the structure is defined in this case by

(3.6.2) Mcp(Ω) = 2ερcrustPer(Ω) + ρbulk
cp (Vol(Ω)− εPer(Ω)),

A similar mathematical representation underlies the construction of the Hooke’s tensor AΩ
off encoding

the material properties of a 2d layer Ω printed along contour offsets.

• The interior of Ω is the set {x ∈ D, dΩ(x) < −ε}; the material properties in this region are described
by a tensor Abulk

off (nΩ(x)), where Abulk
off (n) has “weak” properties in the direction n and enjoys the

properties of the reference material in the orthogonal direction. The material density in this region
is denoted by ρbulk

off ∈ (0, 1); it depends on the user-defined spacing between contour offsets.
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• The void region is {x ∈ D, dΩ(x) > 0}; its material properties read Avoid = ηAref.

We then glue the tensors Abulk
off (n) and Avoid for the bulk and void parts as:

(3.6.3) AΩ,off(x) = Aoff(dΩ(x), n(x)), where Aoff(d, n) = ho(d)Abulk
off (n) + (1− ho(d))Avoid,

using a suitable approximate Heaviside function ho : R→ R, see Fig. 3.6.2 (b).
In this situation, the mass of the structure is then simply:

(3.6.4) Moff(Ω) = ρbulk
off Vol(Ω).

These models for the anisotropy in the material properties within a shape Ω caused by additive man-
ufacturing can readily be incorporated into the formulation of classical shape and topology optimization
problems, such as those presented in Section 1.2.3. In the context presented in there, this task indeed simply
requires to replace the Hooke’s tensor A in the system (Elas) for the elastic displacement uΩ by one of the
tensors AΩ,cp or AΩ,off. The various shape functionals presented in Section 1.2.3 can then be differentiated
via elementary (albeit tedious) calculations based on the adjoint method, along the lines of Section 1.3.3.6,
and on the material recalled in Section 3.1.2 devoted to the shape differentiation of the signed distance
function.

3.6.2. Numerical examples

3.6.2.1. Optimization of the shape of a cantilever taking into account 3d printing induced material properties

The situation considered in this section is that of a 2d cantilever, as depicted on Fig. 3.6.3 (a). The shape
Ω is contained in a computational domain D with size 1× 0.5; it is clamped on its left-hand side and a unit
vertical load g = (0,−1) is applied at the middle of its right-hand side.

We aim to solve the following optimization problem:

(3.6.5) min
Ω

M(Ω) s.t. C(Ω) ≤ CT .

Here, the mass M(Ω) of the structure is defined by either (3.6.2) or (3.6.4), depending on the construction
model for Ω. Likewise, the compliance C(Ω) involves the elastic displacement uΩ, solution to (Elas) where
the Hooke’s tensor AΩ encoding the material properties of shapes equals either AΩ,cp or AΩ,off.

Six different situations are considered as regards the construction model for Ω:

(1) The “molded case”, where shapes are filled with the isotropic reference material Aref;
(2) The “offset” model;
(3) The “crust-pattern” model, with isotropic crust and isotropic bulk;
(4) The “crust-pattern” model, with isotropic crust and anisotropic infill made of horizontal rasters;
(5) The “crust-pattern” model, with anisotropic crust and anisotropic infill made of horizontal rasters;
(6) The “crust-pattern” model, with anisotropic crust and isotropic infill.

Several optimized shapes resulting from these investigations are depicted on Figs. 3.6.3 and 3.6.4.
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Figure 3.6.3. (a) Optimized shape of the 2d cantilever of Section 3.6.2.1, (a) In the
“molded” case (with details of the test case); (b) With the material properties induced by the
“offset” model.
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Figure 3.6.4. Optimized designs of the 2d cantilever of Section 3.6.2.1 when the “crust-
pattern” model is used for their construction with (from left to right) isotropic crust –
isotropic bulk, isotropic crust – horizontal rasters in the bulk, anisotropic crust – isotropic
bulk, anisotropic crust – anisotropic bulk; (Top row) With density ρbulk

cp = 0.9 for the bulk

region; (middle row) ρbulk
cp = 0.75; (bottom row) ρbulk

cp = 0.6.

These results demonstrate that when the crust region of the shape has anisotropic properties, the op-
timization process takes advantage of the greater stiffness of the crust in the tangential direction: near the
region where loads are applied, the structural boundary tends to align with the direction of the load; the
portion of the boundary which is aligned with the load is wider as the bulk region is less dense (and so less
efficient from the mechanical point of view). On a different note, as the density of the infill region decreases,
shapes “inflate” so as to increase their moment of inertia.

More quantitative analyses reveal that the optimized design of Fig. 3.6.3 (b) obtained using the “offset”
model has a dramatically poor performance, even when compared with structures obeying the “crust-pattern”
model with a much lower density for the infill region. For a given, common infill design (be it isotropic or
anisotropic), shapes having an isotropic crust perform better than the ones with an anisotropic crust. which
is to be expected, since the latter are almost as stiff in the tangential direction to the structural boundary,
and weaker in the normal direction. Eventually, the shapes obtained with an anisotropic infill show good
performance, as the horizontal direction of the rasters, in which the material is stiffer, approximately coincide
with the main direction of efforts, which is more or less unique.

3.6.2.2. Optimization of the shape of an L-beam with 3d printing induced material properties

Our second example deals with the optimization of a 2d L-beam. The situation is that depicted in Fig. 3.6.5
(a): the structure Ω is contained in an L-shaped domain D; it is clamped on its upper side, and a unit
vertical load g = (0,−1) is applied at the middle of its right-hand side.

We solve the shape optimization problem (3.6.5) in the following six scenarii:

(1) The “molded” case, where the shape is filled with the isotropic reference material Aref;
(2) The “offset” model;
(3) The “crust-pattern” model with isotropic crust and isotropic bulk;
(4) The “crust-pattern” model with anisotropic crust and isotropic bulk;
(5) The “crust-pattern” model with anisotropic crust and anisotropic bulk made of horizontal rasters;
(6) The “crust-pattern” model with anisotropic crust and anisotropic bulk made of vertical rasters.

Several optimized designs resulting from these investigations are displayed on Figs. 3.6.5 and 3.6.6; they
partially confirm the trends of the previous section. Notably, the “offset” model is still that delivering the
worst shape. On a different note, in this situation where the natural load path is more complex than in the
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test case of the cantilever addressed in Section 3.6.2.1, no orientation of rasters can provide a satisfactory
performance of the shape when an anisotropic pattern is used for the bulk of the structure..
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Figure 3.6.5. (a) Optimized shape of the 2d L-Beam of Section 3.6.2.2 (a) With material
properties granted by the casting process (with details of the test case); (b) With the material
properties induced by the “offset” model.

Neither of the two anisotropic infill structures gives a convenient result, as the load path changes from
the lower to the upper part of the structure.

3.7 Perspective: similarity constraints using optimal transport

The previous Section 3.4 has illustrated one motivation for functions of the domain Ω appraising its “simi-
larity” with a target object ΩT . The functional (3.4.3) introduced in there to achieve this goal is admittedly
rough:

• It only compares Ω and ΩT in a “pointwise”, or “least-square” fashion, evaluating whether points
x ∈ Ω also belong to ΩT . On the contrary, it is often more desirable to take into account higher
level features of these shapes, e.g. to appraise whether some regions of ∂Ω and ∂ΩT are “small”
deformations of one another.
• The target object ΩT has to be a domain in Rd, clearly delimiting interior and exterior regions, for

the signed distance function dΩT to make sense, while it would be interesting to leave the room for
objects ΩT of a more diverse nature, such as point clouds, density functions, etc.

The optimal transport theory, that we have encountered in a different context in Section 2.4, is an
appealing framework to overcome these limitations and construct more robust quantities appraising the
resemblance between objects so general as measures, see e.g. [178]. Efficient resemblance criterion have
indeed been defined in the machine learning and imaging literatures thanks to the notion of Wasserstein
distance W (·, ·) defined in (2.4.1) or its entropic regularization Wε(·, ·) in (2.4.3), see e.g. [299, 354].

In the context of the optimization of a shape Ω ⊂ Rd, it is tempting to try and encode the resemblance
of Ω with a target “object” supplied as a probability measure νT ∈ P(Rd) in a functional of the form:

(3.7.1) J(Ω) = W

(
1

|Ω|1Ω dx, νT

)
, or Jε(Ω) = Wε

(
1

|Ω|1Ω dx, νT

)
.

The impact of such functionals on the existence of optimal shapes has been investigated in the recent
theoretical work [288]. From the numerical vantage, a similar formalism was used in [344] to create a smooth
interpolation between two shapes supplied via their characteristic functions.
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Figure 3.6.6. Optimized designs of the 2d L-shaped beam of Section 3.6.2.2 when the
“crust-pattern” model is used for their construction with (from left to right) isotropic crust
– isotropic bulk, anisotropic crust – isotropic bulk, anisotropic crust – horizontal rasters in
the bulk, anisotropic crust – vertical rasters in the bulk; (Top row) With density ρbulk

cp = 0.9

for the bulk region; (middle row) ρbulk
cp = 0.75; (bottom row) ρbulk

cp = 0.55.

This preliminary idea could be improved in several directions; notably:

• One could replace the functions W (·, ·) and Wε(·, ·) in the above definitions of J(Ω) and Jε(Ω)
with unbalanced optimal transport distances (or even the Sinkhorn distance) [328, 329]; as these
naturally compare measures with different masses, this substitution would alleviate the need for
the biased normalization of the characteristic function 1Ω in (3.7.1).
• Yet another idea, which is popular in imaging, involves Wasserstein-like distances between his-

tograms extracting relevant features from Ω and ΩT , see e.g. [300].

This broader perspective on resemblance constraints in shape and topology optimization heralds multiple
applications; let us outline a few of them:

• A new method for retrieving shapes from densities. As summarized in Section 1.4.5, the popular
density-based optimal design frameworks rely on a description of shapes by “grayscale” density
functions D → [0, 1], accounting for the local fraction of solid and void within the computational
domain D. A threshold of the resulting density h is usually applied as a post-processing stage, to
interpret h as a true, “black-and-white” shape. This identification could be alternatively formulated
as the search for the closest shape Ω to h in terms of a resemblance criterion akin to those in (3.7.1).
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• Resemblance constraints in architectural design. As we have seen in Section 3.4, architects often
expect from a design to be not only optimal from the mechanical viewpoint, but also aesthetically
“pleasant”. In this perspective, we have formulated the design process as the solution of a shape and
topology optimization problem involving indicators of the mechanical performance of Ω (notably, its
compliance) and an extra constraint about the similarity of the optimized shape with a target design
supplied by the architect. The crude functional (3.4.3) used in this study could advantageously be
replaced by one of the form (3.7.1).
• Enforcing “black-box” constraints using resemblance constraints. Engineering constraints on struc-

tures are sometimes unclear or too difficult to formulate or analyze mathematically; at best, an
acceptable design can be inferred from a particular input after application of non explicit, “rule of
thumbs” engineering rules. Requiring that the optimized shape Ω should resemble a given “good”
shape could be an original means to enforce such “black-box constraints”, which are usually dealt
with by using derivative-free methods such as genetic algorithms, see e.g. [207].
• Reconstructing a shape from an unorganized point cloud. Beyond mechanical applications, the

capability of Wasserstein distances to compare heterogeneous objects paves the way to an appealing
way to deal with the well-known problem of reconstructing a shape from a noisy point cloud
(obtained from 3d scanning, for instance), see [77] for an overview of this topic, [380] for an
approach using a shape optimization formalism, or [151] for a use of the Wasserstein distance as
an error measure between the sought reconstructed domain and the target point cloud. Solving a
shape reconstruction problem from such a point cloud thanks to the level set based mesh evolution
framework outlined in Section 1.4.7 would supply a high-quality mesh of the reconstructed object;
see Figure 3.7.1 (bottom row) for an example of this practice obtained by using the less sophisticated
resemblance criterion (3.4.3).

A variation of this idea would allow to reconstruct a shape from digital data, a widely used
format in Computer Graphics and visualization, consisting of unorganized cubes [133].
• Calculating Wasserstein barycenters as shapes. Following the notion introduced in [10], it is inter-

esting to look for the Wasserstein barycenter of geometric objects of different natures under the
form of a “true” shape. This could be a first step towards the very prospective idea of a model
reduction procedure in shape optimization, where shapes would be parametrized as weighted means
of a (small) set of “relevant” shapes, see for instance [202, 313] about the general idea of model
reduction.

a b

Figure 3.7.1. An example of the use of similarity functionals in shape optimization: re-
construction of a meshed shape (b) from the input point cloud in (a).

3.A The coarea formula

In this appendix, we recall one version of the coarea formula, that we quote from [117]. Loosely speaking,
this result may be understood as a “curved” version of the Fubini theorem.
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Theorem 3.A.1 Let X and Y be two smooth Riemannian manifolds with respective dimensions m ≥ n and
let f : X → Y be a surjective mapping of class C1, whose differential dfx : TxX → Tf(x)Y is surjective for
any x ∈ X. Let ϕ be an integrable function on X; then,

(3.A.1)

∫

X

ϕ(x) dx =

∫

Y

(∫

z∈f−1(y)

ϕ(z)
1

Jac(f)(z)
dz

)
dy.

In the above formula, the Jacobian of f is defined by Jac(f)(z) =
√

det(∇f(z)∇f(z)T ), where the matrix
∇f(x) of derivatives of f is expressed in any orthonormal bases of TxX and Tf(x)Y .

Remark 3.A.2 It follows from Sard’s theorem that almost every point y ∈ Y is a regular value for f , so
that f−1(y) defines a submanifold of X, and the integral in the right-hand side of (3.A.1) is well-defined.
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Chapter 4
Asymptotic analysis of partial differential equations and
applications in shape and topology optimization

The field of asymptotic analysis generally deals with the limiting properties of a perturbed version of a ref-
erence, “background” boundary value problem, as a “small” parameter ε involved in its expression vanishes.
As a simple instance, one may wish to appraise the effect of perturbations of the order ε in the coefficients
of an elliptic partial differential equation, but this framework encompasses multiple challenging questions
beyond this one.

Aside from their theoretical interest, such investigations have crucial applications in inverse problems,
sensitivity analysis, etc. Notably, there is a multifaceted interplay between asymptotic analysis and shape and
topology optimization. Indeed, first and foremost, the sensitivity of a shape functional often brings into play
“small” perturbations of the defining domain of a boundary value problem. Thus, the boundary variation
method of Hadamard, presented in Section 1.3.3, compares a smooth reference shape Ω with perturbations
by diffeomorphisms close to the identity mapping within an error of “small” norm ε. Topological sensitivity
analysis, as broached in Section 1.3.4 is based on more singular perturbations of Ω, by the nucleation of holes
with “small” radius ε. Another interaction of asymptotic analysis with shape and topology optimization,
that we have touched on with the ersatz material method in Section 1.2.1.3, concerns the construction of
”smoothed”, approximate counterparts of singular boundary value problems, which are more convenient to
handle, notably from the numerical point of view.

This chapter collects several theoretical investigations pertaining to the field of asymptotic analysis, and
a few applications in shape and topology optimization. After some reminders about ubiquitous notions in
asymptotic analysis such as the notion of Green’s function, fractional and exterior Sobolev spaces, and an
introduction to the topic of “small inclusions” in Section 4.1, we present in Section 4.2 a unifying perspective
on shape derivatives, topological derivatives, and density-based derivatives. The next Sections 4.3 and 4.4
deal with perturbations of the regions supporting the boundary conditions of a boundary value problem,
at first in a regular fashion, then in a singular one. We then analyze thin inhomogeneities in the two
Sections 4.5 and 4.6. In the former, which is of a rather theoretical nature, we identify the asymptotic
behavior of the voltage potential when a thin inclusion vanishes, in a way which is uniform with respect
to the conductivity inside the inclusion. In the latter Section 4.6, we propose a general, intuitive method
to derive asymptotic expansions of solutions to boundary value problems when the material properties are
perturbed in thin and tubular inclusion subsets, and we present several applications of the results in shape
and topology optimization. Finally, in Section 4.7, we outline a few perspectives suggested by these works.

4.1 Preliminaries: small inclusions as a representative starter

In this first section, we broach a few fundamental concepts from functional analysis and potential theory as
well as some facts from the more specific subject of low-volume asymptotic expansions. In Section 4.1.1, we
briefly recall some material about Green’s functions for the conductivity equation and the linear elasticity
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system. Section 4.1.2 gathers some facts about two types of functional spaces, namely fractional Sobolev
spaces on the boundaries of smooth domains and exterior Sobolev spaces. Then, we briefly overview layer
potential operators in Section 4.1.3. We next discuss the subject of low-volume fraction inclusions; after a
general presentation in Section 4.1.4, we present a model calculation in the particular case of diametrically
small inclusions in Section 4.1.5, which can be related to the notion of topological derivatives introduced in
Section 1.3.4. Although the results contained in these sections are not new, properly speaking, we believe
that the presentation, which is inspired by the works reported in the next sections of this chapter, might
offer new intuitions about these issues.

4.1.1. Fundamental solutions and Green’s functions

This section deals with the definition and the construction of Green’s functions for (various avatars of) the
conductivity equation presented in Section 1.2.1.1; the generalization of this material to the context of linear
elasticity is also evoked. We refer to [34, 180, 258] for further details about these issues.

In a nutshell, the Green’s function of a class of boundary value problems is an impulse response function,
which is the building block of explicit representation formulas for its solutions. Its construction relies on the
notion of fundamental solution for the underlying operator in free space.

Definition 4.1.1 The fundamental solution G(x, y) of the negative Laplace operator −∆ in the free space
Rd is:

(4.1.1) ∀x 6= y ∈ Rd, G(x, y) =

{ − 1
2π log |x− y| if d = 2,

1
(d−2)|Sd−1|

1
|x−y|d−2 if d ≥ 3,

where |Sd−1| is the measure of the (d− 1)-dimensional unit sphere Sd−1.
For any point x ∈ Rd, the function y 7→ G(x, y) satisfies:

−∆yG(x, y) = δy=x in the sense of distributions in D′(Rd).

Equivalently, the above property means that for each point x ∈ Rd, the function y 7→ G(x, y) satisfies
the following “variational problem”:

(4.1.2) ∀ϕ ∈ C∞c (Rd), ϕ(x) =

∫

Rd
∇yG(x, y) · ∇ϕ(y) dy.

Remark 4.1.2 In view of the explicit expression (4.1.1) of G(x, y), the above identity can be extended by
density to functions ϕ which only belong to W 1,1(Rd) and enjoy W 1,∞ regularity in a neighborhood of x.

The function G(x, y) allows to give an integral representation of the solution to the Laplace equation

(4.1.3) Search for u : Rd → R s.t. −∆u = f in Rd,

as made precise by the next proposition:

Proposition 4.1.3 For any distribution with compact support f ∈ E ′(Rd), the function

N f(x) :=

∫

Rd
G(x, y)f(y) dy,

where the integral accounts for a convolution, is one solution to (4.1.3) in the sense of distributions.
Moreover, for any smooth cutoff functions χ1, χ2 ∈ C∞c (Rd), the mapping

Hs−1(Rd) 3 f 7−→ χ2 N (χ1f) ∈ Hs+1(Rd)

is bounded for any s ∈ R.

Let us now turn to the following problem involving the Laplace operator inside a smooth bounded
domain Ω ⊂ Rd, and where homogeneous Dirichlet boundary conditions are imposed on ∂Ω:

(4.1.4) Search for u : Rd → R s.t.

{
−∆u = f in Ω,
u = 0 on ∂Ω.
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A Green’s function N(x, y) for (4.1.4) is defined by the fact that for each x ∈ Ω, y 7→ N(x, y) is solution to:

(4.1.5)

{
−∆yN(x, y) = δy=x in Ω,

N(x, y) = 0 for y ∈ ∂Ω.

This function is constructed from the fundamental solution G(x, y) of the Laplace operator in free space by
setting:

N(x, y) = G(x, y) +R(x, y),

where the correction y 7→ R(x, y) satisfies, for x ∈ Ω:
{
−∆yR(x, y) = 0 in Ω,
R(x, y) = −G(x, y) for y ∈ ∂Ω.

Since G(x, ·) is smooth on ∂Ω, the above problem has a unique solution in H1(Ω). Besides, the elliptic
regularity theory (sketched in Section 1.A.6) implies that for any x ∈ Ω, the function R(x, ·) is smooth on
Ω. For any x ∈ Ω, the following “variational formulation” for N(x, ·) is easily obtained from (4.1.2):

(4.1.6) ∀ϕ ∈ C∞c (Ω), ϕ(x) =

∫

Ω

∇yN(x, y) · ∇ϕ(y) dy.

Again, this identity is readily extended to functions ϕ ∈W 1,1(Ω) with vanishing trace on ∂Ω, enjoying W 1,∞

regularity in a neighborhood of x.
Analogously to the result of Proposition 4.1.3, N(x, y) paves the way to an integral formula for the

solution to the boundary value problem (4.1.4) in terms of its right-hand side:

Proposition 4.1.4

(i) The Green’s function N(x, y) is symmetric in its arguments:

For all x 6= y in Ω, N(x, y) = N(y, x).

(ii) Let f ∈ L∞(Ω); the unique solution u ∈ H1
0 (Ω) to (4.1.4) then reads:

(4.1.7) u(x) =

∫

Ω

N(x, y)f(y) dy.

Proof. (i): Let x 6= y be two given points in Ω; it holds:

N(x, y)−N(y, x) =

∫

Ω

∇yN(y, z) · ∇yN(x, z) dz −
∫

Ω

∇yN(x, z) · ∇yN(y, z) dz = 0.

Here, the notation ∇yN refers to the gradient of N with respect to the second variable; we have used twice
the “variational problem” (4.1.6) to obtain the first equality, see Remark 4.1.2.

(ii): We already know by the standard Lax-Milgram theory that the equation (4.1.4) has a unique solution
in H1

0 (Ω), so that we only need to verify that the function u in (4.1.7) is one such solution. At first,
Proposition 4.1.3 implies that u belongs to H1(Ω); besides, it follows from the symmetry of N(x, y) with
respect to its arguments that u(x) = 0 on ∂Ω. We then calculate, for an arbitrary test function ϕ ∈ C∞c (Ω),

〈−∆u, ϕ〉 = −〈u,∆ϕ〉
= −

∫

Ω

∫

Ω

N(x, y)f(y)∆ϕ(x) dy dx

=

∫

Ω

f(y)

(∫

Ω

N(x, y)(−∆ϕ)(x) dx

)
dy

=

∫

Ω

f(y)ϕ(y) dy,

where we have used the property (4.1.5) and the symmetry of N(x, y) to obtain the last line. �

Arguing in a similar fashion, one can construct a Green’s function for the counterpart of (4.1.4) featuring
homogeneous Neumann boundary conditions on ∂Ω, or for the following version of the conductivity equation,
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involving an inhomogeneous (smooth) conductivity coefficient γ ∈ C∞(Ω) as well as mixed homogeneous
Dirichlet and Neumann boundary conditions on two disjoint and complementary regions ΓD, ΓN of ∂Ω:




−div(γ∇u) = f in Ω,

u = 0 on ΓD,
γ ∂u∂n = 0 on ΓN .

The functions R(x, y) and N(x, y) constructed in the latter case retain all the aforementioned properties,
except for the smoothness of y 7→ R(x, y) in the neighborhood of the region ΓD ∩ΓN of ∂Ω where boundary
conditions change types, see Remark 1.A.14. In particular, the “variational equation” (4.1.6) and Proposi-
tion 4.1.4 are still valid.

Remark 4.1.5 In a few particular situations, Green’s functions can be constructed analytically by leveraging
the symmetries of the domain, thanks to the so-called method of images. For instance, let us consider
the following boundary value problem posed in the lower half-space H =

{
x = (x1, . . . , xd) ∈ Rd, xd < 0

}
,

featuring homogeneous Neumann boundary conditions:

(4.1.8)

{
−∆u = f in H,
∂u
∂n = 0 on ∂H.

One Green’s function for the latter is simply given by

N(x, y) = G(x, y) +G(x, ỹ), where for y = (y1, . . . , yd), ỹ := (y1, . . . , yd−1,−yd).
Likewise, one Green’s function for the version of (4.1.8) where homogeneous Neumann boundary conditions
are replaced by homogeneous Dirichlet conditions reads:

N(x, y) = G(x, y)−G(x, ỹ).

To conclude this section, let us outline how the previous considerations can be adapted to the case of
the linear elasticity operator. The latter acts on vector-valued functions u ∈ D(Rd)d as:

−div(Ae(u)) where e(u) =
1

2
(∇u+∇uT ), for all ξ ∈ Rd×dsym , Aξ = 2µξ + λtr(ξ)I,

and the Lamé coefficients λ > 0, µ > 0 are given constants.

Definition 4.1.6 The fundamental solution of the (negative) linear elasticity operator −div(Ae(·)) is the
Kelvin matrix (Γij)i,j=1,...,d, defined by

∀x 6= y ∈ Rd, Γij(x, y) =





α
4π

δij
|x−y| + β

4π
(xi−yi)(xj−yj)

|x−y|3 if d = 3,

− α
2π δij log |x− y|+ β

2π
(xi−yi)(xj−yj)

|x−y|2 if d = 2,

where the constants α and β equal:

α =
1

2

(
1

µ
+

1

2µ+ λ

)
, and β =

1

2

(
1

µ
− 1

2µ+ λ

)
.

For a given point x ∈ Rd and for all j = 1, . . . , d, the jth column y 7→ Γj(x, y) of Γ(x, y) satisfies

−divy(Aey(Γj)) = δy=xej in D′(Rd)d,
where ej is the jth vector of the canonical basis of Rd

All the aforementioned properties of the fundamental solution and Green’s functions can be generalized
to this setting, up to an increased level of technicality.

4.1.2. Fractional and exterior Sobolev spaces

In this section, we recall a few theoretical ingredients about two types of perhaps not completely classical
Sobolev spaces: we consider fractional Sobolev spaces defined on (a region of) the boundary of a domain in
Section 4.1.2.1, and Section 4.1.2.2 deals with exterior Sobolev spaces, defined on the (unbounded) comple-
ments of bounded domains of Rd.
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4.1.2.1. Fractional Sobolev spaces on the boundary of smooth domains

Let Ω be a smooth bounded domain of Rd. The definition of Sobolev spaces with fractional exponents on
the closed hypersurface ∂Ω, or on an open Lipschitz subset Γ ⊂ ∂Ω gives rise to some subtleties, which we
briefly describe in this section, referring to [258] and [196, 241] for more details.

Let us first consider Sobolev spaces of functions attached to the whole boundary ∂Ω. Given a real
number 0 < s < 1, there are several equivalent ways of defining a norm on the fractional Sobolev Space
Hs(∂Ω), and we shall use the following definition

(4.1.9) ‖v‖2Hs(∂Ω) = ‖v‖2L2(∂Ω) +

∫

∂Ω

∫

∂Ω

|v(x)− v(y)|2
|x− y|d−1+2s

ds(x) ds(y) .

Note that, in the literature the geodesic distance between two points x, y ∈ ∂Ω is often used in place of the
Euclidean distance |x − y| in the above formula. However, since ∂Ω is smooth and compact, the resulting
norms are equivalent (with a constant depending on Ω). When −1 < s < 0, Hs(∂Ω) is the topological dual
of H−s(∂Ω).

We next turn to Sobolev spaces Hs(Γ), defined on an open Lipschitz subset Γ of ∂Ω. For any real
number 0 < s < 1 we introduce the following two classes of Sobolev spaces on Γ:

• H̃s(Γ) denotes the space of (restrictions to Γ of) functions in Hs(∂Ω) with compact support inside
Γ. It is equipped with the norm || · ||Hs(∂Ω), and it is the closure in Hs(∂Ω) of the set of C∞
functions on ∂Ω with compact support inside Γ. Equivalently, u belongs to H̃s(Γ) if and only if its
extension by 0 to all of ∂Ω (which we still denote by u), belongs to Hs(∂Ω).
• Hs(Γ) is the space of the restrictions to Γ of functions in Hs(∂Ω), equipped with the norm:

(4.1.10) ‖v‖2Hs(Γ) = ‖v‖2L2(Γ) + |v|2Hs(Γ), where |v|2Hs(Γ) :=

∫

Γ

∫

Γ

|v(x)− v(y)|2
|x− y|d−1+2s

ds(x) ds(y).

This quantity is equivalent to the quotient norm induced by that of Hs(∂Ω), i.e.

v 7→ inf
{
||w||Hs(∂Ω), w ∈ Hs(∂Ω), w|Γ= u

}
,

up to constants that may depend on Γ.

Let us point out a few facts about the relation between both types of spaces:

• When 0 < s < 1/2, the spaces H̃s(Γ) and Hs(Γ) are identical, with equivalent norms. On the other

hand, when 1
2 ≤ s < 1, H̃s(Γ) is a proper subspace of Hs(Γ).

• When 1
2 < s < 1, the space H̃s(Γ) coincides with Hs

0(Γ), the closure in Hs(Γ) (for the natural
norm (4.1.10)) of the set of C∞ functions with compact support K b Γ.

For any real number −1 < s < 0, Hs(Γ) is still defined as the space of restrictions to Γ of distributions
in Hs(∂Ω) (equipped with the quotient norm). This space can be identified with the topological dual of

H̃−s(Γ), using as pairing the natural extension of the L2(Γ) inner product, that we denote by:

〈u, v〉, u ∈ Hs(Γ), v ∈ H̃−s(Γ).

Similarly, H̃s(Γ) is the space of distributions in Hs(∂Ω) with compact support inside Γ. It is identified with
the dual space of H−s(Γ), using the same pairing (with the same notation).

Let us dwell a little longer on the particular case when s = 1/2: H̃1/2(Γ) is a proper subspace of H1/2(Γ),

with a strictly stronger norm, while the latter space, incidentally, coincides with H
1/2
0 (Γ). This distinction

between H̃1/2(Γ) and H1/2(Γ) is better appraised by the calculation of the norm ‖u‖H̃1/2(Γ) = ‖u‖H1/2(∂Ω)

of an arbitrary function u ∈ H̃1/2(Γ):

‖u‖2
H̃1/2(Γ)

= ||u||2L2(Γ) +

∫

Γ

∫

Γ

|u(x)− u(y)|2
|x− y|d ds(x) ds(y) + 2

∫

Γ

ρΓ(x)|u(x)|2 ds(x)

= ‖u‖2H1/2(Γ) + 2

∫

Γ

ρΓ(x)|u(x)|2 ds(x) .
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The weight ρΓ is here defined by

∀x ∈ Γ, ρΓ(x) =

∫

∂Ω\Γ

1

|x− y|d ds(y) .

Hence, the norm || · ||H̃1/2(Γ) is stronger than || · ||H1/2(Γ), and in particular

(4.1.11)

(∫

Γ

ρΓ(x)|u(x)|2 ds(x)

) 1
2

≤ 1√
2
‖u‖H̃1/2(Γ) .

The spaces with exponents ± 1
2 are particularly relevant in the context of variational solutions to bound-

ary value problems featuring mixed boundary conditions. To illustrate this point, let us consider the situation
where the boundary ∂Ω is made of two disjoint open regions ΓD and ΓN and let us consider the following
boundary value problem: 



−div(γ∇u) = f in Ω,

u = 0 on ΓD,
γ ∂u∂n = 0 on ΓN ,

featuring smooth conductivity γ ∈ C∞(Ω) and source f ∈ C∞(Ω). The variational solution to this problem
is the unique function u in the functional space

H1
ΓD (Ω) :=

{
u ∈ H1(Ω), u = 0 on ΓD

}

of H1(Ω) functions with vanishing trace on ΓD (in other words u|ΓN ∈ H̃1/2(ΓN )), and for which
∫

Ω

γ∇u · ∇v dx =

∫

Ω

fv dx ,

for all v ∈ H1
ΓD

(Ω) (i.e., v|ΓN ∈ H̃1/2(ΓN )). Using integration by parts, this identity asserts that:

γ
∂u

∂n
= 0 as an element in H−1/2(ΓN ), and so γ

∂u

∂n
∈ H̃−1/2(ΓD) .

4.1.2.2. Exterior Sobolev spaces

The boundary value problems that we have encountered so far take place in bounded domains of Rd; their
well-posedness classically requires suitable boundary conditions, whose formulations leverage the theory of
traces for Sobolev spaces. Occasionally in this manuscript, we shall need to consider exterior problems,
posed in the complement of a bounded domain of Rd. These usually require that decay conditions at infinity
be imposed on the unknown function u, which can be conveniently encoded in exterior Sobolev spaces.

Let Ω be a smooth (possibly empty) bounded domain in Rd with d = 2 or 3. We denote by Ωe := Rd \Ω
the unbounded complement of Ω in Rd; depending on the value of d, we introduce the following spaces of
locally H1 functions: if d = 2,

W 1,−1(Ωe) =

{
u ∈ L2

loc(Ωe),
1

(1 + |x|2)
1
2 log(2 + |x|2)

u ∈ L2(Ωe), ∇u ∈ L2(Ωe)

}
,

and if d = 3:

W 1,−1(Ωe) =

{
u ∈ L2

loc(Ωe),
1

(1 + |x|2)
1
2

u ∈ L2(Ωe), ∇u ∈ L2(Ωe)

}
.

The space W 1,−1(Ωe) possesses very different properties in the 2d and 3d cases. Notably, in 3d, functions
u ∈W 1,−1(Ωe) vanish at infinity, while in 2d, W 1,−1(Ωe) contains the constant functions.

Remark 4.1.7 The decay of functions u ∈ W 1,−1(Ωe) in the case when d = 3 can be understood from the
following interesting calculation, borrowed from the Appendix of [283]. In this situation, for any function
u ∈W 1,−1(Ωe), we have, for any sequence Rn of radii tending to ∞:

∫

{x∈R3, Rn<|x|<2Rn}

1

1 + |x|2 |u(x)|2 n→∞−−−−→ 0.
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Using a polar change of variables, this rewrites:
∫ 2Rn

Rn

r2

1 + r2

(∫

S2

|u(rω)|2 ds(ω)

)
dr

n→∞−−−−→ 0.

Now, by the mean value theorem, there exists a number Qn ∈ (Rn, 2Rn) such that

RnQn
1 +Q2

n

∫

S2

|u(Qnω)|2 ds(ω) =

∫ 2Rn

Rn

r2

1 + r2

(∫

S2

|u(rω)|2 ds(ω)

)
dr,

and so there exists a sequence Qn →∞ such that

Qn

∫

S2

|u(Qnω)|2 ds(ω)
n→∞−−−−→ 0,

which in loose terms accounts for the fact that u “vanishes at infinity”.

To harmonize notations, we introduce the space

W 1,−1
0 (Ωe) :=

{
W 1,−1(Ωe)/R if d = 2,
W 1,−1(Ωe) if d = 3,

of functions in W 1,−1(Rd) vanishing at infinity; see [282] §2.5 for further details about these issues.
We now state a version of the Poincaré inequality which is adapted to such exterior spaces:

Proposition 4.1.8 For d = 2 or 3, let Ω be a smooth, non empty bounded domain in Rd, with complement
Ωe = Rd \ Ω. There exists a constant C > 0 such that:

∀u ∈W 1,−1(Ωe) s.t. u = 0 on ∂Ω, ||u||W 1,−1(Ωe) ≤ C||∇u||L2(Ωe)d .

Remark 4.1.9 Another approach to exterior spaces which is frequently encountered in the literature consists
in defining W 1,−1(Ωe) as the completion of the space C∞c (Rd \ Ω) for the norm u 7→ ||∇u||L2(Ωe)d . This
viewpoint is equivalent to that adopted in the present section, as proved in [223] and [15].

4.1.3. Layer potentials

In the present section, we briefly recall some background material about the layer potential operators as-
sociated with the Laplace equation, which are the building blocks of convenient representation formulas
for the solutions to related boundary value problems, in close connection with the material introduced in
Section 4.1.1. We refer to [34, 180, 258, 324] for more details about such operators.

Let D be a smooth bounded domain in Rd. For a smooth function φ ∈ C∞(∂D), the single layer potential
with density φ is defined by

SDφ(x) =

∫

∂D

G(x, y)φ(y) ds(y), x ∈ Rd \ ∂D,

where G(x, y) is the fundamental solution of the operator −∆ in Rd, see (4.1.1). The corresponding double
layer potential is defined by

DDφ(x) =

∫

∂D

∂G

∂ny
(x, y)φ(y) ds(y), x ∈ Rd \ ∂D.

These operators extend as bounded operators

SD : H−1/2(∂D)→ H1
loc(Rd), and DD : H1/2(∂D)→ H1(D) ∪H1

loc(Rd \D).

For a given density φ, both functions SDφ and DDφ are harmonic on D and Rd \D, and their behavior at
the interface ∂D is of particular interest. To express it, let us recall the notations

(4.1.12) g±(x) := lim
t↓0

g(x± tn(x)) and [g](x) := g+(x)− g−(x), x ∈ ∂D

for the one-sided limits of a function g which is smooth enough from either side of ∂D and the corresponding
jump across ∂D. For an arbitrary density φ ∈ H−1/2(∂D), the function SDφ satisfies the well-known jump
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relations:

[SDφ] = 0 and

[
∂

∂n
(SDφ)

]
= −φ.

Likewise, for φ ∈ H1/2(∂D), it holds:

[DDφ] = φ and

[
∂

∂n
(DDφ)

]
= 0.

The first and the last of these four jump relations allow to introduce the integral operators SD and RD,
defined for a smooth density function φ ∈ C∞(∂D) by:

SDφ = (SDφ)|∂D, SDφ(x) =

∫

∂D

G(x, y)φ(y) ds(y) , x ∈ ∂D,

and

RDφ =
∂

∂n
(DDφ) , RDφ(x) = f.p.

η↓0

∫

∂D\Bη(x)

∂2G

∂nx∂ny
(x, y)φ(y) ds(y) , x ∈ ∂D,

where f.p. refers to a finite part integral in the sense of Hadamard. These expressions extend as bounded
mappings

SD : H−1/2(∂D)→ H1/2(∂D), and RD : H1/2(∂D)→ H−1/2(∂D).

Finally, let us recall the decay properties of the above layer potential operators at infinity. For a given
density φ ∈ H−1/2(∂D), it follows from the explicit expression (4.1.1) of the fundamental solution G(x, y)
that, for d = 3

SDφ(x) = O
(

1

|x|

)
, and |∇SDφ(x)|= O

(
1

|x|2
)

as |x| → ∞,

where the notation O
(

1
|x|

)
(resp. O

(
1
|x|2
)

) stands for a function whose modulus is bounded by C
|x| (resp.

C
|x|2 ) when |x| is large enough, for a suitable positive constant C.

The case d = 2 is a little more subtle, and in general one only has

SDφ(x) = O (| log |x||) , and |∇SDφ(x)|= O
(

1

|x|

)
as |x| → ∞.

However, if
∫
∂D

φ ds = 0, then it holds additionally

SDφ(x) = O
(

1

|x|

)
, and |∇SDφ(x)|= O

(
1

|x|2
)
.

As far as the double layer potential is concerned, one has for φ ∈ H1/2(∂D) and d = 2, 3

DDφ(x) = O
(

1

|x|d−1

)
, and |∇DDφ(x)|= O

(
1

|x|d
)
.

Remark 4.1.10 The material of this section can be generalized to the context of the linear elasticity system,
up to an increased level of technicality, see [34].

4.1.4. Asymptotic expansions in the presence of “small” inhomogeneities

This section enters the more specific field of asymptotic analysis, and it notably outlines some of the many
investigations conducted in the literature to understand the effect of the presence of “small” inhomogeneities
in the material properties of a reference, background medium. The reader may consult the books [35, 34] and
the references therein for more extensive accounts of this rich topic.

To set ideas, we consider the following model situation, in the physical setting of the conductivity
equation introduced in Section 1.2.1 (whose notations are adapted to the present context). Let Ω be a smooth
bounded domain in Rd; in a reference, “background” situation, Ω is made of a material with conductivity
γ0 ∈ C∞(Ω) bounded away from 0 and ∞ (see (Ell-Cond)), a source f ∈ C∞(Ω) is acting inside Ω and
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homogeneous Dirichlet boundary conditions are imposed on the boundary ∂Ω. The resulting, “background”
voltage potential u0 is the unique solution in H1

0 (Ω) to the equation:

(4.1.13)

{
−div(γ0∇u0) = f in Ω,

u0 = 0 on ∂Ω.

The variational formulation of this problem reads:

(4.1.14) Search for u0 ∈ H1
0 (Ω) s.t. ∀v ∈ H1

0 (Ω),

∫

Ω

γ0∇u0 · ∇v dx =

∫

Ω

fv dx.

Let us recall that, on account of the elliptic regularity theory, the function u0 is smooth on Ω, see Sec-
tion 1.A.6.

We now introduce a perturbed version of this problem, where the medium is polluted by the presence
of inclusions of another material with conductivity γ1 ∈ C∞(Ω) as in (Ell-Cond), occupying a “small” open
subset ωε b Ω. The voltage potential uε in this situation is the unique solution in H1

0 (Ω) to:

(4.1.15)

{
−div(γε∇uε) = f in Ω,

uε = 0 on ∂Ω,
where γε(x) =

{
γ1(x) if x ∈ ωε,
γ0(x) otherwise.

The variational formulation of this problem reads:

(4.1.16) Search for uε ∈ H1
0 (Ω) s.t. ∀v ∈ H1

0 (Ω),

∫

Ω

γε∇uε · ∇v dx =

∫

Ω

fv dx.

Our aim is to understand the behavior of the perturbed potential uε as ε→ 0, a limit in which the inclusion
set ωε vanishes, in the sense that the Lebesgue measure |ωε| tends to 0. More precisely, it is a fairly simple
matter to prove that uε → u0 in H1

0 (Ω) as ε→ 0, and we inquire about the structure of the first non trivial
term of the asymptotic expansion of uε.

A few common instances of this general question are the following:

• Diametrically small inhomogeneities feature an inclusion set ωε of the form

(4.1.17) ωε = {x0 + εz, z ∈ ω} ,
where x0 is a given point in Ω and ω is a Lipschitz, bounded open subset of Rd, see Fig. 4.1.1 (a,b).

• Thin inhomogeneities are of the form

(4.1.18) ωS,ε =
{
x ∈ Rd, d(x, S) < ε

}
,

where S stands for a (closed or open) curve in 2d, or piece of surface in 3d, see Fig. 4.1.1 (c,d).
• Tubular inhomogeneities coincide with small inhomogeneities in 2d, but differ from the latter in

3d. They are of the form

(4.1.19) ωσ,ε =
{
x ∈ Rd, d(x, σ) < ε

}
,

where σ b Ω is a (closed or open) curve, see Fig. 4.1.1 (e).

A very general representation formula for the perturbed potential uε was derived in [110], expressing its
first-order behavior in terms of quite abstract quantities, under minimal assumptions about the inclusion set
ωε. This work was extended in [73] to the case of the linear elasticity system, and in [195] to the context of
the Maxwell’s equations. We provide a statement of this result in the setting of the conductivity equations
(4.1.13) and (4.1.15), together with a formal hint of the proof, as the latter lends itself to multiple interesting
adaptations.

Theorem 4.1.11 Let ωε be a sequence of subsets in Ω, contained in a fixed compact subset K ⊂ Ω, such
that |ωε| → 0 as ε → 0. Let N(x, y) be the Green’s function of the background operator (4.1.13). Then, up
to a subsequence, still labelled by ε, there exists a probability measure µ on Ω with support in K, as well as
a function M ∈ L2(Ω, µ)d×d taking values in the set of positive-definite matrices, such that the solution uε
to (4.1.13) satisfies:

(4.1.20) ∀x ∈ Ω \K, uε(x) = u0(x) + |ωε|
∫

Ω

M(y)∇u0(y) · ∇yN(x, y) dµ(y) + o(|ωε|).
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<latexit sha1_base64="icHFEMp8jMueVRbaFIYa5Sy83VQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMxMzvLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1knNrpI4oL1yxa/6c5BVEuSkAjnqvfJXt69YJjGxTFBjOoGf2nBCteVM4LTUzQymlI3oADuOJlSiCSfza6fkzCl9EivtKrFkrv6emFBpzFhGrlNSOzTL3kz8z+tkNr4JJzxJM4sJWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6rBVTW4v6zULvM4inACp3AOAVxDDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHjfOPEw==</latexit>!

a

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="ADncWX0d4IiG+A4oOV610xwxggU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1burVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAH7o2X</latexit>x0

<latexit sha1_base64="KtWHHvD8oikpfXpiOsCaPHTAe5I=">AAAB+3icdZBLSwMxFIUz9VXrq9alm2ARXJUZKeqy4MZlBfuAzlAy6Z02NJkMSaZYhv4VNy4Ucesfcee/MdNWqK8DgcN37iWXEyacaeO6H05hbX1jc6u4XdrZ3ds/KB9W2lqmikKLSi5VNyQaOIuhZZjh0E0UEBFy6ITj6zzvTEBpJuM7M00gEGQYs4hRYizqlyu+FDAkfX9CFCSa8RxWvZo7F3Z/ma+oipZq9svv/kDSVEBsKCda9zw3MUFGlGGUw6zkpxoSQsdkCD1rYyJAB9n89hk+tWSAI6nsiw2e09WNjAitpyK0k4KYkf6Z5fCvrJea6CrIWJykBmK6+ChKOTYS50XgAVNADZ9aQ6hi9lZMR0QRamxdpdUS/jft85p3UfNu69VGfVlHER2jE3SGPHSJGugGNVELUXSPHtATenZmzqPz4rwuRgvOcucIfZPz9gmMUJS7</latexit>!"

<latexit sha1_base64="icHFEMp8jMueVRbaFIYa5Sy83VQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMxMzvLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1knNrpI4oL1yxa/6c5BVEuSkAjnqvfJXt69YJjGxTFBjOoGf2nBCteVM4LTUzQymlI3oADuOJlSiCSfza6fkzCl9EivtKrFkrv6emFBpzFhGrlNSOzTL3kz8z+tkNr4JJzxJM4sJWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6rBVTW4v6zULvM4inACp3AOAVxDDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHjfOPEw==</latexit>!

<latexit sha1_base64="kVI7zL/7z5NJ2AuDSVlp/r2QsSc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPBi8cK9gPaUDbbabt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKQw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJxqjk0ey1h3QmZQCoVNEiSxk2hkUSixHU7u5n77CbURsXqkaYJBxEZKDAVnZKV2L0ylROqXK17VW8BdJ35OKpCj0S9/9QYxTyNUxCUzput7CQUZ0yS4xFmplxpMGJ+wEXYtVSxCE2SLc2fuhVUG7jDWthS5C/X3RMYiY6ZRaDsjRmOz6s3F/7xuSsPbIBMqSQkVXy4aptKl2J3/7g6ERk5yagnjWthbXT5mmnGyCZVsCP7qy+ukdVX1r6v+Q61Sr+VxFOEMzuESfLiBOtxDA5rAYQLP8ApvTuK8OO/Ox7K14OQzp/AHzucPddOPnA==</latexit>•

b

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="vHgC6m0ki0EyE/iDliEzbjGzVnw=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPw0yImmPAi8cIZoFkCD2dnqRNL0N3jxBC/sGLB0W8+j/e/Bs7G6jxQcHjvSqq6sUpZ8YGwZe3tr6xubWd28nv7u0fHBaOjhtGZZrQOlFc6VaMDeVM0rplltNWqikWMafNeHgz9ZuPVBum5L0dpTQSuC9Zwgi2Tmp0DOsL3C0UAz+YAQV+qVwpXVZQuFSWpAgL1LqFz05PkUxQaQnHxrTDILXRGGvLCKeTfCczNMVkiPu07ajEgppoPLt2gs6d0kOJ0q6kRTP158QYC2NGInadAtuB+etNxf+8dmaTSjRmMs0slWS+KMk4sgpNX0c9pimxfOQIJpq5WxEZYI2JdQHlXQgrL6+SRskPr/zwrlyslhdx5OAUzuACQriGKtxCDepA4AGe4AVePeU9e2/e+7x1zVvMnMAveB/fxXqPOQ==</latexit>�

<latexit sha1_base64="nxqFFdIwiRa5RlbF/Qu4UIbe7d4=">AAACBHicbVA9SwNBEN3z2/h1amlzGAQLCXcS1FKwsVQwGsgdYW4zSZbsx7G7FwhHChv/io2FIrb+CDv/jZt4hRofDDzem2FmXppxZmwYfnpz8wuLS8srq5W19Y3NLX9759aoXFNsUMWVbqZgkDOJDcssx2amEUTK8S4dXEz8uyFqw5S8saMMEwE9ybqMgnVS29+LlcAetIvYsJ6Ao3gIGjPDuJLjtl8Na+EUwSyJSlIlJa7a/kfcUTQXKC3lYEwrCjObFKAtoxzHlTg3mAEdQA9bjkoQaJJi+sQ4OHBKJ+gq7UraYKr+nChAGDMSqesUYPvmrzcR//Naue2eJQWTWW5R0u9F3ZwHVgWTRIIO00gtHzkCVDN3a0D7oIFal1vFhRD9fXmW3B7XopNadF2vntfLOFbIHtknhyQip+ScXJIr0iCU3JNH8kxevAfvyXv13r5b57xyZpf8gvf+BY/dmKU=</latexit>!�,"

<latexit sha1_base64="koFctDINs52Hq7bSq+6mUYUPqHc=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgadkNUXMMePEYwTwgWcLsZDYZMjO7zPQKYckvePGgiFd/yJt/42weoMaChqKqm+6uMBHcgOd9OYWNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFesBRwE6yaaERkK1gknt7nfeWTa8Fg9wDRhgSQjxSNOCeRSH0g6KFc815sDe261Vq9e1bG/UlakgpZoDsqf/WFMU8kUUEGM6fleAkFGNHAq2KzUTw1LCJ2QEetZqohkJsjmt87whVWGOIq1LQV4rv6cyIg0ZipD2ykJjM1fLxf/83opRPUg4ypJgSm6WBSlAkOM88fxkGtGQUwtIVRzeyumY6IJBRtPyYaw9vI6aVdd/9r172uVRm0ZRxGdoXN0iXx0gxroDjVRC1E0Rk/oBb060nl23pz3RWvBWc6col9wPr4BSkiOXg==</latexit>⌧<latexit sha1_base64="7rg1tI4FJVPe3vuhcJaccY8wyjQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGqDkGvHhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cfICNRY0FFXddHcFieDauO6Xk9nY3Nreye7m9vYPDo/yxydNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxuZ37rEZXmsbw34wT9iA4kDzmjxkp12csX3KI7B3GLpXKldFUh3kpZkQIsUevlP7v9mKURSsME1brjuYnxJ1QZzgROc91UY0LZiA6wY6mkEWp/Mj90Si6s0idhrGxJQ+bqz4kJjbQeR4HtjKgZ6r/eTPzP66QmrPgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM0mZ0NYe3mdNEtF77ro1cuFankZRxbO4BwuwYMbqMId1KABDBCe4AVenQfn2Xlz3hetGWc5cwq/4Hx8AwA7jQg=</latexit>n

c

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="m8HleiWN5j+j83ycUbHQWHitm2M=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPw0yImmPAi8cEzQLJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sbKDGBwWP96qoqucngivtOF/W2vrG5tZ2bie/u7d/cFg4Om6qOJUMGywWsWz7VKHgETY01wLbiUQa+gJb/uhm6rceUSoeR/d6nKAX0kHEA86oNlL9rlcoOrYzA3HsUrlSuqwQd6ksSREWqPUKn91+zNIQI80EVarjOon2Mio1ZwIn+W6qMKFsRAfYMTSiISovmx06IedG6ZMglqYiTWbqz4mMhkqNQ990hlQP1V9vKv7ndVIdVLyMR0mqMWLzRUEqiI7J9GvS5xKZFmNDKJPc3ErYkErKtMkmb0JYeXmVNEu2e2W79XKxWl7EkYNTOIMLcOEaqnALNWgAA4QneIFX68F6tt6s93nrmrWYOYFfsD6+AddAjO0=</latexit>

S
<latexit sha1_base64="0XD/CfekMn0XWAvvVuNt1S279h0=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8EieJCSSFGPBS8eK9oPaELYbKft0s1u2N0USuzBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuZFCaNKu+63VVhZXVvfKG6WtrZ3dvfs/YOmEqkk0CCCCdmOsAJGOTQ01QzaiQQcRwxa0fBm6rdGIBUV/EGPEwhi3Oe0RwnWRgrtI1/E0Mdhdn/uj7CERFEm+CS0y27FncFZJl5OyihHPbS//K4gaQxcE4aV6nhuooMMS00Jg0nJTxUkmAxxHzqGchyDCrLZ/RPn1ChdpyekKa6dmfp7IsOxUuM4Mp0x1gO16E3F/7xOqnvXQUZ5kmrgZL6olzJHC2cahtOlEohmY0MwkdTc6pABlphoE1nJhOAtvrxMmhcV77Li3VXLtWoeRxEdoxN0hjx0hWroFtVRAxH0iJ7RK3qznqwX6936mLcWrHzmEP2B9fkDdKmWWQ==</latexit>!S,"

<latexit sha1_base64="gUUL8Er28ed0KXfHhYOxWTtvWJY=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8LbtL1BwDXjxGMA9IljA7mU3GzM4sM71CWPIPXjwo4tX/8ebfOHmBGgsaiqpuuruiVHADnvflrK1vbG5tF3aKu3v7B4elo+OmUZmmrEGVULodEcMEl6wBHARrp5qRJBKsFY1upn7rkWnDlbyHccrChAwkjzklYKVmF0jWC3qlsud6M2DPDSrV4LKK/aWyJGW0QL1X+uz2Fc0SJoEKYkzH91IIc6KBU8EmxW5mWEroiAxYx1JJEmbCfHbtBJ9bpY9jpW1JwDP150ROEmPGSWQ7EwJD89ebiv95nQziaphzmWbAJJ0vijOBQeHp67jPNaMgxpYQqrm9FdMh0YSCDahoQ1h5eZU0A9e/cv27SrnmLuIooFN0hi6Qj65RDd2iOmogih7QE3pBr45ynp03533euuYsZk7QLzgf33HOjv0=</latexit>⌧2
<latexit sha1_base64="BSLdVjjPO8Kn0QAYlnIDt7ZAgVQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8Lbshao4BLx4jmAckS5idTJIxs7PLTK8QlvyDFw+KePV/vPk3Tl6gxoKGoqqb7q4wkcKg5305a+sbm1vbuZ387t7+wWHh6Lhh4lQzXmexjHUrpIZLoXgdBUreSjSnUSh5MxzdTP3mI9dGxOoexwkPIjpQoi8YRSs1OkjTrt8tFD3Xm4F4bqlcKV1WiL9UlqQIC9S6hc9OL2ZpxBUySY1p+16CQUY1Cib5JN9JDU8oG9EBb1uqaMRNkM2unZBzq/RIP9a2FJKZ+nMio5Ex4yi0nRHFofnrTcX/vHaK/UqQCZWkyBWbL+qnkmBMpq+TntCcoRxbQpkW9lbChlRThjagvA1h5eVV0ii5/pXr35WLVXcRRw5O4QwuwIdrqMIt1KAODB7gCV7g1YmdZ+fNeZ+3rjmLmRP4BefjG3BKjvw=</latexit>⌧1

<latexit sha1_base64="NL5XLIRdVh1L0dCA5Wn+yHWonWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgadkNUXMMePGYgHlAsoTZSScZMzu7zMwKIeQLvHhQxKuf5M2/cfICNRY0FFXddHeFieDaeN6Xk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatkGoUXGLdcCOwlSikUSiwGY5uZ37zEZXmsbw34wSDiA4k73NGjZVqspsveK43B/HcYqlcvCoTf6WsSAGWqHbzn51ezNIIpWGCat32vcQEE6oMZwKnuU6qMaFsRAfYtlTSCHUwmR86JRdW6ZF+rGxJQ+bqz4kJjbQeR6HtjKgZ6r/eTPzPa6emXw4mXCapQckWi/qpICYms69JjytkRowtoUxxeythQ6ooMzabnA1h7eV10ii6/rXr10qFiruMIwtncA6X4MMNVOAOqlAHBghP8AKvzoPz7Lw574vWjLOcOYVfcD6+Af5ejQI=</latexit>

n

d

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="nxqFFdIwiRa5RlbF/Qu4UIbe7d4=">AAACBHicbVA9SwNBEN3z2/h1amlzGAQLCXcS1FKwsVQwGsgdYW4zSZbsx7G7FwhHChv/io2FIrb+CDv/jZt4hRofDDzem2FmXppxZmwYfnpz8wuLS8srq5W19Y3NLX9759aoXFNsUMWVbqZgkDOJDcssx2amEUTK8S4dXEz8uyFqw5S8saMMEwE9ybqMgnVS29+LlcAetIvYsJ6Ao3gIGjPDuJLjtl8Na+EUwSyJSlIlJa7a/kfcUTQXKC3lYEwrCjObFKAtoxzHlTg3mAEdQA9bjkoQaJJi+sQ4OHBKJ+gq7UraYKr+nChAGDMSqesUYPvmrzcR//Naue2eJQWTWW5R0u9F3ZwHVgWTRIIO00gtHzkCVDN3a0D7oIFal1vFhRD9fXmW3B7XopNadF2vntfLOFbIHtknhyQip+ScXJIr0iCU3JNH8kxevAfvyXv13r5b57xyZpf8gvf+BY/dmKU=</latexit>!�,"

<latexit sha1_base64="vHgC6m0ki0EyE/iDliEzbjGzVnw=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPw0yImmPAi8cIZoFkCD2dnqRNL0N3jxBC/sGLB0W8+j/e/Bs7G6jxQcHjvSqq6sUpZ8YGwZe3tr6xubWd28nv7u0fHBaOjhtGZZrQOlFc6VaMDeVM0rplltNWqikWMafNeHgz9ZuPVBum5L0dpTQSuC9Zwgi2Tmp0DOsL3C0UAz+YAQV+qVwpXVZQuFSWpAgL1LqFz05PkUxQaQnHxrTDILXRGGvLCKeTfCczNMVkiPu07ajEgppoPLt2gs6d0kOJ0q6kRTP158QYC2NGInadAtuB+etNxf+8dmaTSjRmMs0slWS+KMk4sgpNX0c9pimxfOQIJpq5WxEZYI2JdQHlXQgrL6+SRskPr/zwrlyslhdx5OAUzuACQriGKtxCDepA4AGe4AVePeU9e2/e+7x1zVvMnMAveB/fxXqPOQ==</latexit>�

<latexit sha1_base64="LYAJupnobFtoYncHmDaO0w8D3r4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkNUXMMePEY0cRAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4+QFaixoKKq66e4KEykMet6Xk1tb39jcym8Xdnb39g+Kh0dNE6ea8QaLZaxbITVcCsUbKFDyVqI5jULJH8LR9dR/eOTaiFjd4zjhQUQHSvQFo2ilO9X1u8WS53ozEM8tV6rliyrxl8qSlGCBerf42enFLI24QiapMW3fSzDIqEbBJJ8UOqnhCWUjOuBtSxWNuAmy2akTcmaVHunH2pZCMlN/TmQ0MmYchbYzojg0f72p+J/XTrFfDTKhkhS5YvNF/VQSjMn0b9ITmjOUY0so08LeStiQasrQplOwIay8vEqaZde/dP3bSqnmLuLIwwmcwjn4cAU1uIE6NIDBAJ7gBV4d6Tw7b877vDXnLGaO4Recj28jwY2m</latexit>n1
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e

Figure 4.1.1. Several particular instances of small inhomogeneities; (upper row) Diamet-
rically small inhomogeneities (a) In 2d, (b) In (3d); (intermediate row) Thin inclusions (c)
In 2d, (d) In 3d; (bottom) Small tubular inhomogeneities in 3d.

Sketch of the proof. At first, subtracting the variational formulation (4.1.14) for u0 from that (4.1.16) for
uε, we construct two variational problems for the difference rε := uε − u0 ∈ H1

0 (Ω). On the one hand, this
function satisfies:

(4.1.21) ∀v ∈ H1
0 (Ω),

∫

Ω

γ0∇rε · ∇v dx = −
∫

ωε

(γ1 − γ0)∇uε · ∇v dx,

made from the “simple” background operator, but with an awkward right-hand side featuring the unknown
function uε. On the other hand, rε also satisfies the variational problem:

(4.1.22) ∀v ∈ H1
0 (Ω),

∫

Ω

γε∇rε · ∇v dx = −
∫

ωε

(γ1 − γ0)∇u0 · ∇v dx,

where the perturbed operator is used, but with a more convenient right-hand side.
Let us first estimate the error rε in terms of the “smallness” of the subset ωε where the properties of

the medium are perturbed. Taking v = rε in either (4.1.21) or (4.1.22) and using the Poincaré inequality,
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we easily obtain the following a priori estimate:

(4.1.23) ||rε||H1(Ω) ≤ C|ωε|
1
2 , for some constant C > 0 independent of ε.

Actually, owing to the so-called “Aubin-Nitsche” trick, it is possible to prove that the L2 norm of the function
rε decays to 0 faster than the above rate, namely:

(4.1.24) ||rε||L2(Ω) ≤ C|ωε|
1
2 +η, for some η > 0,

see Remark 4.1.12 below for further comments about this very general observation.
The starting point of the derivation of (4.1.20) is a representation formula for the value rε(x) of the

error at a given point x ∈ Ω \K in terms of the Green’s function N(x, y) and the values of rε(y) at points y
inside the inclusion ωε. Let x ∈ Ω \K be given; we calculate:
(4.1.25)

rε(x) =

∫

Ω

γ0(y)∇rε(y) · ∇yN(x, y) dy,

= −
∫

ωε

(γ1(y)− γ0(y))∇uε(y) · ∇yN(x, y) dy,

= −|ωε|
∫

Ω

1

|ωε|
(γ1(y)− γ0(y))1ωε(y)∇u0(y) · ∇yN(x, y) dy

−|ωε|
∫

Ω

1

|ωε|
(γ1(y)− γ0(y))1ωε(y)∇rε(y) · ∇yN(x, y) dy.

Here, the first equality follows from the “variational problem” of the Green’s function y 7→ N(x, y), see also
Remark 4.1.2. The second line is obtained by using y 7→ N(x, y) as test function in (4.1.21), which is a priori
formal since this function does not belong to the space H1

0 (Ω). This operation can however be justified by
an approximation argument, based on the fact that N(x, ·) is smooth away from x and that rε is smooth
near x, as follows from the standard elliptic regularity theory, see Section 1.A.6.

Now, since the sequence 1
|ωε|1ωε is bounded in L1(Ω), we may extract a subsequence (still labelled by

ε) converging weakly * to a probability measure µ ∈ P(Ω), that is:

(4.1.26) ∀φ ∈ C(Ω),
1

|ωε|

∫

ωε

φ(y) dy
ε→0−−−→

∫

Ω

φ dµ,

see Theorem 2.A.11. Physically, µ is an indicator of the “limiting set” of the sequence ωε. With this
definition, the convergence of the first integral in the right-hand side of (4.1.25) is fairly straightforward,
while that of the second one remains tedious.

The latter task boils down to taking limits in an integral expression of the form

Iε :=

∫

Ω

1

|ωε|
(γ1(y)− γ0(y))1ωε(y)∇rε(y) · ei φ(y) dy,

for a smooth function φ(y) which stands for any of the y 7→ ∂N
∂yi

(x, y), i = 1, . . . , d. This integral can be
rewritten:

Iε =

∫

Ω

1

|ωε|
(γ1 − γ0)1ωεei · ∇(φrε) dy +R1,ε, where R1,ε := −

∫

Ω

1

|ωε|
(γ1 − γ0)1ωε∇φ · ei rε dy.

Here and in the following, the integral remainders Rj,ε, j = 1, . . . appearing in the course of the calculation
can be proved to vanish as ε→ 0, as a result of the H1 and improved L2 estimates (4.1.23) and (4.1.24).

Passing to the limit in the above expression is a priori difficult since both sequences 1
|ωε|1ωε and ∇rε

converge only weakly, in the sense of measures and in L2(Ω)d, respectively. The key idea to circumvent this
difficulty borrows from the theory of compensated compactness [277]: we use an adjoint state, solution to a
problem featuring the same operator as that (4.1.22) for rε, and where the right-hand side is a copy of Iε
in which φrε is replaced by a test function. By duality, this allows to rewrite Iε as an integral where this
operator is applied to rε, and the adjoint state plays the role of test function – an expression which can be
simplified thanks to (4.1.22).
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More precisely, for i = 1, . . . , d, let us introduce the solution viε ∈ H1
0 (Ω) to the following variational

problem:

(4.1.27) ∀w ∈ H1
0 (Ω),

∫

Ω

γε∇viε · ∇w dy =

∫

Ω

(γ1 − γ0)1ωεei · ∇w dy.

Note that this function does not depend on φ. Besides, it satisfies similar estimates to those (4.1.23)
and (4.1.24) about rε. Taking w = φrε as test function in (4.1.27), we obtain from a simple calculation:

Iε =
1

|ωε|

∫

Ω

γε∇viε · ∇(φrε) dy +R1,ε

=
1

|ωε|

∫

Ω

γε∇viε · ∇rε φ dy +R1,ε +R2,ε

=
1

|ωε|

∫

Ω

γε∇(φviε) · ∇rε dy +R1,ε +R2,ε +R3,ε,

where, in transferring the function φ from one gradient to the other, we have introduced:

R2,ε =
1

|ωε|

∫

Ω

γε∇viε · ∇φrε dy, and R3,ε = − 1

|ωε|

∫

Ω

γε∇φ · ∇rεviε dy.

We are now in position to use the variational problem (4.1.22) satisfied by rε with v = φviε as test function.
This yields:

Iε = − 1

|ωε|

∫

ωε

(γ1 − γ0)∇u0 · ∇(φviε) dy +R1,ε +R2,ε +R3,ε

= − 1

|ωε|

∫

ωε

(γ1 − γ0)∇u0 · ∇viε φ dy +R1,ε +R2,ε +R3,ε +R4,ε,

where, eventually

R4,ε := − 1

|ωε|

∫

ωε

(γ1 − γ0)∇u0 · ∇φ viε dy.

Let us now return to the representation formula (4.1.25); using the above calculation for φ = ∂N
∂yi

(x, ·),
i = 1, . . . , d and summing, we obtain:

(4.1.28) rε(x) = −|ωε|
∫

Ω

1

|ωε|
(γ1(y)− γ0(y))1ωε(y)

(
∇u0(y) +∇rε(y)

)
· ∇yN(x, y) dy

= −|ωε|
∫

Ω

1

|ωε|
(γ1(y)− γ0(y))1ωε(y)∇u0(y) ·

(
d∑

i=1

∂N

∂yi
(x, y)(ei −∇viε(y))

)
dy

− |ωε|Rε, where Rε :=

4∑

j=1

Rj,ε.

Now, from the counterpart of the a priori estimate (4.1.23) for the adjoint equations (4.1.27), there exists a
constant C such that, for each i = 1, . . . , d:

∣∣∣∣
∣∣∣∣

1

|ωε|
1ωε

(
ei −∇viε

)∣∣∣∣
∣∣∣∣
L1(Ω)d

≤ C,

and so up to further extraction of subsequences from ε, there exist vector-valued Radon measures Mi ∈
M(Ω)d on Ω such that

(4.1.29) − 1

|ωε|
1ωε

(
ei −∇viε

)
ε→0−−−→Mi weakly * in M(Ω)d, i = 1, . . . , d,

see again Theorem 2.A.11.
Simple manipulations of these quantities reveal that the measures Mi have square integrable density

(still denoted by Mi) with respect to the measure µ, and that the matrix M(y) with columns Mi(y) takes
values in the set of positive definite matrices for µ a.e y ∈ Ω.
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Finally, gathering (4.1.26) and (4.1.29) and taking limits in (4.1.25), we obtain the desired formula:

rε(x) = |ωε|
∫

Ω

(γ1(y)− γ0(y))M(y)∇u0(y) · ∇yN(x, y) dµ(y) + o(|ωε|).

�

Remark 4.1.12 The “improved” L2 estimate (4.1.24) about rε calls for comments. This conclusion follows
from the so-called “Aubin-Nitsche” trick, a general duality argument arising in a situation where “simple” a
priori estimates are known about the solution rε to an elliptic equation satisfying a “regularizing principle”,
and “better” estimates are desired about a quantity depending on rε and not on its derivatives.

In the context of the previous proof, where we aim to estimate ||rε||L2(Ω), let us write:

(4.1.30)

∫

Ω

r2
ε dx = −

∫

Ω

γε∇pε · ∇rε dx

=

∫

ωε

(γ1 − γ0)∇u0 · ∇pε dx,

where pε is an adjoint state, defined as the unique solution in H1
0 (Ω) to the variational problem:

(4.1.31) ∀w ∈ H1
0 (Ω),

∫

Ω

γε∇pε · ∇w dx = −
∫

Ω

rεw dx.

Note that pε is defined exactly so that the quantity of interest at the left-hand side of (4.1.30) can be expressed
in a way which allows to exploit our knowledge about rε, via the variational problem (4.1.22); see again
Section 1.3.3.6 for generalities about adjoint-based strategies.

Owing to standard Sobolev inclusions, the function rε can be bounded in Lq(Ω), for some real number
q > 2:

||rε||Lq(Ω) ≤ C||rε||H1(Ω) for some constant C > 0.

We now invoke Meyer’s theorem – which is a by-product of elliptic regularity, see [71] – to express that, up
to decreasing the value of q > 2, the solution pε to (4.1.31), whose right-hand side is bounded in Lq(Ω), is
actually bounded in W 1,q(Ω):

||pε||W 1,q(Ω) ≤ C||rε||Lq(Ω) ≤ C||rε||H1(Ω).

Hence, we obtain from (4.1.30) and Hölder’s inequality that

||rε||2L2(Ω) ≤ C|ωε|
1
p ||∇pε||Lq(Ω)d

≤ C|ωε|
1
p ||rε||H1(Ω)

≤ C|ωε|
1
2 + 1

p ;

since 1
p + 1

q = 1, one has p < 2, which proves (4.1.24). This method was introduced in [49, 284], see also

[130]. Note that the general fact that the adjoint state is usually more regular than the direct state in optimal
control problems was also used in [241, 240]. In the context of this section, the fact that the improved L2

estimate (4.1.24) hold, which in turn relies on the regularizing effect of the perturbed conductivity operator,
can be somehow considered as an evidence of the fact that the perturbation γε of γ0 is “small”.

The general asymptotic expansion of Theorem 4.1.11 can be made explicit when the nature of the
inclusion set ωε is known more explicitly. Notably,

• When ωε is a diametrically small inhomogeneity of the form (4.1.17), the limiting measure µ is a
Dirac mass δx0

at the point x0; the polarization tensor M is constructed from the solution to an
exterior problem, posed on the rescaled inclusion ω and its complement Rd \ ω. We refer to the
next Section 4.1.5 for more precise expressions, and to [39, 113] for rigorous proofs; see also [38] in
the context of the linear elasticity system and [40] in the context of the Maxwell’s equations.
• When ωε is a thin inhomogeneity of the form (4.1.18), the limiting measure µ is the integration

measure on the limiting surface S; for y ∈ S, the polarization tensor M(y) is diagonal in a local
orthonormal frame of Rd made of a basis (τ1(y), . . . , τd−1(y)) of the tangent plane TyS and the
normal vector n(y), see Sections 4.5 and 4.6 for more details, as well as the references [76, 214] and
[75] in the context of linear elasticity.
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• When ωε is a three-dimensional tubular inhomogeneity of the form (4.1.19), the limiting measure µ
is the integration measure on the curve σ, and for y ∈ σ, the polarization tensor M(y) is diagonal
in an orthonormal frame made from a tangent vector τ(y) to σ and a basis of the normal plane to
the latter, see Section 4.6 and the reference [74].

Such results are typically proved by either variational methods or by layer potential techniques, based on
the integral representation formulas presented in Sections 4.1.1 and 4.1.3.

Remark 4.1.13 Throughout this section, we have taken for granted that the “correct” notion of “smallness”
for the sets ωε is their Lebesgue measure – and this is indeed confirmed by the rigorous analysis. However,
this fact is by no means a generality, as revealed by the conclusions of the article [85]. The latter deals
with a 2d situation where the domain Ω is made of two materials with different conductivities, occupying
complementary regions separated by an interface Γ (so that the background coefficient γ0 is discontinuous
across Γ). The perturbed version (4.1.15) of the conductivity equation (4.1.13) is considered in the situation
where ωε is a diametrically small inclusion centered at a point x0 on Γ where the latter has an angle with
aperture α ∈ (0, π). It is then shown that the first non-trivial term in the asymptotic expansion of uε is no
longer of the order |ωε|, but that its “smallness” also depends on the value of the angle α.

In this next sections of this chapter, we shall see other versions of the problems (4.1.13) and (4.1.15)
where different notions of “capacity” of the ωε control the “smallness” of this set.

4.1.5. A model calculation of a low-volume asymptotic expansion, and return to topological
derivatives

As we have mentioned in the previous section, the general structure of Theorem 4.1.11 for the perturbed
potential uε in the presence of inhomogeneities occurring in a “small” inclusion set ωε can be made explicit
under more specific assumptions about the nature of ωε. In this section, we present a formal derivation of
such formula in the context of diametrically small inhomogeneities. We also exemplify how the result can
be used to calculate topological derivatives in an optimal design context, see Section 1.3.4.

The results of this section were proved rigorously in [39, 113]. Here, we provide a simple argument
adapted from [A9] which, although heuristic, allows to obtain the correct formula with a minimum amount
of effort.

The physical situation is that sketched at the beginning of the previous Section 4.1.4, where the consid-
ered inclusion set ωε is diametrically small, of the form (4.1.17), and we set x0 = 0 for simplicity. The main
result of interest reads as follows.

Theorem 4.1.14 The following expansion holds at any point x ∈ Ω \ {0}:
(4.1.32) uε(x) = u0(x) + εdu1(x) + o(εd), where u1(x) := −M∇u0(0) · ∇yN(x, 0).

In here, the polarization tensor M = (Mij)i,j=1,...,d is defined by:

(4.1.33) ∀ξ ∈ Rd, Mξ = (γ1(0)− γ0(0))

∫

ω

(ξ +∇φξ(y)) dy,

where for any ξ ∈ Rd, φξ is the unique solution in W 1,−1
0 (Rd) to the exterior problem:





−∆φξ = 0 in ω ∪ (Rd \ ω),

γ0(0)
∂φ+

ξ

∂n − γ1(0)
∂φ−ξ
∂n = −(γ0(0)− γ1(0))ξ · n on ∂ω,
|φξ(y)| → 0 when y →∞.

Hint of proof. Let us define the error rε := 1
εd

(uε − u0) ∈ H1
0 (Ω); as in the proof of Theorem 4.1.11, the

latter can be characterized as the solution to two different variational problems:

(4.1.34) ∀w ∈ H1
0 (Ω),

∫

Ω

γ0∇rε · ∇w dx = − 1

εd

∫

ωε

(γ1 − γ0)∇uε · ∇w dx,

and also:

(4.1.35) ∀w ∈ H1
0 (Ω),

∫

Ω

γε∇rε · ∇w dx = − 1

εd

∫

ωε

(γ1 − γ0)∇u0 · ∇w dx.
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Let us now consider a fixed point x ∈ Ω \ {0}; the derivation of the expansion (4.1.32) proceeds in three
steps.

Step 1: We represent rε(x) in terms of the values of rε inside ωε.
This task follows the beginning of the proof of Theorem 4.1.11: introducing the Green’s function y 7→

N(x, y) for the background operator −div(γ0∇·) and using (4.1.34), we calculate:

rε(x) =

∫

Ω

γ0(y)∇rε(y) · ∇yN(x, y) dy

= − 1

εd

∫

ωε

(γ1 − γ0)(y)∇uε(y) · ∇yN(x, y) dy

= − 1

εd

∫

ωε

(γ1 − γ0)(y)(∇u0(y) + εd∇rε(y)) · ∇yN(x, y) dy,

where we have again “inserted” y 7→ N(x, y) as test function in the variational problem (4.1.34) to pass from
the first line to the second one. A change of variables now yields:

(4.1.36) rε(x) = −
∫

ω

(γ1(εz)− γ0(εz))(∇u0(εz) +∇sε(z)) · ∇yN(x, εz) dz.

where we have set sε(z) := εd−1rε(εz) ∈ H1
0 ( 1
εΩ).

Step 2: We glean information about the behavior of sε inside the rescaled inclusion ω.
To this end, we now rely on the characterization (4.1.35) of rε in terms of the perturbed operator:

equivalently, rε is the unique solution to the minimization problem:

min
v∈H1

0 (Ω)

(
1

2

∫

Ω

γε|∇v|2 dx+
1

εd

∫

ωε

(γ1 − γ0)∇u0 · ∇v dx

)
.

By a change of variables, it follows that sε is the unique solution to the rescaled problem
(4.1.37)

min
w∈H1

0 ( 1
εΩ)

1

εd

(
1

2

∫

1
εΩ\ω

γ0(εz)|∇w|2 dz +
1

2

∫

ω

γ1(εz)|∇w|2 dz +

∫

ω

(γ1(εz)− γ0(εz))∇u0(εz) · ∇w dz

)
.

We now intuitively expect that sε will behave like

(4.1.38) sε(z) ≈ ŝ(z) as ε→ 0,

where ŝ(z) is the minimizer of the following approximate minimization problem, obtained from (4.1.37) by

dropping the common multiplicative factor 1
εd

, replacing the space H1
0 ( 1
εΩ) with W 1,−1

0 (Rd) and retaining
only leading-order terms:

min
w∈W 1,−1

0 (Rd)

(
1

2

∫

Rd\ω
γ0(0)|∇w|2 dz +

1

2

∫

ω

γ1(0)|∇w|2 dz +

∫

ω

(γ1(0)− γ0(0))∇u0(0) · ∇w dz

)
.

Writing down the associated Euler-Lagrange equations, a simple calculations reveals that:

ŝ(z) =

d∑

i=1

∂u0

∂xi
(0)φei(z),

where the φei ∈W 1,−1
0 (Rd) are the functions defined in (4.1.35).

Step 3: We pass to the limit in the representation formula (4.1.36).
A straightforward use of the Lebesgue dominated convergence theorem together with (4.1.38) yields:

rε(x) ≈ −
∫

ω

(γ1(0)− γ0(0))(∇u0(0) +∇ŝ(z)) · ∇yN(x, 0) dz,

which leads to the desired formula (4.1.32) after a simple calculation. �

Let us eventually appraise the connections between this result and the calculation of the topological
derivative of a function of the domain (see Section 1.3.4 about this notion). To this end, we cast the latter

173



question in the language of the present section: the domain Ω now stands for the design variable of a shape
and topology optimization problem, which we aim to optimize with respect to a shape functional of the form

Ω 7→
∫

Ω

j(u0) dx, where u0 is the solution to (4.1.13),

and j : R → R is a smooth function, satisfying suitable growth conditions, see (Growth-j). To evaluate
whether it is beneficial to nucleate a tiny hole ωε of the form (4.1.17) inside Ω, we consider the quantity:

J(ε) =

∫

Ω

j(uε) dx.

The result of interest is the following.

Proposition 4.1.15 The following asymptotic expansion holds:

(4.1.39) J(ε) = J(0) + εdJ ′(0) + o(εd), where J ′(0) :=M∇u0(x0) · ∇p0(x0),

M is the polarization tensor defined in (4.1.33) and the adjoint state p0 is the unique solution in H1
0 (Ω) to

the following equation {
−div(γ0∇p0) = −j′(u0) in Ω,

p0 = 0 on ∂Ω.

Sketch of proof. For notational simplicity, we assume that x0 = 0. At first, a simple use of Taylor’s formula
yields:

J(ε)− J(0)

εd
=

1

εd

∫

Ω

(
j(uε)− j(u0)

)
dx =

1

εd

∫

Ω

∫ 1

0

j′(u0 + t(uε − u0))(uε − u0) dt dx.

Now using the result of the previous Theorem 4.1.14 and passing to the limit under the integral sign, we
obtain:

J ′(0) = lim
ε→0

J(ε)− J(0)

εd
=

∫

Ω

j′(u0(x))u1(x) dx, where u1(x) = −M∇u0(0) · ∇yN(x, 0).

Note that the application of the dominated convergence theorem to rigorously justify this limit is not com-
pletely straightforward: the uniform integrability of the quotient uε−u0

εd
with respect to ε is required, which

follows from another use of the “Aubin-Nitsche trick”, see Remark 4.1.12 and the appendix in [A9] for a
complete argument.

Thence, a simple calculation yields:

J ′(0) =M∇u0(0) · ∇y
(
−
∫

Ω

j′(u0(x))N(x, y) dx

)∣∣∣∣
y=0

.

Using finally the symmetry of N(x, y) in its arguments and the integral representation formula of p0 in terms
of this function (see Proposition 4.1.4), the last parenthesis in the above right-hand side equals p0(y), and
so:

J ′(0) =M∇u0(0) · ∇p0(0),

as desired. �

The first non trivial term J ′(0) in the expansion (4.1.39) can be understood as a topological derivative of
the functional J , when the latter is seen as a function of the domain Ω. However, contrary to the setting in
Section 1.3.4, the present version of topological derivative does not account for the nucleation of a hole inside
Ω, but for the replacement of the material conductivity γ0 by γ1 inside ωε. As we have seen in Section 1.2.1.3,
when γ1 takes “very small” values, uε is a good approximation of the version of (4.1.15) where a “true” hole,
bearing homogeneous Neumann boundary conditions is nucleated in place of ωε; however, the fact that the
quantity J ′(0) be close to the “true” topological derivative of J , as defined in Section 1.3.4, is formal.
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4.2 A paradigm to understand shape, topological and density derivatives
in a unified fashion

As reflected by the various numerical strategies described in Section 1.4, shape and topology optimization
algorithms featuring a clear, “black-and-white” representation of the shape usually rely on the information
contained in shape or topological derivatives. However very different in essence, these indicators of sensitivity
usually enjoy quite similar mathematical expressions, see for instance (4.2.4) and (4.2.6) below in the context
of the two-phase conductivity equation. This puzzling observation suggests that both notions might actually
be tightly connected.

One possible explanation was put forward in the article [112], where the topological derivative of a
function of the domain is calculated as the limiting expression of the values of its shape derivative on the
boundary of a vanishing hole around the considered point; we refer to the book [289] for a more systematic
implementation of this idea.

The work reported in this section, which is based on the articles [A25, A6], offers another interpretation
of this similarity between the shape and topological derivatives of a function of the domain, by relating them
with the derivative of a density-based counterpart of the latter.

The main idea is presented in Section 4.2.1 in the simple setting of the two-phase conductivity equation.
These developments pave the way to a shape and topology optimization algorithm taking into account both
types of sensitivity of the shape functionals at play, which is presented and illustrated in Section 4.2.2. The
last Section 4.2.3 is devoted to the treatment of a particular function of the domain which does not fall into
the general framework, namely, the total perimeter functional.

4.2.1. A consistent, density-based relaxation of a shape optimization problem

For simplicity, the exposition takes place in the setting of the two-phase conductivity equation introduced in
Section 1.2.1.2, but our developments hold in various other situations, and notably in that of the two-phase
elasticity system.

Within a fixed, smooth and bounded hold-all domain D ⊂ Rd (d = 2, 3 in practice), a shape Ω b
D accounts for two complementary phases Ω1 := Ω and Ω0 := D \ Ω made of materials with constant
conductivities γ1, γ0 > 0, respectively. The potential uΩ : D → R is set to 0 on a region ΓD of ∂D and an
electric current g ∈ L2(ΓN ) is imposed on the complement ΓN := ∂D \ ΓD. Introducing a volume source
f ∈ L2(D), uΩ is the unique solution in the space

H1
ΓD (D) :=

{
u ∈ H1(D), u = 0 on ΓD

}

to the two-phase conductivity equation

(4.2.1)




−div(γΩ∇uΩ) = f in D,

uΩ = 0 on ΓD,

γΩ
∂uΩ

∂n = g on ΓN ,
where γΩ(x) =

{
γ1 if x ∈ Ω1,
γ0 if x ∈ Ω0.

Once again to keep the exposition simple, we consider the unconstrained minimization problem of a weighted
sum of the compliance C(Ω) and the volume Vol(Ω) of Ω:

(4.2.2) min
Ω
L(Ω), where L(Ω) = C(Ω) + `Vol(Ω), and C(Ω) =

∫

D

γΩ|∇uΩ|2 dx.

As we have mentioned, the theoretical and numerical treatments of this problem usually elaborate on
one or both of the following notions:

• The shape derivative L′(Ω)(θ) appraises the sensitivity of L(Ω) to perturbations of Ω of the form

(4.2.3) Ωθ := (Id + θ)(Ω), where θ ∈W 1,∞(Rd,Rd) is a “small” vector field,

i.e. the following expansion holds:

L(Ωθ) = L(Ω) + L′(Ω)(θ) + o(θ), where
o(θ)

||θ||W 1,∞(Rd,Rd)

θ→0−−−→ 0,
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see Section 1.3.3.1. In the present context, L′(Ω)(θ) equals:

(4.2.4) L′(Ω)(θ) =

∫

∂Ω

gSΩ θ · n ds, where for all x ∈ ∂Ω,

gSΩ(x) := (γ0 − γ1) |∇∂ΩuΩ|2 (x)−
(

1

γ0
− 1

γ1

) ∣∣∣∣γΩ
∂uΩ

∂n

∣∣∣∣
2

(x) + `,

and we recall from Section 1.2.1.2 that the quantities uΩ and
(
γΩ

∂uΩ

∂n

)
are continuous across ∂Ω.

• The topological derivative gTΩ : Ω0 ∪ Ω1 → R evaluates the sensitivity of L(Ω) with respect to the
nucleation or the addition of an infinitesimally small hole. This quantity is based on variations of
Ω of the form

(4.2.5) For x ∈ Ω0 ∪ Ω1 and r > 0 “small enough”, Ωx,r :=

{
Ω \B(x, r) if x ∈ Ω,
Ω ∪B(x, r) if x ∈ D \ Ω.

It is defined as the first non trivial term in the expansion of the mapping r 7→ L(Ωx,r) around
r = 0. In the present context, it is convenient to write the latter under the form:

L(Ωx,r) = L(Ω) + |B(x, r)|sΩ(x)gTΩ(x) + o(|B(x, r)|), where sΩ(x) =

{
−1 if x ∈ Ω,
1 otherwise.

In the present situation, gTΩ has the following expression:
(4.2.6)

gTΩ(x) =

{
−(γ1 − γ0)k0|∇uΩ|2(x) + `, if x ∈ Ω0,
−(γ1 − γ0)k1|∇uΩ|2(x) + `, if x ∈ Ω1,

and

{
k0 = 2γ0

γ0+γ1
, k1 = 2γ1

γ0+γ1
if d = 2,

k0 = 3γ0

2γ0+γ1
, k1 = 3γ1

γ0+2γ1
if d = 3.

The shape and topological derivatives gSΩ : ∂Ω→ R and gTΩ : D \ ∂Ω→ R are the building blocks of the
necessary conditions for one shape Ω b D to be a local minimizer of (4.2.2) with respect to both types of
variations (4.2.3) and (4.2.5). For this to happen, it must hold that:

∀x ∈ D,





gTΩ(x) ≥ 0 if x ∈ Ω0,

gTΩ(x) ≤ 0 if x ∈ Ω1,

gSΩ(x) = 0 if x ∈ ∂Ω.

Let us now consider a density-based relaxation of the above setting, in the spirit of Section 1.4.5. The
shape Ω b D is replaced by a density function h ∈ L∞(D, [0, 1]), accounting for the characteristic function
of the phase Ω1 = Ω in the sense that

• h(x) = 1 when x ∈ D is in a “black” region, occupied only by the material with conductivity γ1;
• h(x) = 0 when x ∈ D is in a “white” region, occupied only by the material with conductivity γ0;
• h(x) ∈ (0, 1) when x ∈ D is surrounded by a “grayscale” mixture of materials γ1 and γ0 in respective

proportions h(x), (1− h(x)).

The intermediate regions where h(x) lies in (0, 1) are endowed with physical properties by a material law,
of the form:

γh,ε = γ0 + (γ1 − γ0)ζ(Lεh).

Here, ζ : R→ R is an interpolation profile, satisfying the natural assumptions

(4.2.7) ζ ∈ C∞(R), −δ ≤ ζ ≤ 1 + δ, and ζ(0) = 0, ζ(1) = 1, for some parameter 0 < δ < min(γ0, γ1).

Following a common practice in engineering, whose mathematical fundations are explained in [90, 96], the
conductivity γh,ε depends on h via a density filter Lε : L2(D)→ L∞(D), see Section 1.4.5. Intuitively, Lε is
a linear and continuous regularizing operator which is “closer and closer” to the identity mapping as ε→ 0.
In our applications, this operator may be:

• A convolution operator Lconv
ε , defined for any h ∈ L2(D) by:

∀x ∈ D, Lconv
ε (h)(x) = (ηε ∗ h)(x) =

∫

Rd
ηε(x− y)h(y) dy, (h being extended by 0 outside D),
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constructed from a smooth convolution kernel

ηε(y) =
1

εd
η
(y
ε

)
, where η ∈ C∞c (Rd) is radial, 0 ≤ η ≤ 1 and

∫

Rd
η(y) dy = 1.

• An elliptic regularization operator Lell
ε :

For all h ∈ L2(D), Lell
ε (h) = qε, where qε is the solution to

{ −∆qε + qε = h in D,
∂qε
∂n = 0 on ∂D,

and belongs to H2(D) on account of the elliptic regularity theory, see Section 1.A.6.

With these definitions, the potential uh,ε associated to a density h ∈ L∞(D, [0, 1]) is the unique solution
in H1

ΓD
(D) to the following counterpart of (4.2.1):





−div(γh,ε∇uh,ε) = f in Ω,
uh,ε = 0 on ΓD,

γh,ε
∂uh,ε
∂n = g on ΓN .

Accordingly, the density-based relaxation of the optimal design problem (4.2.2) reads:

(4.2.8) min
h∈L∞(D,[0,1])

Lε(h), where Lε(h) = Cε(h) + `Volε(h), and





Cε(h) :=

∫

D

γh,ε|∇uh,ε|2 dx,

Volε(h) :=

∫

D

Lεh dx.

The derivative L′ε(h)(ĥ) of the functional Lε(h), characterized by the expansion

∀ĥ ∈ L∞(D), Lε(h+ ĥ) = Lε(h) + L′ε(h)(ĥ) + o(ĥ),

can be calculated thanks to the adjoint method presented in Section 1.3.3.6; it reads:

(4.2.9) ∀ĥ ∈ L∞(D), L′ε(h)(ĥ) =

∫

D

gh,εĥ dx, where gh,ε = −(γ1 − γ0)Lε

(
ζ ′(Lεh) |∇uh,ε|2

)
+ Lε1.

With the help of this derivative, the necessary conditions for a density function h ∈ L∞(D, [0, 1]) to be
optimal in view of (4.2.8) read as follows:

• {gh,ε > 0} ⊂ {h = 0} ⊂ {gh,ε ≥ 0},
• {gh,ε < 0} ⊂ {h = 1} ⊂ {gh,ε ≤ 0},
• {0 < h < 1} ⊂ {gh,ε = 0},

where the above inclusions hold up to subsets of D of null Lebesgue measure.
The main result of this study is the following theorem, whose rather technical and unintuitive proof is

omitted.

Theorem 4.2.1 Let h = 1Ω be the characteristic function of a smooth domain Ω b D. Then the function
gh,ε in (4.2.9) satisfies:

gh,ε
ε→0−−−→ gSΩ in L1(∂Ω).

Furthermore, if the interpolation profile ζ in (4.2.7) satisfies the additional conditions

ζ ′(0) = k0, ζ
′(1) = k1, where k0 and k1 are defined in (4.2.6),

then it holds

gh,ε
ε→0−−−→ gTΩ in Lp(Ω0 ∪ Ω1), for 1 ≤ p <∞.

This theorem makes the connection between (4.2.2) and (4.2.8) by expressing the latter density-based
topology optimization problem as a consistent relaxation of the former, shape and topology optimization
problem: the shape and topological derivatives attached to the function L(Ω) are limits of the density-based
derivative gh,ε of Lε(h) at h = 1Ω, when the smoothing parameter ε of the density filter Lε tends to 0.
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4.2.2. A shape and topology optimization algorithm and numerical example

The material of the previous Section 4.2.1 paves the way to an elegant numerical strategy for optimizing a
function of the domain with respect to both shape and topological sensitivities at the same time.

The proposed algorithm is based on a similar rationale as the fixed-point topology optimization algorithm
of Section 1.4.8.2: we have seen in Section 4.2.1 that if the characteristic function h = 1Ω of a shape Ω b D
is a local minimizer of the density-based counterpart (4.2.8) – a notion which leaves the room for a very
large gammut of variations –, it must hold:

∀x ∈ D,
{
gΩ,ε ≤ 0 if x ∈ Ω,
gΩ,ε ≥ 0 if x ∈ D \ Ω,

with the shorthand gΩ,ε := g1Ω,ε.

A slightly stronger version of these requirements reads:

gΩ,ε = φ, where φ is a level set function for Ω, i.e.





φ(x) < 0 if x ∈ Ω,
φ(x) = 0 if x ∈ ∂Ω,
φ(x) > 0 if x ∈ D \ Ω.

In turn, for this to hold, it is enough that

1

||gΩ,ε||L2(D)
gΩ,ε = φ, where φ is a level set function for Ω s.t. ||φ||L2(D) = 1.

We impose this condition by a fixed point algorithm with relaxation, thanks to the spherical linear interpo-
lation procedure described in Section 1.A.5. The values of the various iteration-dependent quantities at any
stage n = 0, . . . are denoted with a superscript n: the evolving shape is Ωn, an associated level set function
is φn, the derivative of the objective is gn := gΩn,ε, and we let g̃n := 1

||gn||L2(D)
gn. This leads to the following

formula for the update of φ:

φn+1 =
1

sin an

(
sin((1− τn)an)φn + sin(τnan)g̃n

)
,

where an ∈ [0, π] is the angle an = arccos((φn, g̃n)L2(D)) and τn ∈ (0, 1) is a time step.

Let us illustrate this strategy with a 2d numerical example in the physical setting of mechanical structures
presented in Section 1.2.3. We consider the optimal design of a gripping mechanism, whose specifications
are displayed on Fig. 4.2.1 (a). The shape is contained in a domain D with size 1× 1 and it is fixed at the
middle of its left- and right-hand sides. A vertical load g1 = (0,±10) is applied on a region ΓN,1 near its
upper and lower right corners, and another load g2 = (0,±1) concentrated on another region ΓN,2 near the
jaws mimicks the reaction of an object pressed by the mechanism. We consider the optimization problem

min
Ω
L(Ω), where L(Ω) =

∫

ΓN

k(x) · uΩ ds+ `Vol(Ω),

ΓN := ΓN,1 ∪ ΓN,2 and uΩ is the elastic displacement of Ω, solution to (Elas). The weight k(x) ∈ R2 is
chosen so that the minimization of this functional encourage the shape to maximize its vertical displacement
on ΓN,2, while minimizing it near ΓN,1.

4.2.3. A density-based counterpart to the perimeter functional

The relaxation framework of Section 4.2.1 can handle various physical situations and multiple functionals of
the domain. However, despite its seemingly simple formulation, the perimeter functional is one unfortunate
exception to this flexibility. The ubiquity of the notion of perimeter in shape optimization, be it in theory
(where it helps to ensure existence of optimal shapes, see Section 1.3.2 and [27]) or in numerical practice
(where it imposes a desirable “smoothing” of shapes, blurring their sharp features) has motivated the device
of suitable generalizations of this functional in the realm of density functions.

Before proceeding, we should be a little more precise about the terminology “perimeter”. All our
discussions take place within a fixed, bounded hold-all domain D ⊂ Rd, and two distinct versions of this
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Figure 4.2.1. Optimization of the design of a gripping mechanism by using the level set
topology optimization algorithm of Section 4.2.2; (a) Optimized shape Ω (with details of the
test case); (b) Corresponding smoothed characteristic function Lε1Ω; (c) Deformed config-
uration.
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Figure 4.2.2. Difference between the relative and total perimeters of a shape Ω with respect
to a bounding box D; the relative perimeter corresponds to the orange regions of ∂Ω, while
the total perimeter additionally takes into account the blue region of ∂Ω lying on ∂D.

functional are available: the relative perimeter PerR(Ω) and the total perimeter PerT (Ω) of a Lipschitz
domain Ω ⊂ D are respectively defined by:

PerR(Ω) =

∫

∂Ω∩D
ds, and PerT (Ω) =

∫

∂(Ω∩D)

ds,

that is, PerR(Ω) only measures the portion of ∂Ω which is strictly inside D, while PerT (Ω) additionally takes
into account the region ∂Ω ∩ ∂D, see Fig. 4.2.2.

A great deal of the existing literature about density-based versions of the perimeter functional is con-
cerned with its relative version. One natural way to define the relative perimeter of more general objects than
(characteristic functions of) Lipschitz domains Ω ⊂ D hinges on the framework of functions with bounded
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variations, h ∈ BV (D, [0, 1]), which is briefly recalled in Section 4.A. Indeed, one sets:

∀h ∈ BV (D, [0, 1]), PerR(h) :=

∫

D

|Dh|,

where |Dh| is the total variation of h, a positive measure on D, capturing its smooth variations and abrupt
jumps. This functional is unfortunately difficult to calculate numerically; moreover, since its dependence on
the density function h is not smooth, its management by numerical optimization algorithms is non trivial.

One idea to cope with these difficulties consists in regularizing this quantity; the perhaps most famous
result in this direction features the so-called Cahn-Hilliard energy functional Fε(h) : L1(D)→ R, defined by:

Fε(h) =





∫

D

(
ε|∇h|2 +

1

ε
W (h)

)
dx if h ∈ H1(D),

+∞ otherwise,

where W : R → R is a double well potential, achieving two global minima at 0 and 1. Grossly speaking,
to minimize Fε(h), a function h has to find a compromise between showing “not too sharp variations” (so
that the first term do not take too large values), while taking mostly values 0 or 1 (in an effort to minimize
the second term). The emphasis on the latter requirement is more and more stringent as ε → 0, while the
“smoothness” requirement is loosened.

The quality of the approximation of PerR(h) by Fε(h) as ε → 0 is usually appraised in terms of the
notion of Γ-convergence. The latter is briefly recalled in Section 4.B; intuitively, it evaluates the convergence
of the minimum points of a sequence of functionals. It was proved in [267, 268] that Fε(h) Γ-converges to
the function F : L1(D)→ R defined by:

F (h) =

{
cWPerR(h) if h ∈ BV (D, {0, 1}),

+∞ otherwise,

where cW is a constant depending only on the potential W . This celebrated result has been used in a wide
variety of settings, for instance to construct approximations of the popular Mumford-Shah functional in
image segmentation and mechanics, see [57] for an overview. It leads notably to the Ambrosio-Tortorelli
approximation [30], which is the basic ingredient of variational models for fracture [91], and it is also a
popular tool in the simulation of the mean curvature flow.

The functional Fε(h) is still not that easy to handle from the numerical viewpoint. It indeed depends on
the gradient of the function h, which is quite undesirable as it prohibits the use of characteristic functions as
for h. For this reason also, the gradient flow of this functional – the so-called Allen-Cahn equation – involves
the second-order derivatives of h, which calls for sophisticated computational algorithms.

To alleviate these issues, among others, it was proposed in [46] (see also [13, 264]) to consider the
functional PRε defined on L1(D) by:

PRε (h) =





1

ε

∫

D

(
1− LNeu

ε h
)
h dx if h ∈ L∞(D, [0, 1]),

+∞ otherwise,

where LNeu
ε h is the solution qε to

{ −ε2∆qε + qε = h in D,
∂qε
∂n = 0 on ∂D.

Loosely speaking, LNeu
ε h is a smeared version of h and ε plays the role of a regularizing length-scale: when

h is the characteristic function of a smooth shape Ω ⊂ D, the function LNeu
ε h presents a smooth transition

between the values 1 and 0 over a band with thickness 2ε around ∂Ω; the integrand in the above definition
of PRε (h) is then a measure of the “size” of this band, see Fig. 4.2.3.

This intuition is confirmed by the analysis: it is proved in [46] that PRε (h) Γ-converges to the function
defined by:

∀h ∈ L∞(D, [0, 1]),

{
1
2PerR(h) if h ∈ BV (D, {0, 1}),

+∞ otherwise.

The aforementioned results concern the density-based relaxation of the relative perimeter functional
PerR(Ω). In the article [A6], we have worked towards deriving a similar approximation for the total perimeter
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Figure 4.2.3. The regularized characteristic functions LNeu
ε 1Ω and LRob

ε 1Ω have a similar
behavior near the part D ∩ ∂Ω of ∂Ω which is “well-inside” D, but they differ significantly
near ∂D.

functional PerT (Ω). It turns out that this version of the perimeter is rarely used in numerical practice; often,
its relative counterpart is tacitly used, as in the practice of the level set method for shape optimization. This
is actually quite surprising, since in a fair number of applications, the total perimeter appears more natural
than its relative counterpart: the boundary of the “hold-all” domain D has to be taken into account in the
evaluation of the perimeter of the shape Ω when it has a “physical meaning”. This is the case, for instance,
in situations involving contact mechanics, where at least one part of ∂D is in contact with an external device;
see [168] about this physical setting and [256] for examples of related shape optimization problems.

The total perimeter functional can be defined for an arbitrary density function by the formula:

∀h ∈ BV (D, [0, 1]), PerT (h) =

∫

Rd
|Dh̃|, where h̃ is the extension of h to Rd by 0.

Like in the case of the relative perimeter functional mentioned above, it is desirable to construct a “smooth”,
approximate version of this functional which does not bring into play the gradient of h.

A careful analysis reveals that a suitable counterpart of PRε in the perspective of approximating the total
perimeter is the functional PTε : L1(D)→ R defined by:

(4.2.10) PTε (h) =





1

ε

∫

D

(
1− LRob

ε h
)
h dx if h ∈ L∞(D, [0, 1]),

+∞ otherwise,

where LRob
ε h is the solution qε to

{ −ε2∆qε + qε = h in D,

ε∂qε∂n + qε = 0 on ∂D.

Intuitively, the function LRob
ε h behaves in the same way as that LNeu

ε h used in the construction of the
functional PRε (h), except near the boundary ∂D, where the Robin boundary condition imposes a behavior
that allows to “see” this portion of the boundary, see Fig. 4.2.3.

More precisely, the main result of this study is the following, whose quite technical proof, relying on
notions of geometric measure theory, is omitted for simplicity.

Theorem 4.2.2 The following assertions hold true:

(i) The functional sequence PTε : L1(D)→ R Γ-converges to the functional defined by:

∀h ∈ L∞(D, [0, 1]),

{
1
2PerT (h) if h ∈ BV (D, {0, 1}),

+∞ otherwise.

(ii) The functional sequence PTε : L1(D)→ R is equi-coercive, see Definition 4.B.3 about this notion.

181



Remark 4.2.3 As in the previous Section 4.2.1, it is possible to propose a similar formula to (4.2.10) for
the total perimeter function PTε (h) using a convolution-based regularization operator in place of LRob

ε , but
the latter does not have so neat mathematical properties, in terms of Γ convergence notably.

From the numerical viewpoint, the functional PTε (h) is easily incorporated into a density-based topology
optimization algorithm, such as that presented in the previous Section 4.2.1. As an illustration, we consider
a numerical example in the physical configuration of the benchmark 2d cantilever test case, see Fig. 4.2.4.
The computational domain D is a rectangle with size 2 × 1 and the clamping region of shapes ΓD is the
left-hand side of ∂D. A unit vertical load g = (0,−1) is applied on a region ΓN around the middle of the
right-hand side of ∂D. In this setting, we solve the problem

(4.2.11) min
h∈L∞(D,[0,1])

L(h) s.t. Vol(h) = VT , where L(h) = C(h) + `Pε(h),

C(h) is the relaxed version of the compliance functional introduced in Section 4.2.1, and Pε(h) stands for
the relaxed relative perimeter or the relaxed total perimeter PRε (h) or PTε (h), depending on the situation.

The volume target is set to VT = 0.4Vol(D) and the initial design Ω0 is the solution to a standard
compliance minimization problem under the volume constraint Vol(Ω) = VT (corresponding to the version
of (4.2.11) without perimeter penalization). We solve both instances of (4.2.11) featuring the approximate
relative and total perimeter functionals.

The results are displayed in Fig. 4.2.4. In both cases, the small features of the initial design are removed
in the course of the process. Both optimized designs admittedly look similar, except for the fact that the
shape Ω obtained by using the total perimeter functional presents more natural, “straight” members near the
junction with the boundary of the computational domain D. This expected effect shows that it is actually
more natural to rely on the total version of the perimeter functional in such a context, so as to ensure that
the boundary ∂D is “counted” as a part of the boundary of shapes, and that the region ∂Ω∩∂D is optimized
as such.

Figure 4.2.4. (From left to right) Several iterations in the solution of the minimization
problem (4.2.11) when (Upper row) The relative perimeter functional is used; (lower row)
The total perimeter functional is used.

4.3 Optimization of the shape of regions supporting boundary conditions

In most concrete shape and topology optimization problems, the physical environment of the shape Ω is
described by the solution to a boundary value problem featuring various types of boundary conditions,
borne by different regions of ∂Ω. Often, only one of these regions is subject to optimization, the others
being imposed by the context. However, there are situations where, besides the shape Ω, it is interesting to
optimize the repartition of these regions within ∂Ω. Here are a few examples:
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• In thermal mechanics, uΩ is the temperature inside a cavity Ω, and it is the solution to the
stationary heat equation – an avatar of the conductivity equation (Cond) of Section 1.2.1.1. A
measured temperature profile is observed on the regions of ∂Ω equipped with Dirichlet boundary
conditions, while Neumann boundary conditions account for heat fluxes. In this context, it may
then be desirable to optimize the regions of ∂Ω kept at fixed temperature, or those where heat is
injected into Ω, in view of minimizing the mean temperature inside Ω.
• In the setting of Section 1.2.2.4 where Ω is a mechanical structure, homogeneous Dirichlet boundary

conditions account for the regions of ∂Ω where the shape is fixed, while inhomogeneous (resp.
homogeneous) Neumann boundary conditions model the regions of ∂Ω where external loads are
applied (resp. traction-free regions). Some problems posed in this physical context raise the need
to optimize the design of fixations or the region where loads are applied, see [310] and Section 4.3.6
below about such investigations.
• In acoustics, the sound pressure uΩ within a room Ω is the solution to the time-harmonic Helmholtz

equation. In this situation, one may wish to optimize the repartition of an absorbing material (whose
effect is modeled by Robin-like boundary conditions) on the walls of ∂Ω in order to minimize the
sound intensity [158].

The calculation of the sensitivity of a performance criterion with respect to variations of these regions
bearing boundary conditions is unfortunately far from trivial. The main reason for this fact is the typical lack
of regularity of the state function uΩ in the optimized transition zones where boundary conditions change
types, see Remark 1.A.14.

The work reported in this section is described in full detail in the journal article [A13]. For the sake of
simplicity, the presentation is based on the simple setting of the conductivity equation, where the analysis
of a model optimization problem of the regions supporting boundary conditions can be conducted without
too much technicality. Most of the conclusions of this study and of the numerical method derived from
them can be adapted to various more challenging contexts, including the setting of elastic shapes. After
introducing this simple model setting in Section 4.3.1, we catch a glimpse of the regularity theory for
solutions to elliptic boundary value problems featuring mixed boundary conditions in Section 4.3.2, as it
has a strong impact on the mathematical properties of the considered shape and topology optimization
problems. In Sections 4.3.3 to 4.3.5, we discuss the calculation of derivatives with respect to the shape
of the interfaces between inhomogeneous Neumann - homogeneous Neumann and homogeneous Dirichlet -
homogeneous Neumann boundary conditions, respectively. Two numerical examples are eventually proposed
in Section 4.3.6.

4.3.1. A model problem in the conductivity setting

As in Section 1.2.1, the shape Ω is a smooth bounded domain in Rd (d = 2, 3), filled with a material whose
smooth conductivity γ ∈ C∞(Ω) is bounded away from 0 and∞, see (Ell-Cond). Its boundary ∂Ω is divided
into three smooth, disjoint regions

∂Ω = ΓD ∪ Γ ∪ ΓN such that ΓD ∩ ΓN = ∅,

where homogeneous Dirichlet, homogeneous Neumann and inhomogeneous Neumann boundary conditions
g ∈ C∞(ΓN ) are imposed, respectively. We denote by ΣD := ∂ΓD (resp. ΣN := ∂ΓN ) the contour marking
the transition between homogeneous Dirichlet and homogeneous Neumann (resp. between homogeneous
Neumann and inhomogeneous Neumann) boundary conditions, and by nΣD : ΣD → Rd (resp. nΣN : ΣN →
Rd) the corresponding unit normal vector which is parallel to ∂Ω, and points outward ΓD (resp. ΓN ), see
Fig. 4.3.1 (a). Introducing a source f ∈ C∞(Ω), the potential uΩ ∈ H1

ΓD
(Ω) inside Ω is the unique solution

to the boundary value problem:

(4.3.1)





−div(γ∇uΩ) = f in Ω,
uΩ = 0 on ΓD,

γ ∂uΩ

∂n = g on ΓN ,

γ ∂uΩ

∂n = 0 on Γ.

183



Here and throughout this study, the slightly abusive notation uΩ mentions only the dependence of this
function on the domain Ω, but one should bear in mind that it also depends on the repartition of the regions
ΓN , ΓD, Γ within ∂Ω.

In this setting, we aim to calculate the derivative of a model function of the domain Ω (and of the
repartition of ΓD, ΓN and Γ within ∂Ω) of the form

(4.3.2) J(Ω) =

∫

Ω

j(uΩ) dx,

where j : R → R is a smooth function satisfying adequate growth conditions, see (Growth-j). To this end,
we rely on the boundary variation method of Hadamard, featuring variations of Ω of the form

Ωθ = (Id + θ)(Ω), where θ is a “small” vector field in a subset Θad of C2,∞(Rd,Rd),

see Section 1.3.3. As opposed to “classical” shape and topology optimization settings, such as that introduced
in Section 1.2.3, the regions ΓD and ΓN are not necessarily fixed, which leaves the room for deformations
θ that may not vanish on ΓD or ΓN . In the next sections, we shall consider two different situations,
corresponding to the following choices as for the set Θad of admissible deformations:

• When it comes to optimizing the region ΓD within ∂Ω (and ΓN is kept fixed), we leave the room
for θ to alter the “homogeneous Dirichlet–homogeneous Neumann” boundary ΣD between ΓD and
Γ:

Θad = ΘDN, where ΘDN :=
{
θ ∈ C2,∞(Rd,Rd), θ = 0 on ΓN

}
.

• When optimizing ΓN (and ΓD is kept fixed), the deformations θ may alter the “homogeneous
Neumann – inhomogeneous Neumann” boundary ΣN between ΓN and Γ:

Θad = ΘNN, where ΘNN :=
{
θ ∈ C2,∞(Rd,Rd), θ = 0 on ΓD

}
.

As we shall see, the analysis of the former situation involves a few technicalities, and sometimes, our
exposition will be simplified by relying on the following assumption, which is illustrated on Fig. 4.3.1 (b).
(4.3.3)

The dimension d equals 2, the conductivity γ is constant,
and

the region ΣD consists of only two points s0, s1, the boundary ∂Ω is flat around s0 and s1.
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Figure 4.3.1. (a) Sketch of the considered setting in Section 4.3.1; (b) The simplified
situation where Assumption (4.3.3) is fulfilled.
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4.3.2. A brief account of the regularity of uΩ

As we have hinted at, one of the main difficulties posed by the differentiability of the functional J(Ω) in
(4.3.2) and by shape optimization problems involving this sensitivity, is the lack of regularity of the state
function uΩ near the regions ΣD and ΣN .

The classical Lax-Milgram theory for (4.3.1) naturally yields a solution uΩ in the space H1(Ω). Moreover,
since the boundary ∂Ω is smooth and γ, f ∈ C∞(Ω) and g ∈ C∞(ΓN ) are smooth functions, the “classical”
elliptic regularity theory ensures that uΩ has at least H2 regularity except near the transitions zones ΣD
and ΣN , see Section 1.A.6.

The description of the“weakly singular” behavior of uΩ in the latter regions is a difficult mathematical
subject, about which we refer for instance to the books [150, 196, 218]. To set ideas, let us quote the following
result from [196] (see Chap. 4 and notably Th. 4.4.3.7) about the behavior of uΩ near ΣD, which takes place
under Assumption (4.3.3).

Proposition 4.3.1 Let (4.3.3) be satisfied; for any point x0 ∈ Ω \ (ΣD ∪ ΣN ), there exists an open neigh-
borhood W of x0 in R2 such that uΩ belongs to H2(Ω ∩W ).

On the other hand, for i = 0 or i = 1, there exists an open neighborhood V of si with the following
property. Denoting by (r, ν) the polar coordinates at si and assuming without loss of generality that

si = 0, Ω ∩ V = {x ∈ V, s.t. x2 > 0} , and ΓD ∩ V = {x ∈ V, s.t. x2 = 0, x1 < 0} ,

there exist a function uir ∈ H2(V ), and a constant ci ∈ R such that:

(4.3.4) uΩ = uir + ciSi on V, where Si(r, ν) = r
1
2 cos

(ν
2

)
.

The function Si in (4.3.4) belongs to H1(V ), but not to H2(V ), and it is sometimes called “weakly
singular”. More precisely, invoking Theorem 1.4.5.3 in [196] to estimate the Sobolev regularity of functions
of the form rαϕ(ν), one proves that uΩ belongs to all the spaces Hs(V ) with 0 ≤ s < 3

2 and that:

||uΩ||Hs(V ) ≤ Cs||f ||L2(Ω),

for a constant Cs depending on s.

Remark 4.3.2 Higher-order versions of the expansion (4.3.4) are available. Actually, for any integer m ≥ 2,
if f ∈ Hm−2(Rd), the following decomposition holds in a neighborhood V of si (see [196], Th. 5.1.3.5):

uΩ = uir,m +

m−1∑

k=1

cikS
i
k, where uir,m ∈ Hm(V ) and Sik(r, ν) = rk−

1
2 cos

((
k − 1

2

)
ν

)
.

Remark 4.3.3 When d = 2, an expansion of uΩ of the form (4.3.4) is generally available at those points si ∈
ΣD marking the transition between homogeneous Dirichlet and homogeneous Neumann boundary conditions,
even when the boundary ∂Ω is not flat in the vicinity of ΣD. The weakly singular function Si shows the same
dependence r

1
2 with respect to r, but its dependence with respect to ν is no longer explicit. The function uΩ

stills belongs to Hs(V ) with an estimate of the form Section 4.3.2, where V is an open neigborhood of ΣD
in Ω and 0 ≤ s < 3

2 is arbitrary; see Chap. 5 in [196] or [136].

4.3.3. Calculation of the shape derivative of J(Ω) when ΣN is optimized

In this section, we calculate the derivative of the model shape functional J(Ω) in (4.3.2) in the framework
of the method of Hadamard by using vector fields θ ∈ ΘNN which leave the room for deformations of the
interface ΣN between the inhomogeneous Neumann - homogeneous Neumann regions.

The main result in this context is the following.
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Proposition 4.3.4 Let Ω be a shape as in Section 4.3.1; the function J(Ω) defined by (4.3.2) is shape
differentiable at Ω when deformations are considered in ΘNN. Its shape derivative reads (volume form):

(4.3.5) ∀θ ∈ ΘNN, J
′(Ω)(θ) =

∫

∂Ω

(j(uΩ)− fpΩ)θ · n ds−
∫

Ω

j′(uΩ)∇uΩ · θ dx

+

∫

Ω

(∇γ · θ)∇uΩ · ∇pΩ dx+

∫

Ω

γ(divθ I−∇θ −∇θT )∇uΩ · ∇pΩ dx

+

∫

Ω

f∇pΩ · θ dx−
∫

ΓN

((div∂Ωθ)g +∇g · θ)pΩ ds,

where div∂Ω stands for the tangential divergence on ∂Ω (see Section 1.A.1), and the adjoint state pΩ is the
unique solution in H1

ΓD
(Ω) to the equation:

(4.3.6)




−div(γ∇pΩ) = −j′(uΩ) in Ω,

pΩ = 0 on ΓD,

γ ∂pΩ

∂n = 0 on ΓN ∪ Γ.

The shape derivative J ′(Ω)(θ) has the equivalent, surface expression:

(4.3.7) ∀θ ∈ ΘNN, J
′(Ω)(θ) =

∫

Γ∪ΓN

j(uΩ)θ · n ds+

∫

Γ∪ΓN

γ∇uΩ · ∇pΩ θ · n ds−
∫

Γ∪ΓN

fpΩθ · n ds

−
∫

ΓN

(
∂g

∂n
+ κg

)
pΩθ · n ds−

∫

ΣN

gpΩθ · nΣN d`,

where the mean curvature κ of ∂Ω is defined in Section 1.A.1 and d` is the restriction to ΣN of the (d− 2)-
dimensional Hausdorff measure.

Hint of proof:. The calculation of the volume form (4.3.5) of J ′(Ω)(θ) follows exactly the general trail
exemplified in Section 1.3.3.5, which does not require the solution uΩ to (4.3.1) to have better regularity
than that H1 predicted by the Lax-Milgram theory.

The derivation of the surface form (4.3.7) follows from integration by parts as in Section 1.3.3.5; these
operations can be conducted as in there, but they demand slightly more careful justifications, due to the
limited regularity of uΩ near ΣN , see the next Remark 4.3.5. �

Remark 4.3.5 The precise mathematical meaning of (4.3.7), and notably that of the term

(4.3.8)

∫

Γ∪ΓN

γ∇uΩ · ∇pΩ θ · n ds

featured in there is not completely straightforward. The function uΩ belongs to the space

(4.3.9) E(div(γ∇·), L2(Ω)) :=
{
u ∈ H1(Ω), div(γ∇u) ∈ L2(Ω)

}
,

and as such, it has a normal trace γ ∂uΩ

∂n ∈ H−1/2(∂Ω), which is defined via the Green’s formula:

(4.3.10) ∀w ∈ H1(Ω),

∫

∂Ω

γ
∂uΩ

∂n
w ds :=

∫

Ω

div(γ∇uΩ)w dx+

∫

Ω

γ∇uΩ · ∇w dx;

see [196], Th. 1.5.3.10 for more details about this point. Also, since uΩ ∈ H1/2(∂Ω), the tangential gradient
∇∂ΩuΩ naturally belongs to the dual space H−1/2(∂Ω)d−1. On the other hand, the function pΩ in (4.3.6)
enjoys H2 regularity except in the neighborhood of ΣD where it has a weak singularity of the form (4.3.4).
Since deformations θ ∈ ΘNN are smooth and vanish identically on ΓD, the product (∇pΩ)θ · n has a trace
in H1/2(∂Ω), and so the integral (4.3.8) is well-defined as a duality product between functions in H−1/2(∂Ω)
and H1/2(∂Ω).
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4.3.4. Calculation of the shape derivative of J(Ω) when ΣD is optimized

In this section, we investigate the shape differentiability of the functional J(Ω) defined in (4.3.2) when the
boundary ΣD between the regions ΓD and Γ bearing homogeneous Dirichlet and homogeneous Neumann
boundary conditions is also subject to optimization, i.e. we suppose that Θad = ΘDN.

The difficulty of the present situation lies in the weakly singular behavior of the solution uΩ to (4.3.1)
near ΣD. In particular, this behavior has a major influence on the structure of the shape derivative of J(Ω),
as stated by the next proposition, whose conclusion was already observed in [52, 181].

Proposition 4.3.6 Let Ω be a shape as in Section 4.3.1; the functional J(Ω) is shape differentiable at Ω
and its shape derivative reads (volume form):

(4.3.11) ∀θ ∈ ΘDN, J
′(Ω)(θ) =

∫

∂Ω

(j(uΩ)− fpΩ) θ · n ds−
∫

Ω

j′(uΩ)∇uΩ · θ dx

+

∫

Ω

(∇γ · θ)∇uΩ · ∇pΩ dx+

∫

Ω

γ((divθ)I−∇θ −∇θT )∇uΩ · ∇pΩ dx+

∫

Ω

f∇pΩ · θ dx,

where the adjoint state pΩ is the unique solution in H1
ΓD

(Ω) to the boundary value problem:

(4.3.12)




−div(γ∇pΩ) = −j′(uΩ) in Ω,

pΩ = 0 on ΓD,
∂pΩ

∂n = 0 on ΓN ∪ Γ.

Moreover, under Assumption (4.3.3), let us write the local structure of uΩ and pΩ in an open neighborhood
V i of si, i = 0, 1 as follows:

(4.3.13) uΩ = uis + uir and pΩ = pis + pir;

in the above formula, uir, p
i
r belong to H2(V i) and the weakly singular functions uis and pis ∈ H1(V i) have

the following expressions in local polar coordinates centered at si:

(4.3.14) uis(r, ν) = ciur
1
2 cos(

ν

2
), and pis(r, ν) = cipr

1
2 cos(

ν

2
), if nΣD (si) = e1,

or

(4.3.15) uis(r, ν) = ciur
1
2 sin(

ν

2
), and pis(r, ν) = cipr

1
2 sin(

ν

2
), if nΣD (si) = −e1.

Then (4.3.11) rewrites (surface form):

(4.3.16) J ′(Ω)(θ) =

∫

ΓD∪Γ

(j(uΩ)− fpΩ)θ · n ds−
∫

ΓD

γ
∂pΩ

∂n

∂uΩ

∂n
θ · n ds+

∫

Γ

γ
∂uΩ

∂τ

∂pΩ

∂τ
θ · n ds

+
π

4

∑

i=0,1

ciuc
i
p(θ · nΣD )(si).

Hint of proof. Again, the volume form (4.3.11) of J ′(Ω)(θ) follows from the general strategy for calculating
shape derivatives, see Section 1.3.3.5. As in there, we expect the surface formula (4.3.16) to result from
integration by parts in the integrals of (4.3.11) containing derivatives of θ, which is not straightforward
because of the limited regularity of uΩ and pΩ, see Section 4.3.2. To overcome this obstruction, we use an
approximation argument: for a fixed deformation θ ∈ Θad, the Lebesgue dominated convergence theorem
implies that:

J ′(Ω)(θ) = lim
ε→0

Iε, where Iε :=

∫

∂Ω

(j(uΩ)− fpΩ) θ · n ds−
∫

Ω

j′(uΩ)∇uΩ · θ dx

+

∫

Ω

(∇γ · θ)∇uΩ · ∇pΩ dx+

∫

Ω\(B(s0,ε)∪(B(s1,ε))
γ((divθ)I−∇θ −∇θT )∇uΩ · ∇pΩ dx+

∫

Ω

f∇pΩ · θ dx
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is obtained from the formula (4.3.11) for J ′(Ω)(θ) by cutting a small half-ball Ω∩B(si, ε) around each point
si, i = 0, 1 in the domain of the integral∫

Ω

γ((divθ)I−∇θ −∇θT )∇uΩ · ∇pΩ dx

where we intend to integrate by parts.
Since uΩ and pΩ enjoy at least H2 regularity on Ω \ (B(s0, ε) ∪ B(s1, ε)), integration by parts can be

conducted as needed in the expression of Iε. The surface integrals on the half-circles Ω ∩ ∂B(si, ε) resulting
from this operation can be calculated explicitly, as well as their limit as ε → 0, from the local behavior
(4.3.13) to (4.3.15) of uΩ and pΩ near the points si. �

Remark 4.3.7 In the surface formula (4.3.16), the integrals

−
∫

ΓD

γ
∂pΩ

∂n

∂uΩ

∂n
θ · n ds+

∫

Γ

γ
∂uΩ

∂τ

∂pΩ

∂τ
θ · n ds

are not well-defined individually, since they may blow up around the points si, judging from the structure
(4.3.14) and (4.3.15) of the singular parts of uΩ and pΩ. However, these integrals have compensating singu-
larities at si, so that their sum is well-defined as a Cauchy principal value.

4.3.5. An approximate shape derivative in the Dirichlet-Neumann case

The surface formula (4.3.16) for the shape derivative J ′(Ω)(θ) in the setting where ΣD is optimized is
unfortunately delicate to handle. From the theoretical viewpoint, it involves the precise knowledge of the
weakly singular behaviors (4.3.14) and (4.3.15) of uΩ and pΩ near ΣD, which is only available in few situations
beyond the present one of the 2d conductivity equation. From the numerical viewpoint, the calculation of
these weakly singular behaviors requires advanced numerical strategies, based e.g. on an enrichment of the
finite element basis with the singular functions featured in (4.3.14) and (4.3.15), or adapted p/hp mesh
refinement methods, see [55, 170, 234] and the references therein.

To cope with these difficulties, we rely on an approximation method inspired from [20, 158], which does
not require the expression of these singular behaviors and can be generalized to a wide variety of physical
situations. The latter is based on the following approximate counterpart to J(Ω):

(4.3.17) Jε(Ω) =

∫

Ω

j(uΩ,ε) dx,

where the solution uΩ to the problem (4.3.1) showing a sharp transition between Dirichlet and Neumann
boundary conditions is replaced with that uΩ,ε to a boundary value problem involving a Robin boundary
condition on ΓD ∪ Γ:

(4.3.18)





−div(γ∇uΩ,ε) = f in Ω,

γ
∂uΩ,ε

∂n + hεuΩ,ε = 0 on ΓD ∪ Γ,

γ
∂uΩ,ε

∂n = g on ΓN .

Here, the coefficient hε is defined by:

(4.3.19) ∀x ∈ ∂Ω, hε(x) =
1

ε
h

(
d∂Ω

ΓD
(x)

ε

)
,

where h : R→ R is a smooth function with the properties:

0 ≤ h ≤ 1, h ≡ 1 on (−∞,−1], h(0) > 0, h ≡ 0 on [1,∞).

The function d∂Ω
ΓD

(x) in (4.3.19) is the (geodesic) signed distance to ΓD on the surface ∂Ω:

d∂Ω
ΓD (x) =




−d∂Ω(x,ΣD) if x ∈ ΓD,

0 if x ∈ ΣD,
d∂Ω(x,ΣD) if x ∈ ∂Ω \ ΓD,

where d∂Ω(x,ΣD) = infp∈ΣD d
∂Ω(x, p) is the shortest geodesic distance between x and a point on ΣD, see

Remark 3.1.12.
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With this definition, hε takes the “large” value 1
ε inside ΓD, “far” from ΣD (and so the Robin boundary

condition in (4.3.18) emulates a homogeneous Dirichlet boundary condition) and 0 on Γ “far” from ΣD
(i.e. homogeneous Neumann boundary conditions are satisfied), and it shows a smooth transition between
these two values in a tubular neighborhood of ΣD with (geodesic) width 2ε. As a result, uΩ,ε satisfies
approximately the boundary conditions in (4.3.1), see Fig. 4.3.2.

"�"

1/"

0

�D �

Figure 4.3.2. Graph of the function hε defined by (4.3.19).

It follows from the standard Lax-Milgram theory that the boundary value problem (4.3.18) is well-posed.
In addition, elementary verifications allow to adapt the material about the signed distance function recalled
in Section 3.1 to the present surface context: in particular, d∂Ω

ΓD
is smooth on a sufficiently small open

neighborhood of ΓD in ∂Ω. Since Ω and h are smooth, for a fixed value of ε > 0, uΩ,ε actually enjoys H2

regularity on a neighborhood of ΣD, as a consequence of the “classical” elliptic regularity theory, see again
Section 1.A.6.

The shape functional Jε(Ω) in (4.3.17) resulting from this approximation can be proved to be shape differ-
entiable, and its shape derivative can be calculated following the classical method exposed in Section 1.3.3.5,
after a simple, albeit lengthy calculation, which is omitted for brevity.

This approximation process is justified by the following result, whose quite technical proof is also omitted.

Theorem 4.3.8 Let Ω ⊂ R2 be a shape satisfying Assumption (4.3.3); then

• The function uΩ,ε converges to uΩ strongly in H1(Ω), and the following estimate holds:

||uΩ,ε − uΩ||H1(Ω)≤ Csεs||f ||L2(Ω),

for any 0 < s < 1
4 , where the constant Cs depends on s.

• The approximate shape derivative J ′ε(Ω) converges to its exact counterpart J ′(Ω) in the sense that:

sup
θ∈ΘDN,

||θ||ΘDN
≤1

|J ′ε(Ω)(θ)− J ′(Ω)(θ)| = 0.

4.3.6. Two numerical examples

In this section, we present two numerical illustrations of the previous developments. These examples leverage
the level set method when it comes to optimizing the regions ΓD and ΓN bearing the homogeneous Dirichlet
or inhomogeneous Neumann boundary conditions of a boundary value problem within the meshed boundary
of the total domain Ω, along the lines of Section 1.4.6.2. In both examples, ΓD and ΓN are optimized within
a flat portion of ∂Ω; this technical limitation is due to the fact that, at the time this study was conducted, the
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numerical ingredients involved in the practice of the level set method (see Section 1.4.6.1) were not available
in the situation where the ambient medium is a curved surface, see Section 4.7.2 for the presentation of a
perspective for future research related to the tracking of the evolution of a region within a surface by an
avatar of the level set based mesh evolution method of Section 1.4.7.

4.3.6.1. Optimization of the clamping – locator system of a mechanical part

In this first example, we apply the ideas of Sections 4.3.3 and 4.3.5 to the optimization of the clamping –
locator fixture system of a mechanical structure Ω. This type of device is widely used during the fabrication
of a part in order to guarantee its precise positioning when large efforts are applied by the machine tool. In
a nutshell, the fixed shape Ω is attached on one region of its boundary thanks to a “locator”, so that its
displacement is forbidden in there; a load is applied on a disjoint, “clamped” region of ∂Ω so as to hold Ω
against the locator. Clamps and locators are both expensive devices: it is desirable to minimize the measure
of the regions of ∂Ω where they operate, while still guaranteeing an efficient fixture of the part during its
construction. The optimal design of such systems was investigated for instance in [213, 249, 330, 369, 370,
378] by different mathematical and numerical techniques.

Let us consider the 3d situation depicted on Fig. 4.3.3. The mechanical part of interest is a box Ω in R3

with size 4× 1× 1. During its fabrication, a vertical load gtool = (0, 0− 1) is exerted on Ω by the machine
tool on its upper side ΓT . To withstand the latter, Ω is attached on a region ΓD of its left-hand side, and
a load g = (0,−1, 0) is applied on a region ΓN of its right-hand side. The displacement uΩ of Ω in this
situation is the solution to the linear elasticity system, see (Elas).

Adapting the theoretical findings of Sections 4.3.3 and 4.3.5 to the present context, we optimize both re-
gions ΓD, ΓN within the fixed boundary ∂Ω, so as to minimize the displacement of Ω during this construction
setting, under constraints on the measures of ΓD and ΓN :

(4.3.20) min
Ω
J(Ω), where J(Ω) =

∫

Ω

|uΩ|2 dx+ `D

∫

ΓD

ds+ `N

∫

ΓN

ds+ `L

∫

ΣD

d`,

and `D, `N and `L are suitable penalization parameters. Let us recall the abuse of notation whereby only
the dependences of the shape functional J(Ω) and the elastic displacement uΩ with respect to the shape Ω
are mentioned in formulations such as (4.3.20), but these quantities also depend on the repartition of the
regions ΓD and ΓN within ∂Ω.

The results of this experiment are depicted on Fig. 4.3.4.

�T

�N

�D g

gtool

e1

e2

e3

Figure 4.3.3. Setting of the example of Section 4.3.6.1 dealing with the optimal repartition
of clamps and locators on the boundary of an elastic structure.
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(a) Design of clamps at iteration 1 (b) Design of locators at iteration 1

(c) Design of clamps at iteration 20 (d) Design of locators at iteration 20

(e) Design of clamps at iteration 100 (f) Design of locators at iteration 100

Figure 4.3.4. Initial, intermediate and optimized designs of clamps and locators in the
test-case of Section 4.3.6.1.

4.3.6.2. Optimization of the Dirichlet regions of a force inverter

Our second example also arises in a physical situation which is described by the linear elasticity system. It
deals with the concurrent optimization of the shape and the fixation regions of a force inverter mechanism,
that is, a device which converts a pulling force into a pushing one. The details of the considered 2d test case
are presented on Fig. 4.3.5: the shapes Ω are contained in a box D with size 1× 1; they are subjected to a
given load g = (−1, 0) applied on a non optimizable subset ΓN of their left-hand side, and they are attached
on another subset ΓD of ∂Ω, contained in the upper and lower sides of ∂D. In this context, the aim is to
optimize the overall shape Ω and the location of the fixations ΓD so as to maximize the elastic displacement
of Ω on a non optimizable subset ΓT at the right-hand side of ∂D. More precisely, we solve:

min
Ω

J(Ω), where J(Ω) := αT

∫

ΓT

|uΩ − uT |2 ds− αN
∫

ΓN

uΩ · e1 ds+ `V Vol(Ω) + `D

∫

ΓD

ds,

and αT and αN are weights for balancing the wishes to maximize the pushing force near ΓT and the need
to pull the region ΓN ; `V and `D account for penalizations of the volume of the structure and the surface
area of the fixation regions ΓD.

The optimized shape resulting from the solution of this problem is depicted on Fig. 4.3.5. The corre-
sponding deformed configuration allows to appraise the efficiency of the mechanism.

4.4 Sensitivity with respect to singular changes in the support of
boundary conditions

The previous Section 4.3 was concerned with the analysis of the sensitivity of the solution to a boundary
value problem (and of a related quantity of interest) with respect to “regular” perturbations of the regions
bearing its boundary conditions, via smooth diffeomorphisms. The present section aims to complement this
study with the asymptotic analysis of such a solution when these regions undergo “singular” perturbations,
and notably alterations of their nature inside a “small” subset ωε of ∂Ω.

More precisely, let us consider the following situation: Ω is a smooth bounded domain in Rd, d = 2, 3,
whose boundary ∂Ω is divided into two disjoint regions ΓD, ΓN :

∂Ω = ΓD ∪ ΓN ;
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Figure 4.3.5. Concurrent optimization of the shape and the fixation regions of the force
inverter of Section 4.3.6.2; iterations (a) 0 (with details of the test-case), (b) 50, (c) 100,
and (d) Deformed configuration of the optimized design.

homogeneous Dirichlet boundary conditions are imposed on ΓD, while ΓN bears homogeneous Neumann
boundary conditions. The conductivity γ ∈ C∞(Ω) inside the medium is assumed to be elliptic in the
sense that (Ell-Cond) holds; the potential uΩ induced by a smooth source f ∈ C∞(Ω) in this “background”
situation is the solution to the boundary value problem:

(4.4.1)




−div(γ∇u0) = f in Ω,

u0 = 0 on ΓD,

γ ∂u0

∂n = 0 on ΓN .

Let us recall that, on account of the elliptic regularity theory, u0 is smooth except on a neighborhood of
the set Σ = ∂ΓD = ∂ΓN where the boundary conditions change types, see Section 1.A.6. We also recall for
further reference that the Green’s function N(x, y) attached to this boundary value problem is defined for
any point x ∈ Ω by:

(4.4.2)





−divy(γ(y)∇yN(x, y)) = δy=x in Ω,
N(x, y) = 0 for y ∈ ΓD,

γ(y) ∂N∂ny (x, y) = 0 for y ∈ ΓN ,

see Section 4.1.1.
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Let us then consider the perturbed situation where the homogeneous Neumann boundary condition on
ΓN is replaced by a homogeneous Dirichlet boundary condition inside a “small” subset ωε ⊂ ΓN . The
perturbed potential uε is then the unique solution in H1(Ω) to the problem:

(4.4.3)




−div(γ∇uε) = f in Ω,

uε = 0 on ΓD ∪ ωε,
γ ∂uε∂n = 0 on ΓN \ ωε.

In this setting, we aim to understand the behavior of the perturbed potential uε when the set ωε where
boundary conditions are altered becomes “very small”. This problem is sometimes referred to as the “narrow
escape problem” in the literature. Originating from acoustics, it has recently attracted much attention due to
its significance in biology. We refer to [204] and the references therein for an overview of the physical relevance
of this problem and for an account of recent developments, and [33, 119, 125, 301] about mathematical
analyses around this question.

Limiting ourselves to stating results for brevity, we shall also report on the mirror situation, where the
“small” subset ωε lies inside the Dirichlet region ΓD, and the Dirichlet boundary condition on ωε is replaced
by a homogeneous Neumann boundary condition: the potential uε is then the solution to:

(4.4.4)




−div(γ∇uε) = f in Ω,

uε = 0 on ΓD \ ωε,
γ ∂uε∂n = 0 on ΓN ∪ ωε.

We refer to [32] for results about this second setting and to [31] for applications to the theory of metasurfaces.
In both situations, we proceed under the assumption that ωε is “well-separated” from the boundary Σ

between ΓD and ΓN , see Fig. 4.4.1:

(4.4.5) There exists a constant dmin > 0 such that, for all ε > 0, dH(ωε,Σ) ≥ dmin.
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Figure 4.4.1. Replacement of homogeneous Neumann boundary conditions by homogeneous
Dirichlet boundary conditions on a “small” subset ωε ⊂ ΓN as in Section 4.4.

This section, based on the journal article [A5], investigates several questions about the asymptotic
behavior of the perturbed potential uε when the set ωε where boundary conditions are altered becomes
“small”.

In the first Section 4.4.1, an abstract representation formula is derived for the behavior of uε as ωε
vanishes, with minimal assumptions on the structure of this set. In Section 4.4.2, we additionally assume
that ωε is a vanishing surface ball on ∂Ω to obtain a completely explicit asymptotic formula for uε.

Before proceeding, let us mention that the non trivial extensions of these results to situations involving
the linear elasticity operator is the subject of an ongoing work, see Section 4.7.2.
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4.4.1. A general representation formula for the perturbed potential by the alteration of bound-
ary conditions on a “small” subset of ∂Ω

This section aims to understand the general behavior of the perturbed potential uε in (4.4.3) when no
particular assumption is made about the set ωε, except that it be “small”. We identify the adequate
notion of “smallness” for ωε and derive an abstract representation formula in the spirit of that presented in
Section 4.1.4.

4.4.1.1. Replacement of a homogeneous Neumann boundary condition with a homogeneous Dirichlet condition

In this first situation where the set ωε ⊂ ΓN is the support of the replacement of a homogeneous Neumann
boundary condition with a homogeneous Dirichlet boundary condition, the key quantity measuring the
“smallness” of ωε turns out to be the capacity of this set.

Definition 4.4.1 The capacity cap(E) of an arbitrary subset E ⊂ Rd is defined by:

(4.4.6) cap(E) = inf
{
||v||2H1(Rd), v ∈ H1(Rd), v(x) ≥ 1 a.e. on an open neighborhood of E

}
.

Our main result about the general asymptotic behavior of the perturbed potential uε is then the following.

Theorem 4.4.2 Let ωε be a sequence of non-empty, open Lipschitz subsets of ∂Ω, which are all contained
in ΓN and are well-separated from ΓD in the sense that (4.4.5) holds. Assume furthermore that the capacity
cap(ωε) of ωε goes to 0 as ε→ 0. Then there exists a subsequence, still denoted by ε, and a non-trivial, non
negative Radon measure µ on ∂Ω, such that the solution uε to (4.4.3) satisfies, for each x ∈ Ω:

(4.4.7) uε(x) = u0(x)− cap(ωε)

∫

∂Ω

u0(y)γ(y)N(x, y) dµ(y) + o(cap(ωε)).

The measure µ depends only on the subsequence ωε, Ω, and ΓN . The support of µ lies inside any compact
subset K ⊂ ∂Ω containing the ωε for ε > 0 small enough, and the term o(cap(ωε)) goes to zero faster than
cap(ωε) uniformly (in x) on compact subsets of Ω.

The proof of this result is quite close in spirit to that of the representation formula of Theorem 4.1.11
in the context of “small” inhomogeneities in the material properties of a background medium; we provide a
sketch of the proof, mainly insisting on the differences.

Hint of proof. Let the error rε := uε − u0 be the unique solution in H1
ΓD

(Ω) to

(4.4.8)





−div(γ∇rε) = 0 in Ω,
rε = 0 on ΓD,
rε = −u0 on ωε,

γ ∂rε∂n = 0 on ΓN \ ωε.
As a preliminary observation, relying on a fairly standard analysis of the boundary value problem (4.4.8) and
the use of the Aubin-Nitsche method (see Remark 4.1.12), we obtain the following a priori H1 and improved
L2 estimates about rε:

(4.4.9) ||rε||H1(Ω) ≤ Ccap(ωε)
1
2 ||u0||C1(∂Ω), and ||rε||L2(Ω) ≤ Ccap(ωε)

3
4 ||u0||C1(∂Ω),

where the constant C only depends on Ω and the bounds on the ellipticity constants of γ in (Ell-Cond).
We then represent the value rε(x) of rε at a point x ∈ Ω in terms of its values inside ωε. To this end, we

use the Green’s function N(x, y) for the background problem, see (4.4.2), and we integrate by parts twice to
obtain:

(4.4.10)

rε(x) = −
∫

Ω

divy(γ(y)∇yN(x, y))rε(y) dy,

=

∫

Ω

γ(y)∇yN(x, y) · ∇rε(y) dy,

=

∫

ωε

N(x, y)γ(y)
∂rε
∂n

(y) ds(y),
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where we have used the fact that γ ∂N∂ny (x, ·) = 0 on ΓN and rε = 0 on ΓD to obtain the second line, and the

fact that N(x, ·) = 0 on ΓD and γ ∂rε∂n = 0 on ΓN \ ωε to obtain the last line.
This formula raises the need to pass to the limit in an integral expression of the form

Iε :=

∫

ωε

φ(y)γ(y)
∂rε
∂n

(y) ds(y),

for a smooth function φ which stands for N(x, ·), after a proper rescaling with the correct measure of
“smallness” for ωε. To achieve this, let us introduce the following corrector function (or adjoint state) χε,
solution in H1

ΓD
(Ω) to the boundary value problem:





−div(γ∇χε) = 0 in Ω,
χε = 0 on ΓD,
χε = 1 on ωε,

γ ∂χε∂n = 0 on ΓN \ ωε.
The function χε satisfies similar estimates to (4.4.9); intuitively, we shall transform the expression of Iε by
“transferring” the normal trace γ ∂

∂n from rε to the function χε, which only depends on Ω and the “small”
subset ωε, and not on u0. To achieve this, we calculate:

Iε =

∫

ωε

φ(y)χε(y)γ(y)
∂rε
∂n

(y) ds(y)

=

∫

∂Ω

φ(y)χε(y)γ(y)
∂rε
∂n

(y) ds(y)

=

∫

Ω

γ(y)∇rε(y) · ∇(φχε)(y) dy,

where we have used Green’s formula and the boundary conditions for rε and χε. Now,

Iε =

∫

Ω

γ(y)∇(φrε)(y) · ∇χε(y) dy +R1,ε +R2,ε,

where the integral remainders R1,ε and R2,ε are defined by:

R1,ε =

∫

Ω

γ(y)∇rε(y) · ∇φ(y) χε(y) dy, and R2,ε = −
∫

Ω

γ(y)∇χε(y) · ∇φ(y) rε(y) dy.

It follows from (4.4.9) that:

(4.4.11) |R1,ε|+ |R2,ε| = o(cap(ωε)).

Another integration by parts and the boundary conditions satisfied by rε and χε now allow to see that:

Iε =

∫

∂Ω

φ(y)rε(y)γ(y)
∂χε
∂n

(y) ds(y) +R1,ε +R2,ε

= −
∫

∂Ω

φ(y)u0(y)χε(y)γ(y)
∂χε
∂n

(y) ds(y) +R1,ε +R2,ε,

where we have used the fact that γ ∂χε∂n = 0 on ΓN \ ωε and rε + u0χε = 0 on ΓD ∪ ωε to pass from the first

line to the second one. Now using the estimates (4.4.11), we see that the sequence 1
cap(ωε)

χεγ
∂χε
∂n is bounded

in L1(∂Ω). Hence, up to a subsequence (still indexed by ε), there exists a Radon measure µ on ∂Ω such that

1

cap(ωε)
χεγ

∂χε
∂n

ε→0−−−→ µ weakly * in M(∂Ω),

see Theorem 2.A.11. This measure is easily seen to enjoy the properties in the statement of the theorem.
Combining these results, we are eventually in position to pass to the limit in the representation formula

(4.4.10) for the value rε(x) at some given point x ∈ Ω, which yields the desired result. �
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Remark 4.4.3 The first non trivial term in (4.4.7) is the superposition of the potentials u0(y)γ(y)N(x, y)
created at x by point sources (monopoles) which are distributed on the “limiting location” of the vanishing
subsets ωε. The negative sign in front of this term indicates that these point sources have been replaced by
a “ground” (homogeneous Dirichlet boundary condition) when passing from the background situation to the
perturbed one.

4.4.1.2. Replacement of a homogeneous Dirichlet boundary condition with a homogeneous Neumann condition

Let us now consider the situation where ωε is a subset of the region ΓD and the homogeneous Dirichlet
boundary condition featured in (4.4.1) is replaced by a homogeneous Neumann condition on ωε; the perturbed
potential uε is now the solution to (4.4.4). The relevant quantity measuring the “smallness” of ωε in this
situation is new to the best of our knowledge, and it deserves the name of “Neumann capacity”:

Definition 4.4.4 The Neumann capacity e(ω) of an arbitrary finite collection of disjoint Lipschitz hyper-
surfaces ω ⊂ Rd is defined by:

(4.4.12) e(ω) = max
κ∈C∞c (Rd\ω),

κ(x)=±1 for x∈ω

{∫

Rd
(z2 + |∇z|2) dx, z ∈ H1(Rd \ ω) s.t.

{
−∆z + z = 0 in Rd \ ω,

∂z
∂n = κ on ω

}
.

The general structure of uε as e(ωε)→ 0 is given by the following result, whose proof is fairly similar to
that of Theorem 4.4.2.

Theorem 4.4.5 Let ωε be a sequence of non-empty, open Lipschitz subsets of ∂Ω, which are all contained
in ΓD and are well-separated from ΓN , in the sense that (4.4.5) holds; let uε denote the solution to (4.4.4).
Assume that the quantity e(ωε), defined by (4.4.12), tends to 0 as ε → 0. Then there exists a subsequence,
still indexed by ε, and a non-trivial, non negative Radon measure µ on ∂Ω, whose support is included in
any compact subset K ⊂ ∂Ω containing the ωε for ε > 0 small enough, such that the following asymptotic
expansion holds at any fixed point x ∈ Ω:

uε(x) = u0(x) + e(ωε)

∫

∂Ω

γ(y)
∂u0

∂n
(y)

∂N

∂ny
(x, y) dµ(y) + o(e(ωε)).

The term o(e(ωε)) goes to zero faster than e(ωε) uniformly (in x) on compact subsets of Ω.

4.4.2. Replacement of boundary conditions on a vanishing surface ball

This section focuses on a particular case regarding the geometry of the set ωε: the latter is supposed to be
a surfacic ball on ∂Ω with radius ε centered at some point x0 in the Neumann region ΓN :

ωε = {x ∈ ∂Ω, |x− x0| < ε} .
The representation formula of Theorem 4.4.2 for the perturbed potential uε by the replacement of the
Neumann condition on ωε by a homogeneous Dirichlet condition can then be made explicit in this case, as
asserted by the following result, where we set x0 = 0 for simplicity.

Theorem 4.4.6 Assume that x0 = 0 belongs to the region ΓN ⊂ ∂Ω; then the following asymptotic expansion
for the solution uε to (4.4.3) holds at any point x ∈ Ω, x /∈ Σ ∪ {0}:

If d = 2, uε(x) = u0(x)− π
| log ε|γ(0)u0(0)N(x, 0) + o

(
1

| log ε|

)
,

If d = 3, uε(x) = u0(x)− 4εγ(0)u0(0)N(x, 0) + o(ε).

Sketch of proof. We provide a formal outline of the proof in the case d = 3, under the simplifying assumption
that ∂Ω is completely flat around x = 0 and that the conductivity γ inside Ω is constant. In this situation,
ωε is the flat disk Dε =

{
x = (x1, x2, 0) ∈ R3, |x| < ε

}
.

Let rε := uε − u0 be the error between the perturbed and background potentials; the proof follows the
three-step trail of that of Theorem 4.1.14.

Step 1: We express rε(x) at some point x ∈ Ω \ (Σ ∪ {0}) in terms of the values of rε inside ωε.
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For any point x ∈ Ω \ (Σ ∪ {0}), the definition (4.4.2) of the Green’s function N(x, y) and the Green’s
formula yield:

rε(x) = −
∫

Ω

divy(γ(y)∇yN(x, y))rε(y) dy

= −
∫

∂Ω

γ(y)
∂N

∂ny
(x, y)rε(y) ds(y) +

∫

Ω

γ(y)∇yN(x, y) · ∇rε(y) dy

= −
∫

∂Ω

γ(y)
∂N

∂ny
(x, y)rε(y) ds(y) +

∫

∂Ω

N(x, y)γ(y)
∂rε
∂n

(y) ds(y),

where we have used the equation (4.4.8) satisfied by rε to obtain the last line. Using now the boundary
conditions satisfied by both functions rε and y 7→ N(x, y), the integrals in the above right-hand side reduce
to:

rε(x) =

∫

ωε

N(x, y)γ(y)
∂rε
∂n

(y) ds(y).

Changing variables, we transport the above integral to the unit flat disk D1 :=
{
x = (x1, x2, 0) ∈ R3, |x| < 1

}
:

(4.4.13) rε(x) =

∫

D1

N(x, εz)ϕε(z) ds(z), where ϕε(z) := εd−1

(
γ
∂rε
∂n

)
(εz) ∈ H̃−1/2(D1).

Obviously, passing to the limit in the above formula requires some knowledge about the behavior of ϕε as
ε→ 0.

Step 2: We glean information about ϕε.
An intuitive way to achieve this is to let x approach ωε in (4.4.13): in the left-hand side of this formula,

rε(x) then tends to −u0(x) (see (4.4.8)), while the right-hand side is continuous with respect to x, see
Section 4.1.3 about the jump relations of layer potential operators. Replacing the variable x ∈ ωε with εx,
x ∈ D1, (4.4.13) thus yields an integral equation for ϕε, which unfortunately features the non explicit kernel
N(εx, εz).

To circumvent this difficulty, we repeat the procedure of the first step by replacing N(x, y) with the
Green’s function L(x, y) for the lower half-space H =

{
x = (x1, x2, x3) ∈ R3, x3 < 0

}
, with homogeneous

Neumann boundary conditions on ∂H, see Remark 4.1.5. This function has an explicit expression in terms
of x and y, see Remark 4.1.5, and it “has the same effect” as N(x, y) when x and y are “close points” on ωε.

More precisely, a calculation similar to that conducted in the previous step yields, for x ∈ Ω:

rε(x) =

∫

ωε

L(x, y)γ(y)
∂rε
∂n

(y) ds(y) +Krε(x),

where Krε involves integrals of rε and its derivatives supported outside a fixed neighborhood of the point 0.
Now letting x tend to ωε, which is possible because of the jump relations of single layer potentials (again,
see Section 4.1.3), we obtain

∀x ∈ ωε, rε(x) = −u0(x) =

∫

ωε

L(x, y)γ(y)
∂rε
∂n

(y) ds(y) +Krε(x),

and so, after rescaling

∀x ∈ D1, −u0(0) ≈
∫

D1

L(εx, εz)ϕε(z) ds(z),

where ϕε ∈ H̃−1/2(D1) is defined by (4.4.13) and the remainder Krε(εx) tends to 0 faster than the integral
in the above right-hand side, as it only involves values of rε which are “far” from ωε.

Using the explicit form of the kernel L(εx, εz), this rewrites as an integral equation

2

εγ
S1ϕε(x) = −u0(0),

where the operator S1 : H̃−1/2(D1)→ H1/2(D1) is defined by

S1ϕ(x) =
1

4π

∫

D1

1

|x− y|ϕ(y) ds(y).
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Using known results about this operator, and notably the explicit expression of a solution to this equation,
see [135, 311], we eventually obtain that:

(4.4.14)

∫

D1

ϕε(z) ds(z) ≈ −4εγu0(0),

which is the desired information in the perspective of the next step.

Step 3: We pass to the limit in the representation formula (4.4.13).
Using the Lebesgue dominated convergence theorem and the relation (4.4.14) obtained during the second

step, we obtain:

rε(x) ≈ N(x, 0)

∫

D1

ϕε(z) ds(z) ≈ −4εγu0(0)N(x, 0),

which is the expected result. �

Theorem 4.4.6 and its proof can be adapted to the mirror situation where 0 (and the subsets ωε) belongs
to the region ΓD where a homogeneous Dirichlet boundary condition is imposed in the background situation
(4.4.1), which is replaced by a homogeneous Neumann condition in the perturbed situation.

Theorem 4.4.7 Assume that x0 = 0 ∈ ΓN ; then the following asymptotic expansion for the solution uε to
(4.4.4) holds at any point x ∈ Ω, x /∈ Σ ∪ {0}:

uε(x) = u0(x) + adε
dγ(0)

∂u0

∂n
(0)

∂N

∂ny
(x, 0) + o(εd) ,

where the constant ad is given by

ad =

{
π
2 if d = 2,
4
3 if d = 3.

Remark 4.4.8 The asymptotic formulas of Theorems 4.4.6 and 4.4.7 make it possible to calculate the
expansion of a quantity of interest J(ε) involving the perturbed potential uε, of the form:

J(ε) =

∫

Ω

j(uε) dx,

where j : R→ R is a “smooth enough” function, see Proposition 4.1.15 about this point.

4.5 Uniform estimates in the presence of thin inhomogeneities

The advent of metamaterials, i.e. artificial materials exhibiting properties which are not common in nature
(such as a negative index refraction in optics, a negative thermal expansion in thermo-mechanics, etc.), has
spurred the analysis of partial differential equations with degenerate material properties, see [221] for a brief
introduction, and [171, 347] for more in-depth presentations of this topic. For instance, the celebrated work
[205] proposes a construction of a dielectric material with negative permittivity by homogenization of a set of
parallel fibers filled with a material whose conductivity tends to ∞. In a similar spirit, the theory of passive
cloaking predicts how to make an object (nearly) invisible to boundary measurements by surrounding it with
an anisotropic, nearly degenerate material [132, 263, 297].

Inspired by these results, and returning to the model setting of the conductivity equation of Section 1.2.1,
one may wonder about the behavior of the voltage potential when the conductivity of the medium is altered
within a “small” subset, made of a nearly degenerate material. In this line of thinking, the article [283] has
studied the perturbation of a smooth “background” medium by a diametrically small inhomogeneity ωε (of
the form (4.1.17)) filled with a material whose positive and bounded conductivity aε is allowed to degenerate
to 0 or ∞ as ε → 0. It is shown that the perturbed potential uε tends to its background counterpart
u0 regardless of the behavior of aε. Moreover, the first-order expansion derived in Section 4.1.5, under the
assumption that aε stays bounded away from 0 and∞, essentially remains valid in this more general context,
in a way which is uniform with respect to aε.

The present section is based on the article [A29], where we address this question in the case of a thin
inhomogeneity ωS,ε, with width ε around a closed surface S, see (4.1.18). The same conclusion as in the
case of diametrically small inclusions cannot possibly hold in this context: intuitively, for a fixed value of the
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width parameter ε, the inclusion ωS,ε becomes insulating (resp. superconducting) upon taking the formal
limit aε → 0 (resp. aε →∞); then, as ε→ 0, we expect that the potential uε should feel a “crack” equipped
with insulating (or superconducting) boundary conditions. In particular, uε cannot converge to u0 uniformly
with respect to aε, and it is natural to wonder whether there is a “simple”, explicit replacement of uε, which
is a “good” approximation of uε, in a uniform way with respect to aε.

Let us formulate this question more rigorously. The background situation is described by the following
conductivity equation for the voltage potential u0 ∈ H1

0 (Ω):

(4.5.1)

{
−div(γ0∇u0) = f in Ω,

u0 = 0 on ∂Ω,

where the background conductivity γ0 and the source f are smooth functions on Ω.
Let O b Ω be a smooth subdomain, with boundary S = ∂O. We denote by O− := O and O+ := Ω \ O

the two regions of Ω delimited by the closed surface S and we define the thin inclusion set

ωS,ε :=
{
x ∈ Rd, d(x, S) < ε

}
.

Let us emphasize that in this study, the limiting surface S of ωS,ε is closed, which significantly simplifies the
analysis, see Remark 4.5.3 about the recent treatment of a particular instance of this problem where S is an
open surface.

Introducing a sequence aε of positive real numbers, the perturbed potential uε when the conductivity
inside ωS,ε is replaced by the constant aε is the unique solution in H1

0 (Ω) to the equation:

(4.5.2)

{
−div(γε∇uε) = f in Ω,

uε = 0 on ∂Ω,
where γε(x) :=

{
aε if x ∈ ωS,ε,

γ0(x) otherwise.

In this context, we look for a simple replacement of uε in the limit ε → 0 where the inclusion ωS,ε
vanishes, which is valid uniformly, that is, regardless of the values of aε. The main result is the following.

Theorem 4.5.1 Let K be a fixed compact subset of Ω \O, and let the source f have compact support inside
K. Then it holds:

(4.5.3) ||uε − u0
ε||L2(K) ≤ Cε||f ||L2(K),

where the constant C depends on K; the function u0
ε belongs to the space

VS :=
{
u ∈ H1(Ω \ S), u+, u− ∈ H1(S)

}

and it is the unique solution in the latter to the minimization problem:

(4.5.4) min
u∈VS

u=0 on ∂Ω

Ẽε(u), where Ẽε(u) :=
1

2

∫

Ω\S
γ0|∇u|2 dx+

aε
4ε

∫

S

(u+(p)− u−(p))2 ds(p)

+
εaε
3

∫

S

(∣∣∇Su+
∣∣2 +

∣∣∇Su−
∣∣2 +∇Su+ · ∇Su−

)
ds(p)−

∫

Ω

fu dx,

where we recall that ∇Su is the tangential gradient of u (see Section 1.A.1), and that u± denote the one-sided
traces of a function which is smooth enough on either side of S, see (4.1.12).

Equivalently, u0
ε is the unique solution in VS to the boundary value problem:




−div(γ0∇u0
ε) = f in Ω \ S

u0
ε = 0 on ∂Ω

γ0
∂u0+

ε

∂n = aε
2ε (u0+

ε − u0−
ε )− εaε

3

(
2∆Su

0+
ε + ∆Su

0−
ε

)
on S

γ0
∂u0−

ε

∂n = aε
2ε (u0+

ε − u0−
ε ) + εaε

3

(
2∆Su

0−
ε + ∆Su

0+
ε

)
on S,

where ∆S is the Laplace-Beltrami operator attached to the smooth hypersurface S, see Section 1.A.1.

Sketch of proof. We provide here an intuitive energy argument, which resembles that of the proof of
Theorem 4.1.14, considering the two-dimensional case for simplicity. This formal justification can be made
rigorous, up to a slightly more delicate analysis.
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The starting point of our analysis is the following variational problem for uε:

Search for uε ∈ H1
0 (Ω) s.t. ∀v ∈ H1

0 (Ω),

∫

Ω

γε∇uε · ∇v dx =

∫

Ω

fv dx,

which is equivalent to the following energy minimization problem:

min
v∈H1

0 (Ω)
Eε(v), where Eε(v) :=

1

2

∫

Ω

γε|∇v|2 dx−
∫

Ω

fv dx.

We reformulate this problem in terms of the restriction of the sought function inside and outside the vanishing
inclusion set ωS,ε: the couple (uε|Ω\ωS,ε , uε|ωS,ε) is the unique solution to:

(4.5.5) min

(
1

2

∫

Ω\ωS,ε
γ0|∇u|2 dx+

1

2
aε

∫

ωS,ε

|∇v|2 dx−
∫

Ω

fu dx

)
.

This minimization takes place on the subspace of H1(Ω \ ωS,ε)×H1(ωS,ε) defined by:
{

(u, v) ∈ H1(Ω \ ωS,ε)×H1(ωS,ε), u = 0 on ∂Ω, and ∀p ∈ S
{
u(p+ εn(p)) = v(p+ εn(p))
u(p− εn(p)) = v(p− εn(p))

}
.

In this formula, n : S → R2 is the unit normal vector to S, pointing outward O. We now use a change
of variables in the integral posed on ωS,ε in the two-scale energy featured in (4.5.5). To achieve this, we
leverage the material contained in Section 3.1 about the signed distance function dO to the domain O, and
the related projection pS onto S; we assume for simplicity that the skeleton Σ of O lies outside the rescaled
inclusion set ωS,1 and we define the smooth mapping:

mε : ωS,1 −→ ωS,ε
x 7−→ pS(x) + εn(pS(x)).

A change of variables reveals that the couple (uε|Ω\ωS,ε , uε|ωS,ε◦mε) is the unique solution to the minimization
problem

(4.5.6) min
(u,v)∈Vε
u=0 on ∂Ω

Fε(u, v), where Fε(u, v) =
1

2

∫

Ω\ωS,ε
γ0|∇u|2 dx+

ε

2
aε

∫

ωS,1

1 + κdO
1 + εκdO

(
∂v

∂τ

)2

dx

+
1

2ε
aε

∫

ωS,1

1 + εκdO
1 + κdO

(
∂v

∂n

)2

dx−
∫

Ω

fu dx,

where τ : S → Rd is the tangent vector to S (the 90◦ clockwise rotate of n). The space Vε is defined by:

Vε =

{
(u, v) ∈ H1(Ω \ ωS,ε)×H1(ωS,1), ∀p ∈ S

{
u(p+ εn(p)) = v(p+ n(p))
u(p− εn(p)) = v(p− n(p))

}
.

and we recall from Section 3.1 that the normal vector n : S → Rd can be extended from the surface S to the
whole open set ωS,1 via the formula n(x) ≡ n(pS(x)); similar extensions hold for the mean curvature κ, the
tangent vector τ , etc.

We approximate the function Fε(u, v) by the following two-scale energy obtained by retaining only
leading order terms in (4.5.6):

F̃ε(u, v) =
1

2

∫

Ω\S
γ0|∇u|2 dx+

ε

2
aε

∫

ωS,1

(1 + κdO)

(
∂v

∂τ

)2

dx+
1

2ε
aε

∫

ωS,1

1

1 + κdO

(
∂v

∂n

)2

dx−
∫

Ω

fu dx.

We also approximate the space Vε by that Ṽ defined by:

(4.5.7) Ṽ =

{
(u, v) ∈ H1(Ω \ S)×H1(ωS,1), ∀p ∈ S

{
u+(p) = v(p+ n(p))
u−(p) = v(p− n(p)).

}
.

Now, the approximate problem for the couple (uε|Ω\ωS,ε , uε|ωS,ε◦mε) obtained by retaining only leading order
terms from (4.5.6) rewrites:

min
(u,v)∈Ṽ
u=0 on ∂Ω

F̃ε(u, v).
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In turn, we obtain the problem:

(4.5.8) min
u∈VS

u=0 on ∂Ω


1

2

∫

Ω\σ
γ0|∇u|2 dx−

∫

Ω

fu dx+ min
v(p+n(p))=u+(p)

v(p−n(p))=u−(p)

G(v)


 ,

where G(v) =
ε

2
aε

∫

ωS,1

(1 + κdO)

(
∂v

∂τ

)2

dx+
aε
2ε

∫

ωS,1

1

1 + κdO

(
∂v

∂n

)2

dx.

On the other hand, let us recall the following consequence of the coarea formula of Proposition 3.1.8, which
allows to rewrite the integral of a function ϕ ∈ L1(ωS,1) as nested integrals over S and the interval (−1, 1):

(4.5.9)

∫

ωS,1

ϕ(x) dx =

∫

σ

∫ 1

−1

(1 + tκ(p))ϕ(p+ tn(p)) dt ds(p).

The inner minimization problem in (4.5.8) can be solved approximately, by following the intuition that the
second integral in the definition of G(v) should by minimized in priority, as its bears the stronger weight.
Writing down the Euler-Lagrange equation, an approximate minimizer v̂ for this problem should be such
that:

t 7→ v̂(p+ tn(p)) is affine.

Using the transmission conditions encoded in the definition (4.5.7) of the space Ṽ , we obtain that:

v̂(p+ tn(p)) ≈ t

2
(u+(p)− u−(p)) +

1

2
(u+(p) + u−(p)).

Now injecting this expression in the definition of G(v) and using (4.5.9), we obtain, after some calculation:

min
v(p+n(p)=u+(p)

v(p−n(p))=u−(p)

G(v) ≈ G(v̂)

=
εaε
3

∫

σ

((
∂u+

∂τ

)2

+

(
∂u−

∂τ

)2

+
∂u+

∂τ

∂u−

∂τ

)
ds(p) +

aε
4ε

∫

σ

(u+(p)− u−(p))2 ds(p).

Injecting this expression into (4.5.8), we obtain that the limiting behavior for u is given by the minimization
problem (4.5.4), as desired. �

This theorem is complemented with the following result which identifies the limit of the approximate
function u0

ε in (4.5.4) – and thus that of the perturbed potential uε – when the behavior of the conductivity
aε is known.

Lemma 4.5.2 Let aε be any sequence of positive real numbers, and let u0
ε ∈ VS be the unique solution to

the minimization problem (4.5.4). Let the source f have compact support inside some compact subset K of
Ω \ O, and suppose that both sequences εaε and aε

ε have a (possibly null or infinite) limit as ε → 0. The

following five cases describe the associated limiting behaviour of u0
ε:

Case 1: εaε → ∞ (thus aε
ε → ∞). The limit of u0

ε is u∞∞ ∈ H1
c,S(Ω) :=

{
u ∈ H1(Ω), u = cst on S

}
, the

unique solution to the minimization problem

min
u∈H1

c,S
(Ω)

u=0 on ∂Ω

E∞∞(u), E∞∞(u) :=
1

2

∫

Ω

γ0|∇u|2 dx−
∫

Ω

fu dx ,

and there exists a constant C independent of ε and aε such that

||u0
ε − u∞∞||L2(Ω)≤

C

εaε
||f ||L2(Ω).

Case 2: εaε → a0 for a certain real value 0 < a0 <∞ (thus aε
ε →∞). The limit of u0

ε is u∞a0
∈ H1(Ω)∩VS ={

u ∈ H1(Ω), u|S∈ H1(S)
}

, the unique solution to the minimization problem

min
u∈H1(Ω)∩VS
u=0 on ∂Ω

E∞a0
(u), E∞a0

(u) :=
1

2

∫

Ω

γ0|∇u|2 dx+ a0

∫

S

|∇Su|2 ds−
∫

Ω

fu dx ,
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and there exists a constant C independent of ε and aε such that

||u0
ε − u∞a0

||L2(Ω)≤ C
(∣∣∣∣
εaε
a0
− 1

∣∣∣∣+

∣∣∣∣
a0

εaε
− 1

∣∣∣∣+
ε

aε

)
||f ||L2(Ω).

Case 3: εaε → 0 and aε
ε → ∞. The limit of u0

ε is the background potential u∞0 = u0 ∈ H1(Ω), the unique
solution to the minimization problem

min
u∈H1(Ω)
u=0 on ∂Ω

E∞0 (u), E∞0 (u) :=
1

2

∫

Ω

γ0|∇u|2 dx−
∫

Ω

fu dx ,

and there exists a constant C independent of ε and aε such that

||u0
ε − u∞0 ||L2(Ω)≤ C

(
εaε +

ε

aε

)
||f ||L2(Ω).

Case 4: aε
ε → b0 for a certain real value 0 < b0 < ∞ (thus εaε → 0). The limit of u0

ε is ub00 ∈ H1(Ω \ S),
the unique solution to the minimization problem

min
u∈H1(Ω\S)
u=0 on ∂Ω

Eb00 (u), Eb00 (u) :=
1

2

∫

Ω\S
γ0|∇u|2 dx+

b0
4

∫

σ

(u+ − u−)2 ds−
∫

Ω

fu dx ,

and there exists a constant C independent of ε and aε such that

||u0
ε − ub00 ||L2(O+)+||u0

ε − ub00 ||L2
0(O−)≤ C

(
εaε +

∣∣∣∣
aε
εb0
− 1

∣∣∣∣+

∣∣∣∣
εb0
aε
− 1

∣∣∣∣
)
||f ||L2(Ω),

where we have introduced the notation

||u||L2
0(O−)=

∣∣∣∣
∣∣∣∣u−

1

|O−|

∫

O−
u dx

∣∣∣∣
∣∣∣∣
L2(O−)

.

Case 5: aε
ε → 0 (thus εaε → 0). The limit of u0

ε is u0
0 ∈ H1(Ω \ S), a solution to the minimization problem

min
u∈H1(Ω\S)
u=0 on ∂Ω

E0
0(u), E0

0(u) :=
1

2

∫

Ω\S
γ0|∇u|2 dx−

∫

Ω

fu dx .

This solution is unique up to an additive constant on O−. There exists a constant C independent
of ε and aε such that

||u0
ε − u0

0||L2(O+)+||u0
ε − u0

0||L2
0(O−)≤ C

(
εaε +

aε
ε

)
||f ||L2(Ω).

Remark 4.5.3

• By the elliptic regularity theory, the estimate (4.5.3) holds in higher-order Sobolev norms if f is
more regular, see Section 1.A.6.
• The procedure used in the proof of Theorem 4.5.1 can be iterated to provide a higher-order uniform

expansion of uε, at the expanse of much more tedious calculations.
• The work presented in this section was extended in the later articles [115, 116], where the asymptotic

expansion of the voltage potential is conducted in the case of an open curve S in 2d. The analysis
is significantly more technical than that reported in this section.

4.6 The topological ligament

As we have seen repeatedly in the course of this manuscript, two different types of sensitivity of a function
J(Ω) with respect to the domain Ω are commonly used, and sometimes combined, in the implementation of
shape and topology optimization algorithms:

• The shape derivative J ′(Ω)(θ) of J(Ω) is based on variations of Ω of the form

Ωθ := (Id + θ)(Ω), where θ is a “small’ vector field in W 1,∞(Rd,Rd).

It appraises the sensitivity of J(Ω) when Ω is perturbed by a diffeomorphism close to the identity,
see Section 1.3.3 and Fig. 4.6.1 (b) for an illustration.
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Figure 4.6.1. Different types of “small” perturbations for the shape depicted on (a): (b)
Boundary perturbation in the framework of Hadamard’s method; (c) Nucleation of a tiny
hole near x0 ∈ Ω; (d) Graft of a thin ligament around a base curve σ.

• The topological derivative dJT (Ω)(x) of J(Ω) is based on variations of Ω of the form

Ωx,r := Ω \B(x, r), where x ∈ Ω, and r � 1.

It evaluates the change in the value of J(Ω) entailed by the nucleation of an infinitesimally small
hole centered at x ∈ Ω, see Section 1.3.4 and Fig. 4.6.1 (c).

Besides these prevalent notions, one third and perhaps more exotic type of sensitivity for J(Ω) was introduced
in the theory-oriented articles [279, 280, 281]. The latter features perturbed versions Ωσ,ε of a shape Ω by
the graft of a thin ligament with base curve σ and thickness ε� 1, that is:

(4.6.1) Ωσ,ε := Ω ∪ ωσ,ε, where ωσ,ε :=
{
x ∈ Rd, d(x, σ) < ε

}
,

see Fig. 4.6.1 (d).
This practice results in expansions of the shape functional J(Ω) of the form

(4.6.2) J(Ωσ,ε) = J(Ω) + εd−1dJL(Ω)(σ) + o(εd−1),

where the decay rate εd−1 is proportional to the measure of the vanishing set ωσ,ε and the sign of the
“topological ligament derivative” dJL(Ω)(σ) indicates whether it is beneficial to add a thin tube ωσ,ε to Ω
with respect to J(Ω).

Unfortunately, the rigorous calculations of asymptotic expansions of the form (4.6.2) conducted in [280,
279, 281] are very technical and difficult to extend beyond the physical context of the conductivity equation.
Furthermore, by the authors’ own admission, the practical use of the resulting formulas seems awkward.

This section is based on the work [A9], announced in the short note [A10], where an alternative strategy
is proposed to add a ligament to a shape in an optimized way. The proposed method is formal, but it requires
relatively few technical subtleties, and it can be used in a wide variety of physical situations, including that
of mechanical structures, as described by the linear elasticity system. It leverages a formal connection with
the topic of “small” inhomogeneities in asymptotic analysis, that we have broached in Section 4.1.4.
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We present the theoretical fundations of this method in the first Section 4.6.1, before providing in
Section 4.6.2 three application examples and numerical illustrations of this idea in the context of mechanical
structures. Interestingly, this problem of adding bars to a shape in an optimized fashion has since then
fostered several contributions, based on different strategies, see [216, 287].

4.6.1. Approximate ligament derivatives based on thin tubular inhomogeneities

In order to present our formal strategy for approximating topological ligament expansions of the form
(4.6.2), we slip into the model context of the conductivity equation, where arguments can be exposed with a
minimum amount of technicality. Let us emphasize, however, that these developments could be conducted
in the context of the linear elasticity system, up to an increased level of technicality.

4.6.1.1. From the graft of a thin ligament to a problem of thin tubular inhomogeneities

Let Ω be a shape in Rd (d = 2, 3 in practice) accounting for a medium filled with a material whose smooth
conductivity γ ∈ C∞(Ω) is bounded away from 0 and ∞, see (Ell-Cond). The potential uΩ inside Ω is set
to 0 on a region ΓD ⊂ ∂Ω, and a heat flux g is imposed on a disjoint subset ΓN of ∂Ω; the remaining region
Γ := ∂Ω \ (ΓD ∪ ΓN ) is free of flux, and a source f ∈ C∞(Ω) is acting inside the medium. The potential uΩ

in this situation is the unique solution to the equation

(4.6.3)





−div(γ∇uΩ) = f in Ω,
uΩ = 0 on ΓD,

γ ∂uΩ

∂n = g on ΓN ,

γ ∂uΩ

∂n = 0 on Γ.

Let us also introduce a quantity of interest depending on Ω via uΩ, say

(4.6.4) J(Ω) =

∫

Ω

j(uΩ) dx,

where j : R→ R is a smooth function, satisfying adequate growth conditions, see (Growth-j).
Our first step is to approximate this state equation by a counterpart posed inside a larger, fixed com-

putational domain D, made of a material with conductivity γ0, whose boundary is assumed to contain ΓD
and ΓN for simplicity:

(4.6.5)





−div(γ0∇u0) = f in D,
u0 = 0 on ΓD,

γ0
∂u0

∂n = g on ΓN ,

γ0
∂u0

∂n = 0 on ∂D \ (ΓD ∪ ΓN ).

We have denoted the solution to this problem u0 ∈ H1
ΓD

(D) as a reference to the asymptotic analysis
framework discussed in Section 4.1.4. Roughly speaking, the problem (4.6.5) is a generalization of (4.6.3) in
the sense that when γ0 is defined as (a smoothed version of) the function

∀x ∈ D, γ0(x) =

{
γ if x ∈ Ω,
ηγ otherwise,

for a small “ersatz” parameter η � 1,

the ersatz material method described in Section 1.2.1.3 ensures that u0 is a close approximation of uΩ.
We next consider the following perturbed version of (4.6.5):

(4.6.6)





−div(γε∇uε) = f in D,
uε = 0 on ΓD,

γε
∂uε
∂n = g on ΓN ,

γε
∂uε
∂n = 0 on Γ,

where γε(x) =

{
γ1(x) if x ∈ ωσ,ε,
γ0(x) otherwise.

Intuitively, if (4.6.5) is an ersatz material approximation of (4.6.3), then (4.6.5) is an approximation of
the version of (4.6.3) where a thin tube around σ is grafted to Ω, see Fig. 4.6.2 for an illustration of this
approximation.

Let us finally consider the following approximation of J(Ωσ,ε):

(4.6.7) Jσ(ε) :=

∫

D

j(uε) dx,
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Figure 4.6.2. (a) Graft of a ligament with base curve σ to a shape Ω; (b) Corresponding
thin tubular inclusion inside an approximating background medium occupying the hold-all
domain D.

up to trading the function j in (4.6.4) for another smooth function which depends also on the spatial variable
x – a technicality which is omitted for notational simplicity. We then formally replace the sought asymptotic
expansion (4.6.2) of J(Ωσ,ε) as the thickness ε of the grafted ligament vanishes by that of the approximate
function Jσ(ε).

From the mathematical viewpoint, the study of this last problem falls into the framework of thin tubular
inhomogeneities presented in Section 4.1.4, and we expect to obtain an expansion of the form

(4.6.8) Jσ(ε) = Jσ(0) + εd−1J ′σ(0) + o(εd−1),

where the sign and amplitude of the first non trivial term J ′σ(0) indicate how beneficial it is to add a thin
ligament ωσ,ε to the shape.

Remark 4.6.1 The approximate framework (4.6.5) to (4.6.8) for the “true” topological ligament problem
(4.6.1) and (4.6.2) can easily approximate the situation where the grafted ligament ωσ,ε in (4.6.1) contains a
material with different properties than those of Ω, see Section 4.6.2.2 for an application.

4.6.1.2. From the graft of a thin ligament to a problem of thin tubular inhomogeneities

The perturbed version (4.6.6) of the approximate background equation (4.6.5) can be analyzed by techniques
pertaining to the field of asymptotic analysis, in the spirit of those recalled in Sections 4.1.4 and 4.1.5.

In the two-dimensional instance of the physical situation described in Section 4.6.1.1, the result of interest
is the following.

Theorem 4.6.2 The following expansion holds at any point x ∈ D \ σ:

(4.6.9) uε(x) = u0(x) + εu1(x) + o(ε), where u1(x) :=

∫

σ

M(y)∇u0(y) · ∇yN(x, y) d`(y),

and the remainder o(ε) is uniform when x belongs to a fixed compact subset of D \ σ. Here, N(x, y) is the
Green’s function of the background operator (4.6.3) (see Section 4.1.1 about this notion), and for any point
y ∈ σ, the polarization tensorM(y) is a symmetric 2×2 matrix. Its expression reads, in the local orthonormal
frame (τ(y), n(y)) of R2 made of a unit tangent vector τ(y) to σ at y and its 90◦ counterclockwise rotate
n(y):

(4.6.10) M(y) =

(
2(γ1(y)− γ0(y)) 0

0 2γ0(y)
(

1− γ0(y)
γ1(y)

)
)
.

The rigorous proof of this result was achieved in [76] by using variational methods, and in [214] thanks to
layer potential techniques. The asymptotic formula (4.6.9) can alternatively be obtained by a formal energy
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argument, which resembles much that introduced in Section 4.1.5, and exemplified in Sections 4.3 to 4.5. As
the implementation of the latter is fairly similar to that presented in there, we omit the details for brevity.

Asymptotic expansions of the solution to a boundary value problem when the material properties are
altered within a thin inhomogeneity (in 2d) or a thin tubular inhomogeneity (in 3d) ωσ,ε of the form (4.6.1)
have been considered in multiple physical situations beyond the model one reported in this section:

• In 2d linear elasticity, the (tedious) counterpart to Theorem 4.6.2 was proved in [75].
• In the case of the 3d conductivity equation, such an asymptotic expansion was proved in [74] in

the case where the base curve σ is straight, and recently, in the general case in [108].
• A similar analysis has been conducted in this context of the 3d Maxwell’s equations in [108].

Interestingly, the above mentioned formal energy argument can be worked to treat all these situations, as
well as some other situations where rigorous derivations are, to the best of our knowledge, unknown from
the literature, and notably the crucial case of 3d elasticity.

Results like Theorem 4.6.2 make it possible to calculate an approximate topological ligament expansion,
thanks to a calculation similar to that presented in Proposition 4.1.15.

Corollary 4.6.3 The approximate ligament derivative reads:

J ′σ(0) =

∫

σ

M(y)∇u0(y) · ∇p0(y) ds(y),

where the adjoint state p0 is defined as the unique solution in H1
ΓD

(D) to the boundary value problem:




−div(γ0∇p0) = −j′(u0) in D,

p0 = 0 on ΓD,

γ0
∂p0

∂n = 0 on ΓN ∪ Γ.

4.6.2. Three applications of topological ligaments in structural mechanics

This section exemplifies three practical usages of the proposed approach for topological ligament derivatives.
The physical context of interest is that of mechanical structures, described by the linear elasticity system

(Elas), see the presentation in Section 1.2.3 whose notations are reused in this section. Let Ω be a shape,
contained in a fixed computational domain D ⊂ Rd, d = 2, 3. The optimized graft of a straight bar with base
curve σ to Ω with respect to a performance criterion J(Ω) of the form (4.6.4) proceeds along the following
trail:

(1) Convert the physical boundary value problem (Elas) posed in Ω into a two-phase elasticity problem
posed in D thanks to the ersatz material method, see (4.6.3) and (4.6.5).

(2) Calculate the ersatz material approximations u0, p0 of the elastic displacement uΩ and adjoint state
pΩ, see (4.6.5).

(3) For “many” line segments σ ⊂ D, calculate the “derivative”

J ′σ(0) =

∫

σ

M(y)e(u0)(y) : e(p0)(y) d`(y),

supplied by Corollary 4.6.3 as an approximate measure of the sensitivity of J(Ω) to the addition of a
thin bar with direction σ to Ω. Note that these computations are inexpensive, as the quantity J ′σ(0)
features the integration over σ of a pre-computed integrand, so that it is reasonable to perform this
task for many configurations of σ.

(4) The curve σ with the largest negative value of J ′σ(0) yields the “optimal” bar to be added to Ω.

This strategy is applied in section Section 4.6.2.1 to enrich the topology of an elastic shape in the course
of the shape optimization process. In Section 4.6.2.2, we apply it to the design of an optimized scaffold
structure for a shape to be produced by additive manufacturing. Finally, in Section 4.6.2.3, we leverage this
idea to provide a “clever” initial design for the optimization of a truss-like shape.
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4.6.2.1. Optimal graft of a ligament to a shape with poor topology

This first application of the above procedure is the original motivation for this investigation: in the course
of a “classical” shape and topology optimization process based on the shape derivatives of the functionals at
play, such as those presented in Sections 1.4.6.2 and 1.4.7, it may accidentally happen that the topology of the
shape becomes prematurely poor, for instance because the algorithm tries to satisfy the volume constraint
“too fast”. It is then desirable to reintroduce bars into the structure in an optimized way.

To illustrate this idea, let us consider the example of the shape and topology optimization of a 3d bridge.
As presented on Fig. 4.6.4, the shapes are contained inside a domain D with dimensions 4 × 1 × 1. They
are clamped on the reunion ΓD of four disjoint regions located on the side and bottom parts of ∂D, while
a unit vertical load g = (0, 0,−1) is distributed on their upper side ΓN . Starting from the initial design of
Fig. 4.6.3 (top, left), we solve the compliance minimization problem

(4.6.11) min
Ω

C(Ω) s.t. Vol(Ω) = VT , where C(Ω) :=

∫

Ω

Ae(uΩ) : e(uΩ) dx,

and the value VT = 0.12 is used for the volume constraint; the results are depicted on Fig. 4.6.3.
To this end, we first rely on the combination of the level set based mesh evolution method of Section 1.4.7

with the null space optimization algorithm described in Section 3.2. An awkward choice of the optimization
parameters provokes a rapid satisfaction of the volume constraint, so that the shape accidentally gets dis-
connected from two of the four clamping regions composing ΓD. The resulting optimized shape in this case
has a poor structural performance, see Fig. 4.6.3 for several snapshots of the process.

a b

c d

Figure 4.6.3. Iterations (a) 0, (b) 40, (c) 100 and (d) 200 in the 3d bridge test case of
Section 4.6.2.1 solved by using the level set based mesh evolution method of Section 1.4.7.
Due to an unfortunate choice of the parameters of the optimization algorithm, the shape gets
disconnected from the clamping regions on the lower side of ∂D.

In a second time, we repeat this experiment, up to the use of our topological ligament approach: we
occasionally interrupt the main procedure in Algorithm 1 to try and add a bar to Ω which connects either
two points of ∂Ω, or one point of ∂Ω and one point on ΓD. As evidenced by Fig. 4.6.4, this strategy manages
to detect that it is beneficial to insert bars between the shape and the isolated components of the clamping
region ΓD; the optimized shape in this case has a much lower compliance value than in the previous situation.
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Figure 4.6.4. Iterations (a) 0, (b) 40, (c) 41, (d) 51, (e) 61, (f) 71, (g) 81, (h) 100, (i)
150 and (j) 200 in the 3d bridge test case of Section 4.6.2.1 with occasional insertion of a
bar in an optimized way.

4.6.2.2. Optimization of the supporting pillar structure for additive manufacturing

We now apply our methodology to devise an optimized scaffold structure for a shape in the perspective of
its construction by additive manufacturing.
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As we have seen indeed in Section 3.5.1, one means to cope with the presence of overhangs in a shape Ω
during its construction by an additive process consists in the simultaneous erection of a sacrificial scaffold
structure S anchoring its overhang regions to the ground. Understandably enough, the relevance of this
strategy requires that the scaffold structure S be itself free of overhangs.

In order to design a suitable scaffold structure S for a given shape Ω contained in a fixed computational
domain D ⊂ Rd, let us use the simplified physical model introduced in [18] for the total structure Ω∪S during
the fabrication process – note that a more involved variation of the layer-by-layer model of Section 3.5.3 could
alternatively by considered. The structure Ω ∪ S is clamped on the bottom part Γ0 of D and is submitted
to gravity loads, represented by a body force f : Rd → Rd. The displacement uS of Ω ∪ S in this situation
is the solution to the boundary value problem:




−divASe(uS) = ρf in Ω ∪ S,

uS = 0 on Γ0,
Ae(uS)n = 0 on ∂(Ω ∪ S) \ Γ0,

where AS(x) :=

{
A if x ∈ Ω,
ηSA if x ∈ S.

Here ρ is the density of material, which equals 1 inside the structure Ω, and 0 inside the supports for
simplicity. The parameter ηS characterizing the elastic behavior of the material in S is ηS = 0.4.

A suitable scaffold structure S for Ω is obtained by solving the following shape optimization problem:

(4.6.12) min
S⊂D

Vol(S) s.t. C(S) ≤ CT ,

where the compliance of the total structure Ω ∪ S during its manufacturing, defined by

C(S) :=

∫

Ω∪S
ASe(uS) : e(uS) dx =

∫

Ω∪S
f · uS dx

is required not to exceed the user-defined threshold CT .
To address this problem, we leverage our topological ligament approach and proceed in two steps:

(1) In a first stage, we start from a void scaffold structure and repeatedly use our topological liga-
ment methodology to insert vertical bars in an optimized fashion in view of (4.6.12); this yields a
temporary scaffold structure Stemp made of a collection of straight vertical pillars.

(2) In a second stage, we solve (4.6.12) with the level set based mesh evolution method of Section 1.4.7
to optimize further the design of S, starting from Stemp, expecting that the vertical features of
Stemp lead to a “close enough” optimized design which is free of overhangs.

To illustrate this idea, we consider a 2d example where the fixed shape Ω is the MBB Beam of Fig. 4.6.5
(a). Obviously, Ω presents large overhangs, and we solve Problem (4.6.12) so as to calculate a suitable
support structure S, which eases its construction by additive manufacturing.

The optimized scaffold structures resulting from both stages are represented on Fig. 4.6.5. Interestingly,
the final design resembles much the intermediate design Stemp resulting from the first, bar insertion stage.

4.6.2.3. An efficient initial guess in the design of truss structures

One third, natural application of our approach to topological ligaments is a “clever” initialization methodol-
ogy for the optimal design of truss-like shapes, that are collections of bars. In the literature, the optimization
of this type of structures is usually based on the so-called “ground structure” method [163]. In a nutshell,
the initial structure is made of a very large amount of bars, connecting all the nodes of a user-defined set.
The thickness of each bar is optimized with respect to a given mechanical performance criterion, a vanishing
thickness indicating that it should be removed from the structure. One obvious drawback of this optimal
control formulation is that it typically features a very large number of variables, of the order of the squared
number of points within the given node set.

Taking advantage of our topological ligament methodology, we propose on the contrary to initialize the
design of a truss with an empty structure, and to incrementally add bars to the latter in an optimized
fashion. Depending on whether the optimized structure is expected to be exactly a set of bars, or rather a
continuous structure “resembling” a truss, the resulting design from this first stage may then be optimized
further by using a more “classical” boundary variation algorithm, such as the level set based mesh evolution
method of Section 1.4.7.
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a

b

c

Figure 4.6.5. (a) Shape Ω of an MBB Beam to be produced by additive manufacturing; (b)
optimized collection of pillars Stemp resulting from the first stage of the scaffold optimization
procedure of Section 4.6.2.2 (in red); (c) optimized support structure S resulting from the
second stage of this methodology.

Let us illustrate this idea with the example of a two-dimensional crane, as depicted on Fig. 4.6.6 (a).
The considered shapes Ω are enclosed in a box with size 5× 4; two vertical loads g = (0,−1) are applied on
the front and rear parts ΓN of the crane, mimicking the weight of the lifted object and the counterweight,
respectively. We consider the optimization problem

min
Ω

Vol(Ω) s.t. C(Ω) ≤ CT ,

where, again, C(Ω) is the compliance of Ω (see (4.6.11)) and the value CT = 120 is used for the imposed
threshold on the compliance of shapes.

We apply the proposed methodology to the resolution of this problem; several iterates of the optimization
process are depicted on Fig. 4.6.6. Interestingly, the optimized shape resembles very much a truss and its
outline is very reminiscent of the intermediate collection of bars resulting from the first, bar insertion stage.

Remark 4.6.4 Multiple applications of the proposed approach to topological ligaments can be thought of
beyond those discussed in the previous Sections 4.6.2.1 to 4.6.2.3; for instance,

• In connection with powder-based additive manufacturing (see Section 3.5.1 for a brief presentation),
this approach could be used to optimize the path of the laser in charge of fusing the processed metallic
powder, in order to e.g. evacuate heat as fast as possible; we refer to [81, 82] for further details
about this question, where a totally different method is used.

• Adapting the present work to the mathematical setting of the Stokes equations from fluid mechanics
would allow to design the outline of the channels conveying the refrigerating liquid within molds,
in an optimized way with respect to the cooling of the molten material. These intrinsically take
the form of tubes, whose base curves may not be straight segments; see for instance [382] and the
references therein for more details about this so-called conformal cooling problem.
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Figure 4.6.6. (Top row) Iterations (a) 0 (with details of the test-case), (b) 4 and (c) 9
of the first phase; (bottom row) Iterations (d) 11, (e) 91 and (f) 200 of the second phase
in the crane optimization example with design of a truss-like initial guess, as considered in
Section 4.6.2.3.

4.7 A few perspectives about asymptotic analysis

The work reported in this chapter suggests diverse, enthralling leads for future investigations. We sketch in
Section 4.7.1 two rather theoretical questions inspired by Section 4.5, devoted to the search for asymptotic
expansions of solutions to perturbations of boundary value problems in a way which is uniform with respect
to a parameter entering its definition. Perhaps closer to concrete applications and motivated by the strong
interplay between asymptotic analysis and shape and topology optimization, we outline in Section 4.7.2
how the results of Sections 4.3 and 4.4 can serve to construct a very general optimization strategy of the
shape and topology of the regions bearing the boundary conditions of a physical problem, applicable to
realistic situations in terms of the geometry of the domain, and challenging physical contexts such as those
of mechanical structures or acoustics. We eventually describe in Section 4.7.3 a problem motivated by
fracture mechanics, dealing with the asymptotic analysis of the solution to the conductivity equation with
respect to the onset of a “small” crack near the boundary of the defining domain.

4.7.1. Uniform replacements of solutions to parameter dependent boundary value problems

Most investigations related to asymptotic analysis take place in physical situations where the boundary value
problem depends on a parameter a in addition to the vanishing parameter ε labeling the asymptotic regime
under scrutiny; symbolically, let us write such as problem by:

Search for uε,a s.t. F(ε, a, uε,a) = 0.

For instance, in the model situation of Section 4.5, F(ε, a, u) = −div(γε∇u), where the conductivity γε
equals a inside ωε and coincides with the background conductivity γ0 outside ωε.

The asymptotic behavior of uε,a as ε vanishes depends, sometimes dramatically, on the parameter a. For
instance, we have seen in Lemma 4.5.2 that if ωε is a thin inclusion, of the form (4.1.18), the very limit of
uε,a as ε→ 0 depends on a. In such cases, it is interesting to look for a uniform replacement (not necessarily
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a limit) for the mapping ε 7→ uε,a as ε→ 0, i.e. a function ũε,a with a “simple expression” satisfying

uε,a − ũε,a ε→0−−−→ 0 uniformly with respect to a.

The knowledge of such a “simple replacement” ũε,a usually sheds light on the different regimes for uε,a at
the limit ε→ 0 and on the transitions between them.

We describe below two situations where such investigations could be relevant.

4.7.1.1. Vanishing inclusions with arbitrary conductivity

Let us get back to the model physical situation considered in Section 4.5. Inside a smooth bounded domain
Ω ⊂ Rd (d = 2 or 3), made of a material with conductivity γ0 ∈ C∞(Ω), the “background” potential u0

induced by a source f ∈ C∞(Ω) is the unique solution in H1
0 (Ω) to the conductivity equation

{
−div(γ0∇u0) = f in Ω,

u0 = 0 on ∂Ω.

In a perturbed situation, the constituent material of Ω is replaced by another material with conductivity aε
within a “small” subset ωε b Ω, and the potential uε is the unique solution in H1

0 (Ω) to the equation:

{
−div(γε∇uε) = f in Ω,

uε = 0 on ∂Ω,
where γε(x) =

{
aε if x ∈ ωε,

γ0(x) if x ∈ Ω \ ωε.

At a fixed index ε, the conductivity aε inside ωε is homogeneous (i.e. it is constant with respect to the space
variable); it is bounded away from 0 and ∞, i.e. 0 < aε < ∞, but contrary to the situation considered in
Section 4.1.4 (and like in Section 4.5), its value depends on ε, and it may degenerate to 0 or ∞ as ε→ 0.

A minor modification of the analysis conducted in Section 4.1.4 reveals that when aε remains bounded
away from 0 and ∞ as ε tends to 0, the perturbed potential uε still converges to u0 and the representation
formula of Theorem 4.1.11 stays valid (with the conductivity γ1 inside ωε being replaced by aε). However,
when aε degenerates to 0 and ∞, the situation is far from being so clear. Indeed, it is shown in [283] that
when the inclusion ωε is diametrically small, i.e. of the form (4.1.17), the properties that we have just
mentioned hold regardless of the behavior of aε. However, when the inclusion ωε is thin, see (4.1.18), such
is not the case, and we have seen in Section 4.5 that uε converges to u0 as ε→ 0 if and only if:

εaε
ε→0−−−→ and

ε

aε

ε→0−−−→ 0.

Recently, in the article [109], a sufficient condition is given in terms of the conductivity aε and the
arbitrarily shaped inclusion ωε so that the convergence uε → u0 and the asymptotic expansion in Theo-
rem 4.1.11 stay valid: essentially,

(
aε +

1

aε

)
|ωε| ε→0−−−→ 0.

This condition is however not sharp: as we have just seen, it is too restrictive in the case of a diametrically
small inclusion.

The previous studies suggest that the convergence of uε to u0 might be conditioned by a more intricate
measure of “capacity” of the inclusion ωε, which would depend on its aspect, size, possibly in strong connec-
tion with the conductivity aε inside ωε. Together with Y. Capdebocq and M. Vogelius, we conjecture that a
careful extension of the proof of Theorem 4.1.11 might allow to deal with the more general situation consid-
ered in this section. More precisely, analyzing the exact formula (4.1.28) for the error rε(x) = uε(x)− u0(x)
resulting from the compensated compactness argument, we expect to identify sharp sufficient conditions for
the convergence to 0 of the main term and the relatively faster decay of the remainder terms Rj,ε featured
in this formula. In order to better identify these, it might be interesting to investigate first a representation
formula for uε as in Theorem 4.1.11 in the two “limiting cases” where the conductivity aε inside ωε equals
exactly 0 or ∞.
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4.7.1.2. Uniform asymptotic expansion in the case of replacement of boundary conditions with respect to the
Robin parameter

Roughly speaking, the work broached in Section 4.3 illustrates the ability of Robin boundary conditions
to create a “smooth transition” between a homogeneous Dirichlet and a homogeneous Neumann boundary
conditions. For instance, let us consider the situation of Section 4.4: the potential u0 is the unique solution
in H1

ΓD
(Ω) to the mixed boundary value problem

(4.7.1)




−div(γ∇u0) = f in Ω,

u0 = 0 on ΓD,

γ ∂u0

∂n = 0 on ΓN ,

where γ ∈ C∞(Ω) and f ∈ C∞(Ω).
We consider a perturbed problem where the Neumann boundary condition is replaced by a Robin

boundary conditions with parameter kε on a “small” Lipschitz subset ωε b ΓN :

(4.7.2)





−div(γ∇uε) = f in Ω,
uε = 0 on ΓD,

γ ∂uε∂n + kεuε = 0 on ωε,

γ ∂uε∂n = 0 on ΓN \ ωε.
For a given level of perturbation ε, kε takes a given, positive real value: formally, taking kε = 0 yields
uε = u0, while, on the other hand, kε =∞ formally transforms (4.7.2) into the perturbed version of (4.7.1)
where the homogeneous Neumann condition is replaced with a homogeneous Dirichlet condition on ωε, as
we have addressed in Section 4.4.

It was proved in [237, 238] that when kε = k is independent of kε, the value of the perturbed potential
uε(x) in (4.7.2) at some point x “far” from the set ωε converges to u0(x) with a rate equal to the surface
measure of ωε. On the other hand, we have seen that such is not the case in the formal limit kε =∞, that
is, when Robin boundary condition are replaced with Dirichlet conditions in (4.7.2), where the convergence
rate equals cap(ωε), see Theorems 4.4.2 and 4.4.6.

It would be interesting to have an asymptotic replacement of uε with respect to the Robin parameter
kε, which would allow to understand this change in the convergence rate of the perturbed to the background
potential.

4.7.2. Shape and topology optimization of the regions bearing boundary conditions

The investigations conducted in Sections 4.3 and 4.4 deal with the asymptotic analysis of the solution to a
boundary value problem under regular and singular perturbations of the regions bearing boundary conditions,
respectively.

The range of the numerical applications of this line of work has been pretty limited so far: we have hiterto
considered the optimization of such regions with respect to regular perturbations, that is, in the framework
of Hadamard’s method, see Section 4.3. Moreover, the simulations performed in there are limited to the case
where the optimized regions lie in a flat portion of ∂Ω, for lack of availability of numerical methods for the
main operations involved in the practice of the level set method in the context where the ambient medium
is a surface.

These considerations suggest an interesting line of research about the extension of the level set based
mesh evolution method presented in Section 1.4.7 to deal with the optimization of the shape and topology
of regions bearing boundary conditions by coupling shape and topological sensitivity information as in
Section 1.4.8.1 in the case of 2d and 3d domains. This issue is currently under scrutiny in the context of the
Ph.D. thesis of C. Brito-Pacheco (co-advised with E. Bonnetier and R. Estevez), and the main bottlenecks
are the following:

• One needs to extend the algorithms dedicated to the main stages in the practice of the level set
method to the case where the ambient medium is a triangulation of a 3d surface, and notably,
the calculation of the signed distance function (see Section 1.4.7.1), the solution of the level set
evolution equation (see Section 1.4.7.2) and the remeshing operations discussed in Section 1.4.7.3.
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This extension was recently achieved, paving the way to the application of the numerical methods
of Section 4.3 on a curved surface, see Fig. 4.7.1 for a preliminary example.
• From the theoretical point of view, an approximate calculation of the sensitivity of a function with

respect to regular perturbations of regions supporting boundary conditions, as in Section 4.3, is
already available in multiple physical situations of interest, and notably in the case of the linear
elasticity system, see Section 4.3.6.1. On the contrary, the singular expansions of the solutions to
perturbed boundary value problems by the replacement of boundary conditions on small subsets
developed in Section 4.4 are unknown beyond the case of the conductivity equation. We wish to
extend these studies to the cases of the Helmholtz equation and the linear elasticity system.

a b c d

Figure 4.7.1. Optimization of the shape of the regions ΓD (in blue) and ΓN := ∂Ω\ΓD (in
pink) bearing homogeneous Dirichlet and Neumann boundary conditions, respectively, with
respect to the mean value of the potential inside Ω; iterations (a) 0, (b) 10, (c) 20 and (d)
40 of the process.

4.7.3. Sensitivity of the voltage potential within a domain with respect to the onset of a crack
on its boundary

Another setting of interest in the field of asymptotic analysis arises when a boundary value problem undergoes
a singular perturbation shaped as a small crack near the boundary of the defining domain. More precisely,
let us consider the following “background” problem:

(4.7.3)




−div(γ∇u0) = f in Ω,

u0 = 0 on ΓD,

γ ∂u0

∂n = 0 on ΓN ,

posed inside a smooth bounded domain Ω b Rd, where the conductivity γ and the source f are smooth
functions. Let x0 ∈ ∂Ω be given, and let σ be a “short” curve with length ε and endpoints x0 and x∗ ∈ Ω,
accounting for a crack inside Ω. We consider the solution uε ∈ H1

ΓD
(Ω \ σ) to the perturbed version of

(4.7.3): 



−div(γ∇uε) = f in Ω,
uε = 0 on ΓD,

γ ∂uε∂n = 0 on ΓN ,

γ
∂u±ε
∂n = 0 on σ.

This model was extensively investigated in the case where the crack σ lies completely inside the bulk domain
Ω, see e.g. [37] in the context of the Helmholtz equation or [45] in the context of the linear elasticity
system. In the present setting where the crack emerges from a point x0 on the boundary of the domain Ω,
an asymptotic analysis is conducted in [358] in the case of the 2d linear elasticity equation: a crack with
homogeneous Neumann boundary conditions and with length ε is present either inside the bulk of a domain
Ω, or it is attached to one point x ∈ ∂Ω. It is proposed that the resulting derivative could be used as an
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indicator of the region in Ω where the release of energy due to the onset of a crack is largest, thus indicating
where this phenomenon is most likely to occur. The derivative of the elastic energy with respect to the
length of the crack at ε = 0 is calculated in both cases, by taking the limit of the “shape” derivative of this
functional with respect to an elongation of the crack, see [289] about this method. The rigorous calculation
is addressed only in the case where σ b Ω. The same results are derived in [36] (still in the case of a bulk
crack) by an integral equation method.

Together with E. Bonnetier and M. Vogelius, we would like to revisit this problem with an integral
equation method close to that introduced in Section 4.4, at first in 2d to retrieve the aforementioned existing
results, then in 3d where such an analysis would be new, to the best of our knowledge.

4.A Functions with bounded variations

In this appendix, we recall a few definitions about functions with bounded variations, which is a very
convenient framework to describe “regular functions with jumps”. Our main references about this topic are
[29, 48].

Let D be a bounded Lipschitz domain in Rd.

Definition 4.A.1 A function u : D → R with bounded variations on D is a function u ∈ L1(D) whose
distributional gradient ∇u, defined by:

∀ϕ ∈ C1
c (D,Rd), 〈∇u, ϕ〉 := −

∫

D

u divϕ dx,

is an Rd-valued Borel measure on D.
We denote by BV (D) the space of functions with bounded variations in D.

Note that, as in Section 2.A, this definition implicitly assumes that the total variation of the measure
∇u is bounded when u ∈ BV (D), that is:

(4.A.1) |∇u|(D) =

∫

D

|∇u| = sup
ϕ∈C1c (D,Rd)

||ϕ||
L∞(D)d

≤1

∫

D

u divϕ dx < +∞.

As a result of the last fact, the integral ∫

D

f · ∇u

can be defined for all continuous and bounded functions f ∈ C(D)d.

Definition 4.A.2 Let u ∈ L1(D); the quantity |∇u|(D) in (4.A.1) (be it finite or infinite) is called the
total variation of u; since it is the supremum of a family of linear functionals, the mapping L1(D) 3 u 7→
|∇u|(D) ∈ R ∪ {∞} is lower semi-continuous.

The following proposition asserts that smooth functions are dense in the space BV (D), when an adapted
notion of convergence is considered on the latter space, see Th. 10.1.2 in [48].

Proposition 4.A.3 For any function u ∈ BV (D), there exists a sequence un ∈ C∞(D) converging to u for
the intermediate convergence, that is:

un
n→∞−−−−→ u strongly in L1(D), and

∫

D

|∇un| dx n→∞−−−−→
∫

D

|∇u|.

Like functions in the Sobolev space H1(D), functions with bounded variations in D possess a trace on
the boundary ∂D, as asserted by the following result.

Proposition-Definition 4.A.4 The usual restriction operator

C∞(D) 3 u 7−→ u|∂D∈ L1(∂D)

has a bounded extension to the space BV (D), which we refer to as the trace operator on BV (D).
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Moreover, the mapping γ0 : BV (D)→ L1(∂D) is continuous when BV (D) is equipped with the topology
of the intermediate convergence.

In this context, an adapted version of the Green’s formula holds for functions u ∈ BV (D), see [48], Th.
10.2.1:

Proposition 4.A.5 Let u ∈ BV (D); then for any function ϕ ∈ C1(D)d, one has:

(4.A.2)

∫

D

ϕ · ∇u = −
∫

D

u divϕ dx+

∫

∂D

γ0(u)ϕ · nD dHd−1.

Let us denote by Ht the t-dimensional Hausdorff measure on Rd for any non negative real number t ≥ 0.
We recall that Hd−1 is simply the surface measure ds when it is restricted to the boundary ∂D, while Hd
coincides with the Lebesgue measure of Borel subsets of Rd. The vector field nD in (4.A.2) (or simply n
when the context is clear) is the unit normal vector to ∂D, pointing outward D.

Denoting by ṽ the extension by 0 to Rd of a function v ∈ L1(D), the previous identity rewrites:

∀ϕ ∈ C1(D)d, −
∫

Rd
ũ divϕ dx = −

∫

D

u divϕ dx =

∫

D

ϕ · ∇u−
∫

∂D

γ0(u)ϕ · n dHd−1,

and so we have the following identity between Rd-valued measures on Rd:

(4.A.3) ∇ũ = ∇u|D − γ0(u)nHd−1|∂D.
Close to the notion of function with bounded variations is that of set with finite perimeter, which

corresponds to those sets whose characteristic functions have bounded variations. These enjoy multiple
desirable properties.

Definition 4.A.6 A Borel subset E ⊂ D has (relative) finite perimeter if its characteristic function 1E
belongs to the set BV (D, {0, 1}) of functions with bounded variations taking values 0 or 1.

4.B A brief reminder of Γ-convergence

In this appendix, we summarize a few basic ingredients about the notion of Γ-convergence, which gives
flexible conditions for the convergence of (quasi-)minimizers of a sequence of abstract functionals. We refer
to [48], Chap. 12 and [94] for further details.

Let us first present the main notion under scrutiny:

Definition 4.B.1 Let (X, d) be a metric space, Fε : X → R ∪ {∞} be a sequence of functions on X, and
let F : X → R ∪ {∞} be another such function. The sequence Fε is said to Γ-converge to F if the following
two conditions hold at every point x ∈ X:

• (Γ-lim inf inequality) For every sequence xε ∈ X such that d(xε, x)→ 0,

F (x) ≤ lim inf
ε→0

Fε(xε).

• (Γ-lim sup inequality) There exists a sequence xε ∈ X with d(xε, x)→ 0 such that:

lim sup
ε→0

Fε(xε) ≤ F (x).

The relevance of the notion of Γ-convergence comes from the next theorem, according to which any
cluster point x∗ of any sequence xε of quasi-minimizers of a Γ-convergent sequence of functions Fε is a
minimizer of the Γ-limit F .

Theorem 4.B.2 Let (X, d) be a metric space, and let Fε : X → R ∪ {∞} be a sequence of functions which
Γ-converges to F : X → R ∪ {∞}. Then,

(i) Let xε ∈ X be a sequence of quasi-minimizers of Fε, i.e. there exists a sequence of positive real numbers
λε converging to 0 such that:

Fε(xε) ≤ inf
x∈X

Fε(x) + λε;
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then every cluster point x∗ of xε is a minimizer of F over X, and:

F (x∗) = inf
x∈X

F (x) = lim
ε→0

inf
x∈X

Fε(x).

(ii) If G : X → R ∪ {∞} is a continuous function, then (G+ Fε) Γ-converges to (G+ F ).

The second statement is essential in applications, as many objective functions featured by optimization
problems show up as the sum of a continuous function and a regularized constraint functional which Γ-
converges to a non smooth Γ-limit.

Note that Definition 4.B.1 of a Γ-convergent sequence Fε says nothing about the existence of cluster
points for sequences of quasi-minimizers. This notion is often complemented with that of equi-coercivity,
which is precisely about the compactness of sequences of (quasi-)minimizers of Fε.

Definition 4.B.3 Let (X, d) be a metric space; a sequence of functions Fε : X → R ∪ {∞} is said to be
equi-coercive if from every sequence xε ∈ X such that supε Fε(xε) < ∞, one can extract a subsequence xεj
which converges to an element x∗ ∈ X.
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Chapter 5
Shape and topology optimization in challenging physical
contexts

The impressive achievements of shape and topology optimization in the historical application fields of struc-
tural mechanics and external aerodynamics have aroused the desire to deploy these techniques to larger scales
and to address ever more challenging physical models, closer and closer to realistic industrial concerns.

In this chapter, we summarize several contributions dealing with the application of shape and topology
optimization methods in challenging physical contexts, which are perhaps a bit more unusual in the optimal
design literature, but no less important in practice. At first, in Section 5.1, we consider the optimization
of coupled thermal-fluid-structure systems. The next Section 5.2 deals with a rather unexpected foray of
shape optimization in the field of quantum chemistry, where this framework is used to model and simulate
the identification of the electronic structure of a molecule. Eventually, Section 5.3 is about the device of
nanophotonic components, whose intricate physical behavior is governed by the Maxwell’s equations.

5.1 Shape and topology optimization of thermal-fluid-structure
interacting systems

Complex, realistic situations are often the site of several inter-dependent physical phenomena. Notably,
systems governed by coupled fluid, structural and thermal effects are ubiquitous in nature: pipes, turbines,
pumps and heat exchangers are only a few instances of such. As the industrial challenges are crucial, there
is a wide literature devoted to the optimization of the shape and topology of such multi-physics systems.
For instance, the density-based topology optimization of fluid-structure interaction systems is considered in
[248, 376, 375]; similar problems are addressed in [210, 209] by combining the level set method on a fixed
mesh to represent the design with X-FEM or immersed boundary methods to calculate the interfacial effects
at play in the physical boundary value problem. We also refer to [340] and the references therein for another
category of numerical strategies using a binary variable representation of the design and a CAD software
for generating a corresponding smooth geometric representation amenable to finite element computations.
It transpires from these works that the discretization of the fluid-solid interface is the pivotal ingredient
guaranteeing an accurate understanding of the behavior of the interface, and thus of the sensitivity of the
optimized criterion with respect to variations of the design.

This section gathers the investigations conducted in the journal articles [A20, A11, A8], which are devoted
to the optimization of the shape and topology of fluid-structure-thermal systems. This general framework
covers several applications: convective heat transfer, featuring coupled fluid and thermal equations, where
the physical response of the solid is omitted, fluid-structure interaction problems, where thermal effects
are neglected, and thermoelasticity, where a single solid phase is at play, with properties depending on the
temperature. We leverage the level set based mesh evolution strategy outlined in Section 1.4.7 to guarantee
an accurate numerical simulation of the physical equations at play.
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Figure 5.1.1. Physical setting of the generic three-physics problem introduced in Sec-
tion 5.1.1; the various regions of ∂D bearing the boundary conditions of the three physical
boundary value problems are not all represented.

The first Section 5.1.1 sets the scene of our investigations; a few details of our implementation are
provided before the discussion of numerical examples in Section 5.1.2.

5.1.1. Presentation of the general framework

In this section, we introduce the generic setting of our investigations, variations of which will be considered
in the examples of Section 5.1.2. Given a fixed “hold-all” domain D ⊂ Rd (d = 2, 3 in practice), a shape
Ω ⊂ D delimits a solid phase Ωs := Ω and a complementary fluid phase Ωf := D\Ωs. These are separated by
an interface Γ = ∂Ω∩D, whose unit normal vector field, oriented from Ωf to Ωs, is denoted by n : Γ→ Rd,
see Fig. 5.1.1 for an illustration.

Three physical phenomena are concurrently at play within D:

(i) The motion of the fluid occupying the phase Ωf ;
(ii) The diffusion of heat through the total domain D, and its convection by the fluid in the phase Ωf ;
(iii) The deformation of the solid phase Ωs under the stress applied by the fluid, and its dilation or con-

traction due to thermoelastic effects.

We next describe briefly each of these problems, omitting the precise functional setting to keep the exposition
at an elementary level.

The phase Ωf is filled with a fluid having density ρ and viscosity ν. Its behavior is characterized by the
velocity vΩ : Ωf → Rd and pressure pΩ : Ωf → R, which are the solutions to the incompressible, steady-state
Navier–Stokes equations:

(5.1.1)





−div(σf (vΩ, pΩ)) + ρ∇vΩ vΩ = ff in Ωf ,
div(vΩ) = 0 in Ωf ,
vΩ = vin on ∂ΩDf ,

σf (vΩ, pΩ)n = 0 on ∂ΩNf ,

vΩ = 0 on Γ.

In the above system, the internal efforts within the fluid are described by the fluid stress tensor σf (v, p)
which is related to the rate of strain tensor e(v) := 1

2 (∇v +∇vT ) via the Newton’s law:

σf (v, p) := 2νe(v)− pI,
where I is the d× d identity matrix. This relation reflects the fact that the stress felt by a small volume of
fluid is caused by friction effects and pressure forces from its environment. The external stresses, such as
gravity, are accounted for by the body force ff .

The system (5.1.1) features a decomposition of the boundary of the fluid phase into three disjoint regions:

∂Ωf = ∂ΩDf ∪ ∂ΩNf ∪ Γ,
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where

• ∂ΩDf is the Dirichlet, or inlet region, where the flow enters with given velocity vΩ = vin;

• ∂ΩNf is the Neumann, or outlet region, where zero normal stress is observed;
• Γ is the interface between Ωf and the solid domain Ωs, where no-slip boundary conditions are

imposed.

The velocity vΩ of the fluid determines the temperature TΩ in the total domain D, as a result of
convection and diffusion effects inside the fluid domain Ωf and of pure diffusion inside the solid domain
Ωs. More precisely, denoting by kf and ks the thermal conductivity coefficients of the fluid and solid,
respectively, and by cp the thermal capacity of the fluid, TΩ : D → R is the solution to the steady-state
convection-diffusion equation:

(5.1.2)





−div(kf∇TΩ,f ) + ρcpvΩ · ∇TΩ,f = Qf in Ωf ,
−div(ks∇TΩ,s) = Qs in Ωs,

TΩ = T0 on ∂ΩDT ,

−kf ∂TΩ,f

∂n = h on ∂ΩNT ∩ ∂Ωf ,

−ks ∂TΩ,s

∂n = h on ∂ΩNT ∩ ∂Ωs,
TΩ,f = TΩ,s on Γ,

−kf ∂TΩ,f

∂n = −ks ∂TΩ,s

∂n on Γ,

where TΩ,f and TΩ,s are the restrictions of TΩ to Ωf and Ωs respectively. The temperature TΩ as well as
the normal heat flux are continuous across the interface Γ between Ωf and Ωs, and volumic heat sources Qf
and Qs are at work inside Ωf and Ωs.

This system features another decomposition of the boundary ∂D:

∂D = ∂ΩNT ∪ ∂ΩDT

into

• A Dirichlet region ∂ΩDT where a temperature T0 is imposed,
• A Neumann boundary ∂ΩNT where a given incoming heat flux h is applied.

The regions ∂ΩNT and ∂ΩDT are independent of those ∂ΩDf , ∂ΩNf and Γ featured in (5.1.1). For instance,

∂ΩNT may partially or totally overlap ∂ΩNf or ∂ΩDf .

Eventually, the velocity vΩ and pressure pΩ inside the fluid phase Ωf , together with the temperature TΩ

within the total domain D, allow to characterize the displacement uΩ : Ωs → Rd of the solid domain Ωs. The
latter is filled with an isotropic thermoelastic material with Lamé coefficients λ and µ, thermal expansion
parameter α, and temperature at rest Tref. Then, uΩ is the solution to the linear thermoelasticity system:

(5.1.3)





−div(σs(uΩ, TΩ,s)) = fs in Ωs,
uΩ = u0 on ∂ΩDs ,

σs(uΩ, TΩ,s)n = g on ∂ΩNs ,
σs(uΩ, TΩ,s)n = σf (vΩ, pΩ)n on Γ,

where the solid stress tensor is given by

(5.1.4) σs(u, Ts) := Ae(u)− α(Ts − Tref)I with Ae(u) := 2µe(u) + λtr(e(u))I,

meaning that the stress applied to an elementary volume inside the structure Ωs is caused on the one hand
by the internal mechanical forces exerted by its immediate surroundings, and on the other hand by thermal
dilation (resp. contraction) effects when the temperature TΩ,s inside the material is larger (resp. lower) than
Tref . The term fs : Ωs → Rd is an applied body force. In (5.1.3), the boundary ∂Ωs is decomposed as

∂Ωs = ∂ΩDs ∪ ∂ΩNs ∪ Γ,

where:

• ∂ΩDs is equipped with a Dirichlet boundary condition, indicating that the displacement uΩ of the
structure is imposed;
• ∂ΩNs is a Neumann region, where a known stress g is applied;
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• Γ is the interface with Ωf , where Ωs is subject to the pressure imposed by the fluid, the latter being
given by the normal component of the fluid stress tensors: σf (vΩ, pΩ)n.

Again, this decomposition of ∂Ωs is independent of the decompositions of ∂Ωf and ∂D featured in the
boundary value problems (5.1.1) and (5.1.2).

Remark 5.1.1 The coupling between the above three physical systems is weak, insofar as the deformation
of the fluid domain is neglected: as a result there is no influence of the solid deformation uΩ onto the fluid
variables (vΩ, pΩ).

In this three-physics setting, we consider a shape and topology optimization problem of the generic form

(5.1.5) min
Ω⊂D

J(Ω) s.t.

{
G(Ω) = 0,
H(Ω) ≤ 0,

where the (real-valued) objective function J(Ω), the (Rp-valued) equality constraint function G(Ω) and the
(Rq-valued) inequality constraint function H(Ω) depend on Ω via the physical quantities vΩ, pΩ, TΩ and uΩ.
The calculation of the shape derivatives of these functionals is technically tedious, but conceptually no more
difficult than those considered hitherto in this manuscript, see again Section 1.3.3.5 about this issue.

5.1.2. Numerical examples of optimal design of three-physics systems

This section illustrates the general setting of the previous section with several concrete application instances.
After the discussion of a few implementation details in Section 5.1.2.1, we present a simple 2d example in
the context of linear thermoelasticity (where no fluid part is involved) in Section 5.1.2.2; a large-scale 3d
optimization example of a fluid-structure system (which does not feature thermal effects) is then consid-
ered in Section 5.1.2.3. Finally, another large-scale shape and topology optimization problem is tackled in
Section 5.1.2.4 – that of a heat exchanger, in which the elastic deformation of the solid part is neglected.

5.1.2.1. A foreword about the numerical implementation

The various instances of the shape and topology optimization problem (5.1.5) presented below are addressed
by leveraging the level set based mesh evolution method of Section 1.4.7. The latter indeed makes it possible
to account for arbitrarily large deformations of the phases at stake, while featuring an exact, adequately
refined and high-quality mesh of them, which is the key to the accurate simulation of the fine phenomena
predicted by the state equations (5.1.1) to (5.1.3), especially in the vicinity of the fluid–structure boundary
Γ.

The calculation of a descent direction for the optimization program (5.1.5) is realized thanks to the
null space algorithm of Section 3.2. In some of the considered situations, one or several constraint func-
tionals are of a geometric nature, depending on the optimized shape Ω via the signed distance function dΩ,
see Section 3.1.3; then, the variational method introduced in Section 3.3 is used to calculate their shape
derivatives.

The fine physical effects characterizing these three-physics systems require a large spatial resolution, so
that one of the major difficulties of the considered applications lies in the size of the involved finite element
systems. These large linear systems are typically solved by iterative methods, such as the conjugate gradient
algorithm or GMRES, whose convergence speed critically depends on the condition number of the finite
element matrices at stake. In order to improve this number, we rely on efficient preconditioning techniques
based on domain decomposition strategies, which are specific to each of the physical systems at play:

• As far as the resolution of the linear thermoelasticity system (5.1.3) is concerned, we use the
smooth-aggregation Geometric Algebraic Multigrid preconditioner from PETSc [6].
• When it comes to the resolution of the thermal equation (5.1.2), we use the additive Schwarz

method [164] with one level of algebraic overlap and exact subdomain solvers.
• The Navier-Stokes system (5.1.1) is solved by the Newton method, with the addition of a penal-

ization of the pressure constraint. The PETSc FieldSplit type of preconditioner is used.
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Figure 5.1.2. Physical setting of the compliance minimization problem of a thermoelastic
structure considered in Section 5.1.2.2.

5.1.2.2. Minimum compliance problem in thermoelasticity

This first numerical example deals with the minimization of the compliance of a thermoelastic structure.
The shape Ω is contained in a fixed computational domain D = (0, 2)× (0, 1); it is clamped on the left and
right sides of ∂D, whose reunion is denoted by ΓD, and a traction load g = (0,−80) is applied on a small
region ΓN with size 0.0125 centered at the middle of the bottom boundary, see Fig. 5.1.2.

The shape Ω is filled with a thermoelastic material, characterized by the Lamé parameters λ = 11510,
µ = 7673, the thermal expansion coefficient α = 0.77, and the reference temperature Tref = 0. In this
example, the constant temperature field T = 5 is imposed to the structure, causing it to expand.

The displacement uΩ of the shape in this setting is the solution to the linear thermoelasticity system:




−div(σs(uΩ, T )) = 0 in Ω,
uΩ = 0 on ΓD,

σs(uΩ, T )n = g on ΓN ,
σs(uΩ, T )n = 0 on Γ,

where the stress tensor σs(u, T ) is defined in (5.1.4).
In this setting, we solve the following compliance minimization problem:

min
Ω⊂D

J(Ω) s.t. Vol(Ω) ≤ VT , where J(Ω) =

∫

Ω

Ae(uΩ) : e(uΩ) dx,

and the target volume is VT = 0.7.
The optimization results are shown on Figs. 5.1.3 and 5.1.4, which include respectively plots of a few

intermediate shapes, and the mesh of the optimized design obtained at convergence.

5.1.2.3. A three-dimensional fluid–structure interaction test case

Our second example is concerned with a 3d fluid–structure interaction problem. The situation is depicted
on Fig. 5.1.5: the computational domain is the box D = (0, 4)× (0, 1)× (0, 1) and the shape Ω ⊂ D defines a
mechanical structure Ωs = Ω and a fluid region Ωf = D \Ω. The behavior of the fluid is characterized by its
velocity vΩ : Ωf → Rd and pressure pΩ : Ωf → R. The fluid is entering D from its left boundary ∂ΩDf with

known velocity vin(x1, x2, x3) = x2e1; a no-slip boundary condition vΩ = 0 is prescribed on the bottom face
of the domain, while the top and side faces bear a free-slip boundary condition vΩ · n = 0. The flow exits
the domain with zero normal stress, i.e. σf (vΩ, pΩ)n = 0. The mechanical structure Ωs ⊂ D represents an
obstacle to the flow; it is described by its elastic displacement uΩ : Ωs → Rd, solution to the system (5.1.3)
in which thermal effects are omitted and the boundary conditions are set as follows: Ωs is fixed on a square
patch ∂ΩDs of the bottom face of D (i.e. the Dirichlet boundary condition uΩ = 0 is imposed on this region)
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a b c

d e f

Figure 5.1.3. (From (a) to (f)) Intermediate shapes obtained at iterations 0, 5, 10, 30, 50
and 100 of the thermoelastic test case of Section 5.1.2.2

a b

Figure 5.1.4. (a) Optimized design (iteration 200) in the thermoelastic test case of Sec-
tion 5.1.2.2; (b) Associated mesh of the computational domain D.
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Figure 5.1.5. Setting of the fluid-structure interaction test case of Section 5.1.2.3.

and it is subjected to the stress induced by the fluid on the complementary region Γ of its boundary. A
vertical plate is set as a non-optimizable part of the mechanical structure, as well as a small layer above the
bottom Dirichlet boundary ∂ΩDs .

In this context, our goal is to optimize the shape Ωs = Ω of the structure so that it be as rigid as possible,
under a constraint on its volume:

(5.1.6) min
Ω

J(Ω) s.t. Vol(Ωs) = VT , where J(Ω) =

∫

Ωs

Ae(uΩ) : e(uΩ) dx.
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The Reynolds number, fluid density, and viscosity are respectively set to Re = 60, ρ = 1, and ν =
ρH||vin||∞/Re = 0.012. The characteristic length corresponding to the height of the non-optimizable plate
is H = 0.7 and ||vin||∞ = 1. The Lamé coefficients of the mechanical structure are λ = 0.00529 and
µ = 0.0476 and the volume target equals VT = 0.03Vol(D).

The optimized shape resulting from the solution of (5.1.6) is depicted on Fig. 5.1.6; it features an
aerodynamic profile in order to reduce the stress applied by the fluid flow.

As expected, the most computationally demanding task of the optimization process is the solution of
the state equations. The finite element computations are realized in parallel on 24 processes. At the first
iteration, the mesh of the computational domain D (containing an explicit discretization of the initial shape)
has about 220, 283 vertices, 132, 775 of which lie in the fluid domain, corresponding to approximately 1.7
million degrees of freedom for each linearized fluid system. The mesh associated to the last iteration contains
82, 454 vertices, 66, 021 of which belong to the fluid domain.

5.1.2.4. Design of a 3d heat exchanger

This last example is concerned with the design of a three-dimensional two-tube heat exchanger – a type of
device which is ubiquitous in industry, see [177] for a more in-depth presentation. Here, the hold-all domain
is the cube D = (0, 1)3, and the shape optimization problem is more naturally formulated in terms of the
fluid phase Ωf = Ω (and so Ωs = D \ Ω), see Fig. 5.1.9. The latter is composed of two disjoint channels
Ωf,hot and Ωf,cold, but with a small abuse of notation, we figure the dependence of the various quantities at
stake (velocity, pressure, etc) with the subscript Ω. The cold channel is entering D with a known velocity
oriented in the e1-direction, via a disk-shaped inlet ∂ΩDf,cold of radius a = 0.1 located on the left face of ∂D;

it exits through a disk ∂ΩNf,cold with the same radius a located on the opposite face. The hot channel Ωf,hot

is flowing in the e3-direction between similar disk-shaped input and output ∂ΩDf,hot and ∂ΩNf,hot located on
the bottom and top faces of ∂D. The input temperatures for the hot and cold channels are Thot = 100 and
Tcold = 0, and the lateral boundaries of the channels bear no-slip boundary conditions.

The physical behavior of the device is described by a weak coupling between the Navier–Stokes system
(5.1.1) and the convection–diffusion equation (5.1.2) for the velocity, pressure, and temperature fields vΩ :
Ωf → Rd, pΩ : Ωf → R and TΩ : D → R.

In this setting, we aim to maximize the heat transferred from Ωf,hot to Ωf,cold. To this end, the following
shape functional is minimized:

J(Ω) := −
(∫

Ωf,cold

ρcpvΩ · ∇TΩdx−
∫

Ωf,hot

ρcpvΩ · ∇TΩdx

)
.

The rationale behind this definition is the following: after integrating by parts and taking into account the
boundary conditions of the problem, J(Ω) rewrites, up to design-independent quantities:

∫

∂ΩNf,hot

ρcpTΩ vΩ · n ds−
∫

∂ΩNf,hot

ρcpTΩ vΩ · n ds;

hence, minimizing J(Ω) amounts to minimize the amount of heat leaving the computational domain D via
Ωf,hot and to maximize that leaving through Ωf,cold.

This difficult example raises a few specific issues. At first, the thermal conductivity ks of the solid phase
Ωs is larger than that kf of the fluid phase, and so the algorithm may accidentally find it beneficial to reduce
dramatically the cross-sections of the pipes to favor the transport of heat through diffusion in the solid phase.
In order to prevent this effect, it is crucial to impose two static pressure loss constraints, one for each of the
channels Ωf,hot and Ωf,cold; these write:

∫

∂ΩDf,hot

pΩ ds−
∫

∂ΩNf,hot

pΩ ds ≤ DPT , and

∫

∂ΩDf,cold

pΩ ds−
∫

∂ΩNf,cold

pΩ ds ≤ DPT ,

where DPT is a prescribed threshold.
Another central issue in this example, which is typical of the design of heat exchangers, is the necessity

to impose a non mixing constraint between the hot and cold channels. One possible modeling of such is based
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a

b

c

d

Figure 5.1.6. Optimized design in the three-dimensional fluid-structure interaction exam-
ple of Section 5.1.2.3; (a) Initial design; (b) Final design; (c) Front view of the optimized
solid obstacle; (d) Back view of this obstacle.

on the notion of signed distance function, recalled in Section 3.1. Mathematically, imposing that Ωf,cold stay
at a distance dmin from Ωf,hot writes:

∀x ∈ ∂Ωf,cold, dΩf,hot
(x) ≥ dmin.
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b

c d

e f

Figure 5.1.7. Intermediate structures at iterations (a) 0, (b) 40, (c) 100, (d) 125, (e) 175
and (f) 300 for the fluid–structure interaction test case of Section 5.1.2.3.

This requirement is equivalent to the following condition:
∣∣∣∣
∣∣∣∣

1

dΩf,hot

∣∣∣∣
∣∣∣∣
−1

L∞(∂Ωf,cold)

≥ dmin.

In turn, this can be conveniently incorporated into the formulation of the shape and topology optimization
problem via a suitable approximation of the supremum norm with a p-norm:

Pcold→hot(Ω) ≥ dmin, where Pcold→hot(Ω) =

(∫

∂Ωf,cold

1∣∣dΩf,hot

∣∣p ds

)− 1
p

.

We choose p = 4 in practice. A similar constraint functional Pcold→hot(Ω) is constructed to impose that the
hot channel stay at minimum distance dmin from the cold one.
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Figure 5.1.8. Deformed configuration of the optimized solid obstacle under the force ex-
erted by the fluid for the test case of Section 5.1.2.3.
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Figure 5.1.9. Setting of the optimal design test case of a fluid-fluid heat exchanger con-
sidered in Section 5.1.2.4.

Finally, we impose that the volume of each of the two channels be lower than an imposed bound VT in
order to ensure that they be approximately balanced in mass.
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All things considered, the optimal design problem of interest reads:

min
Ω⊂D

J(Ω) s.t.





Vol(Ωf,hot) ≤ VT ,
Vol(Ωf,cold) ≤ VT ,∫

∂ΩDf,hot

pΩ ds−
∫

∂ΩNf,hot

pΩ ds ≤ DPT ,

∫

∂ΩDf,cold

pΩ ds−
∫

∂ΩNf,cold

pΩ ds ≤ DPT ,

Phot→cold(Ωf ) ≥ dmin,

Pcold→hot(Ωf ) ≥ dmin.

The optimized distribution of the channels Ωf,hot and Ωf,cold, as well as several views of the fluid and solid
components Ωf and Ωs are represented on Fig. 5.1.10. This design is rather unconventional, since it does
not feature a network of pipes as one would have intuitively expected, but rather an arrangement of fluid
surfaces. A few iterations of the optimization process are shown on Fig. 5.1.11. These plots emphasize the
fact that valid designs with a well-defined solid–fluid interface are available throughout the optimization
process. We note that the optimization algorithm favors the appearance of transverse tubes in the hot phase
during the first 200 iterations, before making them disappear in the last ones so that the pressure drop
constraint be enforced more stringently.

For information purpose, the computational time required for running 359 iterations of the optimization
algorithm is about 8 days on 30 processing units of an Intel(R) Xeon(R) CPU E5-2407 @ 2.4 Gh. The initial
mesh features about 3.8 million tetrahedra, 2.3 million of which lie inside the fluid domain.

5.2 Optimization of Maximum Probability Domains in quantum chemistry

This section is devoted to an original application of shape and topology optimization techniques in the field
of quantum chemistry. It is based on a line of research initiated by A. Savin in the seminal article [325], which
proposes to identify “classical” molecular structures, such as the electron pairs featured by the Lewis theory,
as the solutions to a shape optimization problem. This novel point of view raises elegant and fascinating
questions at the fundamental level, as well as computational challenges.

The present section summarizes the work contained in the article [A7]. We first provide a little back-
ground about the general stakes of quantum chemistry and the more specific subject of maximum probability
domains in Section 5.2.1, borrowing from the reference books [64, 233, 350] and the articles [5, 325]. We
then expose our theoretical investigations and the numerical techniques inspired from them in the next
Section 5.2.2. Two numerical examples are eventually discussed in Section 5.2.3.

5.2.1. Presentation of the physical context

5.2.1.1. A few basic notions from quantum mechanics

The traditional vision of the electron cloud of a molecule rests on the assumption that these electrons are
“localized” in well-defined regions of space, arranged as pairs or shells around the nuclei; this is for instance
the basic postulate of the celebrated Lewis model, see Fig. 5.2.1 (a)(b). Despite its major achievements, this
vision is incompatible with a number of important phenomena, and notably with the interference patterns
evidenced by the historical Davisson and Germer experiment, see Fig. 5.2.1 (c).

Contrary to this classical perspective, the modern quantum mechanics theory features a “delocalized”,
probabilistic viewpoint: any quantity of interest attached to the electrons, such as their position or mo-
mentum, can only be known via its expectation over all possible states of the system. More precisely, each
electron i = 1, . . . , n in the cloud is described by its spatial position xi ∈ R3 and its spin σi ∈

{
− 1

2 ,
1
2

}
– a

purely quantic quantity whose direct physical interpretation is awkward, but which roughly corresponds to
an intrinsic angular momentum. The configuration of the electron cloud is then characterized by a complex-
valued wave function Ψ. The latter belongs to the Hilbert space L2

((
R3 ×

{
− 1

2 ,
1
2

})n
,C
)
, whose natural

229



a b

c d

Figure 5.1.10. Optimized design for the three-dimensional heat exchanger test case of
Section 5.1.2.4; (a) Optimized distribution of the cold and hot fluid components (in blue
and red, respectively); (b,c,d) Views of the optimized fluid domain, where the color scale
corresponds to the temperature profile.

inner product 〈·, ·〉 is defined by:

∀Ψ,Φ ∈ L2

((
R3 ×

{
−1

2
,

1

2

})n
,C
)
,

〈Ψ,Φ〉 :=
∑

σ∈{− 1
2 ,

1
2}n

∫

R3n

Ψ

[(
x1

σ1

)
, . . . ,

(
xn
σn

)]
Φ

[(
x1

σ1

)
, . . . ,

(
xn
σn

)]
dx1 . . . dxn,

and whose associated norm reads ||Ψ|| := 〈Ψ,Ψ〉1/2. The wave function Ψ encodes all the accessible infor-
mation about the system, in the following sense: the probability that the spatial position of each electron xi
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Figure 5.1.11. (From left to right, top to bottom) Iterations 0, 25, 50, 110, 180, and 360
of the shape optimization of the solid–fluid interface in the three-dimensional heat exchanger
test case of Section 5.1.2.4.

lie within a region Ωi ⊂ R3 and that its spin have a value σi ∈
{
− 1

2 ,
1
2

}
equals:

(5.2.1)

∫

Ω1×...×Ωn

∣∣∣∣Ψ
[(
x1

σ1

)
, . . . ,

(
xn
σn

)]∣∣∣∣
2

dx1 . . . dxn;

in particular, Ψ is normalized, i.e. ||Ψ|| = 1. One last key property of the wave function Ψ of a many-electron
system is the antisymmetry principle, also referred to as the Pauli exclusion principle, whereby Ψ must be
antisymmetric in its arguments. This requirement has two important consequences:

• The different electrons are indistinguishable since the probability (5.2.1) that each electron i =
1, . . . , n belong to a region Ωi ⊂ R3 and have spin σi is symmetric in its arguments.
• No two electrons in the system can share the same spatial and spin coordinates, as Ψ vanishes when

any two of its arguments
(
xi
σi

)
and

(
xj
σj

)
are equal, and then so does the probability (5.2.1) for this

to occur.

As we have mentioned, one of the fundamental principles of quantum mechanics is that the various
quantities of interest attached to the system cannot be known exactly: the only available information is
their expectation over all its possible configurations. This expectation is evaluated through the action of an
associated observable A on the wave function Ψ of the system. From the mathematical viewpoint, A is a
(possibly unbounded) self-adjoint operator

A : L2

((
R3 ×

{
−1

2
,

1

2

})n
,C
)
→ L2

((
R3 ×

{
−1

2
,

1

2

})n
,C
)
,

and the expectation of the quantity at stake equals:

〈AΨ,Ψ〉.
Here are two examples of physical observables:
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Figure 5.2.1. (a) The Lewis representation of the H2O molecule; (b) Arrangement of the
electrons in its valence shell as pairs; (c) The Davisson and Germer experiment is a historical
evidence that electrons can behave like a wave: a nickel crystal is irradiated by an electron
beam with momentum p; the density of outgoing electrons in a direction k′ shows a similar
diffraction pattern as if the incoming flux were a wave with wave vector k = p/~.

• The position of the ith electron is associated to the operator

XiΨ = xiΨ,

reflecting that the expected value of this position equals

〈XiΨ,Ψ〉 =
∑

σ∈{− 1
2 ,

1
2}n

∫

R3n

xi

∣∣∣∣Ψ
[(
x1

σ1

)
, . . . ,

(
xn
σn

)]∣∣∣∣
2

dx1 . . . dxn.

• Advanced physical considerations reveal that the observable P for the momentum of the ith electron
is given by the following formula:

(5.2.2) PiΨ =
~
i
∇xiΨ.

The quantum mechanics theory reconciles this statistical perspective about the physical quantities of the
system with the necessarily deterministic outcome of their concrete measurement thanks to a fundamental
postulate called “reduction of the wave packet” or “wave function collapse”. The mathematical formulation
of the latter rests on spectral theory: let A be the observable of a quantity of interest and let ak and
Ψk ∈ L2

((
R3 ×

{
− 1

2 ,
1
2

})n
,C
)

(k = 0, . . .) denote its eigenvalues (whose multiplicities may be larger than
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one) and a corresponding orthonormal basis made of associated eigenstates, respectively, i.e.

(5.2.3) AΨk = akΨk, and ||Ψk|| = 1.

According to the spectral decomposition theorem, any wave function Ψ ∈ L2
((
R3 ×

{
− 1

2 ,
1
2

})n
,C
)

of the
system can be written as a Hilbertian sum:

Ψ =

∞∑

k=0

ckΨk, for some coefficients ck ∈ C such that

∞∑

k=0

|ck|2 = 1,

see e.g. [314]. The principle of reduction of the wave packet interprets this structure as the fact that any
wave function Ψ is the superposition of “pure” eigenstates Ψk for the observable A. Any measurement of
the corresponding physical quantity can only produce one of the eigenvalues a = a0, a1, . . . of A and the
probability of this scenario is ∑

k=0,...,
ak=a

|ck|2.

Besides, immediately after the measurement, the wave function Ψ “collapses” to one eigenstate Ψk associated
to a via (5.2.3).

5.2.1.2. More details about the wave function: the Hartree-Fock model

The expression of the wave function Ψ of the n-electron system of a molecule containing R nuclei with
positions yr ∈ R3 and electric charges Zr (r = 1, . . . , R) is very complicated as soon as the size of the molecule
is moderately large. Several models are available to provide approximate, tractable expressions for Ψ. The
most famous of these is perhaps the Hartree-Fock model, based on energy minimization considerations, that
we briefly describe in the present section.

The energy of the n-electron system is evaluated with the help of the Hamiltonian observable H:

HΨ = −1

2

n∑

i=1

∆xiΨ−
n∑

i=1

R∑

r=1

Zr
|xi − yr|

+

n∑

i=1

∑

j>i

1

|xi − xj |
.

The first term of this expression is the sum of the kinetic energies of the individual electrons, involving their
squared momenta (5.2.2), the second term comes from the electron-nuclei attraction forces, and the last one
corresponds to the electron-electron repulsion forces.

The eigenvalues Ek of H (k = 0, . . .) encode the energy levels of the system, and its eigenfunctions are the
corresponding electronic configurations. Of particular interest is the lowest energy level E0, whose associated
eigenfunction Ψ0 is called ground state. These objects are given by the classical Rayleigh formulas:

Ψ0 = arg min
Ψ∈L2((R3×{− 1

2
, 1
2})n,C)

Ψ antisymmetric
〈Ψ,Ψ〉=1

〈HΨ,Ψ〉, and E0 = 〈HΨ0,Ψ0〉.

Intuitively, Ψ0 is the most stable configuration of the electron system, and it should then describe its most
likely configuration. The Hartree-Fock method is based on an approximation of this ground state, obtained
by minimizing the energy 〈HΨ,Ψ〉 among wave functions taking the form of Slater determinants:

(5.2.4) Ψ

[(
x1

σ1

)
, . . . ,

(
xn
σn

)]
=

1√
n!

det



φ1

(
x1

σ1

)
· · · φ1

(
xn
σn

)

...
...

φn
(
x1

σ1

)
· · · φn

(
xn
σn

)


 .

This structure is indeed the most simple expression of the variables
(
x1

σ1

)
, . . . ,

(
xn
σn

)
which satisfies the anti-

symmetry principle. The one-electron functions φ1

(
x
σ

)
, . . . , φn

(
x
σ

)
, called spin orbitals, represent uncorrelated

approximate wave functions for each individual electron. They are required to form an orthonormal family
in L2

(
R3 × {− 1

2 ,
1
2},C

)
, that is

∀i, j = 1, . . . , n,
∑

σ∈{− 1
2 ,

1
2}

∫

R3
φi
(
x
σ

)
φj
(
x
σ

)
dx =

{
1 if i = j,
0 otherwise,
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and they are defined as pure spin orbitals:

(5.2.5) either

{
φi
(
x

1/2

)
= ψi(x),

φi
(

x
−1/2

)
= 0,

or

{
φi
(
x

1/2

)
= 0,

φi
(

x
−1/2

)
= ψi(x),

where the functions ψi : R3 → C, called spatial orbitals, depend on the variable x ∈ R3 only.
In turn, these spatial orbitals ψi are defined as linear combinations of Gaussian basis functions, namely:

(5.2.6) ∀x ∈ R3, ψi(x) =

R∑

r=1

cr (x− yr)αr e−ar|x−yr|
2

,

where:

• yr ∈ R3 is the center of the rth nucleus of the molecule;
• αr ∈ N3 is a multi-index, accounting for the type of the spatial orbital;
• The coefficients cr ∈ C and ar > 0, r = 1, . . . , R are characterized by the requirement that Ψ

should minimize the energy 〈HΨ,Ψ〉 among all wave functions Ψ of the form (5.2.4) to (5.2.6).

In practice, the description of the optimized spatial orbitals ψi is supplied by the computational chemistry
package Gaussian [183].

5.2.1.3. Maximum probability domains

The theory of maximum probability domains is one of the multiple interpretative methods that have been
devised to try and reconcile the classical and quantum viewpoints about the structure of the electron cloud
and thereby explain the success and limitations of the former.

From the mathematical viewpoint, maximum probability domains are defined as the solutions to the
following shape optimization problem:

(MPDν) max
Ω⊂R3

Pν(Ω),

where ν ∈ {0, . . . , n} and Pν(Ω) is the probability that exactly ν electrons lie in Ω, see Fig. 5.2.2. Taking
advantage of the antisymmetry of the wave function Ψ, this quantity reads:

(5.2.7) Pν(Ω) =

∫

Ων×(R3\Ω)n−ν
Sν(x1, . . . , xn) dx1 . . . dxn,

where Sν(x1, . . . , xn) :=

(
n

ν

) ∑

σ∈{− 1
2 ,

1
2}n

∣∣∣∣Ψ
[(
x1

σ1

)
, . . . ,

(
xn
σn

)]∣∣∣∣
2

.

5.2.2. Shape optimization for maximum probability domains

Our investigations about the shape optimization problem (MPDν) go in two directions: on the one hand, in
Section 5.2.2.1 we prove the existence of maximum probability domains under “mild” assumptions; in spite
of the seemingly simple formulation (MPDν), this task is not trivial. The proof is interesting, as it provides
a convenient expression of the optimality conditions, which lends itself to the device of an efficient numerical
algorithm, that we present in Section 5.2.2.2.

5.2.2.1. Existence of maximum probability domains

Our study of the existence of maximum probability domains hinges on a relaxed version of (MPDν) formu-
lated in the framework of density-based topology optimization, see Section 1.4.5. Let us indeed introduce
the following density optimization problem:

(MPDrelax
ν ) max

m∈L∞(R3,[0,1])
Jν(m), where Jν(m) :=

∫

R3n

Pν(m)(x1, . . . , xn)Sν(x1, . . . , xn) dx1 . . . dxn

and Pν(m)(x1, . . . , xn) =

ν∏

i=1

m(xi)

n∏

j=ν+1

(1−m(xj)).
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Figure 5.2.2. An intuitive interpretation of maximum probability domains: regions Ω ⊂ R3

with maximum probability P2(Ω) of finding exactly two electrons can be interpreted as the
electron pairs of the Lewis model.

The latter is obtained from (MPDν) by replacing the characteristic function 1Ω of the optimized “black-and-
white” shape Ω with a “grayscale” density function m ∈ L∞(R3, [0, 1]). For such design m, we also define
the function Fmν : R3 → R by:

Fmν (x) =

∫

R3(n−1)

(ν − nm(xν+1))

ν∏

i=2

m(xi)

n∏

j=ν+2

(1−m(xj))Sν(x, x2, . . . , xn) dx2 . . . dxn,

and for any Lebesgue measurable subset Ω ⊂ R3, we set FΩ
ν ≡ F 1Ω

ν .

Our main theoretical result regarding the analysis of (MPDν) reads as follows:

Theorem 5.2.1 Let Ψ ∈ L2
((
R3 ×

{
− 1

2 ,
1
2

})n
,C
)

be an antisymmetric function of the variables
(
x1

σ1

)
, . . . ,

(
xn
σn

)

such that
(5.2.8)

For σ1, . . . , σn ∈
{
−1

2
,

1

2

}
, the mapping R3n 3 (x1, . . . , xn) 7→ Ψ

[(
x1

σ1

)
, . . . ,

(
xn
σn

)]
∈ C is real analytic.

Assume in addition that:

(5.2.9) ∃m0 ∈ L∞(R3, [0, 1]), such that Jν(m0) >

(
1 +

n− ν
ν

+
ν

n− ν

)−1

.

Then,

(i) The problem (MPDrelax
ν ) has a (possibly non unique) global solution m∗ in L∞(R3, [0, 1]).

(ii) This solution m∗ is of the form m∗ = 1Ω∗ where Ω∗ is a Lebesgue measurable subset of R3 which is a
(possibly non unique) global solution to (MPDν).

(iii) Any global solution Ω∗ to (MPDν) is an open subset of R3 which satisfies

Ω∗ =
{
FΩ∗

ν > 0
}

:=
{
x ∈ R3, FΩ∗

ν (x) > 0
}
,

up to a subset of R3 with null Lebesgue measure.

Hint of proof. We proceed in three steps.

Step 1: We prove that there exists a global solution m∗ to the relaxed problem (MPDrelax
ν ).
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This fact is a relatively classical application of the direct method of calculus of variations: it follows
from the weak-∗ compactness of L∞(R3, [0, 1]) and the sequential continuity of Jν for the weak-∗ topology
of L∞(R3, [0, 1]).

Step 2: We express the optimality conditions for (MPDrelax
ν ).

These are based on the Fréchet derivative of Jν(m), which is obtained after a fairly standard calculation:

∀h ∈ L∞(R3), J ′ν(m∗)(h) =

∫

R3

Fm
∗

ν (x)h(x) dx.

An elementary analysis of this expression reveals that if m ∈ L∞(R3, [0, 1]) is a local maximizer for

(MPDrelax
ν ), the following inclusions hold, up to subsets of R3 with null Lebesgue measure:

(i) {Fmν < 0} ⊂ {m = 0} ⊂ {Fmν ≤ 0},
(ii) {Fmν > 0} ⊂ {m = 1} ⊂ {Fmν ≥ 0},
(iii) {0 < m < 1} ⊂ {Fmν = 0}.

Step 3: We prove that any global solution m∗ to (MPDrelax
ν ) is the characteristic function of a Lebesgue

measurable subset Ω∗ ⊂ R3.
To achieve thus, we argue by contradiction, and we assume that there exists one global solution m∗

to (MPDrelax
ν ) which is not the characteristic function of a Lebesgue measurable subset of R3, i.e. the set

{0 < m∗ < 1} has positive Lebesgue measure. The necessary optimality conditions derived in Step 2 show
that the function Fm

∗

ν (x) must vanish on a set with positive Lebesgue measure, and since it is analytic,
because of (5.2.8), it must vanish identically on R3. Simple calculations then reveal that:

Fm
∗

ν ≡ 0 on R3 ⇒ Jν(m∗) <

(
1 +

n− ν
ν

+
ν

n− ν

)−1

and so Jν(m∗) < Jν(m0),

where m0 ∈ L∞(R3, [0, 1]) is the density function in (5.2.9); this is the expected contradiction with the global

optimality of m∗. Hence, any global solution m∗ to (MPDrelax
ν ) is the characteristic function of a Lebesgue

measurable subset Ω∗ of R3, which is necessarily a global maximizer of the problem (MPDν). �

Remark 5.2.2 The assumption (5.2.9) of the theorem is admittedly not very eloquent; however, the calcu-
lation of Jν(m0) for a few explicit functions m0 ∈ L∞(R3, [0, 1]) and elementary algebraic manipulations
show that it is automatically satisfied in a number of important situations, and notably when ν = 0, 1, or 2,
regardless of the total number n of electrons in the considered system.

5.2.2.2. A numerical algorithm for the identification of maximum probability domains

Our practical treatment of the shape and topology optimization problem (MPDν) combines two numerical
ingredients.

On the one hand, we use the level set based mesh evolution method presented in Section 1.4.7, which is
well-adapted to the sensitive numerical evaluation of Pν(Ω). The calculation of the shape derivative of this
objective function is similar to that of the Fréchet derivative of the functional Jν(m), conducted in the proof
of Theorem 5.2.1; hence, Algorithm 3 can be applied as described in Section 1.4.7. Let us however outline
two specificities of the problem (MPDν) that demand particular attention.

• Algorithm 3 operates in a bounded computational domain D, while the problem (MPDν) features
shapes that are a priori unbounded, and its local and global maximizers may very well be so.
This raises the need to define a “suitably large” computational domain D, containing a significant
portion of the sought maximum probability domains, but which is also not vainly large, so as to keep
the computational effort reasonable. To achieve this, we first consider a very large computational

domain D̃, equipped with a very coarse mesh, and we search for a domain D ⊂ D̃ which makes the
probability Pn(D) of finding all the n electrons of the system “very close” to 1. This domain D is
the desired computational box for the solution of (MPDν) with Algorithm 3.
• Although Pν(Ω) has a closed form expression, its calculation via (5.2.7) (and that of its shape

derivative) is computationally intense, even for moderately large values of the number of electrons
n. Indeed, the evaluation of the integrand in (5.2.7) at each quadrature point of the 3n-dimensional
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domain Ων × (R3 \ Ω)n−ν involves the calculation of 2n determinants of size n. To achieve this
calculation efficiently, we rely on “clever” reformulations of Pν(Ω) and P′ν(Ω)(θ) derived in [105].

On the other hand, we leverage the optimality conditions for the relaxed problem (MPDrelax
ν ) to develop

a fixed-point topology optimization algorithm in the spirit of that presented in Section 1.4.8.2. The latter
allows to change topology in the course of the shape optimization process – notably via dramatic operations
which are not permitted by the framework of Hadamard’s method, such as the addition of small connected
components or the nucleation of tiny holes in the optimized shape. The basic observation underlying this
algorithm is that if a Lebesgue measurable domain Ω ⊂ R3 is such that 1Ω is a local maximizer for the
relaxed problem (MPDrelax

ν ) (which is a stronger condition than Ω being a local maximizer for (MPDν)),
then −FΩ

ν is one level set function for Ω, see again Step 2 in the proof of Theorem 5.2.1.
One step of the fixed point strategy of Section 1.4.8.2 to impose this condition reads:

(5.2.10) φk+1 =
1

sin ak

(
sin((1− τk)ak)φk + sin(τkak)g̃k

)
,

where g̃k := − 1

||FΩk
ν ||L2(D)

FΩk

ν , ak = arccos((φk, g̃k)L2(D)), τ
k ∈ [0, 1] is a time step,

and φk (resp. φk+1) is one level set function for the shape Ωk (resp. for Ωk+1), see (LS). Numerical
experiments not reported in this manuscript show that the use of this fixed point strategy in a standalone
fashion is very unstable in the present context, leading to multiple numerical artifacts.

Our numerical strategy thus alternates between “classical” iterations of the boundary variation Algo-
rithm 3 with occasional steps of the form (5.2.10) which allow to dramatically alter the topology of the
optimized shape.

5.2.3. Two numerical examples

We now turn to two numerical illustrations of the strategy introduced in Section 5.2.2.2: in either case, we
calculate the maximum probability domains of a molecule to try and retrieve its classical Lewis structure.
Before proceeding, let us recall that the classical Lewis theory distinguishes three types of electron pairs
within a molecule:

• The core electron pairs are attached to one specific nucleus; they are chemically inert.
• The valence lone pairs are also attached to a particular nucleus, but they may be chemically reactive

and responsible for specific properties of the molecule.
• The chemical bonds are electron pairs shared by two atoms.

We search for MPDs associated to ν = 2 electrons, which should intuitively account for such Lewis electron
pairs. We expect to identify as many electron pairs as local optimizers of the MPD problem, attached to
different initializations, which account for as many stable configurations of the system.

5.2.3.1. The water molecule H2O

In this section, we consider the water molecule H2O. According to the Lewis theory, the n = 10 electrons
of this molecule are arranged in five electron pairs: one core pair and two valence lone pairs are attached to
the oxygen nucleus, and each hydrogen atom is connected to the oxygen via a chemical bond.

The search for the maximum probability domains of the H2O molecule accounting for these five pairs
goes through the solution of (MPDν) with ν = 2 by using different initial shapes Ω0. The wave function Ψ
describing the present electron cloud is a single Slater determinant of the form (5.2.4), involving n = 10 spin
orbitals φi, each of them being of the form (5.2.6) with R = 67 Gaussian primitives.

We first look for the maximum probability domain associated to the core electron pair of the molecule;
to this end, we solve (MPDν) by using a ball with radius 0.55 times the distance O−H, centered at the
oxygen atom as for initial shape Ω0, see Fig. 5.2.3 (a). The optimized shape obtained in this situation is
displayed on Fig. 5.2.3 (b). Similar numerical experiments (not reported in this manuscript) associated to
initial shapes which are slightly shifted away from the oxygen atom result in the same local maximizer of
(MPDν).
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a b c

Figure 5.2.3. Maximum probability domains attached to the core electron pair of the oxygen
atom in the H2O molecule. The oxygen atom is represented in red, and the two hydrogen
atoms are in white, at the ends of the bicolor stick representing the two O−H bonds; iterations
(a) 0, (b) 2 and (c) 8.

We next turn to the identification of the four valence electron pairs of the water molecule. The four initial
shapes used in this context are depicted on Fig. 5.2.4 (upper row), and the corresponding local optimizers
of (MPDν) are displayed in Fig. 5.2.4 (bottom row). These may be grouped into two sets of symmetrically
related solutions: the optimized shapes on the two leftmost columns in Fig. 5.2.4 correspond to the oxygen
lone pairs, and the optimized shapes on the two rightmost columns are the O−H bonds of the molecule.
Interestingly, the numerical strategy of Section 5.2.2.2 manages to capture unbounded shapes with several
connected components, even when a bounded and connected initial guess is used. Note that the smaller
connected components featured by these MPDs are not artifacts from the calculation.

These calculations suggest a possible answer about an old, but still lively debate between two rival
visions for the structure of the two valence lone pairs of the H2O molecule. On the one hand, the prevailing
representation within the organic chemistry community, provided by the so-called “hybridization theory”,
features two “rabbit-ear” lone pairs with identical shapes, see Fig. 5.2.5 (a). On the other hand, the Molecular
Orbital reading of the H2O molecule predicts two different lone pairs, one of so-called σ type, and the other
of so-called π type, see Fig. 5.2.5 (b). The numerical results of Fig. 5.2.4 feature two distinct lone pairs with
very similar shapes, and thus tend to speak in favor of the former, “rabbit-ear” shaped lone pairs hypothesis.

5.2.3.2. The ethylene molecule C2H4

We now study the ethylene molecule C2H4, which features n = 16 electrons, and we more particularly focus
on the double C=C bond between the two carbon atoms. Similarly to what happens for multiply bonded
hydrocarbons in general, it was originally suggested that this double bond should correspond to two bent
bonds with similar shapes, also called banana bonds. Yet, another description featuring two different bonds of
σ and π types has become increasingly popular within the chemical community; see Fig. 5.2.6 for a schematic
representation of both orbital sets. In order to put both hypotheses to the test, we search for the maximum
probability domains of the ethylene molecule in the C−C interatomic region (thus leaving aside the core
pairs).

Our first experiment consists in searching for a local maximizer of (MPDν) starting from a sphere Ω0

located in the C−C interatomic axis or slightly above, with radius 0.79 times the distance between carbon
atoms, see Fig. 5.2.7 (a). The optimized domain Ω is displayed on Fig. 5.2.7 (b). Judging from its symmetry
with respect to the plane of the molecule, it is tempting to associate Ω to a C−C bond of σ type. However,
despite many attempts, we did not find any corresponding complementary maximum probability domain
that would correspond to a π-bond between those two carbon atoms.
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Figure 5.2.4. Maximum probability domains associated with the valence electron pairs in
the H2O molecule; the initial domains are displayed on the upper row, and the optimized
ones are on the bottom row. The two domains in (e) (f) correspond to the oxygen lone pairs,
while the other two in (g) (h) are associated with the O−H chemical bonds.

a b

Figure 5.2.5. (a) In the H2O molecule, the “rabbit-ear” description of the water lone pairs
predicts that the oxygen atom has two lone pairs with equivalent shapes, which are symmetric
with respect to the plane of the molecule; (b) The σ−π vision features two different electron
pairs, one of σ-type (comprised in the plane of the molecule), the other of π-type (which is
orthogonal to it).

In a second set of experiments, using initial domains Ω0 situated from either side of the plane of symmetry
of the molecule (see Fig. 5.2.8, left column) we obtain two maximum probability domains in the C−C
interatomic region, which are represented on Fig. 5.2.8 (right column). These could correspond to two
equivalent “banana bonds”, which are symmetric with respect to the plane of the molecule. Besides, the
final value 0.404 of the probability P2(Ω) for either of these two domains Ω is slightly larger than that
0.401 obtained in the first experiment, in the case of the potential σ-bond maximum probability domain of
Fig. 5.2.7.

All things considered, both arguments suggest that the “banana bond” model may be the most plausible
structure for the two bonds between the carbon atoms of the ethylene.
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a b

Figure 5.2.6. (a) The “bent-bond” model for the double C=C bond of the ethylene molecule
features two electron pairs which are symmetric with respect to the plane of the molecule; (b)
The σ − π description of this bond involves one σ electron pair within the molecule plane,
and a π electron pair, orthogonal to it.

a
b

Figure 5.2.7. Maximum Probability Domain associated to the potential σ bond pair be-
tween the two carbon atoms of the ethylene molecule, as discussed in Section 5.2.3.2 (no
corresponding π MPD has been found). The carbon atoms are in grey, and the hydrogen
ones are in white: (a) Initial guess; (b) Optimized shape

5.3 Optimization of the shape of nanophotonic devices

Nanophotonic devices are components used to manipulate light, considered as an electromagnetic field, at
the nanometric scale. They are tailored to specific tasks such as guiding an incident wave with negligible
loss, splitting it into several output ports depending on the wavelength, converting a mode from an incoming
waveguide into another mode of an outgoing waveguide, etc. These components are the building blocks of the
photonic integrated circuits (PICs) used, for instance, in fiber optic communications, microscopy, biosensing,
to name a few applications, see Fig. 5.3.1 and [176] for an overview.

The non trivial properties of nanophotonic devices are generally obtained by a clever repartition of “core”
and “cladding” materials. As the difficult underlying physics leaves very little room for intuition, shape and
topology optimization techniques have naturally become an essential tool in their design, see [211] for an
overview of such applications.

This section summarizes the investigations conducted in the articles [A17, A16] around the optimal design
of nanophotonic devices. It is composed of a short description of these (in Section 5.3.1), an exposition of
the stakes of optimal design in this context, including the crucial issue of robustness (see Section 5.3.2), and
a few numerical examples (in Section 5.3.3).
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c
d

Figure 5.2.8. Maximum probability domains associated with the C−C bond pairs in the
ethylene molecule C2H4, investigated in Section 5.2.3.2. The carbon atoms are represented in
grey, and the hydrogens are in white: (a)(c) Initial guesses; (b)(d) Corresponding maximum
probability domain interpreted as banana bonds.

5.3.1. Nanophotonic devices and the transport of light

5.3.1.1. Physical description of nanophotonic devices

This section aims to provide a minimal physical background around the subject of nanophotonic components,
a more exhaustive account of which can be found in Chap. 13 in [217] and [228].

In a nutshell, the typical configuration of interest features a substrate, usually made of silica SiO2,
mounted by a core region made of silicium Si, as well as several waveguides entering or exiting the latter.
More precisely, the situation is that illustrated on Fig. 5.3.2 (a):
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b c

Figure 5.3.1. Three different levels of detail for an engraved wafer, supporting numerous
nanophotonic components; (a) Full wafer (200 mm diameter); (b) Two particular photonic
circuits; (c) One individual component.

• The total “hold-all” domain D ⊂ R3 where investigations take place is a box.
• The lower part Dsubs of D is occupied by the substrate; this region is made of insulating material,

typically silica SiO2.
• The core region, or design domain, Dopt is a box with thickness h mounted on the substrate. This

active region of the device is composed of two phases, occupied by core material (typically silicium
Si) and cladding material (such as air), respectively. Due to its fabrication by lithography and
etching, this region is invariant in the vertical, e2 direction.
• Several waveguides, collectively denoted by Dwg, are connected to the core region, conveying light

in and out of the latter; they are also made of core material.
• Light is injected into the computational domain via the region Γin of ∂D.
• The quantities of interest appraising the performance of the design are measured on an internal

hypersurface Γobj ⊂ D; in practice, Γobj is often chosen to be a section of an outgoing waveguide.
• The “Perfectly Matched Layer” region DPML is an open neighborhood of ∂D made of a fictitious

absorbing material. It is introduced for purely numerical purpose, as a means of mimicking the
radiation conditions at infinity featured in the Maxwell’s equation, in the present context where
the numerical simulation takes place in the bounded domain D.
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Figure 5.3.2. (a) Physical setting of the nanophotonic devices considered in Section 5.3;
(b) Schematics of a waveguide.

The constituent materials of these regions are homogeneous and isotropic; they are characterized by their
(real-valued) electric permittivity ε and magnetic permeability µ, which appraise their ability to polarize
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in response of an applied electric field and to develop magnetization under the effect of a magnetic field,
respectively. Another useful quantity is the refractive index ν2 = ε/ε0, involving the vacuum permittivity ε0,
which expresses the ratio between the speed of light in the vacuum and that in the considered medium. The
refractive index νcore of the core material is typically much larger than those νclad and νsubs of the cladding
and substrate, which ensures a better confinement of light in this region.

5.3.1.2. Nanophotonic devices and the Maxwell’s equations

The physical behavior of nanophotonic devices is governed by the time-harmonic Maxwell’s equations, about
which we refer to [208, 212], or Chap. 1 in [272].

Let ω denote the considered optical frequency and let k = ω/c and λ = 2π/k be the associated wavenum-
ber and wavelength (where c is the velocity of light in the vacuum), respectively: a time dependence of the
form e−iωt is assumed for the electric and magnetic fields. Their spatial components E : D → R3 and
H : D → R3 satisfy the four Maxwell’s equations, which write:

(Maxwell)

curl(E) = iωµH (Maxwell-Faraday),

div(εE) = 0 (Maxwell-Gauss),

curl(H) = −iωεE (Maxwell-Ampère),

div(µH) = 0 (Maxwell-Thomson),

where, as we have mentioned, the permittivity ε and permeability µ inside D are piecewise constant real-
valued functions. Here, we recall the definition of the curl of a vector field v : R3 → R3 of class C1:

curl(v)(x) =

(
∂v3

∂x2
− ∂v2

∂x3
,
∂v1

∂x3
− ∂v3

∂x1
,
∂v2

∂x1
− ∂v1

∂x2

)
, x ∈ R3.

Elementary manipulations allow to reduce this coupled system to two independent equations, one for the
electric field E,

(5.3.1) curl(curl(E))− k2ν2E = 0,

and the other for the magnetic field H:

curl

(
1

ν2
curl(H)

)
− k2H = 0;

where, in turn, the refractive index ν is a piecewise real-valued function on D. Since the knowledge of one
of the two fields E and H easily allows to retrieve the other via (Maxwell), only the first equation (5.3.1)
(for instance) needs to be solved in practice.

This equation is endowed with boundary conditions whose modeling and precise mathematical definition
are a little involved, and which can be informally described as follows:

• A boundary condition accounting for the injection of a desired mode for the electric field is imposed
on the entrance port Γin of the device, see the next Section 5.3.1.3 about modes in waveguides, and
§11.1.2 in [212] or §6.3 in [386] for more details about such boundary conditions.

• The natural mechanism to express the decay of the electric field E “far” from the device is the
Silver-Müller radiation condition at infinity:

(5.3.2) lim
|x|→∞

|x|
(

curl(E)× x

|x| − iωE
)

= 0,

where we recall the notation × for the vector product between vectors in R3. Since the numerical
simulation takes place in the bounded domain D, this condition is approximated by the so-called
perfectly matched layer method: the region ∂D\Γin is surrounded by a thin layer DPML of artificial
absorbing material, so that any boundary condition for E on ∂D will emulate (5.3.2), starting from
the simple one n× E = 0, see [72].
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5.3.1.3. The behavior of electromagnetic fields inside waveguides: a closer look to modes

Waveguides are the elementary structures used to transport light in one particular direction with minimum
loss; in the physical setting of Section 5.3.1.1, they convey the light in and out the considered nanophotonic
device where it is processed. A few elements about the behavior of electromagnetic fields inside waveguides
are in order, which are pivotal in the expression of the light injection boundary conditions complementing
(5.3.1) and in the expression of the physical performance of nanophotonic devices; we refer to [341] for further
details about these issues.

As depicted in Fig. 5.3.2 (b), the considered waveguides have the form of a tube oriented in the propa-
gation direction (hereafter set to e3, without loss of generality) with a “simple” cross section, made of core
material Si. The electric and magnetic fields E and H inside such a waveguide can be expanded as follows:

(5.3.3) E(x) =

N∑

j=1

ajEj(x)+

N∑

j=1

a−jE−j(x)+Erad(x), and H(x) =

N∑

j=1

ajHj(x)+

N∑

j=1

a−jH−j(x)+Hrad(x).

The basis functions (Ej , Hj) and (Erad, Hrad) featured in this decomposition are the modes of the waveguide;
they account for the fundamental structure of an electromagnetic wave propagating through the latter:

• The guided modes (Ej , Hj) are those for which the energy is concentrated near the core region
of the waveguide; they propagate in the forward direction of the guide when j > 0 and in the
backward direction if j < 0.

• The radiating fields (Erad, Hrad) are contributions whose energy is not confined near the core region,
and which are therefore undesirable for our purpose.

From the mathematical viewpoint, these functions are obtained from the solution of a 2d eigenvalue problem
posed in the unbounded transverse section Γobj of the waveguide – which is therefore referred to as “open”
in the literature. They satisfy orthonormality relations, which we omit for brevity.

The coefficients aj featured in both decompositions in (5.3.3) are equal and given by the following
formulas:

∀j = 1, . . . , N, aj =
1

4

∫

Γobj

(
E ×Hm + Em ×H

)
· n ds, and a−j =

1

4

∫

Γobj

(
E ×Hj − Ej ×H

)
· n ds.

Let us conclude this brief sketch with a word about the classical terminology in the literature. The
guided modes of a waveguide usually carry a label of the form TEj or TMj , where the polarization of the
mode is transverse electric (TE) (resp. transverse magnetic (TM)) if the triplet (E1, H2, E3) contains more
energy than (H1, E2, H3) (resp. if it is the other way around), and they are ordered with respect to this
distinction thanks to the index j = 0, .... For instance, TE0 (resp. TM0) is the first forward-propagating
guided mode which is transverse electric (resp. transverse magnetic).

5.3.2. Optimization of nanophotonic devices

In this section, we enter into the realm of shape and topology optimization problems, that we formulate
in the context of the design of nanophotonic devices in Section 5.3.2.1, before evoking the crucial issue of
robustness in Section 5.3.2.2.

5.3.2.1. Shape optimization setting

The optimized shape Ω accounts for the region of the design domain Dopt which is occupied by core material.
We denote the electric and magnetic fields by EΩ and HΩ in this situation; these are the solutions to the
Maxwell’s equations (Maxwell) or (5.3.1) in the situation where the refractive index ν ≡ νΩ reads:

∀x ∈ D, νΩ(x) =





νcore if x ∈ Ω ∪Dwg,
νsubs if x ∈ Dsubs,
νclad if x ∈ D \ (Ω ∪Dwg ∪Dsubs).

Most of the considered shape optimization problems in this context involve the energy Jp(Ω) crossing
the objective surface Γobj. The expression of the latter is:

Jp(Ω) =

∫

Γobj

ΠΩ · n ds, where the Poynting vector ΠΩ is defined by ΠΩ =
1

2
Re
(
EΩ ×HΩ

)
.
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Often, Γobj is the transverse section of a waveguide connected to the device; introducing the guided modes
(Ej , Hj), j = −N, . . . ,−1, 1, . . . , N and exploiting the orthonormality relations between them, the energy
Jp(Ω) can be decomposed as:

Jp(Ω) =

N∑

j=1

Jo,j(Ω)−
N∑

j=1

Jo,−j(Ω),

where the energy Jo,j(Ω) conveyed by the jth mode which crosses the surface Γobj is:

(5.3.4) Jo,j(Ω) =

∣∣∣∣∣
1

4

∫

Γobj

(
EΩ ×Hj + Ej ×HΩ

)
· n ds

∣∣∣∣∣

2

.

The generic shape and topology optimization problem considered in our investigations is then of the
form:

(5.3.5) max
Ω⊂Dopt

J(Ω),

where J(Ω) stands for one of the functionals Jo,j(Ω), j = 1, . . . , N .
The numerical resolution of this problem by the methods introduced in Section 1.4.6.2 relies on the

shape derivative of the functionals Jo,j(Ω). These expressions can be obtained thanks to elementary, albeit
tedious calculations based on the methods recalled in Section 1.3.3.

Remark 5.3.1 Although the above expression of the physical problem of interest and of the related optimal
design problem feature an arbitrary region Ω ⊂ Dopt, we have seen that the active part Dopt of nanophotonic
devices is typically required to be invariant in the e2 direction. This constraint can be incorporated into the
above framework in a straightforward manner.

5.3.2.2. Robustness with respect to uncertainties in the optimal design of nanophotonic components

The physical performance of nanophotonic devices is tremendously sensitive to even very small perturbations
of the parameters entering the model of Section 5.3.1. Such perturbations are unfortunately inevitable in
practice:

• The index of refraction νcore of the core material undergoes significant variations due to fluctuations
of the ambient temperature;

• Imperfections of the laser used to inject light into the device may cause uncertainties in the frequency
ω and in the related wavelength;

• The geometry of the considered nanophotonic component itself may be subject to uncontrolled
dilations or erosions with respect to the intended blueprint design, incurred by the lithography-
etching manufacturing process.

The means to address uncertainties in this context differs from the general strategies proposed in Chap-
ter 2. On the one hand, the intense computational effort entailed by one single solution of the Maxwell’s
equation limits drastically the affordable number of applications of the numerical solver. On the other hand,
the aforementioned sources of uncertainties concern parameters in very low-dimensional spaces (typically,
one). These specific features call for the use of “exhaustive” methods for introducing robustness into the
optimal design problem, based on a sampling of the parameter space.

Schematically, let ξ denote the considered parameter, lying inside a subset Ξ of a “low-dimensional”
vector space. Let also C(Ω, ξ) stand for the objective function of interest in the situation where the actual
value of the parameter equals ξ. In our applications,

• ξ may stand for the operating frequency, so that C(Ω, ξ) is one of the functions Jo,j(Ω) defined in
(5.3.4) with ω = ξ;

• ξ may represent the length scale over which the lithography stage of the fabrication process causes
a smearing of Ω, in which case:

(5.3.6) C(Ω, ξ) = Jo,j(Ω̃ξ),

where Ω̃ξ is the “smeared version of Ω” over a thickness ξ.
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• ξ may represent a uniform erosion or dilation parameter to account for uncertainties cause by the
etching stage of the fabrication process:

C(Ω, ξ) = Jo,j((Id + ξnΩ)(Ω)).

The nominal optimal design problem, when ξ is assumed to be known exactly, reads:

max
Ω⊂Dopt

C(Ω, ξ).

Sampling the set Ξ with the values ξ1, . . . , ξp, we then simply consider the following robust optimal design
problem:

max
Ω⊂Dopt

min
i=1,...,p

C(Ω, ξi).

The latter can be turned into a standard constrained optimization program after introduction of a dummy
variable s:

max
Ω⊂Dopt
s≥0

s s.t. s ≤ C(Ω, ξi), i = 1, . . . , p.

This program can be solved thanks to a classical constrained optimization algorithm, such as that introduced
in Section 3.2.

5.3.3. Numerical examples

In this section, we illustrate the above framework with the optimal design of two nanophotonic components: a
duplexer and a mode converter. Our numerical implementation is based on the solver COMSOL Multiphysics

for the three-dimensional Maxwell’s equation (5.3.1). The optimized shape Ω ⊂ Dopt is represented and
updated via the “classical” level set method on a fixed mesh of Dopt, as described in Section 1.4.6.2. Note
that, since Ω is required to be invariant in the e2 direction, only the 2d cross-section of Ω in the (e1, e3)
plane is optimized; however, the physical calculations involved in the solution of (5.3.5) are conducted in 3d,
see Remark 5.3.1 about this point.

5.3.3.1. Robust shape optimization of a duplexer under uncertainties on the incoming wavelength

In this section, we consider the optimal design of a duplexer. The physical situation is depicted on Fig. 5.3.3
(a): the central region Dopt is connected to one input waveguide, whose cross-section is denoted by Γin and
two output waveguides with cross-sections Γout,1, Γout,2. We aim to optimize the shape Ω ⊂ Dopt of the
core phase so that the incoming light exit through either Γout,1 or Γout,2 depending on whether the incident
wavelength equals λ1 = 1.55 µm or λ2 = 1.31 µm, respectively. We additionally require this behavior to be
robust with respect to “small” variations of λ1, λ2, with maximum amplitude m = 25 nm.
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Figure 5.3.3. (a) Physical setting of the duplexer test case considered in Sections 5.3.3.1
and 5.3.3.2; (b) Schematics of the mode converter test case considered in Section 5.3.3.3.
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To achieve this, we consider the following robust shape optimization problem:

max
Ω⊂Dopt

min
i=1,2

min
{
J−i (Ω), J+

i (Ω)
}
,

where J±i (Ω) is the function Jo,1(Ω) in (5.3.4), involving the objective surface Γobj = Γout,i, in the situation
where the operating wavelength equals (λi ±m).

The initial design in this example is shaped as an array of 8 × 8 regularly spaced holes. After about
100 iterations and roughly 40 hours of computation, our numerical algorithm yields the shape represented
on Fig. 5.3.4. The plots of the electric field in the four situations where the injected light has wavelength
λi ±m, i = 1, 2 confirm that the optimized design manages to efficiently redirect the light to the desired
channels in a robust fashion with respect to the incoming wavelength.

(a) Optimized shape

20 40 60 80
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1

(b) Convergence history (c) Spectrum

(d) Sim. at λ = 1.525 µm (e) Sim. at λ = 1.575 µm (f) Sim. at λ = 1.285 µm (g) Sim. at λ = 1.335 µm

Figure 5.3.4. Optimized shape and details of the optimization process in the duplexer test-
case considering wavelength robustness of Section 5.3.3.1.

5.3.3.2. Robust optimization of a duplexer with respect to uncertainties caused by etching

The present section revisits the duplexer test case considered in the previous Section 5.3.3.1; in this setting,
we aim to impose that the design be robust with respect to geometric imperfections caused by the etching
fabrication process, which may indeed incur an uncontrolled, uniform dilation or erosion of the design of the
order of 10 nm.

So as to remedy this concern, we solve the following robust problem with respect to uncertainties over
a uniform dilation or erosion of shapes by a value m = 10 nm:

max
Ω

min
i=1,2

min
{
Ji((Id−mnΩ)(Ω)), Ji(Ω), Ji((Id +mnΩ)(Ω)

}
,

where, again, we have denoted by Ji(Ω) the amount of power Jo,1(Ω) carried by the first guided mode of the
output waveguide Γout,i when the operating wavelength is λi.

After 150 iterations, our shape optimization algorithm produces the shape represented on Fig. 5.3.5,
whose performance is robust with respect to dilation and erosion effects.
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(a) Erosion by t = −10 nm (b) Optimized shape (c) Dilation by t = +10 nm

(d) λ = 1.55 µm, t = −10 nm (e) λ = 1.55 µm, t = 0 nm (f) λ = 1.55 µm, t = +10 nm

(g) λ = 1.31 µm, t = −10 nm (h) λ = 1.31 µm, t = 0 nm (i) λ = 1.31 µm, t = +10 nm

(j) Convergence history (k) Objective sensitivity to dilation / erosion

Figure 5.3.5. Results of the robust shape optimization of a duplexer with respect to uncer-
tainties linked to etching in Section 5.3.3.2.

5.3.3.3. Robust optimization of a mode converter with respect to uncertainties caused by lithography

In this section, we consider the optimization of the shape of a mode converter, as depicted in Fig. 5.3.3
(b). The design domain Dopt is connected to one input waveguide with cross-section Γin and one output
waveguide whose cross-section Γout is wide enough to allow for the existence of multiple guided modes. Light
is injected into the device via the fundamental mode TE0 of the input waveguide, and we aim to transfer
this power to the third mode TE2 of the output waveguide.

In addition to these requirements, we wish to enforce the robustness of the design with respect to
uncertainties caused by the lithography fabrication process. To this end, we solve the problem

(5.3.7) max
Ω

min
{
Jo,3(Ω), Jo,3(Ω̃ξ)

}
,
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where we recall that the perturbation Ω̃ξ is a smeared version of Ω over the length-scale ξ, the value of which
is taken as ξ = 30 nm, see (5.3.6).

Starting with an array of 8 × 8 holes as for initial design, we obtain the optimized shape in Fig. 5.3.6,
where we have also reported the optimized shape resulting from the non robust counterpart of (5.3.7).

(a) Convergence history
(b) Robustness to lithogra-
phy (c) Convergence history

(d) Robustness to lithogra-
phy

(e) Robust shape
(ξ = 0 nm)

(f) Field for the robust shape
(ξ = 0 nm)

(g) Non robust shape
(ξ = 0 nm)

(h) Field for the non robust
shape (ξ = 0 nm)

(i) Dilated robust shape
(ξ = 30 nm)

(j) Field for the dilated
robust shape (ξ = 30 nm)

(k) Dilated non robust
shape (ξ = 30 nm)

(l) Field for the dilated non
robust shape (ξ = 30 nm)

(m) Dilated robust shape
(ξ = 60 nm)

(n) Field for the dilated
robust shape (ξ = 60 nm)

(o) Dilated non robust
shape (ξ = 60 nm)

(p) Field for the dilated non
robust shape (ξ = 60 nm)

Figure 5.3.6. Optimization of the mode converter of Section 5.3.3.3 with an initial shape
of 8× 8 holes, with and without lithography robustness.
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5.4 Perspectives: optimal design of an electric motor

Electric motors are devices meant to convert electric energy into mechanical energy. They have recently
aroused a tremendous enthusiasm in the academic and industrial communities with the rapidly growing
emergency of realizing energy savings – electric engines can achieve much superior yield to their classical
thermal counterparts – and the need for realistic alternatives to fossile fuels. They are also deemed to be
a promising solution against the environmental crisis, as their carbon footprint can be inferior to that of
thermal motors by up to 80%.

In a nutshell, an electric motor is composed of two parts: the fixed, outermost part is called stator,
and the rotating inner part is called rotor; at least one of these components is equipped with electric coils.
The current flowing through them induces an electromagnetic field giving the impetus to the rotation of the
rotor. The resulting torque steers a shaft, whose mechanical work can be exploited or stored for further use,
see Fig. 5.4.1 (a).

The inner structure of the stator–rotor assembly is complex. It is made of the coils, air, of a ferromagnetic
material, and it optionally contains (costly) permanent magnets meant to boost its performance, see Fig. 5.4.1
(b) for an illustration and [219] for a more detailed presentation. A crucial challenge is to optimize the
repartition of these regions in order to maximize the torque of the rotor.

a
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Figure 5.4.1. (a) Stator and rotor components of an electric motor; (b) Schematic of the
2d cross-section of an electric motor; air is depicted in white; the ferromagnetic material is
in yellow, the coils are in red, and the permanent magnets are in blue.

Let us consider the following simplified, albeit realistic model based on [184] for this problem. In the
permanent regime, the rotor rotates at constant angular velocity α = 2π/T over a time period [0, T ], around
the axis passing through the origin and oriented along e3. Owing to the invariance of the structure of the
motor in the e3 direction, the physical effects at stake can be described by a two-dimensional problem posed
on its cross-section D. In the rest configuration (i.e. at time t = 0, before the rotation is initiated), the
latter is decomposed into three disjoint phases

D = Dstat ∪Drot ∪Dgap,

accounting for the stator, the rotor, and the thin air gap between them, respectively. In turn, the rotor part
can be decomposed as:

Drot = Dmag ∪ Ω ∪ Ωair

where Dmag represents the position of the permanent magnets, and the remaining phases Ω and Ωair are
filled with ferromagnetic material and air, respectively. As Dmag is assumed to be non optimizable, we shall
describe the optimized structure of the rotor part in terms of the phase Ω.
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As a consequence of the rotation of the rotor, the position ϕt(x) at time t of an arbitrary point located
at x ∈ Drot at time 0 is given by

∀x = (x1, x2) ∈ Drot, ϕt(x) =

(
cos(αt) − sin(αt)
sin(αt) cos(αt)

)(
x1

x2

)
,

and the velocity field driving the motion of this point is:

v(t, ϕt(x)) :=
∂

∂t
(ϕt(x)).

At an arbitrary time t, the rotor part, and all its constituent subdomains are displaced according to this
motion: the regions Dmag(t), Ω(t) and Ωair(t) which are occupied by permanent magnets, ferromagnetic
material and air in the rotated configuration are respectively Dmag(t) = ϕt(Dmag), Ω(t) := ϕt(Ω) and
Ωair(t) := ϕt(Ωair).

The three-dimensional magnetic field B within the motor is expressed in terms of the three-dimensional
vector potential A,

B = curl(A), where A(t, x) = (0, 0, u(t, x1, x2))

is directed along the e3 axis and depends only on time and on the reduced variable x = (x1, x2) ∈ D. In the
present low-frequency regime, one proves that the full Maxwell’s equations within the motor give rise to the
following 2d partial differential equation for the only non trivial component u of A:

(5.4.1) σΩ(t)(x)

(
∂u

∂t
+ v · ∇u

)
− div(νΩ(t)(x, |∇u|)∇u) = f in (0, T )×D,

which is complemented with suitable boundary conditions and time periodicity conditions. In this problem,
the physical properties of the motor are characterized by the conductivity σΩ(t) and the reluctivity νΩ(t)

inside D, which take different values in the various phases at play. All these values are constant, except for
the reluctivity inside the ferromagnetic material Ω, which is a non linear function of ∇u.

In this setting, the shape optimization problem under scrutiny consists in maximizing the average torque
produced over one period:

(5.4.2) max
Ω⊂Drot

J(Ω), where J(Ω) :=
1

T

Lνair

rmax − rmin
T

∫ T

0

∫

Σ

Q(x)∇uΩ · ∇uΩ dx dt,

and Q(x) :=
1

|x|

(
x1x2

1
2 (x2

2 − x2
1)

1
2 (x2

2 − x2
1) −x1x2

)
.

Here, uΩ is the third component of the vector potential when the phase occupied by ferromagnetic material
is Ω, solution to (5.4.1); the constant L is the length of the machine in the e3 direction, Σ is an annulus in
the air gap Dgap with inner and outer radii rmin and rmax, respectively, and νair is the reluctivity of air.

The shape optimization problem (5.4.2) has several specificities, making its study non standard:

• The boundary value problem (5.4.1) for uΩ is non linear, as the reluctivity of the ferromagnetic
material depends on the gradient of u; this makes the numerical resolution difficult. In particular,
this problem has to be studied in the time domain, or by a sophisticated method of reduction to a
finite number of Fourier modes.
• This boundary value problem is also expressed on a moving geometry, undergoing a known rotation.

One possible method to conduct numerical simulations in this context is to take advantage of the 2d
character of the problem and to rely on a (2+1)d space-time finite element method, see [345] about
these.
• Likewise, the objective functional J(Ω) depends on the shape Ω via all its rotated versions Ω(t) in

time, which makes the calculation of the shape derivative of J(Ω) quite technical.

A. Cesarano, P. Gangl (Radon Institute, Linz) and I have started a collaboration about such problems
related to the optimization of the structure of an electric motor; a preliminary example of an optimized
cross-section of a rotor is depicted on Fig. 5.4.2.
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a b c

Figure 5.4.2. (a) Optimized design of the air pockets (in dark blue) near the permanent
magnets of an electric motor as considered in Section 5.4 at time T = 0; (b) Rotated version
of the optimized design at time t = T/2; (c) Rotated version at time t = T ; only the upper-
right quadrant is displayed out of symmetry.
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Chapter 6
A few more general and long-term perspectives

This chapter outlines a few directions for future research which are more general and yet more prospective
than those described in the previous chapters. In Section 6.1, we present three natural developments related
to remeshing algorithms, heralding promising physical applications. Then, in Section 6.2, we investigate the
construction of a novel optimal design framework, based on a representation of the optimized shape by the
cells of a Laguerre diagram associated to a set of seed points and suitably chosen weights.

Most importantly, these few possible leads for future work are by no means an exhaustive account of
the multiple mathematical theories and numerical tools that I long to discover in the future.

6.1 Further developments about remeshing

Mesh processing is at the heart of a great deal of the numerical experiments reported in the present manu-
script; the computational tools at play are gathered in the open-source library mmg [S2], which is regularly
updated and maintained1. In this section, we present three long-term projects, implying non trivial devel-
opments of new meshing operations.

6.1.1. Insertion of lines into a simplicial mesh

The first of these operations is conceptually close to the isovalue discretization procedure described in
Section 1.4.7.3: it consists in the explicit insertion of a curve network into a computational mesh. More
precisely, let D ⊂ Rd (d = 2 or 3) be a fixed computational domain, equipped with a simplicial mesh T ,
and let L be a collection of line segments {ai}i=1,...,NL

, whose endpoints belong to the set {pk}k=1,...,KL
.

We wish to construct a new mesh T̃ of D where each element ai of L appears explicitly, possibly up to a

covering – that is, ai itself is an edge of T̃ or it is the reunion of several edges of T̃ .
Here are two potential applications of this procedure:

• In geophysics, fault lines represent features of interest inside the underground medium D, such as
the limits of cracks. The number, location and geometry of these fault lines are unknown, and one
simple and popular approach to identify them consists in testing multiple scenarii: the likelihood of
each one is appraised by inserting the alleged lines into a mesh T of D and confronting mechanical

simulations performed on the resulting mesh T̃ with the observed behavior of the underground.
A similar strategy allows to optimize the placement of drill holes with respect to geothermal heat
recovery; we refer to [231] for 2d numerical implementations of such techniques and to Fig. 6.1.1
for an illustration. The application of this procedure to more realistic, three-dimensional models
would benefit from the development of this meshing feature in the more involved, 3d context.

• One interesting and rather original application of the procedure of Section 1.4.7.3 realizing the
explicit discretization of the negative subdomain of a level set function φ : D → R into a mesh
T of the considered computational domain D is the creation of a mesh of a domain Ω ⊂ D from

1mainly thanks to the efforts of A. Froehly!
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Figure 6.1.1. Perturbation of a fracture network in a porous medium; result from [231].

a possibly ill-shaped (sometimes invalid) triangulation S of its boundary ∂Ω. This application is
described in [A35, A4] and it is illustrated on Fig. 6.1.2: briefly, the signed distance function dΩ to
Ω is calculated at the vertices of T from the datum of S, see Section 1.4.7.1 about this operation.
The negative subdomain of dΩ is then explicitly discretized into T thanks to the methodology of
Section 1.4.7.3. This strategy is robust to “small imperfections” of S, such as overlaps or “small”
holes, which are ubiquitous features in data resulting from CAD models or scanning processes.
Indeed, as long as the distance dΩ can be computed at the vertices of T and that, crucially, its
sign can be identified in a consistent way, the above methodology automatically produces a valid,
conforming mesh of Ω.

a b
c

Figure 6.1.2. Creation of a mesh of a the Sagrada Familia Ω ⊂ D from a possibly invalid
triangulation S of ∂Ω; (a) Isolines of the signed distance function dΩ; (b) Refined computa-
tional mesh T of D near the 0 isosurface of dΩ; (c) Resulting high-quality mesh of Ω.

Unfortunately, this methodology does not allow to capture the sharp features of the input
surface mesh S, such as its corners and ridges: these entities will inevitably appear via a smoothed
counterpart in the resulting mesh of Ω, unless they are explicitly discretized in the mesh T of D
before the calculation of dΩ is conducted.

One possible idea to realize the explicit discretization of a line mesh L into the computational mesh T
of D proceeds in the following way, which is sketched in Fig. 6.1.3.

(i) Insert each vertex pk of L, k = 1, . . . ,KL into the mesh T . This stage relies on patterns, depending on
whether pk belongs to an edge, a face, or to the interior of a simplex T of T .

(ii) For each edge ai of L with endpoints pk, pl, identify all the simplices T ∈ T crossed by ai. For each
such simplex T , enforce the portion ai ∩T of ai inside T by using a suitable pattern, depending on the
geometry of this intersection.
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(iii) At this point, the computational mesh is a valid, conforming mesh containing all the segments ai of L,
up to a covering, but it has poor finite element quality. A final quality-oriented remeshing stage yields

a high-quality mesh T̃ of D where L is explicitly discretized, see Section 1.4.3.
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Figure 6.1.3. (a) Simplicial mesh T of the computational domain D together with the line
mesh L to be inserted; (b) First step of the proposed approach in Section 6.1.1: insertion of
the vertices of the line mesh L; (c) Second stage: enforcement of the segments of L (up to
covering) by relying on patterns; (d) Final stage: quality-oriented remeshing.

6.1.2. Evolution of open curves and surfaces

The numerical investigations reported in this manuscript essentially concern the evolution of a domain Ω(t)
in Rd over a time period [0, T ], or that of the closed surface ∂Ω(t). There are, however, multiple contexts
where it is desirable to track the large evolution of an open surface S(t) ⊂ Rd, while maintaining a precise,
high-quality mesh of the latter throughout the process. For instance,

• In fracture mechanics, one category of numerical simulation approaches for the dynamics of crack
propagation relies on an explicit discretization of the crack surfaces at every iteration of the process.
Precise mechanical computations conducted on a mesh of the surrounding domain where the crack
appears explicitly, or on the meshed crack surface directly, are required to evaluate the velocity
field driving this motion, see e.g. [78, 262].
• In acoustics or in electromagnetism, open surfaces may represent screens, that is, scattering panels

whose thickness is much smaller than the wavelength, see [3, 98]. These screens are the support
of specific boundary conditions in the mathematical formulation of the physical boundary value
problem. Reconstruction algorithms aimed at identifying their shapes and locations from far field
measurements naturally raise the need to account for their evolution.
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• In structural mechanics, open surfaces may stand for shells, i.e. very thin structures which are for
instance key components of aircraft fuselages or building roofs. As such, the optimization of the
design of such structures has become a major issue over the recent years, see e.g. [179]. To the best
of our knowledge, this issue has only been treated by delicate mesh deformation techniques, similar
to those described in Section 1.4.4 [104], or as a reinforcement problem, where the local thickness
or the distribution of void is optimized within a fixed base surface [355, 374].

Interestingly, so-called “fractured meshes”, featuring an explicit discretization of an open surface, have
recently inspired theoretical studies, see [51].

From the numerical viewpoint, the simulation of an evolving open surface has been tackled in e.g. [122,
89]. In these works, an open surface S contained in a computational domain D is represented by two level
set functions φ, ψ : D → R, as:

(6.1.1) S = {x ∈ D, φ(x) = 0 and ψ(x) < 0} .

Here, the 0 level set of φ is a closed extension S̃ of S, and the negative subdomain of ψ within the latter
coincides with S, see Fig. 6.1.4.

The evolution of a surface S(t) thus described by two functions φ(t, ·) and ψ(t, ·) with respect to a
velocity field V (t, x) is achieved by solving the level set advection equation (LS-adv) for φ and ψ in an
independent fashion. Like in the “classical” practice of the level set method, the numerical stability of this
strategy demands that φ and ψ have neither “too steep”, nor “too flat” variations, see Remark 1.4.3. An
additional requirement, which is more specific of this setting, is that the 0 level sets of φ(t, ·) and ψ(t, ·)
should not become tangent to one another, namely:

(6.1.2) ∀x ∈ D s.t. φ(x) = ψ(x) = 0, it holds ∇φ(x) · ∇ψ(x) = 0.
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Figure 6.1.4. An open surface S ⊂ Rd can be represented as the intersection of a closed

surface S̃ =
{
x ∈ Rd, φ(x) = 0

}
defined by a level set function φ : Rd → R with the negative

subdomain of another level set function ψ : Rd → R.

The combination of this evolution strategy with the remeshing techniques presented in Section 1.4.3
would result in an interesting extension of the level set based mesh evolution method of Section 1.4.7 for
tracking the arbitrarily large evolution of an open surface S(t) while allowing an exact, high-quality meshed
description of the latter throughout the process.

Let us sketch an attempted workflow to realize this operation. At each iteration n = 0, . . ., corresponding
to the time tn, the domain D is equipped with a simplicial mesh T n where the surface Sn := S(tn) is explicitly
discretized. The update between two consecutive steps tn,tn+1 would then proceed as follows.

(i) Generate two level set functions φn, ψn : D → R at the vertices of the mesh T n of D, representing the
surface Sn in the sense that (6.1.1) holds.

(ii) Solve the level set advection equation (LS-adv) for both functions φ and ψ between times tn and tn+1.
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(iii) Discretize explicitly the 0 level set S̃n+1 of φn+1 into the mesh T n, by using the numerical algorithm
of Section 1.4.7.

(iv) Discretize explciitly the negative subdomain of ψn+1 into the resulting mesh of D by the same token.
(v) Use the remeshing operations of Section 1.4.3 to obtain a new, high-quality mesh T n+1 of D where

Sn+1 is explicitly discretized.

The only ingredient of this workflow which is not yet available is an algorithm realizing its first stage.
The device of such a method is a non trivial adaptation of “classical” methods for calculating the signed
distance function to a domain, as presented in Section 1.4.7.1, and we wish to address this issue in the near
future.

6.1.3. Parallel remeshing

The wish to conduct numerical simulations at increasingly large scales calls for the parallel implementation
of all the stages of the workflow. While the parallelization of numerical solvers, and notably the device of
efficient preconditioning techniques, is by now a fairly mature subject, see e.g. [162], parallel mesh adaptation
techniques, able to process very large meshes in a reasonable amount of time, have received far less attention.

Judging from the fact that the processed mesh T is sometimes so large that it can barely be held in
memory, it seems more efficient to prefer a shared memory implementation of parallel remeshing to one based
on a distributed memory philosophy. An iterative remeshing – repartitioning strategy was proposed in this
perspective in [68], which is exemplified in Fig. 6.1.5. In a nutshell, at each iteration n = 0, . . ., the mesh
T n is subdivided into several disjoint submeshes T nk , k = 1, . . . ,K, the interface On between them being a
surface mesh, i.e. a collection of edges in 2d, triangles in 3d. Each submesh T nk is remeshed in parallel by
applying the sequential remeshing algorithm while leaving intact the entities of On. The total mesh T n+1

is then reassembled and the next iteration n + 1 starts with a new partition T n+1
k , k = 1, . . . ,K, featuring

a different interface mesh On+1, so that, hopefully, after a few iterations, all the entities of the mesh have
been processed.

Figure 6.1.5. Illustration of an iterative remeshing-repartitioning parallel mesh adaptation
strategy conducted over 3 processors: at each iteration n, the mesh is divided into 3 sub-
meshes T nk , k = 1, 2, 3, which are distributed over as many processors; each T nk is remeshed,
independently of the other two, while the entities of the interface mesh On (cyan edges) are
preserved.
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This strategy is admittedly simple from the conceptual point of view, but its implementation is very
tedious, especially in terms of the specific data structures needed. Besides it is essential to guarantee a
correct balance between the work load affected to each submesh, so as to fully exploit the potential of the
parallel application of the sequential remeshing algorithm, and the redefinition procedure of the interface
mesh On between each iteration must guarantee that no region of T stays untouched after a few iterations.

These considerations have already given rise to considerable developments2, see [131]. Several challenges
remain to be addressed, though; notably, the parallel implemention of the explicit discretization of the
negative subdomain of a level set function presented in Section 1.4.7.3 still poses many technical difficulties.

6.2 A shape and topology optimization framework featuring a

representation of shapes with Laguerre diagrams

As we have discussed repeatedly in this manuscript (see e.g. Section 1.4), one of the major challenges faced
by shape and topology optimization algorithms is the difficulty to find a representation of the shape Ω ⊂ Rd
which is suitable for all the stages of the workflow: while a meshed representation allows for the convenient
solution of boundary value problems posed on Ω, e.g. via the finite element method, its update under this
form is very intricate, and it easily produces ill-shaped, not to say downright overlapping elements. On the
contrary, implicit representations of the shape (e.g. by the level set method, or via a density-based paradigm)
circumvent the use of a mesh and thereby allow for a robust description of its evolution. This comes at the
expanse of a precise solution of the boundary value problem characterizing the physical behavior of Ω, which
has to be given an approximate counterpart posed on a larger, fixed computational domain.

This dilemma is not specific to shape and topology optimization: any application featuring the evolution
of a region under the effect of a physical phenomenon described by a boundary value problem encounters
the same issue (e.g. the dynamical simulation of bifluid flows, inverse problems, etc.).

An original idea to track an arbitrarily large motion of a shape Ω embedded into a fixed computational
domain D ⊂ Rd was recently introduced by B. Levy in the article [232], taking place in the context of fluid
mechanics. The latter hinges on the notion of Laguerre diagram from computational geometry, a weighted
version of the more conventional one of Voronoi diagram [86]:

Definition 6.2.1 Let D ⊂ Rd be a bounded open domain, and let s = {si}i=1,...,N and ψ = {ψi}i=1,...,N be
sets of seed points si ∈ D and corresponding weights ψi ∈ R. The Laguerre diagram associated to s and ψ is
the following subdivision of D:

D =

N⋃

i=1

Lagi(s, ψ), where Lagi(s, ψ) :=
{
x ∈ D, |x− si|2 − ψi ≤ |x− sj |2 − ψj ∀j 6= i

}
.

The fluid region Ω considered in [232] is represented by such sets of seed points s = {si}i=1,...,N ,

representing fluid particles, and weights ψ = {ψi}i=1,...,N . These data induce the following modified Laguerre
diagram:

(6.2.1) Ω =

N⋃

i=1

Vi(s, ψ), where Vi(s, ψ) :=

{
x ∈ D, |x− si|

2 − ψi ≤ |x− sj |2 − ψj , ∀j 6= i
|x− si|2 − ψ2

i ≤ 0

}
,

is obtained after intersection of Lagi(s, ψ) by the ball with center si and radius ψ
1/2
i . Note that, after

the choice of a discretization of the spherical portions of the cell boundaries, this decomposition induces a
representation of Ω by convex polygons whose vertices are denoted by qj , j = 1, . . . , J , see Fig. 6.2.1.

The shape Ω ⊂ D in (6.2.1) is thus completely characterized by the positions of the particles si and the
weights ψi. This representation can be conveniently replaced by the equivalent datum of the seed points si
and of a volume prescription νi for each cell, physically representing a region of influence for si: a deep result
from the optimal transport theory indeed states that for each set s of seeds, there exists a unique weight
vector ψ such that the volume of each cell Vi(s, ψ) equals νi. Besides, these weights can be calculated by an
efficient Newton algorithm, as proposed [260]. Thus setting the volume of each cell once and for all ensures

2thanks to the efforts of A. Froehly, L. Cirrottola, and a number of external contributors
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Figure 6.2.1. Representation (6.2.1) of a shape Ω ⊂ D via the modified Laguerre diagram
(6.2.1) associated to a set of seed points s = {si}i=1,...,N and weights ψ = {ψi}i=1,...,N .

the strict conservation of the mass of the fluid throughout the evolution; besides, it presents the technical
advantage to avoid the degeneration of the cells Vi(s, ψ) in the course of the numerical evolution.

The advocated strategy in [232] to account for the evolution of a fluid region Ω(t) over a time period [0, T ]
is summarized in Algorithm 4. In the latter, we label with an n superscript all the values of time-dependent
quantities at the discrete times tn = n∆t, where ∆t is the time step and n = 0, . . ..

Algorithm 4 Laguerre diagram based shape evolution algorithm proposed in [232].

Initialization: Initial shape Ω0, described as the modified Laguerre diagram (6.2.1) associated to

• Seed points s0 :=
{
s0
i

}
i=1,...,N

,

• Weights ψ0 :=
{
ψ0
i

}
i=1,...,N

, associated to prescribed measures ν = {νi}i=1,...,N .

for n = 0, ..., until convergence do
(1) Compute the velocity of the fluid as a vector vni ∈ Rd for each seed sni by a heuristic method

based solely on the geometry of the cell Vi(s
n, ψn).

(2) Update the positions of the seeds as:

sn+1
i = sni + ∆t vni .

(3) Calculate the new weight vector ψn+1 so that each cell Vi(s
n+1, ψn+1) have volume νi.

end for
return Shape Ωn defined as the diagram (6.2.1) associated to seeds sn and weights ψn.

Together with B. Levy and É. Oudet, we wish to adapt this evolution strategy, allowing for dramatic evo-
lutions of the shape Ω (including changes in its topology), to the solution of shape and topology optimization
problems, of the form (P) presented in Section 1.2.3. This task raises several major challenges:

• The method of Algorithm 4 conveniently alleviates the solution of the flow equations (e.g. the
Stokes, or the Navier-Stokes equations) on the shape Ω by resorting to a heuristic method for
calculating the velocity vi of each seed si. In the context of the solution of a shape optimization
problem such as (P), the velocity field driving the motion stems from the shape derivatives of
the objective and constraint functionals J(Ω), G(Ω), H(Ω) involved in the problem. As we have
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a b c

Figure 6.2.2. (a) Initial shape, (b) Intermediate shape, (c) Final shape resulting from
the optimization of the 9th eigenvalue of the Laplace operator with homogeneous Dirichlet
boundary conditions with the numerical strategy of Section 6.2.

seen repeatedly throughout the manuscript, their expressions often involve the solutions to one or
several boundary value problems posed on Ω. To achieve this operation while exploiting directly
the representation (6.2.1) of Ω as a collection of convex polygons, we wish to rely on the recent
“Virtual Element Method” (VEM), a finite element method tailored to polygonal tessellations of
the domain [66].
• In line with this need to solve finite element problems on the polygonal mesh supplied by the

modified Laguerre diagram (6.2.1), it is essential to guarantee that the elements of the latter be
“well-shaped” (i.e. not too flat, etc.) – a difficulty which is absent from the original work [232],
where no boundary value problem is solved. To achieve this, we could rely on a Laguerre diagram
version of the well-known Lloyd relaxation algorithm, introduced in [243] to compute centroidal
Voronoi tessellations, see [372].
• Another difficulty lies in the fact that the computed sensitivity of the functions J(Ω), G(Ω), H(Ω)

will be naturally obtained at the vertices qj of the polygonal representation of Ω supplied by (6.2.1).
This raises the need to convert this information into sensitivities with respect to modifications of
the seeds s and weights ψ, which are the “true” design variables of the problem: mathematically,
this boils down to differentiate the vertices qj with respect to the seeds s and weights ψ in (6.2.1).

An example of the use of this numerical strategy in shape and topology optimization is depicted on
Fig. 6.2.2; we wish to extend this preliminary study to more complex physical problems, and to three-
dimensional situations.

Last but not least, this shape evolution strategy suggests interesting investigations from the theoretical
point of view: loosely speaking, the choice of the seeds s and weights ψ as design variables seems to be capable
of “seeing” both sensitivities of the functionals of the domain at play with respect to variations of its boundary
and to its perforation by “small” holes. One possible means to shed light on these observations would be to
give a continuous counterpart to the above formulation, for instance in connection with the optimal transport
theory; this would perhaps suggest a connection between the derivatives of a shape functional in terms of
the seeds and weights and continuous quantities such as shape and topological derivatives.
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pp. 537–551.

[350] A. Szabo and N. S. Ostlund, Modern quantum chemistry: introduction to advanced electronic
structure theory. Courier Corporation, 2012.

[351] G. Tapia, A. H. Elwany, and H. Sang, Prediction of porosity in metal-based additive manufacturing
using spatial Gaussian process models, Additive Manufacturing 12 (2016), pp. 282–290.

278



[352] R. Temam and A. Miranville, Mathematical modeling in continuum mechanics. Cambridge Uni-
versity Press, 2005.

[353] J. F. Thompson, B. K. Soni, and N. P. Weatherill, Handbook of grid generation. CRC press,
1998.

[354] L. C. Torres, L. M. Pereira, and M. H. Amini, A survey on optimal transport for machine learning:
Theory and applications, arXiv preprint arXiv:2106.01963 (2021).
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additive manufacturing, 141
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Céa’s method, 47
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compliance, 37
conductivity equation, 26
conjugate point, 120
constitutive law, 33
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covariance, 114
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mean, 77
principal, 77

density function, 61
density-based topology optimization, 60
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geodesic, 76
dripping effect, 144

Eikonal equation, 121
elastic energy, 36
elastic material, 33
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orthotropic, 33
transversely isotropic, 34

electric motor, 250
Electron Beam Melting (EBM), 141
elliptic regularity, 79
equi-coercivity, 217
Eulerian derivative, 45

filter, 62

Frobenius inner product, 11
fundamental solution

Laplace operator, 160
linear elasticity operator, 162

Fused Filament Fabrication (FFF), 141

Green’s formula, 78
Green’s function, 160
growth condition, 46

Hadamard’s boundary variation method, 41
Hartree-Fock model, 233
Hausdorff distance, 11
heat exchanger, 225
Hilbert-Schmidt operator, 113
Hilbertian method, 54
homogenization, 39
Hooke’s tensor, 33

implicit function theorem, 79
inhomogeneity

diametrically small, 167
thin, 167
tubular, 167

interpolation law, 61

Karhunen-Loève decomposition, 112

Lagrangian derivative, 45
Laguerre diagram, 258
Laplace-Beltrami operator, 76
level set based mesh evolution method, 67
level set method, 64
linear elasticity, 29
locally compact and separable metric space, 111

maximum probability domain, 234
Maxwell’s equations, 243
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Rm-valued, 110

281



positive, 110
probability, 110

mesh, 57
mode

guided, 244
radiating, 244
transverse electric, 244
transverse magnetic, 244

nanophotonic device, 241
normal vector, 76

observable, 231
overhang, 142

perimeter, 37
relative, 178
total, 178

plane strain, 30
plane stress, 30
Poisson’s ratio, 33
porosity, 91
probability law, 97
projection

point, 120
set, 120

Radon measure
Rm-valued, 111
positive, 111

random field, 116
Gaussian, 116

ray, 120
remeshing, 58
Riesz representation theorem, 112

scaffold structure, 142
second fundamental form, 77
shape derivative

calculation, 43
definition, 41
structure, 42

surface form, 47
volume form, 47

shear modulus, 33
signed distance function, 119

geodesic, 188
SIMP law, 61
SIMP method, 60
skeleton, 120
Sobolev spaces, 12

exterior, 164
fractional, 163

spherical linear interpolation, 79
strain tensor, 30
stress tensor, 32

tangent
plane, 76
vector, 76

tangential
divergence, 76
gradient, 76

tensor product of Hilbert spaces, 113
thickness

anisotropic maximum, 138
maximum, 124
minimum, 123

topological derivative, 53
calculation, 172
definition, 53
numerical use, 72

transmission boundary conditions, 28

velocity method, 42
volume, 37

Wasserstein distance, 104
wave function, 229
waveguide, 244
weak * convergence of measures, 112

Young’s modulus, 33

282


	Chapter 1. Preliminaries: Shape and topology optimization algorithms and their implementation
	A few selected historical milestones
	1.1.1. The isoperimetric inequality
	1.1.2. Optimal design in architecture
	1.1.3. Optimal design and the calculus of variations
	1.1.4. Toward modern shape and topology optimization in structural and aeronautical engineering

	Mathematical models for conductive media and linearly elastic structures
	1.2.1. The conductivity equation
	1.2.2. Linear elastic structures
	1.2.3. Shape optimization of elastic structures

	Mathematical representation of shapes and their variations
	1.3.1. The thorny question of the representation of shapes
	1.3.2. Non existence of optimal shapes: the homogenization phenomenon
	1.3.3. Shape derivatives
	1.3.4. Topological derivatives
	1.3.5. A focus on the Hilbertian method for handling shape derivatives

	Numerical implementation of shape optimization algorithms
	1.4.1. General outline of a shape and topology optimization algorithm
	1.4.2. Preliminaries about meshes
	1.4.3. Basic stakes about remeshing
	1.4.4. The historical Lagrangian methods for shape optimization
	1.4.5. Density-based formulations
	1.4.6. The level set method for shape optimization
	1.4.7. The level set based mesh evolution method
	1.4.8. Bringing topological derivatives into play


	Appendices
	Technical facts
	1.A.1. A short reminder of the differential geometry of hypersurfaces
	1.A.2. Change of variables formulas
	1.A.3. The Green's formula
	1.A.4. The implicit function theorem
	1.A.5. Linear interpolation on the unit sphere of a Hilbert space
	1.A.6. A glimpse of elliptic regularity


	Chapter 2. Shape and topology optimization under uncertainties
	Optimal design in the worst-case scenario
	2.1.1. A formal, general linearization method for worst-case design
	2.1.2. A couple of numerical results

	Shape optimization under porosity constraints
	2.2.1. Formal presentation of the mathematical model
	2.2.2. Two numerical examples of robust optimization of shapes taking into account the emergence of porosities

	Optimal design under random uncertainties
	2.3.1. Formal presentation of the main ideas in an abstract setting
	2.3.2. A few numerical results

	A perspective: distributionally robust shape optimization
	2.4.1. Formal presentation of the main ideas
	2.4.2. Two numerical examples
	2.4.3. Perspectives


	Appendices
	A few words about measure theory
	The Karhunen-Loève decomposition
	2.B.1. Preliminaries about tensor products of Hilbert spaces
	2.B.2. An abstract decomposition theorem for elements in tensor product spaces
	2.B.3. The Karhunen-Loève decomposition of square-integrable random fields


	Chapter 3. Geometric and manufacturing constraints in shape and topology optimization
	Preliminaries: the signed distance function to a domain and its applications in shape optimization
	3.1.1. About the signed distance function
	3.1.2. Differentiability of the signed distance function with respect to the domain
	3.1.3. Modeling geometric constraints using the signed distance function

	An efficient, general purpose optimization algorithm
	3.2.1. Abstract presentation of the algorithm
	3.2.2. Application in shape and topology optimization and a numerical example

	A variational method for the evaluation of the shape derivatives of geometric functions
	3.3.1. A formal insight about the main idea
	3.3.2. Numerical illustrations

	Modeling of constraints on shapes for architectural design
	3.4.1. Presentation of the mechanical setting and of a guiding example
	3.4.2. Instilling diversity in the optimized shape by changing the specifications of the test-case
	3.4.3. Constraints about the resemblance with a target design
	3.4.4. Promoting the emergence of bars and walls by using constraints based on the anisotropic signed distance function

	Imposing constraints on the overhang regions of shapes
	3.5.1. A few facts about additive manufacturing
	3.5.2. An intuitive, geometric description, and its limitations
	3.5.3. A layer-by-layer mechanical functional for overhang constraints
	3.5.4. Two numerical applications of layer-by-layer mechanical constraints for overhang features

	Taking into account the anisotropic material properties induced by additive manufacturing into the optimal design process
	3.6.1. Two different models for the construction of shapes
	3.6.2. Numerical examples

	Perspective: similarity constraints using optimal transport

	Appendices
	The coarea formula

	Chapter 4. Asymptotic analysis of partial differential equations and applications in shape and topology optimization
	Preliminaries: small inclusions as a representative starter
	4.1.1. Fundamental solutions and Green's functions
	4.1.2. Fractional and exterior Sobolev spaces
	4.1.3. Layer potentials
	4.1.4. Asymptotic expansions in the presence of ``small'' inhomogeneities
	4.1.5. A model calculation of a low-volume asymptotic expansion, and return to topological derivatives

	A paradigm to understand shape, topological and density derivatives in a unified fashion
	4.2.1. A consistent, density-based relaxation of a shape optimization problem
	4.2.2. A shape and topology optimization algorithm and numerical example
	4.2.3. A density-based counterpart to the perimeter functional

	Optimization of the shape of regions supporting boundary conditions
	4.3.1. A model problem in the conductivity setting
	4.3.2. A brief account of the regularity of u
	4.3.3. Calculation of the shape derivative of J() when N is optimized
	4.3.4. Calculation of the shape derivative of J() when D is optimized
	4.3.5. An approximate shape derivative in the Dirichlet-Neumann case
	4.3.6. Two numerical examples

	Sensitivity with respect to singular changes in the support of boundary conditions
	4.4.1. A general representation formula for the perturbed potential by the alteration of boundary conditions on a ``small'' subset of 
	4.4.2. Replacement of boundary conditions on a vanishing surface ball

	Uniform estimates in the presence of thin inhomogeneities
	The topological ligament
	4.6.1. Approximate ligament derivatives based on thin tubular inhomogeneities
	4.6.2. Three applications of topological ligaments in structural mechanics

	A few perspectives about asymptotic analysis
	4.7.1. Uniform replacements of solutions to parameter dependent boundary value problems
	4.7.2. Shape and topology optimization of the regions bearing boundary conditions
	4.7.3. Sensitivity of the voltage potential within a domain with respect to the onset of a crack on its boundary


	Appendices
	Functions with bounded variations
	A brief reminder of Lg-convergence

	Chapter 5. Shape and topology optimization in challenging physical contexts
	Shape and topology optimization of thermal-fluid-structure interacting systems
	5.1.1. Presentation of the general framework
	5.1.2. Numerical examples of optimal design of three-physics systems

	Optimization of Maximum Probability Domains in quantum chemistry
	5.2.1. Presentation of the physical context
	5.2.2. Shape optimization for maximum probability domains
	5.2.3. Two numerical examples

	Optimization of the shape of nanophotonic devices
	5.3.1. Nanophotonic devices and the transport of light
	5.3.2. Optimization of nanophotonic devices
	5.3.3. Numerical examples

	Perspectives: optimal design of an electric motor

	Chapter 6. A few more general and long-term perspectives
	Further developments about remeshing
	6.1.1. Insertion of lines into a simplicial mesh
	6.1.2. Evolution of open curves and surfaces
	6.1.3. Parallel remeshing

	A shape and topology optimization framework featuring a representation of shapes with Laguerre diagrams


