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Introduction

Factorization: classical algorithms

Factorization of a polynomial P

Find Fq, ..., Fy, irreducible, st. P=F; x --- x Fy.
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Factorization of a polynomial P

Find Fq, ..., F¢, irreducible, st. P=F7 x --- x F;.

Z[X]: deterministic polynomial time  [Lenstra-Lenstra-Lovasz'82]

Qo) [X] [A. Lenstra’83, Landau’83]
Qo) [Xqy .oy Xl [Kaltofen'85, A. Lenstra’87]

Fq[X]: randomized polynomial time [Berlekamp'67]
B s

Complexity

Polynomial in the degree of the polynomials
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Introduction

The case of lacunary polynomials

Definition
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Algorithms of polynomial complexity in log(deg(P)) and in k
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Definition

k
P(X1y.eey Xn) =) X7V - Xq
j=1

> Lacunary representation: {(x1j,...,%n;j 1 a;):1<j <k}

> size(P) ~ ) .size(aj) + log(etrj) + - - - + log(onj)

)

Algorithms of polynomial complexity in log(deg(P)) and in k

Restriction to some factors only




Introduction

Integral roots of integral polynomials

Gap Theorem (Cucker-Koiran-Smale’98)
Let

14 k
PX) =) aX¥+ Y aX% € ZIX]
j=1 j=C+1
—_—

R
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Introduction

Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial time (in log(deqP)) algo-
rithms to compute

> linear factors of univariate polynomials over 7;
[Cucker-Koiran-Smale’98|
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Introduction

Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial time (in log(deqP)) algo-
rithms to compute

> linear factors of univariate polynomials over 7;
[Cucker-Koiran-Smale’98|

> low-degree factors of univariate polynomials over O(ct);
[H. Lenstra’99]
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Gap Theorem

Let

(4 k
P=) aX®YPi + ) agX*YP;
j=1 j=C+1

Q R

with uv #£0, ot < -+ < . If

{
Xg+1 > X7 + <2>

then (Y —uX —v) divides P iff it divides both Q and R.




Observation

(Y —uX —v) divides P(X,Y) <— P(X,uX+v)=0

Gap Theorem

Let

(4 k
P=) aX®YPi + ) agX*YP;
j=1 j=C+1

Q R

with uv #£0, ot < -+ < . If

{
Xg+1 > X7 + <2>

then every linear factor of P divides both Q and R




Valuation

K: any field of characteristic 0



Valuation

Bound on the valuation

Definition

val(P) = degree of the lowest degree monomial of P € K[X]
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Definition

val(P) = degree of the lowest degree monomial of P € K[X]

VelDG e s it

Theorem

¢
Let P = Z a; X% (uX4v)Bi 2 0, withuv £ 0 and o7 < -+ < .
j=1
Then

val(P) < o1 + (ﬁ)

X% (uX +v)Pi linearly independent

Hajos' Lemma: if oy =--- = &g, val(P) < o7 + (£—1)




Valuation

The Wronskian

Definition
Let fq,..., fp € K[X]. Then

2

f

wr(fq,...,fg) = det

(€=1)  L(e-1)
f1 fZ
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Valuation

The Wronskian

Definition
Let fq,..., fp € K[X]. Then
T 2
f f5
wr(fy,...,fg) = det : i

(€=1)  L(e-1)
f1 fZ

Proposition (Bocher, 1900)
wr(fy,...,f¢) #0 <= the fj's are linearly independent.
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Valuation

Wronskian & valuation

(4
val(wr(fh-- -)ff)) > Zval(f)) a <§>

j=1
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Lemma

val(wr(fy,...,f¢)) > Zval(fj) - <§)

j=1

Lemma

Let f; = X% (uX + v)Pi, uv # 0, linearly independent, and s.t.
%) [3]' > L. Then

val(wr(fq,...,Tg)) < Z oy = Zval(fj).

j=1 j=1




Valuation

Proof of the Theorem

Theorem

¢
LetP = Z a; X% (uX+v)Pi £ 0, withuv £ 0and a7 < -+ < oxg.
j=1
Then

2

val(P) < o1 + ((’,)
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Theorem

¢
LetP = Z a; X (uX+v) P Z 0, withuv #0and o7 < -+ < og.

j=1
Then

val(P) < o1 + <§>

Proof. WI’(P,fz,...,fg) = Wr(f],...,fg)




Theorem

¢
LetP = Z a; X (uX+v) P Z 0, withuv #0and &7 < --- < .

j=1
Then ;
val(P) < o1 + <2>

Proof. WI’(P, fz, 5D .,fg) = Wr(f],. . .,fg)

¢ 0
Z o o e i R R Z B <§>

j=1 j=2



Theorem

(4
LetP = ;X% (uX+v)P 20, withuv # 0 and a7 < -+

1)

j=1
Then

val(P) < max ((Xj 4 <
1<5<e

< oy

Proof. wr(P,f2,...,fs) = aj wr(fy,...

0
Zoc] val(wr(fq,...,fe)

j=1

)ff)

> val(P —i—Zoc] <>




I aJOS I_ a. g vV J
emma:
Val. a X (LLX



Hajés’ L Ee it o+
emma:
val an”‘(uX B
j_] ) J <
Our res EZ Y x1 +
ult: v i
al a; X% (uX B
- ik Bese ]



¢
Hajés' Lemma: val Zan“(uX—k\;)Bi <o+
j=1

¢
Our result: val Z a; X% MEEE RS e o
j=1

Lemmas: bounds attained, but not simultaneously ~~ trade-off?



¢
Hajés' Lemma: val Zan“(uX—k\;)f’i <o+
j=1

¢
Our result: val Z a; X% A e
j=1
Lemmas: bounds attained, but not simultaneously ~~ trade-off?

£
VE23,3P =) o;X¥(uX+v)P st val(P) = oy +
j=1



¢
Hajés' Lemma: val Z Hlicemyibosl e et
j=1

¢
Our result: val Z a; X% A e
j=1
Lemmas: bounds attained, but not simultaneously ~~ trade-off?

£
VE23,3P =) o;X¥(uX+v)P st val(P) = oy +
j=1

XZE 3 (1+X 2€+3 ZZE* (€+] 65)X215(]+X)€1J



Theorem

Let

¢ 3
P = Z a; X% (uX +v)Pi + Z a; X% (uX + v)Pi
j=1 j=0+1

Q R

with uv #0, o7 < -+ < o If
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then P =0 iff both Q =0 and R = 0.




Theorem

Let

¢ 3
P=3 aX9@X+v)P+ 3 XX +v)P
j=1 j=L+1

Q R

withuv #0, ot < -+ - < a. If

0+1—j
i >
X1 > 1n<1§32<(Z <<x] + ( ) )) > val(Q),

X)X

then P = 0 iff both Q =0 and R =0.

e <Cval(Q)Xval(Q) i ) e (am (uX + v)Best 4. )




Algorithms

K = Q(«): algebraic number field



Algorithms

Finding linear factors

Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
— PX,uX+v)=0
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Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
— PX,uX+v) =0
— Pi(X,uX+v)=---=Ps(X,uX+v)=0
<— (Y —uX—v) divides each P¢(X,Y)

jet+Le—1 0
Pt o Z (1)'X(XjYBj with K40, —1 — &y, < <2t)
J=jt

Independent from u and v

X does not play a special role
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P =X3Y8(X=Y+1)(1-X-Y)
B e et

= Xley B L V=Y 1)
A e B e T

— linear factors of P: (X —Y +1,1), (X, 3), (Y,2)



Algorithms

Complete algorithm

Find linear factors (Y —uX —v) of P(X,Y) = Z a; X% YR

j=1
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Find linear factors (Y — uX —v) of P(X,Y) Z aj X% YR
j=1

If u=0: Factors of polynomials }_; a;YP [H. Lenstra’99]
Ifv=0: P(X,uX) = }_; ajuPsX%+P; [H. Lenstra’99]
If u,v #£0:

Compute P = Py + - - -+ P, where Py = Y Je =T g, x5 Y85

=%
3 ¢ 0
with o, 1e.—1 < oy, + (5) and Bje.—1 < Bj. + (3)

Write Pt = )& Yﬁjt Qt with deg(Qt) < et(ﬂt S, ])



Find linear factors (Y — uX —v) of P(X,Y) Z aj X% YR
j=1

If u=0: Factors of polynomials }_; a;YPi [H. Lenstra’99]
Ifv=0: P(X,uX) = }_; ajuPsX%+P; [H. Lenstra’99]
If u,v #£0:

Compute P =Py + --- + Ps where Py = Zggf‘q a; X% YP;
with o, 1e,—1 < o, + (%) and Bj,e—1 < By + (%)
Write Py = X%+ YPi: Q; with deg(Q:) < €& —1)

Apply some dense factorization algorithm to each Q¢ or

ged(Qq,y...,Qs) [Kaltofen'82, ..., Lecerf'07]
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Main computational task: Factorization of dense polynomials
= Complexity in terms of gap(P)

[Kaltofen-Koiran'05]: gap(P) = O(klogk + kloghp)
hp = max; |Clj| if P e Z[X, Y]
Here: gap(P) = O(k?)

Algebraic number field: only for Lenstra’s algorithm



Positive characteristic

K = [,s: field with p° elements
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Theorem
Kk
Let P = Z a; X (uX +v)B ¢ Fps [X], where p > max; (ot + ;).
j=1
Then val(P) < maxj (o + (k+21_])), provided P # 0.

Theorem

Let P = Z)- an“iYBi € Fps[X, Y], where p > max;(o + Bj).
Factors of the form (uX +vY +w) are

» computable in randomized polynomial time if uvw # 0;
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Theorem
Kk
Let P = Z a; X (uX +v)B ¢ Fps [X], where p > max; (ot + ;).
j=1
Then val(P) < maxj (o + (k+21_])), provided P # 0.

Theorem

Let P = Z)- an“iYBi € Fps[X, Y], where p > max;(o + Bj).
Factors of the form (uX +vY +w) are

» computable in randomized polynomial time if uvw # 0;

» NP-hard to detect otherwise.
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Thank you!

arXiv:1206.4224
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