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Introduction

Historical Overview

1931: Gödel publishes his Incompleteness Theorem

Some true mathematical statements are unprovable.

I Are there many such statements?
I Are there natural such statements?
I Why are they unprovable?

1974: Chaitin proposes his �heuristic principle�

The theorems of a �nitely-speci�ed theory cannot be signi�cantly more

complex than the theory itself.

2005: Calude and Jürgensen prove the �heuristic principle�
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Introduction

Goal

δ(x) = H(x)− |x | where H is the program-size complexity.

Is it the only measure satisfying the heuristic principle?

Gillepsie Beach, South Island
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A few de�nitions

Aphabets and strings

For i ≥ 2,

Xi : alphabet with i elements

X ∗i : set of �nite strings on Xi , including the empty string λ

|w |i : length of w

Gödel numbering for the language L: computable one-to-one function

g : L→ X ∗2
G : set of all the Gödel numberings

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 6 / 38



A few de�nitions

Aphabets and strings

For i ≥ 2,

Xi : alphabet with i elements

X ∗i : set of �nite strings on Xi , including the empty string λ

|w |i : length of w

Gödel numbering for the language L: computable one-to-one function

g : L→ X ∗2
G : set of all the Gödel numberings

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 6 / 38



A few de�nitions

Aphabets and strings

For i ≥ 2,

Xi : alphabet with i elements

X ∗i : set of �nite strings on Xi , including the empty string λ

|w |i : length of w

Gödel numbering for the language L: computable one-to-one function

g : L→ X ∗2
G : set of all the Gödel numberings

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 6 / 38



A few de�nitions

Aphabets and strings

For i ≥ 2,

Xi : alphabet with i elements

X ∗i : set of �nite strings on Xi , including the empty string λ

|w |i : length of w

Gödel numbering for the language L: computable one-to-one function

g : L→ X ∗2

G : set of all the Gödel numberings

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 6 / 38



A few de�nitions

Aphabets and strings

For i ≥ 2,

Xi : alphabet with i elements

X ∗i : set of �nite strings on Xi , including the empty string λ

|w |i : length of w

Gödel numbering for the language L: computable one-to-one function

g : L→ X ∗2
G : set of all the Gödel numberings

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 6 / 38



A few de�nitions

Self-delimiting Turing Machines

Pre�x-free set: u ∈ S implies that uv /∈ S (v 6= λ)

PROGT = {x ∈ X ∗i : T (x) ↓}
Self-delimiting Turing Machine: PROGT is pre�x-free

Kraft's inequality: for a pre�x-free set S , note

rk = card {x ∈ S : |x |i = k}. Then

∞∑
k=1

rk · i−k ≤ 1.
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A few de�nitions

Kraft-Chaitin Theorem

Let (nk)k∈N be a computable sequence of non-negative integers such that

∞∑
k=1

i−nk ≤ 1.

Then we can e�ectively construct a pre�x-free sequence of strings (wk)k∈N
such that for each k ≥ 1, |wk |i = nk .
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A few de�nitions

Program-size complexity

De�nition

Hi ,T (x) = min {|y |i : y ∈ X ∗i and T (y) = x}

Invariance Theorem

There exists a universal machine Ui such that for every T , there exists c

such that

Hi ,Ui
(x) ≤ Hi ,T (x) + c

Hi
∆
= Hi ,Ui

De�nition

x∗ is the lexicographically �rst string of length Hi (x) such that Ui (x
∗) = x .
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About δ

De�nitions

De�nition

δi (x) = Hi (x)− |x |i , i ≥ 2

De�nition

δg (u) = H2(g(u))− dlog2(i) · |x |ie ,

where g is a Gödel numbering.
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About δ

Invariance of the measure

Theorem

There exists a constant c such that

|H2(g(u))− log2(i) · Hi (u)| ≤ c.

Corollary

With the same constant c as in the theorem, it holds that

|δg (u)− log2(i) · δi (u)| ≤ c + 1.

For every g and g ′, there exists a constant d such that∣∣H2(g(u))− H2(g
′(u))

∣∣ ≤ d and
∣∣δg (u)− δg ′(u)

∣∣ ≤ d + 1.
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About δ

Proof sketch for the theorem - 1

H2(g(u)) ≤ log2(i) · Hi (u) + c1.

nw , dlog2(i) · |w |ie∑
w∈PROGUi

2−nw =
∑

w∈PROGUi

2−dlog2(i)·|w |
ie ≤

∑
w∈PROGUi

i−|w |i ≤ 1

By Kraft-Chaitin Theorem, we can construct

{sw ∈ X ∗2 : w ∈ PROGUi
, |sw |2 = nw}, pre�x-free and c.e.

We de�ne a machine C such that C (sw ) = g(Ui (w)).

Note that C (sw∗) = g(Ui (w
∗)) = g(w).

HC (g(w)) ≤ |sw∗ |2 = dlog2(i) · |w∗|ie = dlog2(i) · Hi (w)e
≤ log2(i) · Hi (w) + 1
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About δ

Proof sketch for the theorem - 2

log2(i) · Hi (u) ≤ H2(g(u)) + c2

mw , dlogi (2) · |w |2e∑
w∈PROGU2

i−mw ≤
∑

w∈PROGU2

2−|w |2 ≤ 1

By Kraft-Chaitin Theorem, we can construct

{tw ∈ X ∗i : w ∈ PROGU2 , |tw |i = mw}, pre�x-free and c.e.

We de�ne a machine D such that D(tw ) = u if U2(w) = g(u)
(possible because g is 1− 1).

If U2(w) = g(u),

HD(u) ≤ dlogi (2) · |w |2e ≤ logi (2) · |w |2 + 1 ≤ logi (2) · H2(g(u)) + d
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2−|w |2 ≤ 1

By Kraft-Chaitin Theorem, we can construct

{tw ∈ X ∗i : w ∈ PROGU2 , |tw |i = mw}, pre�x-free and c.e.

We de�ne a machine D such that D(tw ) = u if U2(w) = g(u)
(possible because g is 1− 1).
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About δ

Complexity of well-formed formulae

Lemma

Let x be a w�. Then Hi (x) ≤ |x |i +O(1).

We de�ne a machine C such that HC (x) ≤ |x |i + 2.

De�ne C by C (x) = x if x is well-formed, C (x) =↑ else.
PROGC is not pre�x-free.

Change in the de�nition: C (xy) = x if x is well-formed, C (z) =↑ in all

other cases. Here y = ++ or any ill-formed formula such that xyz is

ill-formed.

Can we improve the bound?
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About δ

Main theorem on δg

F : �nitely-speci�ed, arithmetically sound and consistent theory,

strong enough to formalize arithmetic.

T : set of theorems that F proves.

Theorem

There exists a constant NF such that for all x ∈ T , δg (x) < NF .

By the previous lemma, for every x ∈ T , δi (x) ≤ c .

As |δg (x)− log2(i) · δi (x)| ≤ d , δg (x) ≤ d + log2(i) · c .

Proposition

∀N > 0, limn→∞ i−n · card {x ∈ X ∗i : |x |i = n, δg (x) ≤ N} = 0
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Acceptable Complexity Measures

Outline

1 A few de�nitions

2 About δ

3 Acceptable Complexity Measures

4 An Independence Result

5 Other measures?
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Acceptable Complexity Measures

Introduction

Are there other measures satisfying the heuristic principle?

De�nition of a notion of acceptable complexity measure

Properties of those measures

Which measures are acceptable?
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Acceptable Complexity Measures

Complexity Measure Builder

De�nition

Let ρ̂i : N× N→ Q be a computable function. Then we de�ne the

complexity measure builder ρ by

ρ : G → [X ∗i → Q]

g 7→ ρg

where ρg (u) = ρ̂i (H2(g(u)), |u|i ).

ρ̂i : witness of the builder

ρg : complexity measure
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Acceptable Complexity Measures

Acceptable Builder

(i) If F ` x , then ρg (x) < NF .

I Heuristic principle

(ii) limn→∞ i−n · card {x ∈ X ∗i : |x |i = n and ρg (x) ≤ N} = 0
I Lower bound on the complexity

(iii)
∣∣ρg (x)− ρg ′(x)

∣∣ ≤ c
I Independence on the Gödel numbering

Proposition

There exists N such that for all M ≥ N, {x ∈ X ∗i : ρg (x) ≤ M} is in�nite.

Proposition

The function δg is an acceptable complexity measure.
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Acceptable Complexity Measures

And what about H?

Proposition

The program-size complexity is not an acceptable complexity measure.

(i)

(ii)

(iii)
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Acceptable Complexity Measures

And what about H?

Proposition

The program-size complexity is not an acceptable complexity measure.

(i) If F ` x , then H2(g(x)) < NF .

(ii)

(iii)
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Proposition
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And what about H?

Proposition

The program-size complexity is not an acceptable complexity measure.

(i) % card {x ∈ X ∗i : H2(g(x)) ≤ N} ≤ 2N

(ii) limn→∞ i−n · card {x ∈ X ∗i : |x |i = n and H2(g(x)) ≤ N} = 0

(iii)
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Acceptable Complexity Measures

And what about H?

Proposition

The program-size complexity is not an acceptable complexity measure.

(i) % card {x ∈ X ∗i : H2(g(x)) ≤ N} ≤ 2N

(ii) ! {x ∈ X ∗i : |x |i = n,H2(g(x)) ≤ N} = ∅ for large enough n

(iii)
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Proposition

The program-size complexity is not an acceptable complexity measure.

(i) % card {x ∈ X ∗i : H2(g(x)) ≤ N} ≤ 2N

(ii) ! {x ∈ X ∗i : |x |i = n,H2(g(x)) ≤ N} = ∅ for large enough n

(iii) |H2(g(x))− H2(g
′(x))| ≤ c
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Acceptable Complexity Measures

And what about H?

Proposition

The program-size complexity is not an acceptable complexity measure.

(i) % card {x ∈ X ∗i : H2(g(x)) ≤ N} ≤ 2N

(ii) ! {x ∈ X ∗i : |x |i = n,H2(g(x)) ≤ N} = ∅ for large enough n

(iii) ! Already seen as a corollary.
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An Independence Result

Introduction

Study of two complexity builders, not acceptable.

Independence of the three conditions in the de�nition.
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An Independence Result

First example

De�nition

ρ̂1i (x , y) =

{
x/y , if y 6= 0,

0, else.

ρ1g (x) =

{
H2(g(x))
|x |

i

, if x 6= λ,

0, else.

De�nition

ρ1i (x) =

{
Hi (x)
|x |

i

, if x 6= λ,

0, else.
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An Independence Result

Second example

De�nition

ρ̂2i (x , y) =

{
x/ dlogi ye , if y > 1,

0, else.

ρ2g (x) =


H2(g(x))

dlogi |x |ie
, if |x |i > 1,

0, else.

De�nition

ρ2i (x) =


Hi (x)

dlogi |x |ie
, if |x |i > 1,

0, else.
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An Independence Result

Invariance of the both measures

Lemma ∣∣ρ1g (u)− log2(i) · ρ1i (u)
∣∣ ≤ c1

Lemma ∣∣ρ2g (u)− log2(i) · ρ2i (u)
∣∣ ≤ c2

We can use the results about δg .
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An Independence Result

ρ1
g
is not acceptable

Lemma

There exists M such that for all x ∈ X ∗i , ρ
1
g (x) ≤ M.

Hi (x) ≤ |x |i + α · logi |x |i + β

Proposition

(i)

(ii)

(iii)
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Hi (x) ≤ |x |i + α · logi |x |i + β

Proposition

(i) ! The bound is always valid.

(ii) limn→∞ i−n · card
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x ∈ X ∗i : |x |i = n and ρ1g (x) ≤ N
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1
g (x) ≤ M.

Hi (x) ≤ |x |i + α · logi |x |i + β

Proposition

(i) ! The bound is always valid.

(ii) %
{
x ∈ X ∗i : |x |i = n, ρ1g (x) ≤ N

}
= X n

i for N big enough.

(iii)

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 27 / 38



An Independence Result

ρ1
g
is not acceptable

Lemma

There exists M such that for all x ∈ X ∗i , ρ
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Hi (x) ≤ |x |i + α · logi |x |i + β

Proposition

(i) ! The bound is always valid.

(ii) %
{
x ∈ X ∗i : |x |i = n, ρ1g (x) ≤ N

}
= X n

i for N big enough.

(iii)
∣∣∣ρ1g (x)− ρ1g ′(x)

∣∣∣ ≤ c

Bruno Grenet (ÉNS Lyon) Acceptable Complexity Measures Marseille, 12 Nov 08 27 / 38



An Independence Result

ρ1
g
is not acceptable

Lemma

There exists M such that for all x ∈ X ∗i , ρ
1
g (x) ≤ M.

Hi (x) ≤ |x |i + α · logi |x |i + β

Proposition

(i) ! The bound is always valid.

(ii) %
{
x ∈ X ∗i : |x |i = n, ρ1g (x) ≤ N

}
= X n

i for N big enough.

(iii) ! As for δ.
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An Independence Result

ρ2
g
is not acceptable either

Proposition

(i) If F ` x , then ρ2g (x) < NF .

(ii)

(iii)

If (i) holds, card {x ∈ T : |x | = n} ≤ α · nβ·NF .
There is an exponential number of provable formulae like

∀x1∃x2∃x3 . . . ∀xk
k∧
l=1

(xl = xl ).
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An Independence Result

Intuitive Results and Independence

ρ1 is �too small� and ρ2 is �too big�.

(i) Upper bound: the complexity of the theorems has to be bounded.

(ii) Lower bound: avoid trivial measures.

(iii) Independence from the chosen language.

Theorem

The three conditions are independent from each other.
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An Independence Result

Proof of the independence (1)

If H2(g(x)) = H2(g
′(x)) hold for all but �nitely many x ∈ X ∗i .

ρg (x) = ρ̂i (H2(g(x)), |x |i ) = ρ̂i (H2(g
′(x)), |x |i ) = ρg ′(x)

max
{∣∣ρg (x)− ρg ′(x)

∣∣ : x ∈ X ∗i
}

= c <∞
For all x ∈ X ∗i ,

∣∣ρg (x)− ρg ′(x)
∣∣ ≤ c

ρ satisfy (iii).
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An Independence Result

Proof of the independence (2)

If H2(g(x)) 6= H2(g
′(x)) hold for in�nitely many x ∈ X ∗i (*).

De�ne ρg by x 7→ δg (x)2.

(i)

(ii)

(iii)
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′(x)) hold for in�nitely many x ∈ X ∗i (*).

De�ne ρg by x 7→ δg (x)2.
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An Independence Result

Proof of the independence (2)

If H2(g(x)) 6= H2(g
′(x)) hold for in�nitely many x ∈ X ∗i (*).

De�ne ρg by x 7→ δg (x)2.

(i) ! δg (x) < NF =⇒ ρg (x) < N2
F .

(ii) ! ≤ limn→∞ i−n · card
{
x ∈ X ∗i : |x |i = n and δg (x) ≤

√
N
}

= 0

(iii) % Else, (*) is false.
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An Independence Result

Proof of the independence (3)

ρ1 satis�es (i) and (iii) but not (ii).

ρ2 satis�es (ii) and (iii) but not (i).

Either (iii) is always satis�ed, or δ2 satis�es (i) and (ii) but not (iii).
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Other measures?

Introduction

Can we �nd other acceptable measures of complexity?

We study two kinds of measures, de�ned by two kinds of witnesses:

I linear in both variables,
I multiplicative variation of the program-size complexity.

Proposition

Suppose that ρg is acceptable. Then so is α · ρg + β, α, β ∈ Q, α > 0.
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Other measures?

Linear variations of the program-size complexity

Proposition

Let ρ̂i : N×N→ Q be a computable function, linear in both variables. If it

de�nes an acceptable complexity measure, then

ρ̂i (x , y) = a · (x − ε · dlog2(i) · ye ) + b,

where 1/2 ≤ ε ≤ 1.

If ε > 1, then (ii) is not veri�ed.

If ε < 1/2, then (i) is not veri�ed.

Between 1/2 and 1, your ideas are welcome!
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Other measures?

Multiplicative variations of the program-size complexity

Proposition

Let ρg (x) = H2(g(x))/f (|x |i ) where f is computable. Then ρg is not

acceptable.

We suppose that ρg satis�es (i), and prove that it does not satisfy (ii).

2c·n ≤ card {x ∈ T : |x |i = n}

≤ 2NF ·f (n)

c · n ≤ NF · f (n)
{x ∈ X ∗i : |x |i = n and ρg (x) ≤ NF} = X n

i

(ii) is not veri�ed.
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