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MODERN
ALGEBRA

By B. L. VAN DER WAERDEN, Ph.D.
ROFESSOR OF MATHEMATICS
AT THE UNIVERSITY OF AMSTERDAM

In part a development from lectures
By E. ARTIN and E. NOETHER

VOLUME IT

Translated from the second revised German edition
By THEODORE J. BENAC, Ph.D.
ASSOCIATE PROFESSOR, DEPARTMENT OF MATHEMATICS
US. NAVAL ACADEMY

Bruno Grenet (LIP — EN

CHAPTER XI

ELIMINATION THEORY

In elimination theory we

knowns in order to set up con

cslculating their solutions in various cases. In this o
e the theory of determinants, is assumed as known. Further.

for linear equat

study sy stems of algebraic equations in several un-
aditions for their solvability as well as formulas for
spter the corresponding theory

more, it shall also be assumed that one equation in a single unknown of degree

higher than one can be solved. or more precisely, if such an eq
extension fiekd may be constructed in which it s decom-

resolved in a given field.
e

we shall always

can not be.

assume that the solutions are in a

extension feld of the fixed commutative field K .

77.  THE RESULTANT SYSTEM OF SEVERAL POLYNOMIALS
IN A SINGLE VARIABLE

THEOREM. Lot f,

.1, be r polynomials in a single variable of given de-

grecs with indeterminate coeficients. Then there cxists @ sysiem Dy, ... Dy of

integral polynomials in these

cients are assigned values fro

are necessary and suficient in

coeffcients with the property that if these coefi-
m the field K. the conditions D,

order that cither_the equai

h
hase a solution in a suitable extension field or that the foemal teading coePeinis .,1
all polynomials f,, ..., vanish.
‘The proof is based on Kronecker's method of elimination
1, into polynomials of the same

First, we transform the polynomials /,.

degree by multiplying every

palynomi

i by
that 7 in smaller than n where n is the restest (formal) degree of the given

palynomials. In this way two

that for any specialization of the coef

coelficients are the same as th

degree may contain more polynomials

palynomials of formal degree n arise from f, such
s their common zeros and their leading

wse of /.. Thi

wn are in the system

ystem of polynomials of the same
1, butit has

the same common zeros. We designate these polynomials by g, ... &
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Elimination Theory

General form

e Some polynomials: f,...,f € K[Xqy,..., Xy],

fi = E: WﬂaXa

ler1<d;
e Condition on the 7; . for the system to have a root?
There exist Ry, ..., Ry € K[7] s.t.

Ri¥) == Ry(A) =0 = 3K, A(X) = - = £(X) =0
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Special cases

0lfs=2&n=1then h=1:

R(7) =0 = 3X,fi(X) = H(X) =0
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Definitions

Hilbert's Nullstellensatz over K: HN(K)
Input: fi,...,f € K[xo, ..., Xa]
Question: 3? e K™ A(3)=---=£(3) =0
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Definitions

Hilbert's Nullstellensatz over K: HN(K)
Input: fi,...,f € K[xo, ..., Xa]
Question: 3? e K™ A(3)=---=£(3) =0

e HoN(K): homogeneous polynomials (3 # 0)

° HQND(K): s = n+ 1 homogeneous polynomials
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Upper bounds

Lemma
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Upper bounds

Lemma

For all K, HoN2(K) <P HN(K) J
Proof. New variables yo, ..., y, and new polynomial ZX,‘_)/,' -1 O
Corollary

Under the Generalized Riemann Hypothesis, H,N2(Z) € AM J
~ NP CAMC ¥

Proof. [Koiran, 1996] Under GRH, HN(Z) € AM. O
Remark. Best known upper bound for K = I, is PSPACE. J
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Lower bounds

Theorem
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First results

Lower bounds

Theorem

For all K, HN(K) and HoN(KK) are NP-hard.

Proof. Case HoN(K), with char(K) # 2:

Boolsys
@ Boolean variables
X1, .., Xn
@ Equations
X; = True
Xi = X; V X

HoN
@ Variables (over K) xo and
X1y..-5Xn
@ Polynomials x3 — x? for every i > 0 and

X0 - (xi + x0)
xo - (xi + Xj)
(xi +X0)> = (% + x0) - (Xk + X0)
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Lower bound over Z

Theorem
HoN"(Z) is NP-hard. J

Proof. Partition: S = {u,...,u,} CZ, 3?2 §' C S, Z uj = Z uj

ics’ j¢s’
2 2
x1—X = 0
o d
2 2
xp—x5 = 0
uixi+ -+ tnxn = 0
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First results

Summary so far

Upper bounds

HN | HoN | HoNP
Over Z AM
Over Fp, PSPACE
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First results

Summary so far

Upper bounds Lower bounds
HN | HoN | HoN™ HN | HoN | HoN”
Over Z AM Over Z NP | NP | NP
Over Fp, PSPACE Over F, || NP | NP | 777

@ Over Z, HN € NP = BPP = NP
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NP-hardness in any characteristic
Outline

© NP-hardness in any characteristic
@ First idea ~ randomized reduction
@ Second idea ~ deterministic reduction
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Two ideas, two reductions

o fi,...,f € K[xo,...,Xn]
» s < n: always a root
» s> n+1: NP-hard
» s=n+1:7
@ Reduction from the case s > n+1

» First idea: decrease the number of polynomials
» Second idea: increase the number of variables
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© NP-hardness in any characteristic
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An instance | of P;
A randomized polynomial time algorithm A
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NP-hardness in any characteristic First idea ~~ randomized reduction

Randomized reduction?

An instance | of P;
A randomized polynomial time algorithm A
A(!) is an instance of P,

| is a positive instance = A(/) is a positive instance

| is a negative instance = P[A(/) is a positive instance] < 1/3
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NP-hardness in any characteristic First idea ~~ randomized reduction
Reduction

o If f1,...,f; homogeneous of degree 2,

S
g =Y ajf,1<i<n
=1
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NP-hardness in any characteristic First idea ~~ randomized reduction

Reduction

o If f1,...,f; homogeneous of degree 2,
g =Y ajf,1<i<n
j=1
o Vj,fi(X) =0 < Vi gi(x)=0

@ «j; algebraically independent: equivalence

e Random ajj: equivalence with high probability (quantifier elimination
+ Schwartz-Zippel Lemma)
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© NP-hardness in any characteristic

@ Second idea ~ deterministic reduction
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Introduction

e Randomized reduction: fewer polynomials

# Deterministic reduction: more variables

H,N
e Complex variables xp and xi, ..., x,

@ Polynomials xg — x? for every i

> XQ * (X,' —I—Xo)
» Xo - (X +Xj)
> (xi +x0) = (% + x0) - (xk + x0)
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Introduction

e Randomized reduction: fewer polynomials

# Deterministic reduction: more variables

H,N
e Complex variables xp and xi, ..., x,
@ Polynomials xg — x? for every i — f,...,f

>X0-(X,'—|-X0)
» X0 - (xi + Xj) = fop1yee fs
> (xi +x0) = (% + x0) - (xk + x0)
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Reduction

o New variables: y1,...,ys n_1
@ Polynomials f;(X) = x2 — x? unchanged (1 < i < n)
o fi(X) ~ fi(X) —yl 1+ A, (n+1<i<5s)

New system
h(x)
fn(X)
o for1(X +Ay?
g(X,y) _ +1(X) Y1

4
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NP-hardness in any characteristic

Reduction

@ New variables: yi, ...

yYs—n—1

Second idea ~~ deterministic reduction

@ Polynomials f;(X) = x2 — x? unchanged (1 < i < n)

o fi(R) ~ fi(X) —yP o1+ AV, (n+1<i<5s)

New system
h(x)

;n(§)_

= | 7o

v
21 / 24
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New system
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i |
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New system
h(x)
f(X) _
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N A ¢ R 56
) (3,0) root of g
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Equivalence?

A(X)

fn(X)
fn-‘rl()_() +)‘Y12

fas2(X) —y2 +M\3

fS—l()_() _ysz—n—2+)‘y52—n—1
f;()_() —Ys—n—1
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fa(X)
fn-‘rl ()?) +)‘Y12
fas2(X) —y2 +M\3

fS—l()_() _ysz—n—2+)‘y52—n—1
f;()_() —Ys—n—1

v

o Eithera=0o0rag=1and a; = +1
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Equivalence?

A(X)

fa(X)
fn-‘rl ()?) +)‘Y12
fas2(X) —y2 +M\3

fS—l()_() _ysz—n—2+)‘y52—n—1
f;()_() —Ys—n—1

v

o Eithera=0o0rag=1and a; = +1
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

f(X)

fn(X)

for1(X) +Ay7 €1 + AN
fn+2()_() —y12 +)\y22 e — Y1 + A
fs—l()_()_)/sz—n—2+)‘y52—n—1 €s—n—1—Ys—n—2+AYs_pn_1
fs()_() _y$2—n—1 €s—n — ¥Vs—n-1

v v

o Eithera=0orag=1and a; = +1
@ € = f,p,.,’(é)
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

h(X)

fn(X)

fn+1()_() +)\y12 €1 + A1
far2(X) —yi +M\y3 e — Y1 + A2
fs—l()_()_)/szfan"i_)‘yszfnfl €s—n—1—Ys—n—2+AYs_pn_1
f;()_() *)/s2—n—1 €s—n — Ys—n—1

v v

() Either§:00raozland aj = +1
° € = fnyi(3)
o det =& (1 + €A+ e A"
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WL ET RECERT IR WA ETETG S EldIl  Second idea ~~ deterministic reduction

Equivalence?

h(X)

fn(X)

fn+1()_<) +)\y12 €1 + A1
far2(X) —yi +M\y3 e — Y1 + A2
fs—l()_()_)/szfnf2+)‘yszfnfl €s—n—1—Ys—n—2+AYs_pn_1
f;()_() *)/s2—n—1 €s—n — Ys—n—1

v v

o Eithera=0orag=1and a; = +1

Q€ = f,H_,'(é)

o det =+ (61 + A+ + es_n)\s*”*l)

o Characteristic 0: A > 2 is sufficient (unicity of base-A representation)
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Positive characteristic

@ [Shoup, 1990] Find a irreducible degree-N polynomial P in F,[X], in
polynomial time
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polynomial time

Fp[X]/(P) = Fon
X is not root of any degree-(< N) polynomial

Choose A = X in Fon is sufficient
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o Coefficients in Fp: P in the system + technical homogenization
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Positive characteristic

[Shoup, 1990] Find a irreducible degree-N polynomial P in F,[X], in
polynomial time

Fp[X]/(P) = Fon
X is not root of any degree-(< N) polynomial

Choose A = X in Fon is sufficient

HoN“(F ) is NP-hard |

o Coefficients in Fp: P in the system + technical homogenization
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Huge gap for positive characteristic
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The method seems unable to prove results in algebraic complexity
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Conclusion

(@&

This answers a question of Canny (1987)

(&

Upper (AM) and lower (NP) bounds are “almost equal” for
characteristic 0

D2

Huge gap for positive characteristic

»

The method seems unable to prove results in algebraic complexity

Thank youl
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