Polynomial Identity Testing and a Depth-four Lower Bound for
the Permanent

Bruno Grenet Pascal Koiran
ENS Lyon ENS Lyon
Natacha Portier Yann Strozecki

ENS Lyon U. Paris Sud XI

Journées Nationales du Calcul Formel
CIRM, Marseille — November 18, 2011



2
P(X) = X" 4 5X° +3x2 41 ’

2/14



P(x,y,z) =x5y32%2 4 5xy*z +3yz +1 ’

~+ Dense representation no longer relevant!

2/14



P(x,y,z) =x5y32%2 4 5xy*z +3yz +1 ’

~+ Dense representation no longer relevant!

Sparse representation not always relevant either.

2/14



Qlx,y,2) = x* +4x°y + 6 x°y? + 4xy> + x°z + 2 xyz
+y2 2+ X2 F vyt 2xy P+ 22241

3/14



Q(x,y,z) = (x+y)* + (z+ 1)+ (x+ y)*(z+ 1)

3/14
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3/14



Q(x,y,z) = (x+y)* + (z+ 1)+ (x+ y)*(z+ 1)

~» Straight Line Programs
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» Which polynomials have low/high complexity?
» Polynomial complexity: Determinant
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» Which polynomials have low/high complexity?
» Polynomial complexity: Determinant } “Algebraic P vs NP”
» Non-polynomial complexity: Permanent?

» (Boolean) Complexity of problems on circuits

» Polynomial Identity Testing
» Roots finding, factorization, ...
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» PIT: randomized polynomial-time algorithm
[Schwartz'80, Zippel'79, DeMillo-Lipton'78|
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» PIT: randomized polynomial-time algorithm
[Schwartz'80, Zippel'79, DeMillo-Lipton'78|

Theorem (Kabanets-Impagliazzo'03, Agrawal'05)

Derandomization of PIT algorithm
= Super-polynomial lower bound for the permanent

~» Connections between PIT and lower bounds already in
[Heintz-Schnorr'80]
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Theorem (Biirgisser, 2006)

T-conjecture
= super-polynomial lower bound for the permanent
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» Descartes’ rule of signs:

t-sparse = at most 2t — 1 real roots
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» Descartes’ rule of signs:

t-sparse = at most 2t — 1 real roots
1 f(X)%: at most 2m(t — 1) + 1 real roots
» fis (k x t™)-sparse
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Theorem (Koiran, 2011)

Real T-conjecture
= Super-polynomial lower bound for the permanent
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Theorem (Koiran, 2011)

Real T-conjecture
= Super-polynomial lower bound for the permanent

1. Upper bound on the number of real roots of
f € SPS(k, m, t, A)

2. Lower bound for the permanent
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Theorem

There exists C > 0 such that the number of real roots of any
f =k 17, £77 € SPS(k, m, t, A) is at most

tm 2k—1_1
C- [e . (1 aF m)] .
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Theorem

There exists C > 0 such that the number of real roots of any
f =k 17, £77 € SPS(k, m, t, A) is at most

tm 2k—1_1
C- [e . (1 aF m)] .

» Independent of A.

» If k and m are fixed, this is polynomial in t.
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Proof sketch. Let F =/ HJ. Gaj — 1+ Hj fjﬂj_aj.
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Proof sketch. Let F = f/[]; lj-aj =1+][; fj-ﬂj_aj. Then

J
m m
F= I < @G-l
j=1 j=1 2y
< 2m(t — 1) roots and poles < 2mt"?: 1 roots
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» The conjecture for depth-4 circuits implies the general case
[Agrawal-Vinay'08, Koiran'11]
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» mSPS(k, m) C depth-4 circuits
» Possibly exponential-size circuits




Theorem

For any fixed k and m, (PER,) does not have mSPS(k, m) cir-
cuits.
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» First result toward the real 7-conjecture
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