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Classical factorization algorithms

Factorization of a polynomial P

Find Fq, ..., Fy, irreducible, st. P=F; x --- x Fy.
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Factorization of a polynomial P

Find Fq, ..., F¢, irreducible, st. P=TF7 x --- x F;.

Z[X]
[Lenstra-Lenstra-Lovasz'82]
l Fy[X]
[Berlekamp’67]
Q(x)[X] |

Complexity

Polynomial in the degree of the polynomials

1
Q(“)[X] Yooy Xn]
[Kaltofen'85, A. Lenstra’87]
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Lacunary polynomials

Definition
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X102Y101 +X101Y102 _X101Y101 _X_Y+]
=(X4+Y—=1)x (X"0Ty101 _1)
=(X+Y=1)x (XY =1) x (1 4+ XY+ -+ X'00yT100)

Definition

X1 [0 8
X]a ) E a]X D 600 “’

» Lacunary representation: list of nonzero monomials

> size(P) ~ Z). size(aj) + log(otr;) + - - - + log(anj)




Integral roots of integral polynomials

Gap Theorem [Cucker-Koiran-Smale’98]
Let ¢ Le
PX)=Y aX¥+ ¥ aX% € ZIX]
=1 j=t+1
—_—

| —
Q R

with a7 < o < -+ < k. Suppose that

o — o > 1+ log [ max|a;| |,
0+1 ¢ g j<g|J|

then forall x € Z, [x| > 2, P(x) =0 = Q(x) = R(x) =0.
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Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial-time algorithms computing

> linear factors of univariate polynomials over 7;
[Cucker-Koiran-Smale’98]

Factoring lacunary polynomials: the easy way 5716




Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial-time algorithms computing

> linear factors of univariate polynomials over 7;
[Cucker-Koiran-Smale’98]

> low-degree factors of univariate polynomials over O(ot);
[H. Lenstra’99]

Factoring lacunary polynomials: the easy way

5/16



Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial-time algorithms computing

> linear factors of univariate polynomials over 7;
[Cucker-Koiran-Smale’98]

> low-degree factors of univariate polynomials over O(ot);
[H. Lenstra’99]

» low-degree factors of multivariate polynomials over O)(o).
[Kaltofen-Koiran’05 & '06]

Factoring lacunary polynomials: the easy way
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Observation

(Y —uX —v) divides P(X,Y) < P(X,uX+v) =0




Observation

(Y —uX —v) divides P(X,Y) < P(X,uX+v) =0

Gap Theorem

Let
¢ k
P= Z a; X% (uX +v)Pi + Z a; X% (uX +v)Pi
j=1 j=C+1

withv#£0, ot < -+ < . If

¢
Xg+1 > X7 + <2>

then P = 0 iff both Q =0 and R = 0.




Bound on the valuation

Definition

val(P) = max {v: XV divides P}
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The Wronskian

Definition
Let fq,..., fp € K[X]. Then

f2

f

wr(f1,...,f¢) = det

1) 1)
f1 fZ
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The Wronskian

Definition
Let fq,..., fp € K[X]. Then
2
f)
wr(fq,...,f¢) = det .

(t-1)

fg€—1 ) fz

Proposition [Bocher, 1900]

wr(fy,...,fg) #0 <= the fj's are linearly independent.
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Wronskian €9 valuation

val(wr(fq,...
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Wronskian €9 valuation

val(wr(f1,...,fe)) > ) val(fy) — (2)

j=1

Lemma

Let f; = X% (uX +v)Bi, v # 0, linearly independent, and s.t.
o, By = {. Then

val(wr(fy,...,f¢)) < Z ey = Zval(fj).

j=1 j=1
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Lemma

¢
val(wr(fy,...,f¢)) > ) val(fj) — <§)

=1

Lemma

Let f; = X% (uX + v)Pi, v # 0, linearly independent, and s.t.
g, 35 = €. Then

4 ¢
val(wr(fy,...,fe)) < ) o5 =Y val(fj).

Proof of the theorem. wr(P, fo, ..., f¢) = a; wr(fq,...,fg)

4
{
Z o5 = val(wr(fq,...,fe)) > val(P) + Z oG — <2>
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j=1



¢
Hajos' Lemma: val Z X*(uX+v)P | <o+

¢
Our result: val Z a; X% (UX+v)B | <o+
j=1



¢
Hajos' Lemma: val Zan“(uX—i—\))f’i <o+
j=1

¢
Our result: val Z a; X (LLX—f—v)Bj < o +
j=1

Lemmas: bounds attained, but not simultaneously



¢
Hajos' Lemma: val Z X*(uX+v)P | <o+

¢
Our result: val Z a; X% (UX+v)B | <o+
j=1

Lemmas: bounds attained, but not simultaneously

{(ESge = Z <€+J 65>X2"5(1+X)‘”j =5



Finding linear factors

Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
<— P(X,uX+v)=0
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Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
— PX,uX+v) =0
— Pi(X,uX+v)=---=Ps(X,uX+v)=0
<— (Y —uX—v) divides each P¢(X,Y)
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Observation + Gap Theorem (recursively)

(Y —uX —v) divides P(X,Y)
— PX,uX+v) =0
— Pi(X,uX+v)=---=Ps(X,uX+v)=0
<— (Y —uX—v) divides each P¢(X,Y)

je+le—1 ¢
Pt — Z a)-X""’Yf’J‘ with Kj+e,—1 — &, < <2t)
J=jt

Independent from u and v

X does not play a special role
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P=X3TY6 —2X30Y7 + X?7Y® — X?7Y6 +

151
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P=X3TY6 —2X30Y7 + X?7Y® — X?7Y6 +
+X10y2 _ x%y3
+X7Y2 —XOY® + X3v8 —2Xx3Y7 + x3Y®

P =X3Yo(X—=Y+1)(1=X-Y)
P =X'Y2(X=Y+1)

= XY X+ V)(X—Y +1)
Py =X YO(X+Y—-1(X=Y+1)

— linear factors of P: (X =Y+ 1,1), (X, 3), (Y,2)



Complete algorithm

Find linear factors of P(X,Y) = Z aj X% YR;
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(X, min; o)
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Find linear factors of P(X,Y)

Z a;X%YP

j=1

monomials

e

(X, min; o)
(Y, m'mj B))

trinomials

N\

Common factors of
Jetle—1

Pe=> a;XNYP
=it
(deg(Py) < O(€1))

Low-degree factorization
[Kaltofen'82, ..., Lecerf'07]




Find linear factors of P(X,Y) Z a; X%iYB;
j=1

monomials binomials trinomials

- J N\

(X, min; o) (X—a) Comm%n f1actors of
Y mins . Fact £ X% Jt+Hl—
(Y, min; 35) actors of }_; a; Pt:Zan(XjYBj
(Y_U-X) j=jt
Roots of w3 ajuPi (deg(Py) < O(£}))

Low-degree factorization

Univariate lacunary factorization
[Kaltofen'82, ..., Lecerf'07]

[H. Lenstra’99]



Kk
Let P = Z an“iYBi € Q(«)[X,Y] be given in lacunary repre-
j=1
sentation. There exists a deterministic polynomial-time algo-
rithm to compute its linear factors, with multiplicities.

N
monomials binomials trinomials

- J N\

(X, min; o) (X—a) Comm%n f1actors of
Y, min; B; Factors of Y. a; X% SRR
(Y, mi j [3]) actors of 3 ; q; P, — Z an“jYBj
(Y_U-X) j=jt
Roots of w3 ajuPi (deg(Py) < O(£}))

Low-degree factorization

Univariate lacunary factorization
[Kaltofen'82, ..., Lecerf'07]

[H. Lenstra’99]
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Multivariate polynomials: Apply the Gap Theorem for
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Multilinear factors with > 3 monomials over

Q: absolute factorization;
R, C: approximate factorization;

Low-degree factors:

F divides P iff P(X, ) = 0 where ¢ = Z ctX¥? is a Puiseux series
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val(P(X, d)) < &1 +0(82)(Y)



Multilinear factors, with a new Gap Theorem;

Multivariate polynomials: Apply the Gap Theorem for
P e K(Xl% ce )Xn)[XhXZ}F
Multilinear factors with > 3 monomials over

Q: absolute factorization;
R, C: approximate factorization;

Low-degree factors:

F divides P iff P(X, ) = 0 where ¢ = Z ctX¥? is a Puiseux series
t>v

val(P(X, $)) < a1 + O(83)(5)

Many details to fix ~» work in progress!
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(deg(Py) < O(£))
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Valuation bound valid for large characteristics

K
Find multilinear factors of P = Z (1]-X(]X]‘j C X
i=1
where a; € Fp,s and p > deq(P)

|

monomials binomials (= 3)-nomials
{(Xb min; ot 5) J (uXP —vXY) Comn]jto&tfiﬁtors of

ﬁ Pt = Z a]'X“J'

Roots of univariate S
. —)t
lacunary polynomials (deg(Py) < O(2)

Low-degree factorization
[Gao’03, Lecerf'10]



Valuation bound valid for large characteristics

K
Find multilinear factors of P = Z a]-X(]X]‘j e XS
i=1
where a; € Fp,s and p > deq(P)

|

monomials binomials (= 3)-nomials

N\

Common factors of
S et—T

Pt = Z a]X“’

J=jt

(deg(Py) < O(¢7))

[Kipnis-Shamir'99,Bi-Cheng-Rojas’13] Low-degree factorization
[Gao'03, Lecerf’10]
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Multilinear factors of lacunary multivariate polynomials:

(> 3)-nomials ~~ low-degree polynomials.
Fields of characteristic 0;
Large positive characteristic.

binomials ~ lacunary univariate polynomials.
Number fields only;
NP-hard in positive characteristic.

New Gap Theorem:

Faster algorithm (large coefficients, multiplicities for free);
Easier implementation.

PIT algorithms for 35 aj [T; {7, D_; a; X (uX9 +v)Bs.
Extensions: Low-degree/lacunary factors, small characteristic.

Correct bound for the valuation?

Thank you!



