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Elimination Theory

General form

fyooo fs € Kxa, ..oy xp)

fi = Z 'Yi,oc)_(a

|1 <d;

For which 7, is there a root?
There exist Ry, ..., Ry € K[7] s.t.

Ri(y) = 0 h(@) = 0

Ro(3) = 0 f(3) = 0
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Elimination Theory

Two Bivariate Polynomials

m n
o P=) pix'y™ Q=" gy
i=0 j=0

R = det Pm - Po

~> Sylvester Matrix

@ Non trivial root?
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Elimination Theory

More generally

e Wlog, homogeneous polynomials, non trivial roots

o |f,...,f €K[xi,...,xy] ~ a unique resultant polynomial

s polynomials # n variables ~~ several polynomials needed

Sylvester Matrix ~~ Macaulay Matrix (exponential size)

Resultant computable in polynomial space

Bruno Grenet (LIP — ENS Lyon) Multivariate resultant Brno — Aug 23, 2010 7/ 24
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First results

Definitions

Hilbert's Nullstellensatz over K: HN(K)
Input: f1,...,f € K[xo, ..., Xn]
i(a = 0
Question: 3? 3 € K", 5
f(a) = 0

e HyN(K): homogeneous polynomials (3 # 0)

e HoNZ(K): s = n+ 1 homogeneous polynomials
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Corollary
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Upper bounds

Lemma

For all K, HoND(K) <P, HoN(K) <P, HN(K) J
Proof. New variables yo, ..., y, and new polynomial Zx;y,- -1 O
Corollary

Under the Generalized Riemann Hypothesis, HoN- (7) € AM J

Proof. [Koiran, 1996] Under GRH, HN(Z) € AM. O
~ NP CAMC ¥

Remark. Best known upper bound for K = [, is PSPACE. J
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First results

Lower bounds

Theorem

For all K, HN(K) and HoN(K) are NP-hard.

Proof. Case HoN(K), with char(K) # 2:

Boolsys
@ Boolean variables
X1, .., Xn
@ Equations
X; = True
Xi = )<J V Xk

HoN
@ Variables (over K) xo and
X1y..-5Xn
@ Polynomials x3 — x? for every i > 0 and

X0 - (xi + x0)
xo - (xi + Xj)
(xi +x0)% = (2 +x0) - (xk + x0)
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Lower bound over Z

Theorem
HoN"(Z) is NP-hard. J

Proof. Partition: S = {u,...,u,} CZ, 3?2 §' C S, Z uj = Z uj

ics’ j¢s’
2 2
x1—X = 0
o d
2 2
xp—x5 = 0
uixi+ -+ tnxn = 0
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First results

Summary so far

Upper bounds

Lower bounds

HN | HoN | HoNP
Over Z AM
Over F, PSPACE

HN | HoN | HoNP
Over Z NP | NP | NP
Over F, || NP | NP | 777

@ NP = AM “under plausible complexity conjectures”
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Two ideas, two reductions

o fi,...,f € K[xo,...,Xn]
» s < n: always a root
» s> n+1: NP-hard
» s=n+1:7
@ Reduction from the case s > n+1

» First idea: decrease the number of polynomials
» Second idea: increase the number of variables
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NP-hardness in any characteristic First idea ~~ randomized reduction

Randomized reduction?

An instance | of P;
A randomized polynomial time algorithm A
A(!) is an instance of P,

| is a positive instance = A(/) is a positive instance

| is a negative instance = P[A(/) is a positive instance] < 1/3
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NP-hardness in any characteristic First idea ~~ randomized reduction
Reduction

e If f1,...,fs homogeneous of degree 2,

S
gi ::Za,-jﬁ-,ogig n
j=1
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NP-hardness in any characteristic First idea ~~ randomized reduction
Reduction

e If fi,...,fs homogeneous of degree 2,
S
g = Za;jﬂ-,o <i<n
j=1

o Vj,fi(x)=0 = Vig(x)=0
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NP-hardness in any characteristic First idea ~~ randomized reduction

Reduction

e If f1,...,fs homogeneous of degree 2,

if cvjj algebraically independent

if random «;: with high probability

(Quantifier Elimination + Schwartz-Zippel Lemma)
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Introduction

e Randomized reduction: fewer polynomials

# Deterministic reduction: more variables

H,N
o Variables over K xp and xg,..., X,

@ Polynomials xg — x? for every i

> XQ * (X,' —I—Xo)
> XQ - (X,' —f-XJ)
> (xi +x0) = (% + x0) - (xk + x0)
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Introduction

e Randomized reduction: fewer polynomials

# Deterministic reduction: more variables

H,N
o Variables over K xp and xg,..., X,

@ Polynomials xg — x? for every i — f,..., f

»Xo-(X,'—I-Xo)
» X0 - (xi + Xj) = fop1yee fs
> (xi +x0) = (% + x0) - (xk + x0)
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Reduction

o New variables: y1,...,ys n_1

New system
fi(x)
: (unchanged)
fn(X)
- fot1(X + \yi
g(x,y): +1(X) 341
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Reduction

o New variables: y1,...,ys n_1

New system
fi(x)
: (unchanged)
fn(X)
S =% fn—i—l()_() +)\YI2
g(x.y) = fr2(X) —yi +A5
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Reduction
o New variables: y1,...,ys n_1
New system
f(x)
: (unchanged)
fn(X)
o fara(X + N
gz.5)= | ) ¢

far2(X) —yE +X

for1(X) —y2 n o+ AV oy

Bruno Grenet (LIP — ENS Lyon) Multivariate resultant Brno — Aug 23, 2010 21 /24



WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Reduction
o New variables: y1,...,ys n_1
New system
f(x)
: (unchanged)
fn(X)
= =\ _ fat1(X) +)\YI2
EEN= fLo®) -y 3
fs— 1( ) - ysi—n—2 -+ )‘.ys2—n—1
fs()_() — Ys—n—-1
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Reduction
o New variables: y1,...,ys n_1

New system

f(x)

: (unchanged)
fn(X) i
ff
. foi(x 42 a root o
g(x.5) = | frerl®) " ~ I

foro(X) — )’12 + )\y22 (3,0) root of g

fsfl()_() - ysi—n—Z + )\-ysz—n—l
fs()_() — Ys—n—1
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NP-hardness in any characteristic

Equivalence?

(

a

)

b

): a non trivial root

Second idea ~~ deterministic reduction

f(a)

£,(3)

fn+1(§)

fn+2(‘§) —b
fo1(3)— b2
fs(é) bs—n—l
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NP-hardness in any characteristic

Equivalence?

(

a

)

b

): a non trivial root

Second idea ~~ deterministic reduction

—b

Bruno Grenet (LIP — ENS Lyon)

2
E —i

s—n—1

+Ab2

+\b3

2

2 2
_b37n72+)‘bsfnfl
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

(3, b): a non trivial root J

@ 3p=1and a; = +1
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

(3, b): a non trivial root J
f(3) 03=0=— b=0
@ 3p=1and a; = +1
fn(‘-g. o ¢ = fryi(3)
fo+1(3) +Ab?
foio(3) —b3  +Ab3
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

(3, b): a non trivial root J
€ —b2 +Ab3 @ 3p=1and a; = +1

: ° ¢ = f,1i(3)
ES*nfl_bg—n—2+)‘b§—n—1

2
€s—n _bs—n—l
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

(3, B): a non trivial root J
€1 +\b? 03=0=— b=0
€ —b? 4+ Ab3 e ap=1and a; = +1
: ° ¢ = fyi(a)
€s—n—1—b2_, b2, 4 o V=1
€s—n _bgfnfl
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

(3, b): a non trivial root J
€1 +AYy 0e3=0 = b=0
€ -Y: +)\Y, @ ag=1and a; = +1
: @€ = n+i(§)
€s—n-1—Ys—n2+AYs_n_1 oY = b,2
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» | P: irreducible degree-N polynomial of K[X]

» L =K[X]/(P)
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e Coefficients in K instead of IL: “put P inside the system”
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This answers a question of Canny (1987)

(@&

Upper (AM) and lower (NP) bounds are “almost equal” for
characteristic 0

B

Huge gap for positive characteristic

B

The method seems unable to prove results in algebraic complexity

Thank youl
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