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Motivation

General framework: Resolution of polynomial systems

I Useful everywhere!
Resultant: condition for a system to be solvable
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Content of the talk

A few words about Elimination Theory

First (simple) results about polynomial system solving
Two ideas to prove NP-hardness
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Elimination Theory

Outline

1 Elimination Theory

2 First results

3 NP-hardness in any characteristic
First idea  randomized reduction
Second idea  deterministic reduction
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Elimination Theory

A modern theory!

Most recent book: 1950
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Elimination Theory

General form

Some polynomials: f1, . . . , fs ∈ K[X1, . . . ,Xn],

fi =
∑
|α|1≤di

γi ,αX̄α

Condition on the γi ,α for the system to have a root?

There exist R1, . . . ,Rh ∈ K[γ̄] s.t.

R1(γ̄) = · · · = Rh(γ̄) = 0 =⇒ ∃X̄ , f1(X̄ ) = · · · = fs(X̄ ) = 0
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Elimination Theory

Special cases

If s = 2 & n = 1 then h = 1:

R(γ̄) = 0 =⇒ ∃X̄ , f1(X̄ ) = f2(X̄ ) = 0

 Sylvester Resultant

Homogeneous polynomials: non trivial root?
s = n : only case with h = 1

← our case

In most cases, s polynomials  n polynomials is possible
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First results

Outline

1 Elimination Theory

2 First results

3 NP-hardness in any characteristic
First idea  randomized reduction
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First results

Definitions

Hilbert’s Nullstellensatz over K: HN(K)

Input: f1, . . . , fs ∈ K[x0, . . . , xn]

Question: ∃? ā ∈ K̄n+1, f1(ā) = · · · = fs(ā) = 0

H2N(K): homogeneous polynomials (ā 6= 0̄)
H2N�(K): s = n + 1 homogeneous polynomials
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First results

Upper bounds

Lemma
For all K, H2N�(K) ≤p

m HN(K)

Proof. New variables y0, . . . , yn and new polynomial
∑

i

xiyi − 1

Corollary

Under the Generalized Riemann Hypothesis, H2N�(Z) ∈ AM

 NP ⊆ AM ⊆ ΠP
2

Proof. [Koiran, 1996] Under GRH, HN(Z) ∈ AM.

Remark. Best known upper bound for K = Fp is PSPACE.
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First results

Lower bounds

Theorem
For all K, HN(K) and H2N(K) are NP-hard.

Proof. Case H2N(K), with char(K) 6= 2:

Boolsys
Boolean variables
X1, . . . ,Xn

Equations

I Xi = True
I Xi = ¬Xj
I Xi = Xj ∨ Xk

H2N
Variables (over K) x0 and
x1, . . . , xn

Polynomials

x20 − x2i for every i > 0 and

I x0 · (xi + x0)
I x0 · (xi + xj)
I (xi + x0)2 − (xj + x0) · (xk + x0)
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First results

Lower bound over Z

Theorem
H2N�(Z) is NP-hard.

Proof. Partition: S = {u1, . . . , un} ⊆ Z, ∃? S ′ ⊆ S ,
∑
i∈S′

ui =
∑
j /∈S′

uj

 


x21 − x20 = 0

...
x2n − x20 = 0

u1x1 + · · ·+ unxn = 0
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First results

Summary so far

Upper bounds

HN H2N H2N�

Over Z AM

Over Fp PSPACE

Lower bounds

HN H2N H2N�

Over Z NP NP NP

Over Fp NP NP ???

Over Z, HN ∈ NP =⇒ BPP = NP
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NP-hardness in any characteristic

Outline

1 Elimination Theory

2 First results

3 NP-hardness in any characteristic
First idea  randomized reduction
Second idea  deterministic reduction
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NP-hardness in any characteristic

Two ideas, two reductions

f1, . . . , fs ∈ K[x0, . . . , xn]

I s ≤ n: always a root
I s > n + 1: NP-hard
I s = n + 1: ?

Reduction from the case s > n + 1

I First idea: decrease the number of polynomials
I Second idea: increase the number of variables
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NP-hardness in any characteristic First idea  randomized reduction

Outline

1 Elimination Theory

2 First results

3 NP-hardness in any characteristic
First idea  randomized reduction
Second idea  deterministic reduction
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NP-hardness in any characteristic First idea  randomized reduction

Randomized reduction?

An instance I of P1

A randomized polynomial time algorithm A
A(I ) is an instance of P2

I is a positive instance =⇒ A(I ) is a positive instance
I is a negative instance =⇒ P[A(I ) is a positive instance] ≤ 1/3
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Reduction

If f1, . . . , fs homogeneous of degree 2,

gi :=
s∑

j=1

αij fj , 1 ≤ i ≤ n

∀j , fj(x̄) = 0 ∀i , gi (x̄) = 0
αij algebraically independent: equivalence
Random αij : equivalence with high probability (quantifier elimination
+ Schwartz-Zippel Lemma)
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Outline

1 Elimination Theory

2 First results

3 NP-hardness in any characteristic
First idea  randomized reduction
Second idea  deterministic reduction
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NP-hardness in any characteristic Second idea  deterministic reduction

Introduction

Randomized reduction: fewer polynomials

6= Deterministic reduction: more variables

H2N
Complex variables x0 and x1, . . . , xn

Polynomials x20 − x2i for every i

→ f1, . . . , fn

I x0 · (xi + x0)
I x0 · (xi + xj)

I (xi + x0)2 − (xj + x0) · (xk + x0)

 → fn+1, . . . , fs
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NP-hardness in any characteristic Second idea  deterministic reduction

Reduction

New variables: y1, . . . , ys−n−1

Polynomials fi (x̄) = x20 − x2i unchanged (1 ≤ i ≤ n)
fi (x̄) fi (x̄)− y2i−n−1 + λy2i−n (n + 1 ≤ i ≤ s)

New system

g(x̄ , ȳ) =



f1(x̄)
...

fn(x̄)

fn+1(x̄) +λy21
fn+2(x̄) −y21 +λy22

...
fs−1(x̄) −y2s−n−2+λy2s−n−1
fs(x̄) −y2s−n−1



 
ā root of f
⇓

(ā, 0̄) root of g
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NP-hardness in any characteristic Second idea  deterministic reduction

Equivalence?



f1(x̄)
...

fn(x̄)

fn+1(x̄) +λy21
fn+2(x̄) −y21 +λy22

...
fs−1(x̄)−y2s−n−2+λy2s−n−1
fs(x̄) −y2s−n−1





ε1 + λY1
ε2 − Y1 + λY2

...
εs−n−1−Ys−n−2+λYs−n−1
εs−n −Ys−n−1

Either ā = 0 or a0 = 1 and ai = ±1
εi = fn+i (ā)

det = ±
(
ε1 + ε2λ+ · · ·+ εs−nλ

s−n−1)
Characteristic 0: λ > 2 is sufficient (unicity of base-λ representation)
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NP-hardness in any characteristic Second idea  deterministic reduction

Positive characteristic

[Shoup, 1990] Find a irreducible degree-N polynomial P in Fp[X ], in
polynomial time

Fp[X ]/(P) ∼= FpN

X is not root of any degree-(< N) polynomial
Choose λ = X in FpN is sufficient

H2N�(FpN ) is NP-hard

Coefficients in Fp: P in the system + technical homogenization

H2N�(Fp) is NP-hard
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Conclusion

This answers a question of Canny (1987)

Upper (AM) and lower (NP) bounds are “almost equal” for
characteristic 0

Huge gap for positive characteristic
The method seems unable to prove results in algebraic complexity

Thank you!
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