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Representation of Univariate Polynomials

P(X)=X0—-4x8+8X"+5x3+1

Representations

» Dense:
[1,0,—4,8,0,0,0,5,0,0,1]

{(10 :1),(8: —4),(7:8),(3:5),(0: 1)}
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Representation of Multivariate Polynomials

P(X,Y,Z)=X2Y3Z5 —4X3Y322 + 8 X522 + 5 XYZ + 1

Representations

» Dense:

> Lacunary (supersparse):

{(2,3,5 :1),(3,3,2: —4),(5,0,2:8),(1,1,1:5),(0: 1)}
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Representation of Multivariate Polynomials

P(X,Y,Z)=X2Y3Z5 —4X3Y322 + 8 X522 + 5 XYZ + 1

Representations

» Dense:

> Sparse:

{(II,III,IIIII 1), (T =40 (I 1= 8)5 (1512 5)5 G 1)}

> Lacunary (supersparse):

{(2,3,5 :1),(3,3,2: —4),(5,0,2:8),(1,1,1:5),(0: 1)}
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Arithmetic Circuits

QIX,Y,Z)=X*+4X3Y + 6 X2Y2 4 4XY3 4+ X?°Z +2XYZ

LY Z 4 X2 Y 4 2XY + Y21 72127 +1
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Arithmetic Circuits

RX,Y,Z) =X+ Y) '+ (Z+1)° +(X+ Y)*(Z+1)
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Arithmetic Circuits

RX,Y,Z)=(X+ Y ' +(Z+ 1)+ (X + Y)*(Z+1)
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Arithmetic Circuits

RX,Y,Z)=(X+ Y ' +(Z+ 1)+ (X + Y)*(Z+1)

=X+ YP2(X+YP+(Z+1)+(Z+1)?
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Arithmetic Circuits

RX,Y,Z)=(X+ Y ' +(Z+ 1)+ (X + Y)*(Z+1)
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Arithmetic Circuits

RX,Y,Z)=(X+ Y ' +(Z+ 1)+ (X + Y)*(Z+1)
=X+ YY)+ (Z+1)+ X+ Y)?)(Z+1)
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Arithmetic Branching Programs
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Arithmetic Branching Programs
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Arithmetic Branching Programs

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 4)52




Arithmetic Branching Programs

(X + Y)Y +2)
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Arithmetic Branching Programs
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Arithmetic Branching Programs

2XY + (X + Y)(Y + 2)
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Links between representations

Circuits
Branching programs
Determinant of matrices

Smallest representations of some polynomials

Determinant
Permanent

Complexity of problems concerning polynomials

Existence of roots dense, sparse
Factorization lacunary
Polynomial Identity Testing circuit



Outline

1. Resolution of polynomial systems

2. Determinantal Representations of Polynomials

3. Factorization of lacunary polynomials
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1. Resolution of polynomial systems



X21v2_72-9
XZ+3XY +YZ+Y?>=0
XZ-Y?=0




X21v2_72-9
XZ+3XY +YZ+Y?>=0
XZ-Y?=0

Input: System of polynomials f = (1, f, f3),
feZX,Y,Z)
Question: Is there a point a = (ay, as, a3) € C3,
fi(a) = h(a) = f3(a) =07

, S.t.




X21v2_72-9
XZ+3XY +YZ+Y?>=0
XZ-Y?=0

Input: System of polynomials f = (1, f, f3),
feZX,Y,Z)
Question: Is there a point a = (ay, as, a3) € C3,
f(a) =07

, S.t.




of polynomial

More on the homogeneous case

Input: fi,...,f € K[Xo, ..., Xp], homogeneous

Question: Is there a nonzero a € K" st. f(a) = 0?

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 9/52




Input: f1,...,fs € K[Xo,...,X,], homogeneous
Question: Is there a nonzero a € K"*! sit. f(a) = 0?

s < n+ 1: Always Yes (~ trivial answer)



Input: f1,...,fs € K[Xo,...,X,], homogeneous
Question: Is there a nonzero a € K"*! sit. f(a) = 0?

s < n+ 1: Always Yes (~ trivial answer)

s > n+ 1: Hard problem (NP-hard)



Input: f1,...,fs € K[Xo,...,X,], homogeneous
Question: Is there a nonzero a € K"*! sit. f(a) = 0?

s < n+ 1: Always Yes (~ trivial answer)
s > n+ 1: Hard problem (NP-hard)

s = n+ 1: Resultant: Algebraic tool to answer the question



Input: f1,...,fs € K[Xo,...,X,], homogeneous
Question: Is there a nonzero a € K"*! sit. f(a) = 0?

s < n+ 1: Always Yes (~ trivial answer)
s > n+ 1: Hard problem (NP-hard)

s = n+ 1: Resultant: Algebraic tool to answer the question

Trivial? Easy? Hard?



of polynomial sy
Definitions

PoLSys(K)

Input: f,...,f € K[Xi,..., Xp]
Question: Is there a € K" s.t. f(a) = 0?
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Definitions
PoLSys(K)

Input: f,...,f € K[Xi,..., Xp]
Question: Is there a € K" s.t. f(a) = 0?

HomPoLSys(K)

Input: f,...,f € K[Xp,...,Xs], homogeneous

Question: Is there a nonzero a € K™ st. f(a) = 0?

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 10/ 52




Resolution of polynomial systems
Definitions

PoLSys(K)

Input: f,...,f € K[Xi,..., Xp]
Question: Is there a € K" s.t. f(a) = 0?

HomPoLSys(K)

Input: f,...,f € K[Xp,...,Xs], homogeneous
Question: Is there a nonzero a € K™ sit. f(a) = 0?

ResuLTANT(K)

Input: fi,...,f, 1 € K[Xp,...,X,], homogeneous

Question: Is there a nonzero a € K" sit. f(a) = 0?
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1 ia
of poly Lsy

Upper bounds

Proposition (Koiran'96)

Under the Generalized Riemann Hypothesis, PoLSys(Z) € AM.

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 1/52




of poly y

Upper bounds

Proposition (Koiran'96)

Under the Generalized Riemann Hypothesis, PoLSys(Z) € AM.

Class Arthur-Merlin
NP C AM =BP-NP C 5
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Under the Generalized Riemann Hypothesis, PoLSys(Z) € AM.

Corollary

Under GRH, HomPoLSys(Z) and ResuLTANT(Z) belong to AM.

Class Arthur-Merlin

NP C AM =BP-NP C M5




Under the Generalized Riemann Hypothesis, PoLSys(Z) € AM.

Corollary

Under GRH, HomPoLSys(Z) and ResuLTANT(Z) belong to AM.

Class Arthur-Merlin

NP C AM =BP-NP C M5

If p is prime, (Hom)PoLSys(F,) & ResuLTaNT(EF,) are in PSPACE.




Resolution of polynomial systems

Known lower bounds
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1 ia
of poly Lsy

Known lower bounds

Proposition (Folklore)

For p =0 or prime, PoLSys(F,) & HomPoLSys(F,) are NP-hard.
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of poly y

Known lower bounds

Proposition (Folklore)
For p =0 or prime, PoLSys(F,) & HomPoLSys(F,) are NP-hard.

Proposition (Folklore, see Heintz-Morgenstern’93)
ResuLTANT(Z) is NP-hard.
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of poly y

Known lower bounds

Proposition (Folklore)
For p =0 or prime, PoLSys(F,) & HomPoLSys(F,) are NP-hard.

Proposition (Folklore, see Heintz-Morgenstern’93)
ResuLTANT(Z) is NP-hard.
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Notation: [y = Q

For p =0 or prime, PoLSys(F,) & HomPoLSys(IF,) are

RESULTANT(Z) is

Same results with degree-2 polynomials.

| PotSys | HomPoLSys | RESULTANT |
NP-hard NP-hard NP-hard
NP-hard NP-hard Open

Z
By




Notation: [y = Q

For p =0 or prime, PoLSys(F,) & HomPoLSys(IF,) are

RESULTANT(Z) is

Same results with degree-2 polynomials.

| PotSys | HomPoLSys | RESULTANT |
NP-hard NP-hard NP-hard
NP-hard NP-hard Open

Z
By

What happens for REsuLTANT(E,), p > 0?



HomPoLSys(F,) is NP-hard:
# homogeneous polynomials > # variables



HomPoLSys(F,) is NP-hard:
# homogeneous polynomials > # variables

Two strategies:

Reduce the number of polynomials
Increase the number of variables



HomPoLSys(F,) is NP-hard:
# homogeneous polynomials > # variables

Two strategies:

Reduce the number of polynomials
Increase the number of variables



HomPoLSys(F,) is NP-hard:
# homogeneous polynomials > # variables

Two strategies:

Reduce the number of polynomials
Increase the number of variables

Theorem (G.-Koiran-Portier’'10-12)

Let p be a prime number.




HomPoLSys(F,) is NP-hard:
# homogeneous polynomials > # variables

Two strategies:

Reduce the number of polynomials
Increase the number of variables

Theorem (G.-Koiran-Portier’'10-12)

Let p be a prime number.

> ResuLTANT(E,) is NP-hard for sparse polynomials.




HomPoLSys(F,) is NP-hard:
# homogeneous polynomials > # variables

Two strategies:

Reduce the number of polynomials
Increase the number of variables

Theorem (G.-Koiran-Portier’'10-12)

Let p be a prime number.

> ResuLTANT(IE,) is NP-hard for sparse polynomials.

> ResuLTanT(F,) is NP-hard for dense polynomials for some g = p°.




f(X): s degree-2 homogeneous polynomials in F,[Xo, ..., Xy]



of polynomial sy

Proof idea

From 7(X) to g(X,Y)
f(X)
(unchanged)

fn():< )

g(X> Y) =
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of polynomial sy

Proof idea

From 7(X) to g(X,Y)
A (X)

fn():< )

g(X> Y) = fn+1(X)
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f(X): s degree-2 homogeneous polynomials in Fy[Xo, . ..

From 7(X) to g(X,Y)

f1(X)
fn(X)
for1(X) +AY?
fraa(X) — Y2 +AYZ




f(X): s degree-2 homogeneous polynomials in Fy[Xo, . ..

From 7(X) to g(X,Y)

A (X)
(X

s =| P00 Tavk
fo1(X) — Y2, o+ AY2
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f(X): s degree-2 homogeneous polynomials in Fy[Xo, . ..

From 7(X) to g(X,Y)

A (X)
(X

s =| P00 Tavk
fo1(X) — Y2, o+ AY2




f(X): s degree-2 homogeneous polynomials in Fy[Xo, . ..

From 7(X) to g(X,Y)

A (X)
(X

g(X,Y)= ,5388_ Y2 i 22
fs—lz(X) — Y2 o+ AYE

fS(X) _ Yszfnfl

f(a) =0 = g(a,0) =0
Find * such that (g(a,b) =0 — b =0)




f(X): s degree-2 homogeneous polynomials in Fy[Xo, . ..

From 7(X) to g(X,Y)

A (X)
(X

g(X,Y)= ,5388_ Y2 i 22
fs—lz(X) — Y2 o+ AYE

fS(X) _ Yszfnfl

f(a) =0 = g(a,0) =0
Find * such that (g(a,b) =0 — b=0 = f(a) =0)




NP-hardness results for square homogeneous systems of
polynomials over finite fields



NP-hardness results for square homogeneous systems of
polynomials over finite fields

Result on the evaluation of the resultant polynomial



NP-hardness results for square homogeneous systems of
polynomials over finite fields

Result on the evaluation of the resultant polynomial

Main open problem

> Improve the PSPACE upper bound in positive characteristics. ..

» ... or the NP lower bound.




2. Determinantal Representations of
Polynomials
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2XY +(X+Y)(Y+2Z) = det

Complexity of the determinant

Determinant vs. Permanent: Algebraic “P = NP?”

Links between circuits, ABPs and the determinant

Convex optimization



N4

2X(X + Y)+ (X + Y)Y + 2)

Arithmetic circuit

Size 6
Inputs 3



N4

2X(X + Y)+ (X + Y)Y + 2)

@0 (2)

Weakly-skew circuit

Size 6
Inputs 5



N4

@g@é@ @%j;?f

Formula

Size 7
Inputs 8



Determinantal Repr ions of F ials

Results

Proposition (Valiant'79)

Formula of size s ~» Determinant of a matrix of dimension (s+2)
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Determinantal Repr ions of Polynomial

REIIS

Proposition (Liu-Regan’06, G.-Kaltofen-Koiran-Portier'11)

Formula of size s ~» Determinant of a matrix of dimension (s+1)
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Determinantal Repr ions of Polynomial

REIIS

Proposition (Liu-Regan’06, G.-Kaltofen-Koiran-Portier'11)

Formula of size s ~» Determinant of a matrix of dimension (s+1)

Proposition (Toda’92, Malod-Portier'08)

Weakly-skew circuit of size s with / inputs
~» Determinant of a matrix of dimension (s -+ /+ 1)
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Determinantal Repr i of Pol ials

From Formulas to Branching Programs
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Determinantal Repr i of Pol ial

From Formulas to Branching Programs

) (¥
D
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zZ'Y

-1

det M= > " (=) [ M,

Uee’n

Cycle covers <= Permutations



S
2

/Y 0 2 0 0 Y X 0
X 0 -1 X 0 0 0 O
X[ / 0 0 -1 Y 0 0 O
0 0 0 -1 0 0 O
Y[ X M=10 0 0 0 -1 1 o0
Y 0O 0 0 0 0 -1 Z
\/ 0O 0 0 0 0 0 -1
Y -1 0 0 O O 0 O

t

det M= > " (=) [ M,
oce6, =1

Cycle covers <= Permutations

Up to signs, det(M) = sum of the weights of the cycle covers of G

OrRr <O +HOOoOo




Determinantal Repr i of Pol ials

Branching Program for the Permanent

detA= " (—1)5(0)ﬁA,-,U(,-)

oeS, =Sl
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Determinantal Repr i of Pol ials

Branching Program for the Permanent

per A = Z HA"’U(")

oeS, =Sl
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Determinantal Repr i of Pol ials

Branching Program for the Permanent

per A = Z HA"’U(")

oeS, =Sl
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n

perA = Z HAivU(i)

ceG, i=1

a b
per | d e = aei + bfg + cdh + afth + bdi + ceg
g h

)

Theorem (G.12)

There exists a branching program of size 2" repre-
senting the permanent of dimension n.




n

perA = Z HAivU(i)

ceG, i=1

a b
per | d e = aei + bfg + cdh + afth + bdi + ceg
g h

)

Theorem (G.12)

There exists a branching program of size 2" repre-
senting the permanent of dimension n.

\:\///' >

-~ 0 Q



Determinantal Repr i of Pol ial

Permanent versus Determinant
Corollary

The permanent of dimension n is a projection of the determinant
of dimension N = 2" — 1.
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The permanent of dimension n is a projection of the determinant
of dimension N =2" — 1.
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per|d e f]=det|{0 0O O 1 ¢ 0 f
g h i e 00 0100
h 00 O0O0T10

b 0O0OO0O0TO 01

Conjecture (Algebraic P # NP)

The permanent of dimension n is not a projection of the deter-

minant of dimension N = n©(),




Corollary

The permanent of dimension n is a projection of the determinant
of dimension N =2" — 1.

0 adg0O0D O
0100 /i f O

a b c 0 01 00 c i
per|d e f]=det|{0 0O O 1 ¢ 0 f
g h i e 00 0100
h 00 O0O0T10

b 0O0OO0O0TO 01

Conjecture (Algebraic P # NP)

The permanent of dimension n is not a projection of the deter-
minant of dimension N = 2°(").




Determinantal Repr ions of Polynomial

REIIS

Proposition (Liu-Regan’06, G.-Kaltofen-Koiran-Portier'11)

Formula of size s ~» Determinant of a matrix of dimension (s+1)

Proposition (Toda’92, Malod-Portier'08)

Weakly-skew circuit of size s with / inputs
~» Determinant of a matrix of dimension (s -+ /+ 1)
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If the underlying field has characteristic # 2,

> Formula of size s ~» Symmetric determinant of dimension 2s + 1

> Weakly-skew circuit of size s with / inputs
~> Symmetric determinant of dimension 2(s + /) + 1
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Corollary

The determinant of dimension n is a projection of the symmetric

determinant of dimension %n3 + o(n3).




Determinantal Representations of Polynomials

SDR in characteristic 2
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Theorem (G.-Monteil-Thomassé’12)

There are polynomials without SDR in characteristic 2, e.q. xy+z.




01 11
Xy + yz + xz = det L x 00
1 0 y O
1 0 0 z] Yy z
[x y z 1] Xq—Y
x2> 4+ y® 4 y? + 22 = det y 0.z 0 zZ |z
z z y 1
1 011
- - 19 O,

Theorem (G.-Monteil-Thomassé’12)

There are polynomials without SDR in characteristic 2, e.q. xy+z.

{A polynomial is said representable if it has an SDR. }




Determinantal Repr i of Pol ial

Determinant and cycle covers

Determinant

S, = Permutation group of {1,...,n}

detA= 3" (1 [ Ay
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Determinantal Repr i of Pol ial

Determinant and partial matchings

Determinant in characteristic 2 of symmetric matrices

J, = Involutions of {1,...,n}

det A = Z ﬁAi,a(i)

O'ejn i=1
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Determinantal Repr i of Pol ial

Representable polynomials

Lemma

> P and Q are representable = P X Q@ is representable.
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Determinantal Repr i of Pol ial

Representable polynomials

Lemma
> P and Q are representable = P X Q@ is representable.

» For all P, P? is representable.

Theorem

L(x1,...,Xm) = Pg + x1P? + - + xm P2, is representable.
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Lemma

» P and Q are representable = P x @ is representable.

> For all P, P? is representable.

Theorem

L(x1,. .. Xm) = P3 +x1P?+ -+ + xnP? is representable.




Determinantal Repr i of Pol ial

Obstructions to representability

Theorem

If P is representable, then

P=1L;x---xLgmod (x>+1,...,x54 1)

where the L;’s are linear. (linear = degree-1)

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 252




Determinantal Repr i of Pol ial

Obstructions to representability

Theorem

If P is representable, then

P=1L;x---xLcmod (x2+ 02 ... x2402)

where the L;’s are linear. (linear = degree-1)

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 252




Determinantal Repr i of Pol ial

Obstructions to representability

Theorem

If P is representable, then

P=1L;x---xLcmod (x2+ 02 ... x2402)

where the L;’s are linear. (linear = degree-1)

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 252




Theorem
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Theorem

If P is representable, then
P=1Lyx---xLgmod (6XF+ 02 ... x2 +¢2)

where the L;’s are linear. (linear = degree-1)

2 X y\ _ x 1\ _ X 14+ x
Xz +y —det(y z) _det<1 z) _det<1+x X+z)

_ x 0 ) _ 2 2 2
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Theorem

If P is representable, then

P=1L;x-xLcmod (x2+ 02, ... x3+107)

where the L;'s are linear. (linear = degree-1)

2 X y\ _ x 1\ _ X 14+ x
Xz +y —det<y z) _det(1 z) _det(1+x x+z)

_ x 0 ) _ 2 2 2
_det(0 x+z) =x(x+z)mod (x*+1,y°+1,z°+ 1)

{Such a P is said factorizable modulo (x? 4+ (3,...,x2 + 2).




Determinantal Repr i of Pol ial

Multilinear polynomials

Theorem

Let P be a multilinear polynomial. The following propositions are
equivalent:

(1) P is representable;
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Theorem

Let P be a multilinear polynomial. The following propositions are
equivalent:

(i) P is representable;
(i) V¢, P is factorizable modulo (x? + £3,...,x2 + (2 );
(iii) 3¢, P is factorizable modulo (x? + (2, ... x2 + (2).

Is xy + z representable? }

~~ Factorization algorithm for F[xq, ..., xm]/(x? + 02, ... x2 +(2)
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( z ) x( 1) x---x( 1)

?
= xy 4+ z mod (x?,y?, 2%

{Iin(xy—l—yz—i—y+z—|—1):y—|—z+1




( z ) x( 1) x -« x( 1)

?
= xy 4+ z mod (x?,y?, 2%

{Iin(xy—l—yz—i—y+z—|—1):y—|—z+1

Theorem

Under suitable conditions, P is factorizable if and only if

1 0P
P =lin(P) x 10P mod (x2,...,x2),

o OX; m

where «;x; is a monomial of lin(P).
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Conjecture

Over Iy, there are [[7_;(2'+1) nonzero representable multilinear
n-variate polynomials.

Equals number of self-dual codes of length 2n + 2 over F;

» Linear code of length N: Subspace of the vector space FY

> Self-dual code C: forall x,y € C, x-y = 0.
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Same expressiveness:
(Weakly-)Skew circuits
Branching Programs
Determinants
Symmetric Determinants in characteristic # 2
In characteristic 2, some polynomials have no SDR.
Characterization for multilinear polynomials

Algorithms to build SDRs

Main open question (Algebraic “P = NP?”)

What is the smallest N s.t. the permanent of dimension n is a
projection of the determinant of dimension N?
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Introduction

Definition (reminder)

k
P(X1,...,X,) = Z ECY o o S
=
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> Lacunary representation:
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Factorization of lacunary polynomials

Introduction

Definition (reminder)

k
P(X1,...,X,) = Z ECY o o S
=

> Lacunary representation:

{(alj,...,anj:aj):lgjgk}

k

size(P) ~ Z size(aj) + log(ayj) + - - - + log(an;)
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Factorization of lacunary polynomials

Factorization: dense/sparse vs. lacunary

Factorization of a polynomial P

Find Fy,..., F;, irreducible, st. P=F; X --- X F;
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Factorization of a polynomial P

Find F4,..., F;, irreducible, st. P=F; x --- X F;

IF,;[X]: randomized polynomial time [Berlekamp'67]
Fy[Xi,. .., X0]
Z|X]: deterministic polynomial time  [Lenstra-Lenstra-Lovasz'82]
Q(a)[X] [A. Lenstra’83, Landau'83]
Q(a)[ X1, ..., Xn] [Kaltofen'85, A. Lenstra’87]
Example

XP—1=(X—-1)1+X+---+XPh

—> restriction to finding some factors



Factorization of lacunary polynomials

Factorization of sparse univariate polynomials

k k
P(X) = Z aj X size(P) ~ Z size(aj) + log(a;))

j=t =i
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Factorization of lacunary polynomials

Factorization of sparse univariate polynomials

k k
P(X) = Z aj X size(P) ~ Z size(aj) + log(a;))
j=1 j=1

Theorem (Cucker-Koiran-Smale’98)

Polynomial-time algorithm to find integer roots if a; € Z.
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Factorization of lacunary polynomials

Factorization of sparse univariate polynomials

k k
P(X) = Z aj X size(P) ~ Z size(aj) + log(a;))
j=1 j=1

Theorem (Cucker-Koiran-Smale’98)

Polynomial-time algorithm to find integer roots if a; € Z.

Theorem (H. Lenstra’99)

Polynomial-time algorithm to find factors of degree < d if

aj € Q(a).
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Factorization of lacunary polynomials

Factorization of lacunary polynomials

Theorem (Kaltofen-Koiran'05)

Polynomial-time algorithm to find linear factors of bivariate la-
cunary polynomials over Q.
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Factorization of lacunary polynomials

Factorization of lacunary polynomials

Theorem (Kaltofen-Koiran’05)

Polynomial-time algorithm to find linear factors of bivariate la-
cunary polynomials over Q.

Theorem (Kaltofen-Koiran’06)

Polynomial-time algorithm to find low-degree factors of multi-
variate lacunary polynomials over Q(«).
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Factorization of lacunary polynomials

Common ideas

Gap Theorem

14 k
P=> aXxuyh+ Y aXyh
N— ——
Po P1

with ag < ap < -+ < .

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 39/52

A



Factorization of lacunary polynomials

Common ideas

Gap Theorem

14 k
P=> aXxuyh+ Y aXyh
N— ——
Po P1

with a3 < ap < -+ < ag. Suppose that

apy1 — oy > gap(P)
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Gap Theorem

l k
P=>Y aXxuyli+ Y axuyl
j=1 j=t+1

Po Py

with a1 < ap < --- < ag. Suppose that

apy1 — ag > gap(P),

then every factor of P divides both Py and P;.




Gap Theorem

P = ZaX"‘J YA 4 Z a X yPb
j=l+1

Po Py

with a1 < ap < --- < ag. Suppose that

apy1 — ag > gap(P),

then every factor of P divides both Py and P;.

{gap(P): function of the algebraic height of P.
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Theorem (Chattopadhyay-G.-Koiran-Portier-Strozecki’'12)

Polynomial time algorithm to find multilinear factors of bivariate
lacunary polynomials over algebraic number fields.

Linear factors of bivariate lacunary polynomials
[Kaltofen-Koiran'05]

gap(P) independent of the height

More elementary algorithms
Gap Theorem valid over any field of characteristic 0

Extension to multilinear factors

Results in positive characteristics



Factorization of lacunary polynomials

Linear factors of bivariate polynomials
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k
PX,Y) =) aXuYPi
=i

Observation

(Y —uX —v) divides P(X,Y) <— P(X,uX+v)=0

Study of polynomials of the form Zan“f(uX + v
J

K: any field of characteristic 0



Factorization of lacunary polynomials

Bound on the valuation

Definition

val(P) = degree of the lowest degree monomial of P € K[X]
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val(P) = degree of the lowest degree monomial of P € K[X]

Theorem
k

Let P = Zanaf(uX-i-v)Bf #0,withuv #0andag < -+ < .
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Factorization of lacunary polynomials

Bound on the valuation
Definition
val(P) = degree of the lowest degree monomial of P € K[X]

Theorem
k

Let P = Zanaf(uX-i-v)Bf #0,withuv #0andag < -+ < .

j=1
Then

k+1—j
< o
val(P) < 1n§1ja§xk (aJ + < . )>
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Factorization of lacunary polynomials

Bound on the valuation

Definition
val(P) = degree of the lowest degree monomial of P € K[X]

Theorem
k
Let P = Zanaf(uX-i-v)Bf #0,withuv #0andag < -+ < .
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Definition

val(P) = degree of the lowest degree monomial of P € K[X]

Theorem

k
Let P = ZanO‘f(uX—l—v)ﬁf Z0,withuv Z0and a; < -+ < .
j=1
Then

val(P) < a3 + </2(>

X% (uX + v)% linearly independent

Hajés' Lemma: if oy = -+ = ay, val(P) < oy + (k — 1)



Factorization of lacunary polynomials

Gap Theorem

Theorem

Let

)4
P = Za X% (uX + v)% + Z ai X% (uX 4 v)Pi
=1 j=t+1

- -/
-

Po

with uv #0, a1 < -+ < ay. If

« > max (o +
AL 1§j§€< ' (

then P = 0 iff both Pp =0 and P; = 0.
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Factorization of lacunary polynomials

Gap Theorem

Theorem

Let

¢ k
[P = Z ai X% (uX 4 v)Pi + Z ai X% (uX 4 v)Pi
j=1 j=t+1

Po Py

4

with uv # 0, a1 < --- < ay. If £ is the smallest index s.t.

/
Qi1 > o1 + <2>,

then P = 0 iff both Pp =0 and P; = 0.
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Factorization of lacunary polynomials

The Wronskian

Definition
Let f1,..., fx € K[X]. Then
f f
f‘l f/
wr(fi,... f)=det | - 2

fl(k_l) f_-z(k—l)
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Factorization of lacunary polynomials

The Wronskian

Definition
Let f1,..., fx € K[X]. Then
fi

fil
wr(fi, ..., fx) = det

k.—l k:—l k:—l
I S (S

Proposition (Bocher, 1900)
wr(fi,...,fx) #0 <= the fs are linearly independent.
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Factorization of lacunary polynomials

Wronskian & valuation

k
val(wr(fy, ... fi)) > ) val(f;) - (g>
=1

J=
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Factorization of lacunary polynomials

Wronskian & valuation

k
val(wr(fy, ... fi)) > ) val(f;) - (:)
=1

J=

Lemma

Let f; = X% (uX + v)%, uv # 0, linearly independent, and s.t.
aj,Bj > k—1. Then

k
val(wr(fi, ..., ) < oy
j=1
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Lemma

val(wr(fi, ..., fi Ek:val (i) — ( )

Jj=1

Lemma

Let f; = X% (uX + V)Bf, uv # 0, linearly independent, and s.t.
aj,Bj > k —1. Then

val(wr(fy, ..., fx E ;.

Proof of the theorem. wr(P, f, ..., f) = aywr(fi,..., 1)



Lemma

val(wr(fi, ..., fi Ek:val (i) — ( )

Jj=1

Lemma

Let f; = X% (uX + V)Bf, uv # 0, linearly independent, and s.t.
aj,Bj > k —1. Then

val(wr(fy, ..., fx E ;.

Proof of the theorem. wr(P, f, ..., f) = a; wr(fl, N )

zk:aj2va|(wr(f1,... f)) > val(P +ZaJ ()

Jj=1



Factorization of lacunary polynomials

Finding linear factors

Observation + Gap Theorem

(Y — uX — v) divides P(X,Y)
— P(X,uX+v)=0
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Factorization of lacunary polynomials

Finding linear factors

Observation + Gap Theorem

(Y — uX — v) divides P(X,Y)
— P(X,uX+v)=0

— Pi(X,uX+v)=--=P(X,uX+v)=0
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Observation + Gap Theorem

(Y — uX — v) divides P(X,Y)
— P(X,uX+v)=0
— Pi(X,uX+v)=---=Py(X,uX+v)=0
<= (Y — uX — v) divides each P:(X,Y)

Find linear factors of low-degree polynomials
~ [Kaltofen'82, ..., Lecerf'07]

K = Q(«): algebraic number field




Factorization of lacunary polynomials

Some details

k
Find linear factors (Y — uX — v) of P(X,Y) = Z aj X% yPi

Jj=1

Bruno Grenet — Séminaire ECO — Feb. 25, 2013 4852

A



Find linear factors (Y — uX — v) of P(X,Y) Z a X yPi

If v = 0: Factors of polynomials Zj a;YPi
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If u = 0: Factors of polynomials }_; a Y#i [H. Lenstra'99]
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Find linear factors (Y — uX — v) of P(X,Y) Z a X yPi

If u = 0: Factors of polynomials }_; a Y#i [H. Lenstra'99]
If v =0: P(X,uX) =3, ajufi Xth [H. Lenstra’99]
If u,v #0:

Compute P = Py +--- + Ps where Py = 3 2, X% Y7 with

Qmax S Qmin + (g)
Invert the roles of X and Y, to get Bmax < Bmin + (5)
Apply some dense factorization algorithm [Kaltofen'82, ..., Lecerf'07]
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on+1

A+X)¥+1+X)¥ =X¥(X+1) mod?2

Theorem

K
Let P = Zanaf(uX +v)P € Fys[X], where p > max;(aj + ;).
j=1
Then val(P) < max;(aj + (k+21_1)), provided P # 0.




1+X)2 +1+X)2" =X (X+1) mod 2

Theorem
K
Let P = Z ai X% (uX + v)? € Fps[X], where p > max;(a; + f3;).
j=1
Then val(P) < max;(aj + (k+21_J)), provided P # 0.

Theorem

Let P = > ;aj X% YBi € Fy[X, Y], where p > max;(a; + f;).
Finding factors of the form (uX + vY + w) is

> doable in randomized polynomial time if uvw # 0 ;




1+X)2 +1+X)2" =X (X+1) mod 2

Theorem
K
Let P = Z ai X% (uX + v)? € Fps[X], where p > max;(a; + f3;).
j=1
Then val(P) < max;(aj + (k+21_J)), provided P # 0.

Theorem

Let P = > ;aj X% YBi € Fy[X, Y], where p > max;(a; + f;).
Finding factors of the form (uX + vY + w) is

> doable in randomized polynomial time if uvw # 0 ;

» NP-hard under randomized reductions otherwise.
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Finding multilinear factors of bivariate lacunary polynomials

More elementary proofs for [Kaltofen-Koiran'05]

k
There exists P = Z aiX%(uX 4 v)% st. val(P) = a; + (2k — 3)
j=1

Results in large positive characteristic

Main open problem

Extend to low-degree factors of multivariate polynomials




Conclusion
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Representations of polynomials, algorithms and lower bounds

Representations of polynomials:

By circuits, branching programs, (symmetric) determinants
As lists: dense, sparse, lacunary

Algorithms:

Construction of determinantal representations
Factorization of lacunary polynomials
Polynomial identity testing for several representations

Lower Bounds:

For the resolution of polynomial systems
For the symmetric determinantal representations in characteristic 2
For the arithmetic complexity of the permanent

Thank you!
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