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Classical factorization algorithms

Factorization of a polynomial P

Find Fq, ..., Fy, irreducible, st. P=F; x --- x Fy.
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Factorization of a polynomial P

Find Fq, ..., Fg, irreducible, st. P=F; x --- x Fy¢.
Z[X]
[Lenstra-Lenstra-Lovasz'82]
Fq[X]

|

Q()[X]
[A. Lenstra’83, Landau’83]

|

Q(e) (X oc )Xn]
[Kaltofen’85, A. Lenstra'87]

[Berlekamp'67]

|

BX, . X



Classical factorization algorithms

Factorization of a polynomial P

Find Fq, ..., Fy, irreducible, st. P=F; x --- x Fy.

Complexity

Polynomial in the degree of the polynomials
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Algorithms polynomial in log(deg(P))

Some factors only



Lacunary polynomials

Definition

k
P(X1,e. s Xn) =) X7V X
j=1
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Lacunary polynomials

Definition

k
P(X1,e. s Xn) =) X7V X
j=1

> Lacunary representation: {(&1j,...,&nj:a;j): 1 <j <k}
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Algorithms polynomial in log(deg(P))

Some factors only

Definition

k
P(X1y.eey Xn) = ) X7 - X
j=1

> Lacunary representation: {(1j,...,&nj:q;): 1 <j <k}

> size(P) ~ ) .size(aj) + log(a;) + - - - + log(otn;)

)




Factorization of lacunary polynomials

Theorems

Deterministic polynomial time (in log(deq P)) algorithms for:

» linear factors of univariate polynomials over Z;
[Cucker-Koiran-Smale’98]
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Factorization of lacunary polynomials

Theorems

Deterministic polynomial time (in log(deq P)) algorithms for:

» linear factors of univariate polynomials over Z;
[Cucker-Koiran-Smale’98]

> low-degree factors of univariate polynomials over O)(oc);
[H. Lenstra’99]

> linear factors of bivariate polynomials over ();
[Kaltofen-Koiran'05]

> low-degree factors of multivariate polynomials over (o).
[Kaltofen-Koiran'06]
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Integral roots of integral polynomials

Gap Theorem [Cucker-Koiran-Smale'98]

Let ¢ k
PX)=Y aX%+ ¥ X% € ZIX]
=1 j=0+1
—_———
Q R
with a7 < o < -+ < k. Suppose that

xe+1 — g > 14 log (maxlajl),
j<e

~

then forall x € Z, x| > 2, P(x) =0 = Q(x) = R(x)
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Linear factors of bivariate polynomials

Observation

(Y —uX —v) divides P(X,Y) <= P(X,uX+v)=0
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Linear factors of bivariate polynomials

Observation
(Y —uX —v) divides P(X,Y) <= P(X,uX+v)=0

Gap Theorem
Let

¢ 3
P = ZaJX“J(uX—I—v )P 4 Z X% (uX +v) B

1 j=L+1

. 2

Q R

with uv £ 0, a7 < -+ < . If € is the smallest index s.t.

)
Xg1 > X1 + (2>

then P =0 iff both Q =0 and R = 0.
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Bound on the valuation

Definition

val(P) = degree of the lowest degree monomial of P € K[X]
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Bound on the valuation

Definition

val(P) = degree of the lowest degree monomial of P € K[X]

Theorem
¢
LetP = Z a; X% (uX—I—v)BJ' Z£0,withuv #0and a7 < -+ < .

j=1
Then TR
+1=)
< 2 .
val(P) < 12%@ (oc] 4 < ) >)
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The Wronskian

Definition
Let fq,..., fe € K[X]. Then
T
f
wr(fq,...,Tg) = det .

fge—l)
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The Wronskian

Definition
Let fq,..., fe € K[X]. Then
1 fy
i f/
wr(fq,...,Tg) = det .1 2

(€—1) L(e-1)
f1 fZ

Proposition [Bécher, 1900]

wr(fy,...,f¢) #0 <= the fj's are linearly independent.
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Wronskian & valuation

¢
val(wr(fy,...,fg)) > Zval(fj) - (ﬁ)

j=1
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Wronskian & valuation

val(wr(fq,...,fe)) > Zval(fj) B (ﬁ)

j=1

Lemma

Let f; = X% (uX +v)Bi, uv # 0, linearly independent, and s.t.
o, B5 = £ Then

val(wr(fy,...,f) < ) a5 =) val(fj).

j=1 j=1
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Lemma

£
val(wr(fq,...,Tg)) > Zval(fj) — (ﬁ)
j=1

Lemma

Let f; = X (uX —i—v)ﬁ’i, uv # 0, linearly independent, and s.t.
%% [3]' > (. Then

14
val(wr(fq,...,Tg)) < Z oy = Zval(f])

j=1 j=1

Proof of the theorem. wr(P, f,...,f¢) = a; Wr(f1, i)

Zoc] val(wr(fq,...,fg)) > val(P —i—Zoc] ()
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[ i

# : oy [Hajos'53] (constant )

val Z a; X% (uX it { ]
BT o + [Our result]

Lemmas: tight, but not simultaneously

For all £ > 3, there exists P s.t. val(Pg) = o1 +



i ;X% (uX +V)Bj i { oy [Haj6s'53] (constant «;)
j =

BT o + [Our result]

Lemmas: tight, but not simultaneously

For all £ > 3, there exists P s.t. val(Pg) = o1 +

Pe(X) = (1 +X)20+3 — ZZE_ (”J 6>><2i—5(1+><)f“‘j

_ x2t-3



Gap Theorem

Theorem

Let

P= ZaJX“l (uX +v)B + Z X% ( (uX +v)Ps
]_1 =L+1

4

Q R
with uv #0, a7 < -+ < . If € is the smallest index s.t.

{
Xg1 > X1 + (2)

then P =0 iff both Q =0 and R = 0.
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Gap Theorem

Theorem

Let

¢ 3
P = Z a; X% (uX +v)Pi + Z a; X% (uX +v)Pi
j=1 j=C+1

. 4 (N 2

Q R

with uv #0, a7 < -+ < . If € is the smallest index s.t.

{
X1 > X + (2)2 val(Q),

then P =0 iff both Q =0 and R = 0.
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K = Q(«): algebraic number field



Finding linear factors

Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
— PX,uX+v) =0
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Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
— PX,uX+v) =0
— Pi(X,uX+v)=---=Ps(X,uX+v)=0
< (Y —uX—v) divides each P¢(X,Y)

N

et {
Pt £y Z ancijBj with K+, —1 — Ky, <2t)
Ji=il

Independent from u and v

X does not play a special role
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By i i
blelienE e
AT T S & e e

P XX YiRlhg - Xy
P XY X 1)

e G g gibe ta
Pr= XYY - (XY 1)

= linear factors of P: (X —Y +1,1), (X, 3), (Y,2)



Complete algorithm

Find linear factors of P(X,Y) =
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Complete algorithm

Find linear factors of P(X,Y) =

(X, mlnj ocj)
(Y, m'mj [.))J)
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Find linear factors of P(X,Y) Z aj X%iYBi

j=1

monomials binomials

o |

(X, min; og;) (X—a)
(Y, min; 35) Factors of 3, ;X%
(Y —uX)

Roots of w35 ajub;

Univariate lacunary factorization
[H. Lenstra’99]



Find linear factors of P(X,Y) Z aj X%iYBi
j=1

monomials binomials trinomials

o J B

(X—a) Comm%n f{‘;\ctors of
) ji+le—
Factors of > . a; X%
2% Pe=> a;X4YP
(Y_U-X) j=jt
Roots of w3 ajuPi (deg(Py) < O(£3))

Low-degree factorization

Univariate lacunary factorization
[Kaltofen'82, ..., Lecerf'07]

[H. Lenstra’99]



Kk
Let P = Z ano‘iYBi € Q(«)[X,Y] be given in lacunary repre-
j=1
sentation. There exists a deterministic polynomial-time algo-
rithm to compute its linear factors, with multiplicities.

N
monomials binomials trinomials

o J B

(X, min; og;) (X—a) Comm(zn f{actors of
Y, min; B; Fact f s X% Jetle—
(Y, min; 35) actors of }_; a; P, — Z a).X‘XjYBj
(Y_U-X) j=it
Roots of w35 ajub; (deg(Py) < O(¢7))

Low-degree factorization

Univariate lacunary factorization
[Kaltofen'82, ..., Lecerf'07]

[H. Lenstra’99]



Comments

Bottleneck: Factorization of low-degree polynomials
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Bottleneck: Factorization of low-degree polynomials
L Complexity measure: gap(P)

O(klogk + kloghp) [Kaltofen-Koiran'05]
gap(P) = 2 .
O(k*) [This work]
pE— max; |C1j| it P e Z[X, Y]
Algebraic number field only: based on [H. Lenstra’99]
Generalization to multilinear factors

PIT algorithm for 3 ; a;X*i (uX +v)Ps



Positive characteristic



on+l

fLEoe e (1 =& ¢ 1 1Y) 'mod 2



Valuation & PIT

Theorem
4

Let P = Z a; X% (uX+v)Pi e Fps [X], where p > max; (a5 + B35).

j=1
Then val(P) < max; (o + (H;_])), provided P # 0.
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B2 e e 1Y hod )

Theorem
(4
Let P = Z a; X% (uX +v)B ¢ Fps [X], where p > max;(og + ;).
j=1
Then val(P) < max; (o + (**377)), provided P # 0.

Theorem

There exists a deterministic polynomial-time algorithm to test if
Zj a; X% (uX+v)Bi e Fps [X], where p > max; (o +;), vanishes.
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B2 e e 1Y hod )

Theorem
(4
Let P = Z a; X% (uX +v)B ¢ Fps [X], where p > max;(og + ;).
j=1

Then val(P) < max; (o + (**377)), provided P # 0.

Theorem

There exists a deterministic polynomial-time algorithm to test if
Zj a; X% (uX+v)Bi e Fps [X], where p > max; (o +;), vanishes.

Proof.
If uwv # 0: as in characteristic O, using a Gap Theorem.
If w = 0: Evaluate Z]- ajvﬁi using repeated squaring.

The case v = 0 is similar.



Factorization algorithm

Find linear factors of P(X,Y) = Z a; X% YBi

j=1
where a; € Fps and p > deg(P)
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Find linear factors of P(X,Y) Z (1]X"‘)YBJ
j=1
where a; € Fps and p > deg(P)

monomials trinomials
(X, min; og;) Comm(én f1actors of
(Y, min; B]) e &5y B
Pe=) aX¥Y

i=jt
(deg(P,) < O(€7))

Low-degree factorization
[Gao'03, Lecerf'10]



Find linear factors of P(X,Y) Z (1]X""YBJ
j=1
where a; € Fps and p > deg(P)

monomials binomials trinomials
(X, min; og;) (X—a) Comm%n f1actors of
. o Jtt+le—
(Y, min; 35) Factors of 3, a; X% P, — Z a].X‘XjYBj
(Y—LLX) j=jt
Roots of w3, ajuPi (deg(Py) < O(¢7))

Low-degree factorization
[Gao'03, Lecerf'10]



Find linear factors of P(X,Y) Z a]X“JYBJ

j=1
where a; € Fps and p > deg(P)

|

monomials binomials trinomials

[Kipnis-Shamir'99,Bi-Cheng-Rojas'13]
Talk at 2:25pm

e

Common factors of
jet+le—1

Pe=> a;XNYP;
j=lt
(deg(P.) < O(6}))

Low-degree factorization
[Gao'03, Lecerf'10]



Conclusion
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Computing linear factors of lacunary bivariate polynomials
univariate lacunary polynomials

Reduction to
low-degree bivariate polynomials

Multilinear factors
Multivariate polynomials
New Gap Theorem (independent of the height)

Easy to implement

Large coefficients
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Low-degree factors
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Correct bound for the valuation?
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