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Introduction

[Given A, B € F[x], compute A mod B without extra space as fast as possible
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Given A, B € F[x], compute A mod B without extra space as fast as possible

Space complexity models

1. ro/wo: read-only inputs & write-only output
sl Classical model in complexity theory
'@ Q(n?) lower bounds on time x space
2. ro/rw: read-only inputs & read-write output
& Allows parallel access to the inputs
'@ Too restrictive in a sequential model
3. rw/rw: read-write inputs & read-write output, inputs restored at the end
sl Allows recursive calls / use as subroutines
@ Not suitable for parallel programming



Introduction

Given A, B € F[x], compute A mod B without extra space as fast as possible

Space complexity models

1. ro/wo: read-only inputs & write-only output
sl Classical model in complexity theory
'@ Q(n?) lower bounds on time x space
2. ro/rw: read-only inputs & read-write output
& Allows parallel access to the inputs
'@ Too restrictive in a sequential model
3. rw/rw: read-write inputs & read-write output, inputs restored at the end
s Allows recursive calls / use as subroutines
@ Not suitable for parallel programming
alternative view: no distinction input/output — full specification
» C+ Amod B: (A,B,C)+— (A, B,Amod B) in place
> C += AB: (A, B,C) — (A, B, C+ AB) in place with accumulation
> Bx= A (A,B) +— (A, AB) over-place



Known results

A = BQ + R with deg(R) < deg(B)

n = deg(A), m = deg(B), g = n — m, k = max(q, m)

=~

Algorithm Model

QuoRem  Quotientonly ~ Remainder only

time

ro/wo

ro/wo

same result same result
[Monagan’93] [Monagan’93]

ro/rw

same result same result

" O(M(q)) if M(q) = Q(q"")

3/21



Known results

A = BQ+ Rwith deg(R) < deg(B) n = deg(A), m=deg(B),q=n— m, k= max(q, m)
Algorithm Model QuoRem  Quotient only  Remainder only
( o / time O(gm) same result same result
assica roswe space 0(1) [Monagan’93] [Monagan’93]
Fast time | O(M(k))
ro/wo same result same result
[Strassen’73, ...] space O(k)
Fast & low space time = O(M(k))  O(M(q) oz o) O(M(k))
; ) ro/rw .
| [Giorgi G. Roche’20] space 0(1) 0(1) mln(q, m) == 0(1) )

" O(M(q)) if M(q) = Q(q"")

® Open problems that “seem” impossible:
Remainder, modular inverse, factorization

Dan Roche’s slides @ ISSAC’20 [Giorgi G. Roche’20]



Our results

In-place remainder (model rw/rw but A read-only)

Given A, B € F[x], compute A mod B in time O(M(k)log m)* and space O(1)t

n = deg(A), m = deg(B), k = max(n — m, m) * O(M(k)) if M(k) = Q(k'+<)
* O(log m) pointers for call stack
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Our results

In-place remainder (model rw/rw but A read-only)

Given A, B € F[x], compute A mod B in time O(M(k)log m)* and space O(1)t

n = deg(A), m = deg(B), k = max(n — m, m) * O(M(k)) if M(k) = Q(k'9)

. . f i
Variants (same time & space) O(log m) pointers for call stack

» C += Amod B
» R += ABmod C
> (A,B) — (Q|R, B)

Building blocks: in-place Toeplitz computations

> ¢ 4= A-bwhere Ais a Toeplitz matrix in place with accumulation
> polynomial short and middle products
» b+ A-band b« A" bwhere Ais a triangular Toeplitz matrix over place

> (truncated) power series multiplication and division



Contents

1. Toeplitz computations and convolutions



Goals

Main goal: Over-place triangular Toeplitz computations

> b+ A-bwhere Ais a lower triangular Toeplitz matrix
» b+« A7'- bwhere Ais an upper triangular Toeplitz matrix

Intermediate goal: In-place Toeplitz computations with accumulation

> ¢ += A-bwhere Ais
> atriangular Toeplitz matrix
> asquare Toeplitz matrix
> arectangular Toeplitz matrix

The tool: In-place polynomial convolutions with accumulation

n Aap a ctt dp—2 dp—
> C += A-Bmod x" — Aforany A e F Ayt @ Gs ana
A@p_2 AN@r_q = A4 Ap—3

» ¢ += A- b for a A-circulant matrix A

A Aay - Aap— a



Convolution

A=a+x"a Ca @)
B= by +x"2by ~Ch b )

aobo
a1by
ao by
a by

+ 4+ + +



Convolution

A=ay+ x"/2a1

B = by + x"/2b, X modx™ — 1

ap by
a1by
ao by
a by

+ 4+ + +




Convolution

A=ay+ x"/2a1

B = by + x"/2b, X modx™ — \

ap by
a1by
ao by
a by

+ 4+ + +




Convolution: C += AB mod x" — ), -

. (Co,C1) +: 20} 'bo

.C /= A

- (co,a) += a - by
G *x= A

. (a, ) += ao - by
. (a,c0) += @ - by
Cy *= A

_\la\(.n:th_‘




Convolution: C += AB mod x" — ), -

1. (co, 1) += ao - by
2. C /= A
3. (Co,C1) += o b]
4. ¢ *= A
5. (a1, ¢) += ag - by
6. (C1,C0) +=a - b()
7. Cp *= A




Convolution: C += AB mod x" — ), -

1. (co, 1) += ao - by
2. C /= A
3. (Co,C1) += o b]
4. ¢ *= A
5. (a1, 0) += ag - by
6. (C1,C0) +=a - bo
7. Cp *= A




Convolution: C += AB mod x" — ), -

. (C(),C1) +: 20} 'bo

L C /= A

. (co, 1) += a1 - by
G *x= A

. (C],Co) += ap - b]
. (a,c0) += @ - by
Cy *= A

NG A W N =




Convolution: C += AB mod x" — ), -

. (C(),C1) +: 20} 'bo

.C /= A

. (co,a) += a - by
G *x= A

. (C],Co) += ap - b]
. (a,c0) += @ - by
Cyp *= A

NG A W N =




Convolution: C += AB mod x" — ), -

(co, 1) += ap - by
C /=X
(co,c1) += ar - by
G *x= A

(c1,c0) += ao - by
(c1,¢) += ar- by
Cy *= A

NS R W N =




Convolution: C += AB mod x" — ), -

1. (co, 1) += ao - by

2. C /= A

3. (coq) += - b + @ECa
4. ¢ *= A v

5. (C],Co) += ap b]

6. (C1,C0) += 'bo

7. Co *= A

+ + + +




Convolution: C += AB mod x" — ), -

1. (Co,C1) += qap - bo

2. C /= A

5. (a0, ) += a- by + @D
4. ¢ *¥= A v

5. (C],Co) += ap- b]

6. (C],Co) +=a - bO o

., (A Lo ]

+ + + +



Convolution: C += AB mod x" — ), -

L (ae) = a0 h
2. C /= A
3 (corc) += ar- b T
v « QR ) rod ¥ -
5. (C],Co) += ap b]
6. (C],Co) +=a - bO o
A o )
- @ )
Remarks
» Requires C += AB [D.G.24 (previous talk)] +-
» Case nodd: additional technicalities + -
> Karatsuba-like improvement +—

» Time: O(M(n))
> Space: O(1)




Convolution: case A = 0

Remark
> If

o D D

iﬁ
EI

+ o+



Convolution: case A = 0

Remark
»if AND @GBS -6 )< Ta + G
then (AT @B - ) - (w) < (@) + CREQD
> Ifa+(1—a) - p=0 a¢{0,1}and p = a(a —1)7"
- QS - ) (S - G
(AB mod x" — 1) (AB mod x" — p) (AB mod x")

Algorithms: C += A- B mod x”
> If F # F,: two accumulated convolutions modx” — 1and modx” —
> If F = FF,: dedicated algorithm based on a modified Toom-3 algorithm

» Time: O(M(n))
» Space: O(1)




Accumulated Toeplitz matrix-vector product

II

C += A-Bmod x"

» Time: O(M(n))
> Space: O(1)




Accumulated Toeplitz matrix-vector product

| '

C += A-Bmod x" C += A-Bdivx"

» Time: O(M(n))
> Space: O(1)




Accumulated Toeplitz matrix-vector product

AN

C += A-Bmod x" C += A-Bdivx" C += MipPrOD(A, B)

» Time: O(M(n))
> Space: O(1)




Accumulated Toeplitz matrix-vector product

AN

C += A-Bmod x" C += A-Bdivx" C += MipPrOD(A, B)

|+| |jL |

C += MipProbn(A, B) C += MipProp(A, B)

[ > Time: O(M(n)) or O(;;M(m))
> Space: O(1)




Over-place triangular Toeplitz matrix-vector product

Inputs: A and B of degree < n(‘even)
Output: A<+ A- B mod x"

A<+ B-Amod x"



Over-place triangular Toeplitz matrix-vector product

Inputs: A and B of degree < n(‘even)
Output: A<+ A- B mod x"

0. A= ay+ x"?a
B:b0+Xn/.

A<+ B-Amod x"



Over-place triangular Toeplitz matrix-vector product

Inputs: A and B of degree < n(‘even)
Output: A<+ A- B mod x"

0. A:a0+x"/2ﬂ
B ={by + x"/ by

1. ‘@ *= by mod x"/?

(recursive call)

A<+ B-Amod x"



Over-place triangular Toeplitz matrix-vector product
Inputs: A and B of degree < n(‘even)
Output: A<+ A- B mod x"
0. A=ay+ x"/zﬁ
B ={by + x"/ by

* 1. ‘@ x= by mod x

"/2 (recursive call)

2. ‘@ += MipProbp(ay, B)

A<+ B-Amod x"



Over-place triangular Toeplitz matrix-vector product

Inputs: A and B of degree < n(‘even)
Output: A<+ A- B mod x"

0. A= ay+ x"?a

B = b+ x"b;
* 1. ‘@ = by mod x"/2 (recursive call)
2. ‘@ += MipProbp(ay, B)

3. ay *= by mod x"?2 (recursive call)

A<+ B-Amod x"



Over-place triangular Toeplitz matrix-vector product

A<+ B-Amod x"

(@ *= by mod x

Inputs: A and B of degree < n(‘even)
Output: A<+ A- B mod x"

A= a+ x4

B=by + x"?b;

"/2 (recursive call)

. (@ += MipProp(ay, B)

. ay *= by mod x"/? (recursive call)

» Time: O(M(n) log n)*
» Space: O(1)f

* O(M(n)) if M(n) = Q(n'"¢)
T O(log n) pointers for call stack




Over-place triangular Toeplitz system solving




Over-place triangular Toeplitz system solving

0. A—>@anda1
B — by and(s




Over-place triangular Toeplitz system solving

0. A—>@anda1
B — by and(s




Over-place triangular Toeplitz system solving

0. A— apandq
B — by and(s

1. ‘@ *= by ' (recursive call)




Over-place triangular Toeplitz system solving

0. A— apandq
B — by and(s
1. ‘@ *= by ' (recursive call)

2. ay ——= IS

SRV S




Over-place triangular Toeplitz system solving

0. A— apandq

B — by and(s
1. ‘a; %= by ' (recursive call)
2. qp =S

3. ay *= by ' (recursive call)

(B2 (ao — sy 'an) b ar )




Over-place triangular Toeplitz system solving

0. A— apandq

B — by and(s
1. ‘@ *= by ' (recursive call)
2. qp =S

3. ay *= by ' (recursive call)

(B2 (ao — sy 'an) b ar )

» Time: O(M(n) log n)* * O(M(n)) if M(n) = Q(n'**)
> Space: O(1)f  O(log n) pointers for call stack




Contents

2. Remainder algorithms



A = B X Q + R as matrix-vector products




A = B X Q + R as matrix-vector products

="




A = B X Q + R as matrix-vector products




A = B X Q + R as matrix-vector products




A = B X Q + R as matrix-vector products




A matrix formula for the remainder




A matrix formula for the remainder




A matrix formula for the remainder




A matrix formula for the remainder
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A matrix formula for the remainder




A matrix formula for the remainder

Theorem

i

i >

— Horner-like computation



A “not-in-place” algorithm

Inputs: ‘A € F[x] of degree n, B € F[x] of degree m (model ro/rw)
Output: (R ='A mod B of degree < m

= [(n—m+1)/m
A= " (blocks of size m); T =

.R:=A,
fori=pu—1t00:
Q:=T"R
R = - G{Q
R += A
return R

(=]

QA w N~



A “not-in-place” algorithm

Inputs: |A € F[x] of degree n,/B € F[x] of degree m (model ro/rw)
Output: (R ='A mod B of degree < m

= [(n—m+1)/m
A= " (blocks of size m); T =

. R:= A,

(=]

» Time: O(n/m - M(m))
» Space: m+ O(1) storage oj.

» Remark: similar result in [Giorgi-G.-Roche’20]




An in-place algorithm

Inputs: ‘A € F[x] of degree n, B € F[x] of degree m  A: read-only / B: read-write
Output: (R ='A mod B of degree < m

= [(n—m+1)/m)|
A= -‘ (blocks of size m); T =

LR := A,
2. fori=pu—1to0:
3 R +=(T
4. Rx= -G
5
6

=]

R += A
. return R



An in-place algorithm

Inputs: ‘A € F[x] of degree n, B € F[x] of degree m  A: read-only / B: read-write
Output: (R ='A mod B of degree < m

= [(n—m+1)/m)|
A= -‘ (blocks of size m); T =

LR := A,
2. fori=pu—1to0:
3 R =T 1
4. Rx= -G
5
6

=]

R += A;
. return R

» Time: O(n/m - M(m) log m)* * O(M(m)) if M(m) = Q(m'**)
> Space: 0(1)]L T O(log m) pointers for call stack




Over-place Euclidean division

Inputs: ‘A € F[x] of degree n, B € F[x] of degree m A, B: read-write
Output: A <+—R Q5s.t. A= BQ + Rwith R of degree < m

n—m +
A = .. blocks of size m); T

=

1. fori=pu—1to0:

2 AI+1 = T 3 . . . o .

3. A —=C A simplification: m divides n — 1
4. returnilR =Ap and Q= A; --- A,



Over-place Euclidean division

Inputs: ‘A € F[x] of degree n, B € F[x] of degree m A, B: read-write
Output: A <+—R Q5s.t. A= BQ + Rwith R of degree < m

n—m +
A = .. blocks of size m); T

1. fori=p —1to 0:

2. A +=IT™'

3. Ai —=G - Ai—H

4. return R =Ap and [Q = A; -+ Ay

=

simplification: m divides n — 1

» Time: O(n/m - M(m) log m)*
> Space: O(1)f
» Remark: the algorithm is reversible
*O(n/m- M(m)) if M(m) = Q(m'*®)
T O(log m) pointers for call stack




Over-place Euclidean division

Inputs: ‘A € F[x] of degree n, B € F[x] of degree m A, B: read-write
Output: A <+—R Q5s.t. A= BQ + Rwith R of degree < m

n—m +
A = .. blocks of size m); T

1. fori=p —1to 0:

2. A +=IT™'

3. Ai —=G - Ai—H

4. return R =Ap and [Q = A; -+ Ay

=

simplification: m divides n — 1

C += Amod B
» Time: O(n/m - M(m) log m)* 1. Replace Aby R|Q
> Space: O(1)f 2.C +=R
3. Restore A

» Remark: the algorithm is reversible

*O(n/m- M(m)) if M(m) = Q(m'*®)
T O(log m) pointers for call stack




Accumulated modular multiplication

Inputs: 'A /B, R € F[x] of degrees < m; C € F[x] of degree m
Output: 'R += A {Bmod C



Accumulated modular multiplication

Inputs: 'A /B, R € F[x] of degrees < m; C € F[x] of degree m
Output: 'R +='A-Bmod C

An adapted remainder formula Algorithm
1.IR+= A B
4= . . 2. B x= ,E
3.0B*=T!
4..R —= G- B
(AB), 5Bx=T undo 3.
6. B x=Ay~" undo2.




Accumulated modular multiplication

Inputs: 'A /B, R € F[x] of degrees < m; C € F[x] of degree m
Output: 'R +='A-Bmod C

An adapted remainder formula Algorithm

1..R+= A, B
) 2.B*:,E

B x= T

..R—=G-'B

3

4

6. B x=Ay~" undo2.
» Time: O(M(m) log m)* * O(M(m)) if M(m) = Q(m'**)
» Space: O(1)f  O(log m) pointers for call stack

> Generalization to all degrees




Summary of reductions

[ [D.G.24 (previous talk)]

C+=A-B

)\-C irculant
matrix-vector product

C += A- B mod x"

[ Triangular Toeplitz
matrix-vector product

J

Al

p
C#= TandC %= T

A

Triangular Toeplitz mat.
. Power series mult. / div. |

log n

N

Toeplitz
matrix-vector product

[ C += MipProb(A, B) )

J

|

A~

D

C := Amod B
C += Amod B
Time: O( l\/l(n))

Space: O(1

(A, B) «— (Q|R, B)

R += ABmod C

Finite field ext. mult.

"

~

J

O Time: O(M n) log n)*

Space: O(1

*O(M(n)) if M(n) = Q(n'"€)
TO(log n) pointers for call stack



Open problems

Non-optimal results
» C := Amod B, ... in O(M(n))
> Avoid the call stack
> Bypass the over-place computations

Other models and lower bounds
> What can be done in the model ro/rw?
» Time-space lower bounds in models ro/rw and rw/rw?
> Over-place computation: “ —

Practical efficiency

» No implementation yet
» Encouraging results in [D.G.24 (previous talk)]

[Roche’09]



Open problems

Non-optimal results
» C := Amod B, ... in O(M(n))
> Avoid the call stack
> Bypass the over-place computations

Other models and lower bounds
> What can be done in the model ro/rw?
» Time-space lower bounds in models ro/rw and rw/rw?
> Over-place computation: “ —

Practical efficiency

» No implementation yet
» Encouraging results in [D.G.24 (previous talk)]

Thank you!

[Roche’09]
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