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k k
P(X) = Z aj X size(P) = Zsize(aj) + log(a))
j=1 Jj=1
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k k
P(X) = Z apX size(P) = ZSiZE(aj) + log(o;))
j=1 J=1

Theorem (Cucker, Koiran, Smale, 1998)

Polynomial-time algorithm to find integer roots if a; € Z.
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k k
P(X) = Z apX size(P) = ZSiZE(aj) + log(o;))
j=1 J=1

Theorem (Cucker, Koiran, Smale, 1998)

Polynomial-time algorithm to find integer roots if a; € Z.

Theorem (Lenstra, 1999)

Polynomial-time algorithm to find factors of degree < d if
aj € K, where K is an algebraic number field.

4/26



Theorem (Kaltofen & Koiran, 2005)

Polynomial-time algorithm to find linear factors of bivariate la-
cunary polynomials over Q.
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Theorem (Kaltofen & Koiran, 2005)

Polynomial-time algorithm to find linear factors of bivariate la-
cunary polynomials over Q.

Theorem (Kaltofen & Koiran, 2006)

Polynomial-time algorithm to find low-degree factors of multi-
variate lacunary polynomials over algebraic number fields.
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~ Gap Theorem

‘ k
P = Zan{lli . ..Xﬁ‘nj + Z an{llj B ‘X,‘,l"j
Jj=1

Jj=t+1
Po Y
with a1 < app < - < api.

6/26



Gap Theorem

L k
P=> a XV XgW+ Y a XV X5
j=1 Jj=t+1

2

Py Py
with ap; < app < -+ < apk. Suppose that

Qner1 — Qne > gap(P)
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Gap Theorem

L k
P=> a XV XgW+ Y a XV X5
j=1 Jj=t+1

/ 2

~~

—
Po Py

with ap; < app < -+ < apk. Suppose that

Qpp+1 — Qpp > gaP(P),

then F divides P iff F divides both Py and P;.
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Gap Theorem

L k
P=> a XV XgW+ Y a XV X5
j=1 Jj=t+1

/ 2

Po Py
with ap; < app < -+ < apk. Suppose that
Qno1 — nyg > gap(P),
then F divides P iff F divides both Py and P;.
gap(P): function of the algebraic height of P.
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v

Linear factors of bivariate lacunary polynomials [KaKoi05]

v

gap(P) independent of the height

~- valid over any field of char. 0

\{

More elementary algorithms

Extension to multilinear factors

v
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Get rid of the heights!

» Linear factors of bivariate lacunary polynomials [KaKoi05]

v

gap(P) independent of the height

~- valid over any field of char. 0
> More elementary algorithms
» Extension to multilinear factors

» Results in positive characteristics
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P(X,Y) = Zax% Y5

8/26



P(X,Y) = Za X Y5

(Y —uX —v) divides P <= P(X,uX +v)=0

8/26



P(X,Y) = Za X Y5

(Y —uX —v) divides P <= P(X,uX +v)=0

> Study of polynomials of the form }; a; X% (uX + v)9
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Theorem

k
Let P = 3" ;X% (1 +X)% 0, with a1 < -+ < ay. Then

j=1
k+1—j
< 7 .
VaI(P)—lgasxk<aJ+( 2 ))
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Theorem

k
Let P =" a;X%(1+ X)% 0, with a1 < - < a. Then
j=1

val(P) < a1 + <’2‘)

» X%(1+ X)% linearly independent
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Theorem

k
Let P =" a;X%(1+ X)% 0, with a1 < - < a. Then
j=1

val(P) < a1 + <’2‘)

» X%(1+ X)% linearly independent
» Hajoés' Lemma: if ag = -+ = ay, val(P) < ag + (k —1).
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val(fi)  val(f)
0 f fa
S g g

_(k;l) fl(k'_l) fz(k_l)

val(fy)
A

fk(k—l)
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Proof idea. Write

WA, ... ) = X2~ (14 X) %87 C) det M

with deg(M;;) < i. Use val(det M) < deg(det M) < (12‘)
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Theorem
K

Let P = Zanaf(l + X)P% £ 0, with ag < --- < ay. Then
J=1

pi
< : .
val(P) = max <aj - ( 2 ))
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Theorem
k
Let P = Zan"‘f(l + X)P% £ 0, with ag < --- < ay. Then
J=1

val(P) < a1 + <l2()
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Theorem
k
Let P = ZanaJ'(l + X)P% £ 0, with ag < --- < ay. Then
J=1
k
val(P) < a1 + <2)
Proof.

val(W(fi,...,f)) = val(W(P, K, ..., f))
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Theorem
k
Let P = ZanaJ'(l +X)% #£0, with ag < --- < a. Then
J=1
k
val(P) < a1 + <2)
Proof.

k
> = val(W(h,. .., fi) = val(W(P, f, ..., f))
j=1

> val(P) + Zk:aj - (g)
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Theorem
K

Let P =" a;}X®%(1+ X)% #£0, with ay < -+ < o Then

J=1

k+1—j
< ; .
valPy < max <aj - ( 2 ))

Proof.

k
> = val(W(h,. .., fi) = val(W(P, f, ..., f))
j=1

> val(P) + Zk:aj - (g)

i—>
J 13/26



» uX +v=v(Y+1) withY =1IX
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» uX +v=v(Y+1) withY =1IX

k m
» Generalization: Z ajH £, deg(fi) < d
=1 =1
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» uX +v=v(Y+1) withY =1IX

k m

> Generalization: Y " a; [[ £, deg(f)) < d
=1 =1

» Lower bound: 3P, val(P) > a1 + (2k — 3)

14/26



Theorem
Let

14 k
P = Z ai X% (uX 4 v)% 4 Z ai X% (uX 4 v)P
j=1 j=t+1

Po Py

>l

with u,v #0, ag < -+ < . If

C+1—j
Qpy1 > 1“;?% <%+ ( 5 )>,

then P = 0 iff both Py = 0 and P; = 0.
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Theorem
Let

14 k
P = Z ai X% (uX 4 v)% 4 Z ai X% (uX 4 v)P
j=1 j=t+1

Po Py

>l

with u,v #0, ag < -+ < . If £ is the smallest index s.t.

/
Qui1 > Q1+ (2)7

then P = 0 iff both Py = 0 and P; = 0.
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1. Polynomial Identity Testing

2. Finding (multi)linear factors
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1. Polynomial Identity Testing
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1. Polynomial Identity Testing

2. Finding (multi)linear factors

N.B.: Algorithms are from [Kaltofen & Koiran, 2005]
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Theorem

There exists a deterministic polynomial-time algorithm to test

k
if P= Z a; X% (uX + v) vanishes.
=
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Theorem

There exists a deterministic polynomial-time algorithm to test

k
if P= Z ai X% (uX + v)? vanishes.
=

Proof.
> If u=0: test 3, ajvPi 20~ [Lenstra’99] (idem v = 0)
> fuv#0 P=P+- -+ Ps st

P=0<+= P=--=P=0

where Py =} a; X% (uX + V)% with amax < Qtmin + (12()
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Let Y = uX + v. Then

k
QY) =Y aju (Y —v)i P
j=1
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Let Y = uX + v. Then

k
QY) =Y aju (Y —v)i P
j=1

k
Jj=1

aju—aj <Czj> (— v)l yoit+8i—¢
=0
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Let Y = uX + v. Then

k
QY) =Y aju (Y —v)i P
j=1

k
Jj=1

aju—aj <CZJ) (— v)l yoit+8i—¢
=0

number of monomials, exponents < poly(size(Q)) ]
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Observation
(Y — uX —v) divides P(X,Y) < P(X,uX+v)=0.
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Observation
(Y — uX —v) divides P(X,Y) < P(X,uX+v)=0.

» PIT algorithm ~- test a given linear factor

» How to find linear factors?

Gap theorem
P(X,uX +v)=0
— Pi(X,uX+v)=---=Ps(X,uX+v)=0

— find linear factors of low-degree polynomials
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k
Find linear factors (Y — uX — v) of P(X,Y) = Zanaf &
j=1
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j=1

1. If u = 0: Factors of polynomials > _; 3 Y5i ~~ [Lenstra’99]
2. 1fv=0: P(X,uX) =", ajufi XtF
3. fu,v#0:
» Compute P = Py +---+ Ps where Py = >3, a; X% Y% with
Omax < Omin + (12()

> Invert the roles of X and Y, to get Smax < Bmin + (g)

~ [Lenstra’99]

20/26



k
Find linear factors (Y — uX — v) of P(X,Y) = Z a X YPi
j=1

1. 1f u = 0: Factors of polynomials > _; ERE
2. fv=0: P(X,uX)= Zj ajuﬁanjJrﬁj
3. fu,v#0:

~~ [Lenstra’99]
~ [Lenstra’99]

» Compute P = Py +---+ Ps where Py = >3, a; X% Y% with
Omax < Omin + (12()
> Invert the roles of X and Y, to get Smax < Bmin + (g)

> Apply some dense factorization algorithm [Kaltofen'82, ...,
Lecerf'07]
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Main computational task: Factorization of dense polynomials
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Main computational task: Factorization of dense polynomials
= Complexity in terms of gap(P)
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Main computational task: Factorization of dense polynomials
= Complexity in terms of gap(P)

» [Kaltofen & Koiran, 2005] gap(P) = O(k log k + k log hp)
» Here: gap(P) = O(k?)

Ex: hp = max; |aj| it Pe Z[X7 Y]
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Theorem

There exists a polynomial-time algorithm to test if
P(X)=>_; a; X% (uX? + v)% vanishes.
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Theorem

There exists a polynomial-time algorithm to test if
P(X)=>_; a; X% (uX? + v)% vanishes.

Proof. Write a; = dq; + r;.

d-1
PX) =Y X" > ai(X)(ux? + v)P
r=0

Jirj=r
- >

P.(X4)
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Theorem

There exists a polynomial-time algorithm to compute the multi-
linear factors of 3_; aj X% Y5
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Theorem

There exists a polynomial-time algorithm to compute the multi-
linear factors of 3_; aj X% Y5

Proof. XY — (uX — vY 4 w) divides P <= P(X, &tw)

Xy 0.
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Theorem

There exists a polynomial-time algorithm to compute the multi-
linear factors of 3_; aj X% Y5

Proof. XY — (uX — vY + w) divides P <= P(X, 51¥)

Gap theorem for Q(X) = (X + v)™>9 5 P(X, £Eaw).

0.
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2n+1

1+X) +1+X)¥ =Xx"(X+1)
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2n+1

=X (X+1)

1+ X)) +(1+X)
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L+ X+ (1+X)*" = X¥(X +1)

Theorem

k
Let K be a field of char. p and P = a;X® (1 + X)% # 0,
j=1
with aqp < -+ < .

If p > max;(a; + B;), then val(P) < max;(a; + (*1279)).
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K =TFps =Fp[&]/ (), ¢ irreducible of degree s
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K =TFps =Fp[¢]/(p), ¢ irreducible of degree s

Theorem

There exists a deterministic polynomial-time algorithm to test
if 322X (uX + v)%, where p > max;(a; + 3;), vanishes.

25/26



K =TFps =Fp[¢]/(p), ¢ irreducible of degree s

Theorem
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if 322X (uX + v)%, where p > max;(a; + 3;), vanishes.

Theorem

There exists a randomized polynomial-time algorithm to find
factors of the form (uX 4+ vY 4+ w), uvw # 0, of a polynomial of
the form 3 _; aj X% YPi %0, where p > max;(a; + ;).
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K =TFps =Fp[¢]/(p), ¢ irreducible of degree s

Theorem

There exists a deterministic polynomial-time algorithm to test
if 322X (uX + v)%, where p > max;(a; + 3;), vanishes.
Theorem

There exists a randomized polynomial-time algorithm to find
factors of the form (uX 4+ vY 4+ w), uvw # 0, of a polynomial of
the form 3, aj X% YPi %0, where p > max;(a; + ;).

» If u, v or w is zero, then finding such factors is NP-hard.
[Kipnis-Shamir’'99, Bi-Cheng-Rojas'12]
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Algorithms in positive characteristic

K =TFps =Fp[¢]/(p), ¢ irreducible of degree s

Theorem

There exists a deterministic polynomial-time algorithm to test
if 324X (uX + v)%, where p > max;(a; + 3;), vanishes.
Theorem

There exists a randomized polynomial-time algorithm to find
factors of the form (uX + vY + w), uvw # 0, of a polynomial of
the form 3 a; X YPi %0, where p > max;(a; + ;).

> If u, v or w is zero, then finding such factors is NP-hard.
[Kipnis-Shamir'99, Bi-Cheng-Rojas'12]
» Only randomized dense factorization algorithms over [F s
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More elementary proofs for [Kaltofen & Koiran'05]
Complexity independent of the height ~» large coefficients
Consequences in large positive characteristic

Still relies on [Lenstra’99] ~~» number fields

Extend to low-degree factors of multivariate polynomials
Extend to the univariate case

~» Impossible in positive characteristic
Improve the (%), or the lower bound

Thank you!

arXiv:1206.4224
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