COMMUN. MATH. SCI. @ 2025 B. Bidegaray-Fesquet, C. Jourdana, and L. Tremant
Vol. 23, No. 3, pp. 731-764

MULTI-FREQUENCY AVERAGING AND UNIFORM ACCURACY
TOWARDS NUMERICAL APPROXIMATIONS FOR A BLOCH MODEL*

BRIGITTE BIDEGARAY-FESQUET!, CLEMENT JOURDANA?, AND LEOPOLD TREMANTS

Abstract. We are interested in numerically solving a transitional model derived from the Bloch
model. The Bloch equation describes the time evolution of the density matrix of a quantum system
forced by an electromagnetic wave. The transitional model we consider governs the diagonal part of
the density matrix. It fits in a general setting of linear problems with a high-frequency quasi-periodic
forcing and an exponentially decaying forcing, for which accurate numerical resolution is challenging.
Adapting high-order averaging techniques to this setting, we capture the asymptotic behaviour and the
rest in a “macro” and “micro” variable respectively. It results in a micro-macro problem that can be
solved with uniform accuracy. To validate this approach, we present numerical results first on a toy
problem and then on the transitional Bloch model.
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1. Introduction

The Bloch model describes the time-evolution of the density matrix of a quantum
system with a discrete number of energy levels, forced by an electromagnetic wave. Dif-
ferent strategies have been proposed in the literature to solve the Bloch equation. Let
us mention for instance a splitting procedure that solves the different terms separately
in an exact way, or a relaxation scheme where the diagonal and the off-diagonal parts
of the density matrix are located on a staggered time grid (see [7] for details on these
approaches). These schemes have been designed to preserve physical properties of in-
terest or to numerically decouple the equations. However, they are not suitable in the
case of stiff forcing coefficients.

In [8,9], the authors study some high frequency and low amplitude regime, and
show that the model asymptotically behaves like a rate equation with averaged transi-
tion rates. Numerically, the original model is very stiff, meaning that using standard
numerical methods requires costly computations. The rate equation, however, is a non-
stiff autonomous equation which can be solved with standard methods at no additional
cost.

In this paper, we are interested in a transitional model from which the rate equation
is actually obtained. This transitional model, governing the diagonal part of the density
matrix, can be seen as a middle-ground between the full original equation and the
simpler rate equation. It still presents numerical challenges, due to the stiff time-
dependence of the transition rates. Classical numerical methods may fail to tackle this
problem at a reasonable computational cost. The present work addresses this issue.
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The main numerical challenge at hand is that of order reduction, a well-known
phenomenon documented, for example, in [22, Sec. IV.15] or [32] and references therein.
Here, this is due to the degeneracy of the second (and higher) derivative(s) of the
solution in the asymptotic limit. This causes an increase of the error constant in classical
estimates, to the point where the theoretical order may no longer be observed.

Formally, if we denote € the characteristic time of the problem and At the time-step
of the numerical method, then the error E.(At) of a standard scheme of classical order
s may be bounded

E.(At) < Cmin (At ,At5'> ,
5’)"

for some positive constant C' independent of €, a uniform order s’ <s and a degeneracy
order r>0. When r>0 and s’ <s, there is a so-called asymptotic regime At>¢ in
which the behavior of the error does not match the order of the method. This is how
the order reduction phenomenon manifests itself in our context. In order to ensure a
given error bound, one must use an e-dependent time-step At = (9(57"/ %), which increases
the computational cost. To facilitate the discussion surrounding this interaction between
the error bound, the characteristic time € and the time-step At, we consider different
notions of convergence beyond the classical At <« e paradigm.

If the parameter € is small w.r.t. the desired error, then one may consider a non-
stiff reduced asymptotic model instead of the full original model. In that case, the
numerical error is assumed to match the asymptotic error lim._,o E.(At), and using
standard schemes is possible. For the Bloch model, this could mean solving the rate
equation instead of the full problem. With this approach, the error will plateau for At
sufficiently small.

Some numerical methods, called asymptotic-preserving (AP), may be applied to the
original model yet remain consistent at the limit € — 0 to the asymptotic model, with
a cost that does not change as e gets smaller. The term AP was coined in [23] in the
context of hyperbolic problems,' and the development of such schemes remains active,
for example, in the community of kinetic equations [1,2,19,24]. While the approach of
asymptotic models becomes useless when ¢ is not small, most AP methods prove the
convergence of the scheme for both the classical and asymptotic regimes.

However, these asymptotic notions do not describe the behavior of the scheme in
the intermediate regime At~¢, for which the error may be degraded.? To encompass
every regime, we consider the uniform error sup.¢ g 1 E.(At), defining the wuniform
order of the method. A numerical method is said to be uniformly accurate (UA) if
its computational cost is independent of ¢ and if its uniform order is non-zero. Such
methods are valid independently of the size of € and of the regime (classical, asymptotic
or intermediate). In particular, a numerical method which does not suffer from order
reduction is UA.

Here, we consider a generic linear differential equation, with a time-dependent forc-
ing which can be split in a quasi-periodic part® and an exponentially decaying part,

1The notion of asymptotic preservation is problem-dependent. For example, the implicit Euler
method is exact for the asymptotic error when applied to the problem &= —u/e, but forgoes all accuracy
in the limit € —0 for the problem @=14u/e with a non-zero initial condition.

2Consider again the implicit Euler scheme applied to @ = —u/e, with initial condition u(0) =1. After
a time ¢, the solution is u(e)=e~!, but using a time-step At=c¢ yields the approximation uj =1/2.
Even though the scheme is asymptotic preserving, here the local error u(At) —u; is large independently
of the time-step, i.e. the error is severely degraded in that regime.

3A quasi-periodic function is a function generated by multiple non-resonant base frequencies,
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both with characteristic time €. The aforementioned “transitional” model derived from
the Bloch equation falls under this category. Our strategy consists in using asymp-
totic expansion techniques to perform a micro-macro decomposition, which separates
the asymptotic behavior and the error of asymptotic approximation in the macro and
micro part respectively. This new micro-macro problem is less stiff and can be solved
using standard numerical methods, with no order reduction. This uniform accuracy on
the micro-macro problem translates directly to the solution of the original problem.

Our approach uses techniques from high-order averaging, a method to perform
asymptotic expansions on highly-oscillatory problems (of characteristic time £). This
method views the solution as the composition of an average dynamics with a near-
identity rapidly-oscillating change of variable. This composition is accurate up to an
error of size O(¢™) with arbitrary order n. We refer to Lochak-Meunier [26] and Sanders-
Verhulst-Murdock [30] for textbooks on this method. Readers might find similarities
with the methods of two-scale expansion [13], WKB expansion [10,11,25,33], non-linear
geometric optics [20], or even normal forms [5,27].

Historically, a key tool in performing these expansions was power series in €. They
were used in [29], the first known result with periodic forcing, and in [31] when extending
the result to a quasi-periodic forcing. Even recently in [17,18], formal series (specifi-
cally, B-series) were used to derive analytical expressions of the mappings constructed
by averaging. Somewhat recently, however, the authors in [12] introduced a concise
differential algebraic equation for the mappings, called the homological equation. In the
spirit of [28], fixed point iterations may be applied on this equation, either symbolically
or automatically [15]. For uniform accuracy, the key is to keep track of the error of
approximation, as in the multiscale decomposition of [6]. In [14] and [16], this method
is used to derive micro-macro problems in the contexts of problems with fast periodic
oscillations and with stiff relaxation respectively, enabling the use of standard numerical
methods with uniform accuracy.

We exploit the fixed-point approach based on the closed homological equation of
[12], which we extend to the case of linear problems with quasi-periodic forcing and
added exponential decay. Compared to their setting of non-linear problems with periodic
forcing, here the quasi-resonances (often called small divisors) introduced by the quasi-
periodicity degrade the regularity with each fixed-point iteration. We define appropriate
functional spaces to quantify this loss of regularity and to take into account the added
exponential decay. In this context, we show that we may construct a micro-macro
decomposition to any order n € N.

In a second time, we study the derivatives of the thereby-obtained micro and macro
variables, and show that their derivatives are uniformly bounded up to the (n+1)-
th derivative, as opposed to the original problem for which the second derivative is
degenerate. Because of this, the result of uniform accuracy from [14,16] still holds, i.e. we
may solve the micro-macro problem (and therefore the original transitional problem)
with uniform accuracy using a standard scheme.

The paper is structured as follows. In Section 2, we introduce the formalism sur-
rounding the problem, as well as the assumptions we make. Crucially, we describe how
to construct the micro-macro decomposition and state our results, which are proven in
Section 3. In Section 4, we present some numerical experiments. After briefly introduc-
ing the numerical schemes we consider, we showcase the importance of each term in the
decomposition and verify the uniform accuracy result thanks to a toy model for which

e.g. ar =cos(T)+cos(7v/2), with base (angular) frequencies 1 and /2.
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an analytical solution is available. Finally, we present the Bloch model, and the deriva-
tion of the aforementioned “transitional” model on which we apply the micro-macro
decomposition. We show that a naive resolution of the problem has severely degraded
accuracy, while the micro-macro method converges with uniform accuracy.

2. Setting and theoretical results
We wish to derive an equivalent less-stiff problem for the ordinary differential equa-
tion

Oput(t) = ay/-u(t), u(0)=ug € X, (2.1)

in some Banach space (X,|-|) for positive finite times ¢ € [0,7] with 7> 0 independent
of £, and where a, is a linear map from X to X for all 7>0. As detailed below, we
assume that a is the sum of a (quasi-)periodic part a* and an exponentially decaying
part a’. In the sequel, we say that a admits a “sharp-flat” decomposition.

This derivation is conducted using the ansatz

5 € € e\ 1
ut(t)= t/setA (@0) U (2.2)

where ®¢ is a near-identity map for all 7 >0 and a non-stiff (uniformly bounded w.r.t.
¢) averaged field A° is obtained from a.. In general, such maps cannot be computed
exactly, therefore we seek to compute, for any given n €N, approzimate maps ®", Al
such that the solution u® of (2.1) may be decomposed into

n [n] nly —1 n

where wl™ = O(e"*!). We call this error of approximation w!™ the micro variable and

the slow part v (t) —etA™ (@g"])fluo the macro variable, which satisfy the so-called
micro-macro problem

ol (1) = AL (1), ol (0) = (@) uo,
Ol () = aypewl™ () = 67100 (), wl™(0)=0,

for some defect 6"} computed from ® and A", Our goal is to prove that this new
problem is non-stiff up to the (n+1)-th derivative and can therefore be computed with
uniform accuracy up to order n using standard numerical schemes.

This section states the theoretical results of this paper. Subsection 2.1 introduces
the mathematical setting and the formalism necessary to state the problem. Subsec-
tion 2.2 describes the assumptions we make on the problem, and define the aforemen-
tioned “sharp-flat decomposition”. Subsection 2.3 finally details our construction of
the maps ®M, A"} and 6" and states results on the properties of the micro-macro
decomposition.

2.1. Definitions and notations. Here we introduce some formalism associ-
ated to endormorphisms, multivariate periodic functions and exponentially decaying
functions. We also introduce the time-average operator and some norms associated to
such functions. Throughout the paper, the set of endomorphisms, denoted End(X), is
endowed with the induced norm, denoted |-|.

DEFINITION 2.1 (Time average and KBM mappings). Given a mapping T ER4 — ¢, €
End(X), we define the time average

T

{(p):= lim 1 podo. (2.3)

T—00 T 0
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A continuous function T+ @, such that this limit converges is called a KBM mapping*.
We denote & the vector space of KBM mappings from Ry to End(X).

Among KBM mappings, we are interested in two subspaces which we introduce
briefly: quasi-periodic mappings and exponentially decaying mappings.

2.1.1. Quasi-periodic mappings. By quasi-periodic, we mean mappings that
are generated from a finite number of angular frequencies wy,...,w, and a multivariate
2m-periodic map HETT»—Mpg with T=R/(27Z). Denoting w= (w1,...,w,), the quasi-
periodic map is given by 7 ¢f | ie. it is given by evaluating * along the curve
7+ (w17,...,w,7). If the generating map ¥ is continuous, then it coincides with its
Fourier series,

voeT", <p9— Z et |
a€Z"

Here we use the multi-index notation a=(«y,...,a,) €Z" to obtain the phase a-0=
101 +...+a,0, and Fourier coefficient &, EEnd(X). We furthermore denote |a|=
|a1]+...+ ]| In the sequel the number of frequencies  and the vector of frequencies
w are fixed.

DEFINITION 2.2. We define £ the set of continuous quasi-periodic maps with fre-
quencies w,

Eh={rpl ., oeC’(T",End(X))}.

Some particularly regular maps are such that the Fourier coefficients are exponentially
decreasing, which is quantified by the functional spaces, for k>0,

T —{g& €C’(T",End(X Z elel| g4, |<oo}

agZ”
The set of quasi-periodic mappings T+ @f,_ this generates is denoted EF.

For x>0, all mappings in 7, are smooth, and for k=0, the mappings in 7Ty are
continuous. Additionally, if 0<k~ <k™, then 7.+ C7,.-. Therefore, we obtain the
following inclusions

g, cet cecet
2.1.2. Exponentially decaying mappings. By exponentially decaying, we
mean bounded mappings 7 ¢ which are also O(e~7) for 7 — oo.

DEFINITION 2.3.  The set of exponentially decaying functions we consider is denoted
L3 and is defined by

exp
Lo, = {(p € L™ (R4,End(X)), sup eTcpz|<oo}.
TERY
A subset of this are KBM mappings, which we denote
& :=L%,NC° (R4, End(X)).

exp
REMARK 2.1. The rate of decay (namely 1) is chosen without loss of generality, since
it could be obtained with a time rescaling.

4The acronym KBM stands for Krylov, Bogoliubov and Mitropolsky, see e.g. [30].
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2.1.3. Norms. We endow the above defined functional spaces with the following
norms.

DEFINITION 2.4 (Norms). Remember that we denote |-| the induced norm on X. For

o0

mappings ¢ €E, Pt €T, and ¢’ € L, we denote

loll:=suplerl,  llefle=D_ e"NBhl, 119 llrg, =supeT .
T>0 acZr >0

Note that for 0< k™ <xT and all ¢* €5ﬁ+,

o1 < 11l < 1 lln— < 166"l (2.4)

and for all ¢ € L2

exp’

vreR', |l <e el (2.5)

exp

REMARK 2.2. In the entire upcoming reflexion, 7, could be replaced by the set of
functions on T" analytic with radius everywhere greater than k. The norm ||-||,, would
then be replaced by the infinite norm on the analytical extension of radius x to the
complex domain, i.e. symbolically

Vot eTe, [l < sup |
CeTy,
with T? :={0+¢, (0,§) €T" xC",|¢| <k}. For € T",|¢| <k, the analytical extension is

a‘alsog f‘lé'fﬁ
2 00707 orl o,

defined as gongf =

2.2. Assumptions on the problem. So far, we have described the two types of
KBM mappings we consider, namely the “sharp” and the “flat” parts of an aforemen-
tioned decomposition. The “sharp” part is obtained in a one-way relationship from a
function on T". We start by introducing an assumption (namely a non-resonance condi-
tion on the frequencies w) which makes this a two-way relationship. Thanks to this, we
may define the “sharp-flat” decomposition rigorously, allowing us to finally state how
our problem fits into this setting.

2.2.1. Non-resonance.
ASSUMPTION 2.1.  The vector of angular frequencies w=(w1,...,w,) is strongly non-
resonant in the sense that it satisfies the following Diophantine inequality

CD

Jep >0, Fv>r—1, VaeZ \{0}, |oz-w\2| v
al/

(2.6)

where a-w=0o1w1 +...+ayw, and 0=(0,...,0) €Z". In the mono-frequency case r=1,
we choose v=0 and cp =|w|.

REMARK 2.3. While this may seem restrictive at first glance, it is classically known
(see for instance [3], [4, App. 8] or [21, Chap. X]) that this condition is satisfied for
almost all frequency vectors in any bounded subset of R”. In practice, we mostly require
w to be “well-prepared” in the sense that no frequencies are rationally dependent, which
is usually enough for the Diophantine condition to be met.
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This assumption implies that the set of cancelling combination is zero — which is to
say that the vector of frequencies w=(wy,...,w,) is such that

wh:i={a€Z" st. a-w=0}={0}.

As such, we may apply Arnold’s theorem, which states that for continuous quasi-periodic
maps, the time average coincides with the phase average. This may be written

e 1
f 0 (rr T . f o #
Vot € CO(T", End(X)), Vo e T", Thm —T/O ¢90+w7d7_7(2ﬂ.)r /W pdf.

In particular, this means that we can recover the Fourier coefficients of the function 6 +—
(pg from the quasi-periodic function 7+ f . As such we may identify both functions
and extend the notion of Fourier series to the quasi-periodic mapping of &F.

2.2.2. “Sharp-flat” decomposition. Under Assumption 2.1, we introduce
the set &, that describes what we name “sharp-flat” maps as well as an associated
norm N, that will be used all along this paper to easily handle the (quasi)-periodic and
exponentially decaying maps that we consider.

DEFINITION 2.5. For all k>0, we define
E.=E &,

Given a mapping o € E,, it splits uniquely as o, =k _+ ¢’ and we endow the space &,
with the norm

Ne(@) =116 1w+ 1"l g, »

where ||||x and ||| are given in Definition 2.4.

exp

The proof that the sum is indeed direct, and that this defines a unique “sharp-flat”
decomposition for elements in &, is presented in Appendix A.1. To summarize, the
average of flat functions is always zero, therefore the Fourier coefficients of a function in
ELNEP are all zero. Since functions in £f coincide with their Fourier series, this function
can only be zero.

PROPOSITION 2.1.  The space &, is an algebra, and if ¢, g€ &, then y=ppe &, and
b =P+ with V= 0ph and ) =G, G + ok B+ 5
Furthermore, the norm is algebraic, i.e.

N (@) SNk ()N (@)

Again, the proof is presented in Appendix A.1. To finish, we present some norm
inequalities that will be often used in the next parts. Let p€&,. The flat part of its
time average is zero, i.e. (¢)?=0. Indeed, since (¢) is constant, it is therefore periodic
and belongs to & for all k>0 with norm N, ({¢))=|{¢)|. Consequently,

b
Nio(o= (o) =lle" = (@)l + 11"l 2, -
Then, since (p!) =35,

lef = (@lle= D eBh[< Y ek = 16

a€Z",a#0 a€Zr
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It follows that

Nl = () <Nu(p)-

Also, let 0<k_ <kq and p €&, . From the definition of the time average (2.3) and the
inequalities (2.4) and (2.5), it clearly holds that

o) <llell SNic_ (0) SNioy (9)- (2.7)

2.2.3. Assumptions on the linear map. This functional setting being laid
out, let us describe how our problem fits into it. Specifically, we introduce positive
constants p and M which quantify respectively the regularity of af and the size of
T a,.

ASSUMPTION 2.2.  The mapping T+ a, € End(X) is in &, zéﬁ@fb for some u>0,
i.e. it can be written

ar=af,, +a;
with a* €7, and a® e L NC°. Furthermore, we define a constant M >0 such that

exp
lall < Nyu(a) < M.

REMARK 2.4. In the mono-frequency case r=1, we may replace the analyticity
assumption on af by a continuity assumption.

Since the goal of the present work is to apply numerical schemes, it is necessary to
quantify the regularity of 7+ a,. Indeed, if a € C'?, then a scheme of order s> g will see
its order reduced to ¢, even in the non-stiff regime.

ASSUMPTION 2.3.  The mapping T+ a, is of class C? for some q€N. Additionally,
there exists CC(LQ) >0 such that

sup [|0%a]| < CLM.
0<p<gq

2.3. Results on the decomposition. We may now construct the micro-macro
decomposition by performing asymptotic expansions which separate the exponential
dynamics in £, — (£,,) (contained in a change of variable ®°) from the average dynamics
in (£,) (contained in a vector field A%). From these, we derive a micro-macro problem
which can be solved with uniform accuracy. This section describes this construction
and states our results of well-posedness and uniform accuracy. The proofs can be found
in the next section.

2.3.1. Homological equation. Injecting the exact decomposition (2.2) into
(2.1), we obtain the following “homological equation” on ®¢ and A¢,

0, P ZE(aTq)i — @iAE), where A® = <<I>E>_1 (a®®), (2.8)
which may be rewritten by introducing a non-linear operator A,
0, 0. =eA{®°}  with A{p}r=a, o, — 0 ()" Hayp).

In particular if (¢)=id, then A{p}, =a, 0, — o, (ap).
Then, we define approximations of ®¢ and A® by a fixed point iteration. Starting
from @ =id, we construct them with the relations

APl = (@l gty g el =en{aln) (2.9)
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2.3.2. Closure condition. In order to solve the homological equation as well as
its approximations, one needs to impose a closure condition on ¢ (and consequently on
<I>[”]). In this paper®, we consider the so-called standard averaging by choosing (®¢) =id
(and consequently (®[") =id). This yields the relations

Al — <a<I>["]>,
P+l :id—i—e/ A{cb[”]}Jda—s</.A{<I>["]}gda>.
0 0

These iterations may be performed explicitly using symbolic calculus.

2.3.3. Micro-macro variables.  To motivate the interest of these approxima-
tions, let us immediately introduce the micro-macro variables (v["],w[”]) given by

t

e (1) = @ ol (1) + wl™l (1)

with vl (t) = etA™ (@gn}) -

micro-macro problem,

(ug). A straightforward computation yields the following

B0l () = APl (1), o7(0) = (@) 7 (ug), (2.11a)
rwl(t) = aycwl™ (1) =6 Lol (¢), wl"(0)=0, (2.11b)

where we introduced the defect 5 defined as
1
sl = Z g, pln) — (aT<I>L”] - @L”]A["]) =A{@l1}, —A{ol), (2.12)
€

with the convention A{®[~11} =0. This defect is of zero time average, i.e. (6")=0, and
quantifies the quality of approximation in the homological Equation (2.8). Combined
with the drift I, it generates a source term in the equation on w(™.

The Equation (2.11b) seems to be as stiff as the original Equation (2.1) at first
glance, but we will see in the sequel that, due to the small size of w!™(0) and of 6",
wl™ remains of size O (") at all times. This initializes an induction to prove that the
derivatives of w[™ are bounded up to order n+1.

2.3.4. Well-posedness of the micro-macro decomposition. In the in-
troduction of Section 2 we have claimed to construct a near-identity map ®. In the
construction of ®" we introduce a parameter ¢ €]0,1[ and assume that ||®" —id| <ec.
This will be valid for a small enough ¢ <e¢,. The upper bound ¢,, which depends on
both n and ¢, will be constructed along the proof of the following theorem that sums
up the well-posedness of the micro-macro decomposition.

THEOREM 2.1. Under Assumptions 2.1 and 2.2, for all n €N, there exists €, >0 such
that the decomposition of order n exists, meaning that, for e <e,,

@ —id]| < = <e, (2.13)

5 Another common choice is &g =id, which presents nice geometric properties but leads to more
complex calculations—see e.g. [14]. Since these properties are not needed here, we do not consider this
possibility, although all our estimates remain valid with this geometric closure condition, up to some
tweaking of the constants.
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AN < (1+¢)M. (2.14)

Furthermore, integrating the defect tr—>6£7]€ yields an error of approrimation of size
O(e™*Y), which is translated through the relation

T c n+1
e[ o)< (= . (2.15)
o En

This theorem will be proven in Section 3.1. A direct consequence of (2.13) is that

the inverse (®/")~1 is well-defined and may be bounded

V7 >0,

(@Mt <1/(1-c). (2.16)

This is crucial for the definition and the boundedness of v[™. Moreover, a direct by-
product of the proof is the following bound on the defect

n
i< () (2.17)
En

The coefficient €, may be chosen of the form e, =¢¢/(n+1)" with 9 depending
on ¢ and the constants appearing in Assumptions 2.1 and 2.2. As such, increasing
the order of accuracy requires a reduction in the maximum size of €. However, in the
mono-frequency case r =1, v =0, this reduction does no longer appear and the iterations
converge for € <egy°.

As consequence of the well-posedness of the micro-macro decomposition, the micro-
macro variables 0! and w!™ solutions to (2.11) are bounded in finite time as stated by
the following corollary (proven in Section 3.2).

COROLLARY 2.1.  Under Assumptions 2.1 and 2.2, for any n€N and any € <e, (as
defined in Theorem 2.1), the solutions to (2.11) are bounded at all times by

n+1
il (1)) < crenr Ul gy < (£ et (26<1+c>tM _ 1) uol
l1—c¢ En l1—c¢

Thus, for any T >0, the micro-macro problem (2.11) is uniformly bounded on [0,T] with
vl of size O(1) and wl™ of size O(e"*1).

REMARK 2.5. Here we impose the order of the expansion and deduce the size of the
error term from it. However, the condition € <e&¢/(n+1)” may be interpreted the other
way around, and one may wish to choose an “optimal” order n depending on the size
of e. This yields the optimal exponential bound on w!™®)! for v>r —1 found in [31].

2.3.5. Well-posedness of the derivatives and uniform accuracy. In order
to analyze the order of numerical schemes based on the micro-macro problem, we also
need estimates on time-derivatives of the defect.

THEOREM 2.2.  Under Assumptions 2.1, 2.2 and 2.3, the derivatives of the defect up
to order q remain of size O(e™). Specifically, there exists Céa) >0, depending on q, c
and n, such that, for all e <e,,

sup (|05 < CS” M (f) :

0<p<gq n

6This is a known result of single-frequency linear averaging, available, for example, in [12] with a
straightforward proof. In their paper, these authors analyze the non-linear setting, and here we analyze
the multi-frequency setting with an added decay, further extending the method.
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This theorem will be proven in Section 3.3. These estimates on the defect give
estimates for the micro-macro variables v and w!™ limited by the order of the micro-
macro decomposition n and the regularity ¢ of the linear map a.

COROLLARY 2.2.  The derivatives of the micro-macro problem (2.11) are uniformly
bounded up to order min(n,q)+1. Indeed, at fized final time T and for all t€[0,T], for
all pe{0,...,min(n,q)+1},

2ol (1) = O(1), |0Pwln) (1) = O(enT1P).

We now consider the discretization of the micro-macro problem (2.11) on the time
interval [0,7]. To simplify the presentation, we discretize uniformly this time interval
introducing t¢ =¢At for £=0,...,L where L+1 is the number of discretization points
and At=T/L the time step. We denote (v’,w’) the approximate values at time ¢* of
the solution of the micro-macro problem (2.11) for a given order n.

COROLLARY 2.3. Using a standard stable one-step scheme of non-stiff order s<
min(n,q), i.e. a method which exhibits order s of convergence when applied to (2.1)
with e=1 for all At €[0,At*] (with At* >0 being the stability threshold, which depends
only on M ), the micro-macro problem (2.11) can be solved with uniform accuracy. More
precisely, we have, for all At€[0,At*], the bound

sup max ol vf fw’ —uf (1Y) | < CAE,

tl/e
EE(O,En]OSZSL /

where the constant C' is independent of At.

Using a Runge-Kutta integral scheme, this order may be increased by one. For
instance, for the problem 0;y(t) =b;/.y(t), the Runge-Kutta scheme of order 2 is

G2 =y At by Y =y At bpyeyngyoye T2

and, by Runge-Kutta integral scheme of order 2, we mean the scheme

t'+At)2 !
g@+1/2 :yZ+ /e bt/sdt yéa y£+1 :yZ+ /e bt/adt gl+1/2'
t t

The idea is to exploit the form of the right-hand side b;/.y(t) and to build a scheme

£4+1 £+1
approximating j;t,z by/e (y(t[)—&—ftt,Z 8ty(0)do> dt instead of directly f:z Oy (t)dt. For
a given quadrature rule, the first expression may generate a better approximation.

REMARK 2.6.  As noted in [16], the initial data v["(0)= (CD([)"])fluo may be approx-
imated explicitly to avoid the inversion of @g”]. It can be done such that the initial
condition of the micro part w!™(0)=wug — @En]v["](O) becomes of size O(e"*1) which is
enough to preserve the uniform accuracy result.

3. Proofs

We now present proofs of our theoretical results, in the same order as they are
presented. Namely, we start with the properties of the micro-macro decomposition, i.e.
of the maps ®™, A and 6" as enounced in Theorem 2.1. We then focus on the
well-posedness of the micro-macro problem (v[”],w[”]) from Corollary 2.1. After this,
we show the boundedness of the derivatives of the defect /™, and in turn of (vI™ w!™).
Finally, we use all this to prove our main result of uniform accuracy.
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3.1. Well-posedness of the micro-macro decomposition. Since the fixed-
point (2.10) is based on successive integrations, we shall use the following lemma, which
bounds an antiderivative from the integrated function.

LEMMA 3.1. Let k>0 and Y €&;, . Then, for any k_ such that 0<k_<ky,
solutions @ to the equation

Orp=1— <1/}>

satisfy the inequality

Ne_(p=(o)) Scr(biy —r)Ni (0 —(¥))

with
max 17% = v if v#0,
cr(k)= 1D( ) } . (3.1)
max 175} if v=0.

For p €&y, (0r¢)=0. This implies that if p€&,_ and d,p €&, , then

an (90_ <<P>) Scl(ﬁ+ _”i—)NnJr (8-,—(,0)-

We also present some estimates on the nonlinear operator A occurring in (2.9) and
(2.12).

LEMMA 3.2 (Bounds on A). Let 0<xk<p and ¢, p€&,. Let c€l0,1]. If

K4

Ni(p—id) <c and N, (g—id) <c,
then there exists two constants N.>2 and L. < N./c depending on ¢ only, such that

N (AMp}) <N:M,
Ne(A o} = AM{@P}) SL-MN (- ).

The proofs of Lemmas 3.1 and 3.2 are postponed in Appendices A.2 and A.3.

We now proceed with the proof of Theorem 2.1. Fix n €N and consider 0 <k <n.
Owing to Lemmas 3.1 and 3.2, if /! is in some space &, such that N, (‘b[k] —id) <e¢,
then it possible to bound ®**1 —id on the larger space £._ for all 0<k_ < k. Here,
we proceed by induction, by considering successive ®*! on spaces &, with

k
,uk:(l—)u, s.t. 0=pint1 <pin <...<p1 <po=p.

We show the desired bound on N, (@[] —id), which implies the well-posedness of the
n-th order change of variable. Additionally, we bound the approximate map Al and
we determine the size of the defect 8.

3.1.1. Estimates on the near-identity and average maps. We proceed by
induction to show that, for all 0 <k <n+1, N, ((D[k] —id) <e. It is clear that it holds for
k=0 since ®%! =id. Now, for 0 <k <n, we assume that ®* e &y, and N, (<I>[k] —id) <e.
Owing to the identity

o, [cb[k“] —id} — 9,01 — A {plM],
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as well as Lemma 3.1 using x_ = ug4+1 and x4 =y and noticing that ky —k_ =p,, we

have ®k+leg,, | and

N,

MEk+1

(@) —id) < 7 (1 )Ny (A0},
By Lemma 3.2 and the induction hypothesis,

N,
Ny (@FF —id) <ee (cl(un)ch) )

Consequently, introducing
then for all e <eg,,,

In particular for k=n, we find

01 —id || < Np (@l —id) <N, (@1 —id) < & <.

En

Moreover, proceeding as in Lemma 3.2, we obtain
A = (@) < A, (0l < N, (@), (87,
For one part NV, (a) <M since p,, <p, and for the other part,
N, (@) <N, (1d)+ N, (@17 —id) <1+
This finally yields
1AM < (14-¢) M.

3.1.2. Size of the defect. By definition, for all 0 <k <n,
1

SE = Afpl—1 ALl = 25 (@lF — plk+1]

{BI 1} - A{a M)} =~ )

and 6K e g

s With convention A{®[=1} =0. The Lipschitz property on A implies that

N (81) < LMNG, (@11 — 0 lH),
Since (@1 — ®l*) =0, and thanks to Lemma 3.1

N (@F T @)y < op (1, )N, (00 (@F1 — @lky)
= cr(pn)eN,,_ (A{OF=211 — Afoplk—11Y),

We recognize the definition §*~1 = A{®F21} — A{®[F~1} hence

N/‘k (6[k]) < LcMCI(Mn)gNHk—l (5[k_1]).
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Using the expression of €, (3.2) and the bound cL. < N, we finally obtain

cL, ¢
N 7'/\[!% 1( k 1])< N#k 1( [k 1])

(& €TL

N#k (5[k])

An immediate induction, and the fact that puo=p leads to
N
N0 (£) N6,
Now 6% = —A{id} = —(a— (a)), hence N,,(51%) <N, (a) <M, and as such,

N, (5[”1)<M(En>n.

Notice that a direct by-product of this proof is the bound between two consecutive
near-identity maps

n n+1
Nﬂn+1(q>[n]_(I)[n+1])<CI(;un)5NMn(5[n])<CI(/an)EM(8) << <5> . (3.3)

A direct integration yields

from which (3.3) may be plugged to find

5/ sMdo
0

Thanks to the bounds N.>2 and ¢<1, we finally obtain the desired result.

sup

>0

n+1
<ol gl <on, | (@l gy < 2C <5) |
En

3.2. Well-posedness of the micro-macro problem.

Proof. (Proof of Corollary 2.1). By boundedness of A[”] due to the estimates
(2.14), the macro part v is well-defined. Writing v[™(t) = +f Ayl (1at' | a

direct application of Gronwall’s lemma and the estimate (2.1()) on (@([)"]) , we obtain

()] < c0orar 1ol (3.4

For the micro part, we use the integral formulation to obtain

|qw/m“ W+Vé%

A new application of Gronwall’s lemma and the fact that w!™(0) =0 generates

/ 61&"/5 " dt//

lwl™ ()| < etlell sup
t’€[0,t]
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Using again the integral expression of vI"| we may integrate by parts to obtain

t + t
/ 5£//]5U[”](t ydt' = </ 5t[7/]sdt> }(0),/ (/ 52[6”]/sdt//> Aln] [n](t/)dt/
0 0 o \Jo
t
( / 5£7}adt> ( / A[”]v[”](t’)dt’>.
0

Applying a change of variable o < t'/e or o’ +t" /¢ in the integrals of 5"} followed by a
direct injection of the estimates from Theorem 2.1 and of the estimate (3.4), we obtain

n+1 t
[n] [n £ (1+e)t' M q41 |u0|
’/ Gy 760" (€n> (1+2(1+0)M/0 e dt>1_c

n+1
< (2€(l+c)tM _ 1) (E) |U/O|

En 1—c¢

Finally,

n+1
lw ()] < <€> etlell (2e<1+0>tM—1) Juol
En

1—c

Thus, for any 7 >0, the micro-macro problem (2.11) is uniformly bounded on [0,7)
with vl of size O(1) and w(™ of size O(e"+1). 0

3.3. Well-posedness of the derivatives.  Similar to Lemma 3.2, we start by
presenting some estimates on the derivatives of the nonlinear operator A.

LEMMA 3.3 (Bounds on derivatives of A).  Under the assumptions of Lemma 3.2 and
Assumption 2.3, there exists a constant Nc(q) (depending on q, ¢ and C((lq)) such that

sup [|0PA{g}| <NDM sup [|02].
0<p<q 0<p<gq

Moreover, if there exists ¢\9 >0 such that

sup [|0Pol| <@ and sup [|62@| <9,
0<p<gq 0<p<q

then there exists a constant qu) such that
sup [0 (A{p}—A{GH I <LOM sup |07 (- 3)ll.
0<p<q 0<p<q

The proof of this lemma is postponed in Appendix A.4.
We now want to establish that there exists C’(gQ) >0 such that

sup oot <o () .

0<p<q n

We have already estimated [|6[™]| in (2.17). The proof for larger values of p follows the
same lines, using in addition Lemma 3.3.

We ﬁrst need to bound [|92®Fl|| for all 0<p<q and for all 0 <k <n. The bound
for p=0 is clear from (2.13). Under the assumption that a € C'%, it is easy to see from
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the definition of A and the definition of ®¥ that ®¥ € C? for all 0<k <n. Owing to
the identity (2.9) and Lemma 3.3, we have, for 0 <p’ gq,

0P @M =¢||oP — A{DF -1} || <e sup ||apA{q>[k N <eNDM sup |oPalE=1).
0< 0<p<q

Consequently, since ®0 =id, a straightforward induction gives that there exists ()
such that, for all 0<k <n,

sup [|0r@M]| <l
0<p<q

Let us now turn to the estimation of the defect 6*! = A{®F=1} — A{®} for all
0 <k <n. By the previous bound on [|9?®*|| and Lemma 3.3,

sup (9251 < LOM sup [[92(@1 - Ik

0<p<q 0<p<q
For 0 <p<gq, according to (2.9),
1oz (@F1 — el =c||oz~ (A{e" 2} — A{@l 1)) || =¢floz—t ot 1).
Thus, we obtain

sup [|oP6|| < L@ Me sup ||oPstF—Y||

0<p<gq 0<p<q

and an immediate induction leads to

sup [loralrl| < (1000e)" sup Jors).

0<p<gq 0<p<q
Since 6% = —~A{id} = —(a— (a)), hence

sup [|o7s1|| < sup |92all < CL0 M,
0<p<q 0<

we obtain the desired bound (3.3) denoting Céq) =Cc (snLEQ)M)”. It concludes the
proof of Theorem 2.2.

3.4. Uniform accuracy.

Proof. (Proof of Corollary 2.2). For the derivatives of v[™, we perform an
induction which is initialized using that v is of size O(1) according to Corollary 2.1.
Simply using

T (1) = A aPulnl(¢),
and the estimate (2.14) on A", we obtain, for all p=0,...,min(n,q) +1,
() =0(). (3.5)

For the derivatives of w[™, the induction is initialized by Corollary 2.1 from which
wl™ (t) =O(e"*1). Then, we write

/ sn]

af‘i‘lw[n] (t) p p . [n] p ,8713 6t/5 e
oy = 2 |y ) Y a2t Lo (D)err oo,

p'=0
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We bound the derivatives of a, thanks to Assumption 2.3, the derivatives of 8" by
O(e™) thanks to Theorem 2.2 and the derivatives of v["} using (3.5). Thus, by induction
hypothesis, 87 wl™(t)=O(e"*+1=7") for all p'=0,...,p, every term of the sums of the
right-hand side is uniformly bounded w.r.t. €, and therefore the sum is of size O(1), for
all p=0,...,min(n,q)+ 1. This concludes the induction. d

Proof. (Proof of Corollary 2.3). The micro-macro problem can be written as

dy(t)=f(t/e,y(t)),

Alnl
with y= (v, wl") and f(r,y(t)) = ( 5l ’
—0r " ar

stiff order s, written in the standard form

)y(t) We use a one-step scheme of non-

y =y ALF( fe,yt At)

such that the s-th order derivative of F with respect to the third variable is of the
same order as 9y T'y (as it is for instance the case for standard and integral Runge-

Kutta schemes). It is well-known that the local consistency error e, =y(t‘*1) —y(t*) —
AtF(t*,y(t"),At) is bounded by

1 1
el < | = sup 97T y(Ol+ sup [GRF(E /e, y(t),h)] | Ar,
(s+1)! te[te, 10+ 5: hel0,At]

Thus, by Corollary 2.2, the scheme retains its usual order s as soon as s <min(n,q). O

4. Numerical experiments

In this section, we present some numerical experiments to illustrate the previous
results. After a brief introduction of the different schemes we use, we test our strategy
on a simple scalar problem for which we know the exact solution. This is used to
illustrate the different components of the method, for example, the size of the micro
part wl™ and of its derivatives, and to validate our result of uniform accuracy. We then
apply the micro-macro method to an approximation of the Bloch equations.

4.1. Numerical schemes. We recall that we uniformly discretize the time
interval [0,7] defining t* =¢At for £=0,...,L where L+1 is the number of discretiza-
tion points and At= % the time step. In the numerical experiments, we shall use the

following numerical schemes associated to (2.11):
— Ezplicit Euler (EE) scheme:

{ v =0t 4 At AV,

Wil =wl + At(alw? — 5%h),
— Integral Explicit Euler (EFEint) scheme:

VT =0+ AtAYY,
t14+1

vt =w'+ ([ ayedo)w’ —( :ZH 5([:;]sda)vf,
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— Runge-Kutta of order 2 (RK2) scheme:
T2 =yt 4 %Avf,
@2 = + St (a*w’ — %),
v =0t + ALADH2,

Wit =l £ At (ae+1/2@z+1/2 _6e+1/2fﬁe+1/2> 7

— Integral Runge-Kutta (RK2int) scheme:
P2 — gt ¢ %sz,

G2 — o (ﬁ“rAt/? G jedor)u’ — (

14
. BrAL/2 sln] dO’)’Ue,

tt o/e
v =0t + ALAT 2,

_ o1 _
aa/sda)wé"’l/2 — (f:e (5([,_/]6d0)v£‘*‘1/27

tl+1
¢

w't! :we—i—(

where (vf,w®) and (v**1,w*!) are respectively approximations of (v[”] (t%),wl (t*)) and
(oM (¢4 1), wlm (#41)) and A, af, a*F1/2, "1, 6%, 6°F1/2, 541 denote respectively A,
At foy Q101 AL)2) /2> Qett1 Je 5&?}6, 5([?‘J+At/2)/s’ 5t[ﬂ1/8. Similarly to the iterations of the
homological equation and the derivation of the micro-macro problem, we compute the
integrals in the schemes EEint and RK2int using offline symbolic calculations.

4.2. A scalar test problem.

4.2.1. Presentation of the problem. In this part, we study from a numerical

point of view the problem (2.1) with a “sharp-flat” scalar map defined by a, =af_+

a’. We choose it such that the equation roughly behaves as the applicative problem

considered in the next section with the advantage of knowing an exact solution. More
precisely, we consider a quasi-periodic part of the form

: IS
af, =—140b° , with bf = - Zcos(wpr),
p=1
and an exponentially decreasing part of the form

ar=ve ",

where 7 is a given constant. In this case, the exact solution of (2.1) is given by
T roo.
w () =uge ™" (Bit/nga("rai/s) , with Bf _ :/ b do= EZ M,
0 W

r
p=1 P

and it tends, as € goes to 0, to
ul"™ (1) = uge .

In the sequel, we consider two choices of frequencies:
e Mono-frequency case (1F): r=1 with w; =,

e Multi-frequency case (3F): r=3 with wy =1, wo =7 and w3 = V5.
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We also take the following data: ug=1, T'=10.

The time evolution of the solution is presented in Figure 4.1 for the problem with
no exponential decay (y=0), where the plot is restricted to short times (¢ €[0,2]) and
where ¢ is fairly large, for visualization purposes. In both cases 1F (left) and 3F (right),
the solution oscillates around the limit behavior u'"™ represented by a solid black line.
These oscillations are of small amplitude and seem essentially proportional to ¢, and
while their quasi-periodic nature makes them seem chaotic in the case 3F, the period
27e /wy =2e appears clearly in the case 1F.

1 u 1 T
-o-¢ =10 -o-¢=1.0
—+—c =05 ——c =05
0.8f e = 0.1|1 0.8 e = 0.1|1
—c=0 —ec=0
0.6 0.6
" 04 " 04
0.2 0.2
]
0 L L L 0 . . -
0 0.5 1 15 2 0 0.5 1 15 2

t t

Fic. 4.1. Case 1F (left) and case SF (right); time evolution of the ezact solution u® for various
€ and of the exact limit solution ui™.

4.2.2. Micro-macro problems. Now, we write explicitly the different terms
occurring in the micro-macro problem (2.11) for n=1 and n=2, using the iterative
relations (2.10) and the defect expression (2.12).

Micro-Macro problem of order 1: Since A% =—1 and A{®I}, =bf +a,
straightforward computations yield

ol =140l AM=_1  and M =—c(pf_ +d>)CH
where we introduced
ClY =B, —a.

Consequently, at the first order, the solution is decomposed as @El/}svm (t) +wl(t) where

the micro-macro variables (v[!l,w!") are solutions to the following problem

ol (1) = —oM(0), o) = —r
1+eCy

oyl (1) = a,wlt () +e(bf,. +a>) o (1), wl(0)=0.

Micro-Macro problem of order 2: Going on with the iterative process, further
computations give

o ol 20l APl and P20, +a?)CE
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where C[Q] C C[2] is given by

2(
o2l i1 sin®(wpT) — + Wp, Sin(wp, 7) sin(wp, T) 4+ wp, oS(wp, T) cos(wp, T)
“T 2 Z 2w? Z Z Wpy (W2, —w2,)
p=1 p1=1 pa=1 P2i7P1 P2
P2#P1

and

b 1
CE] __aTBBJT 5(&2_)2
Consequently, at the second order, the solution is decomposed as @5]67)[2] (t)—i—w[z] (t)

where the micro-macro variables (v/?,w?) are solutions to the following problem

im
1+5C'([Jl] +5QC([)2] , (4.1)
dw (t) = a,wP () +2(bf,, +a2)CEWE(1), wl(0)=0.

awl? (1) = —ul2 (1), Pl (0) =

In this specific case, A is exactly equal to (a) but this is not the case in general. It gives
a macro variable v!? that differs from the limit solution «"™ only via the perturbation
in the initial data ((I)Ezl)_l(uo). Concerning the equation governing the micro variable
wl?!, we clearly observe that the defect 612 is of size O(£?).

In Figures 4.2 and 4.3, we plot the micro-macro quantities of order 1 (n=1) for
e=0.5, still for the pure quasi-periodic problem (y=0). They correspond respectively
to the cases 1F and 3F. These are computed with high precision, such that no issues of
numerical accuracy are considered at the moment.

On the left plots, the macro variable v!* corresponds exactly to the limit solution
uli™ since, for y=0, vl (0) =ug. However, the addition of the near-identity map ol
allows to incorporate the fast oscillations and to get closer to the exact solution u® (blue
plus-marked curves in Figure 4.1). On the right, we present the micro variable w(! that
retains the information contained in the remainder. As expected by Corollary 2.1, it is
of size O(?). In addition, its second derivative 87w is of size O(1) in accordance with
Corollary 2.2. It confirms that the micro-macro problem can be solved with a standard
scheme. Again, the only difference between the cases 1F and 3F concerns the almost
periodicity of oscillations, both for the near-identity map and the macro variable. For
this reason, we focus only on the more generic multi-frequency case in the sequel.

4.2.3. Errors on the pure quasi-periodic problem (y=0). We now analyze
the numerical resolution of the micro-macro problem. First, we focus on the quasi-
periodic case choosing v =0 (the addition of the exponentially decaying term is studied
in the next section).

To evaluate the numerical solutions, we consider the following error:

B(Ate) = max [u(t) '],

where u’ is the numerical solution either solving the stiff problem (2.1) or reconstructed
from the micro-macro problem (2.11).

In Figure 4.4 and Figure 4.5, we present the errors obtained using the standard
RK2 scheme. The numerical resolution of the stiff problem (2.1) does not yield suitable
results. Indeed, in Figure 4.4 (left), in the standard regime At < ¢, the error for a given
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1 ; . 12 %1078 . ;
—ot ——w!!
o8 —a|<—<I>£1 wltl 10 ——Jw'!
- ——u 8 {105
0.6 _ 6 .
B 0 .2
0.4 4 -
0.2 ’ 1°°
’ 3 07 3
0 : : : -2 : : : -1
0 0.5 1 15 2 0 0.5 1 1.5 2
t t

Fic. 4.2. Case 1F, £=0.5; time evolution of v}, ®yll and ue (left) and of wll and an
approzimation of 6,?11)[1] (right).

-3
1 . i 8 x10 1
—
o
0.8 ——u° 6
0.6 _ 4
3
0.4
2
0.2
3 04
0
0 0.5 1 1.5 2 0 0.5 1 1.5 2

t t

Fic. 4.3. Case SF, e=0.5; time evolution of vl1, ®Mtylll and ue (left) and of wll and an
approzimation of 32w (right).

100~

10

Error
Error

—+—At=1.0e-02
At=1.0e-03

1070 | At=1.0e-04
-4~ At=1.0e-05 8
107 1072 10° 10 10 10°® 1072 107
€ At

FI1G. 4.4. Case 8F, RK2 scheme solving the stiff problem (2.1); error with respect to € for various
At (left) and with respect to At for various € (right).

At increases as € decreases. Exiting this regime, for smaller ¢, the error becomes hard
to predict. We observe pronounced peaks for some specific values of €. It is known that
in the case 1F, the solution has a specific behavior when the time-step resonates with
the frequency of the problem, i.e. when w;At/e is a multiple of 27. For such a relation
between At and ¢, a standard scheme completely fails. The left-hand side of Figure 4.4
demonstrates that this phenomenon still occurs in the quasi-periodic case, even without
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fii] fin}
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FiG. 4.5. Case 3F, RK2 scheme solving the macro Equation (2.11) for n=2; error with respect
to & for various At defining u(2 = ®[21y[2] 4 (2] (left) and ul2l = p21y[2] (right).

Error
Error

10-10-

107 1074 107 1072 107 107 107 107 1072 107
At At

F1G. 4.6. Case 8F, solving (2.11) for n=1 and using EE (left) and for n=2 and using RK2
(right); error with respect to At for various €.

perfect resonances. In the right-hand side, for large ¢, the error decreases with order 2
as expected, but when e decreases, we observe an order reduction with slopes closer to
order 1. Even worse, for small €, there are some values of At for which the error is of
size O(1).

On the contrary, the numerical resolution of the micro-macro problem of order
2 (4.1) gives a uniform accuracy i.e. independent of € as observed in the left-hand
side of Figure 4.5. The errors associated to a given discretization step form a perfect
horizontal line. Having computed the micro-macro variables (v[Q],wm), we may decide
to build u[? without incorporating the information of the remainder, i.e. using the
relation ul?! = ®y instead of ul?! = ®Rlyll 4492l This is plotted in the right-hand
side of Figure 4.5. As expected, we observe two regimes, with an error of size O(e?)
for 3 larger than At? and of size O(At?) for smaller values of €. It confirms that the
macro variable enhanced by the near-identity map gives accuracy for small values of ¢
and that relevant information for large values of ¢ is retained by the micro variable.

The error with respect to At is presented in Figures 4.6—4.7 for various values of
e. In Figure 4.6, the same value is used for the non-stiff convergence order s of the
scheme and for the approximation order n of the micro-macro decomposition. The
curves corresponding to the various € are indistinguishable straight lines, in accordance
with the flat lines of Figure 4.5. This illustrates once more the uniform accuracy of the
method. Moreover, we actually get a slope of 1 in the left figure (case s=n=1) and of
2 in the right figure (case s=n=2).



B. BIDEGARAY-FESQUET, C. JOURDANA, AND L. TREMANT 753

In Corollary 2.3, we state that the scheme should be of the same order as that of
the micro-macro expansion. We illustrate this in Figure 4.7 (left) by using a standard
scheme of order 2 but keeping the micro-macro approximation of order 1. At first
glance, the error is of size O(At?) but there exist some couples (At,e) for which the
error deteriorates. On the contrary, perfect straight lines fully on top of each other are
observed in Figure 4.7 (right) when using the RK2int scheme. It illustrates that the
convergence order may be increased by one using a Runge-Kutta integral scheme as
mentioned in Section 2.3.5.

Error
Error

107 107 107 1072 107"
At At

F1a. 4.7. Case 3F, solving (2.11) for n=1 using RK2 (left) and RK2int (right); error with respect
to At for various €.
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! =1.0e o o
=< At=1.0e-
5 [|-2-At=1.0e-05 10
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£ At

Fic. 4.8. Case 8F, y=1, solving (2.11) for n=2 using RK2; error with respect to € for various
At (left) and with respect to At for various € (right).

4.2.4. Errors adding the decreasing term. To finish the discussion on the
scalar test problem, we finally add the exponentially decreasing part aZ choosing now
v=1. In Figure 4.8, we display the error with respect to ¢ for various At (left) and
with respect to At for various e (right) solving the micro-macro problem (2.11) of order
n=2 with the RK2 scheme. We obtain uniform accurate results since all errors are
of size O(At?) independently of e. This last case allows to check that the flat part in
the sharp-flat decomposition does not bring further numerical difficulties, in accordance
with the feeling given by the proofs of Section 3.

4.3. Bloch model and a hierarchy of approximations.

4.3.1. Presentation of the Bloch model. Let us briefly present a Bloch
model that governs the time evolution of the density matrix p € M,,(C) associated to
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a quantum system described by n discrete energy levels and forced by a given high
frequency electromagnetic wave. More precisely, it corresponds to the scaled matrix
equation

ie*0p(t) = [Ho —eV(t/e%),p(t)] +iQ(p),

where [-,-] denotes the commutator between two matrices, Hy=diag(FE1,---,E,) is the
free Hamiltonian expressed in terms of the (scaled) energies E; associated to each energy
level, V is the time dependent electric potential matrix and () is a relaxation term
that takes into account physical phenomena involving energy-dissipating processes or
collisions between particles. The density matrix p is made of (nonnegative) diagonal
quantities, denoted pq;, called populations and representing the occupation number of
the levels, and of off-diagonal quantities, denoted poq ;i (With j#k), called coherences
and describing the probability of transitions from one level to another.

A rigorous asymptotic analysis of this model (when the small parameter € >0 goes
to 0) has been addressed in [8]. In that scaling, the evolution is considered over long
times, of size 1/e2 and the influence of the electromagnetic wave is weak, of size €, and
depends on the fast time scale t/2. Considering the bipolar approximation, we assume
that the entries of the interaction potential matrix )V are of the form

Vin(7) :Vﬁ(T)ija

where p is a given Hermitian (dipolar moment) matrix and V* is a given (quasi-) periodic
function that takes into account the time dependence of the wave. Also, we assume that
the quantum system relaxes to a given equilibrium state, via relaxation coefficients ;.
which have an effect on the off-diagonal part of the density matrix only. More precisely
we consider that Q(p)jr=—"7,kpjx Where relaxation coefficients, uniform with respect
to €, are such that vj, =-x; >0 for all j#k and v;; =0 for all j. The basic dynamics
is thus given by a (damped) high-frequency oscillation, with frequency 1/¢2. Indeed,
denoting Q;, =—i(E; — E) — vk, the coefficient p;;, of the density matrix is solution to
the equation

0o (8) = 25 Qkpin(6)+ VA (0 (42)

Finally, at initial time t =0, we assume a density matrix with vanishing coherences and
nonnegative populations pit.
REMARK 4.1. Notice that, compared to the previous sections, the characteristic time

is now €2 instead of €. Consequently, 7 now refers to ¢/ and not to t/e.

In this paper, we propose to use the micro-macro problem introduced and analyzed
in the previous sections to obtain a uniformly accurate scheme. However, we do not
tackle the resolution of the entire Bloch model (4.2) with both coherences and popu-
lations. It does not enter directly into the “sharp-flat” framework and its numerical
resolution is beyond the scope of this paper. Instead, we consider an approximation
(presented in the next section) that gives an equation governing the populations only.
Indeed, in [8], it has been proven that, in the limit € — 0, the diagonal part of the density
matrix solution to (4.2) tends to the solution of a rate equation in which the transition
rate is an appropriate time average of the potential, while the off-diagonal part vanishes.
Interestingly, the asymptotic analysis is based on successive approximations which, after
some point, all fit into the sharp-flat framework considered here.
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4.3.2. Transformation to a “sharp-flat” problem. We first transform the
model (4.2) into a closed equation governing the populations pq only. As detailed in [§],
this is done by writing the equation on coherences as an integral equation and keeping
only the first order expansion in € of the right-hand side. Since the coherences initially
vanish, this depends only on the populations, and inserting it into the population equa-
tion gives a time delayed integro-differential equation. Finally, the delay being small,
the populations tend to be the solution of the delay-free equation

b b b
0upk ;=Y (Wepe2)ij (05, (8) = P 5 (1)), (4.3)
1#]
where we introduced the time dependent transition rate

(Tr)i; :2|plj|2Re [Vﬁ(r) /OTeXp (Qlja)Vﬁ(T—a)da}. (4.4)

In [8], it is proven that, for all 7'> 0, there exists C' >0, independent of €, such that

b
lpa — P | o< (fo,73,1) < Ce,

with the notation ||pq||;: :Z?ﬂ |pd,jl-

As it can be seen in Appendix B.1 where explicit expressions of (¥ );; are computed for
a specific r-chromatic V#(7), the transition rate defined in (4.4) is the sum of a (quasi-)
periodic part \I/?j and an exponentially decaying part \I/‘l’j as in Section 2. This is the
reason why the problem (4.3)-(4.4) completed with the initial condition pﬁb(O) = pinit js
described by the sharp-flat framework and can be solved with uniform accuracy using
the micro-macro problem (2.11) as we illustrate in the sequel.

REMARK 4.2. The Equation (4.3) can be written

b b
iply (t) =ayse2p (1)

introducing the population vector pgb :(pgll”l,~~~ , pgbyn)T and defining the matrix map
T+ a, such that
(U7 )k; if j#k,
(ar)jk = P
_Zl;éj(qu)lj lf]:k.

This form is used for the implementation. Nevertheless, for the simplicity of the pre-
sentation, we consider in the sequel the matrix ¥, instead of a, and we have to keep in
mind that it is the matrix occurring in the rate equation.

4.3.3. Further approximations of the populations. Before presenting some
numerical results, we shortly describe the next approximation in the hierarchy analyzed
in [8] as well as the limit problem with the averaged transition rate.

The transition rate ¥ defined in (4.4) can be approximated by a rate U>° defined
integrating up to 4+oco instead of 7, i.e.

+o00o
(\Ilio)lj:2|plj|2Re [V”(T)/O eXp(Qle')Vﬁ(T—O‘)dO' . (4.5)



756 UNIFORM ACCURACY FOR A BLOCH APPROXIMATION

As emphasized by the explicit computations presented in Appendix B.1, it corresponds
to neglecting the exponentially decaying part \Illbj. We obtain new approximate popu-
lations, denoted p3*°, that verify the following rate equation with a quasi-periodic time
dependent transition rate

05 (t) =D (W7ea )y (035 (1) — 55 (1)) (4.6)
1]

Finally, by averaging theory, ¥ (as well as ¥) can be approximated by a time inde-
pendent transition rate

) 1 T - ) 1 T
W= Jim 7 [ @ ydo= tim L (@0 (47)
leading to the limit problem
QP ()= (W) (P77 (t) = P (1)) (4.8)

1#]

Again, an explicit expression of (V) is presented in Appendix B.1. In [8], the convergence
of pﬁb to pim (and thus of pg to pli™) is proven to be in O(e) for quasi-periodic waves
fulfilling the Diophantine inequality (2.6) and in o(1) for more general KBM waves.
Obviously the averaged linear Equation (4.8) is not stiff and does not present any
numerical difficulties. It is also the equation governing the zero order micro-variable

vl% when a micro-macro decomposition is used to approximate either (4.3) or (4.6).

4.3.4. Numerical results. In this part, we present the numerical results
obtained with the micro-macro schemes described in Section 4.1. The micro-macro
decomposition requires some offline symbolic computations depending on the prescribed
electromagnetic wave. Due to the complexity of these computations, we limit our micro-
macro decomposition to order 1, thereby obtaining second order uniform accuracy with
the RK2int scheme. It is also for this reason that we consider the Equation (4.3) for
the case 1F and the Equation (4.6) for the case 3F. An example of such computations
is presented in Appendix B.2 for the monochromatic forcing.

For the numerical tests, we use in the sequel n=3 quantum levels with scaled
relative energies F1 =0, E5 =2 and F3=3. A larger number of levels could be consid-
ered, but the choice n =3 illustrates our result properly while keeping the presentation
clear. With a larger n, the number of function evaluations (through the use the of-
fline symbolic computations) would increase but each component of the n x n matrices
could be computed in parallel. We also use identical relaxation coefficients and dipolar
moment coefficients (v =1—0;5 and pjr =1—0;; where 0, is the Kronecker delta),
T=10 as final time and pJ*=10,0,1] as initial population. The choice of frequencies
wp in V* is similar to the one of the previous section (case 1F and case 3F), with
Vi) =130 cos(wpT).

Since the exact solution of the problem is not known, we define instead a reference
solution pf to analyze the quality of the micro-macro solution pP*"**. We use the EEint
scheme directly applied to the Equation (4.3) or (4.6) with a reference discretization
step At.er =5.1076, which yields an approximation accurate to at least 107>. The error
we compute is

£,0 )
E(Ate)= max [[pg"" —pg™" " |l
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where L+1 is the number of discretization points used to compute the approximate
solution (L chosen as a divisor of L™f).

We first consider a monochromatic wave (case 1F). In Figure 4.9, we present errors
obtained when we solve the stiff problem (4.3) with the standard EE scheme. As
expected, it does not yield suitable results with, for a given At, increasing errors for
decreasing . In addition, there exists some values e for which the error is of size O(1)
for any At. On the contrary, when we apply the same standard EE scheme to the
micro-macro problem (2.11) associated to (4.3), we obtain uniform accurate results as
illustrated in Figure 4.10. The reader may notice that for large values of ¢, the error
is slightly degraded, in the sense that the error constant (which multiplies At® in the
error) is slightly larger for € >0.1. However, this threshold is independent of the time-
step At and remains uniformly bounded w.r.t. €, which does not contradict our result
of uniform accuracy. This is furthermore verified when plotting the error with respect
with At, which shows straight lines of slope 1. The lines are not on top of each other
only for values of ¢ larger than 0.1 (blue, orange, yellow and purple results), but even
for these values the slope remains unchanged.

107 |~ At=1.0e-02

At=1.0e-03

- At=1.0e-04

10°® 10 1072 10°
€

F1G. 4.9. Case 1F, solving (4.3) using EE; error with respect to € for various At (left) and with
respect to At for various € (right).

-©- At=1.0e-01
—— At=1.0e-02
107! At=1.0e-03
- At=1.0e-04

10 1074 1072 10° 107 107 1072 107
€ At

F1a. 4.10. Case 1F, solving (2.11) for n=1 using EE; error with respect to € for various At (left)
and with respect to At for various € (right).

Then, we present in Figure 4.11 results obtained when the micro-macro problem
(2.11) of order 1 is solved using the RK2int scheme. As already discussed for the scalar
test problem, it allows to increase the convergence error by one, giving uniform errors of
size O(At?). Notice that we are limited by the accuracy of the reference solution. This
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€

F1a. 4.11. Case 1F, solving (2.11) for n=1 using RK2int; error with respect to € for various At
(left) and with respect to At for various € (right).
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F1G. 4.12. Case 8F, solving (2.11) for n=1 using EE; error with respect to € for various At (left)
and with respect to At for various € (right).

is why we do not consider discretization steps smaller than 3 x 1072 in this context,
since even for this fairly large time step, results are slightly affected.

Finally, we consider a multi-chromatic wave (case 3F) for the decay-free prob-
lem (4.6). Thanks to the in-depth study of the scalar test case, we know that the
exponentially decreasing terms do not bring further numerical difficulties thus this test
case remains representative of the problem (4.3). Results presented in Figure 4.12 are
qualitatively similar to the previous ones. It confirms that our approach is suitable
to describe the long time evolution of populations for a quantum system forced by a
quasi-periodic electromagnetic wave.

5. Conclusion

This paper was concerned with a generic linear differential equation, with a time-
dependent forcing which can be split in a quasi-periodic part and an exponentially
decaying part. Adapting averaging techniques, we performed a micro-macro decom-
position, which was proven to be well-posed. We then obtained suitable estimates on
time-derivatives of the micro and macro variables meaning that the micro-macro prob-
lem can be solved with uniform accuracy using a standard scheme.

Using a toy problem for which the exact solution is known, we illustrated the dif-
ferent components of this approach e.g. the size of the micro-part and of its derivatives,
thereby validating the uniform accuracy results. Then, we successfully applied it to a
transitional model derived from the Bloch model.
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A continuation of this work is to propose an approach to solve numerically the
original Bloch model (4.2) governing both populations and coherences. We believe the
information learnt in this paper on the populations given by the transitional model can
be enriched using predicted coherences in the population equation and then correcting
them with an appropriated integral scheme.

Appendix A. Auxiliary proofs. This appendix contains the proofs of some
technical results used in Sections 2 and 3.

A.1. Sharp-flat decomposition.

Proof. (Proof of the direct sum defined in Definition 2.5). To prove that
Ef and &£ are in direct sum, we show that any function ¢ € £ NE® is necessarily zero.
Since ¢ € £¢ it can be represented as Fourier series and for all 7> 0,

N R 1 it
SDT:@iT:agz:rez(a @)™ 3, where @a—w/we Y ppde.

Thanks to Arnold’s theorem,

T— o0 T—o00

1", I
Do = lim —/ e i@l dr= lim —/ e~ Haw)T oy, dr.
0 T Jo

Since we also suppose that ¢ € £°, ||¢|| < e "|l¢llLe, and therefore

I
7/ efz(a-w)T)(pTdT

<2 T’lel lezs, <l
— & T oo — )
T Jo =T Jy PlLE, PllLe,

- T

which tends to 0 as T tends to infinity. Hence, ¢, =0 for all « and ¢=0. |
Proof. (Proof of Proposition 2.1). Let ¢ and ¢ in &;. They are uniquely
decomposed as ¢, = @f_+¢b and @, =3f_+3°. So, the product 1 =@ verifies
Yr = (93)r = ol Blr + b B+ 0L BL, + 0000
We introduce ¥f and " such that ! _=f &f and o° =pf & + 28+ 250, We
first estimate
T b T~b T, b ~ ~b
le" v <IleFllle” &5+ em o [(IBH -+ 18°1)
<H @ ez, + 16”2z, (IBF 1+ 11°11) < +o0. (A.1)

exp exp

Hence 9” € £”. Now we compute the Fourier series

Z R - Z 60 (5% B) o = Z el ? Z S/D\B?‘Pvﬁ—a

a€Z" a€Z" aE€ZL" BEZLT
8-0 ~ -0 ~
=Y P8y Y G, = 0h5 (A2)
BEL" YEZT

By the uniqueness of the decomposition, we therefore have ¥ € £ and v :wfﬁﬁ—qﬂ.
Since we have only used the fact that ¢ and @ are in £, £ is an algebra. Let us now
prove that &, is an algebra. To this aim we estimate N, (). From Equation (A.2)

[l =l < 3 et 3 [ gady
VELT a,BELT ,a+p=y

< D el ol 1@sl =116 B -
a,BEZ”
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From (A.1), we also immediately have

~b ~ ~
19”2z, < NP1l leg, + 19 s, (151l + 187 | eg, )-

exp exp exp exp

Gathering the above estimates
Ni(¥) SN (@)N($).-

This in particular implies that &, is an algebra. ]

A.2. Integration in sharp-flat spaces.

Proof. (Proof of Lemma 3.1). Thanks to the sharp-flat decomposition we can
write

1/}7' - (1/)> = Zei(a.w){b\a +7/}E-

a0
Integrating this
ei(aw) N T b
or={p) - Yo+ t,do,
2wt

where () is the integration constant, considering that the sequel has zero mean. This
yields the sharp-flat decomposition for ¢:

I i(aw) Yo d o = ! b d
phr={p)+ e =~ and ¢ o do.

We first estimate
b T b e b b
I ez, =supe”| [~ wado| <sup [ o g, do= 1071,
720 400 7>0J71
Then
b —(kt—r-)|al
. N ol el e kilad|
I = (@l = 3 en-lel ol _ 57 er+19l| .

a7#0 a#0
Using the Diophantine condition
" = (@ln <eu() D e gy | = ey (k) [[6F = (W)
a#0
where we have defined

1
cy(Kk)= - sg%m”e_
x

KT _ %(é)y ify;é()’
L if v=0.

cD

Gathering the above estimates and using the definition of ¢; (3.1)

Nee_ (o= (@) =llo—(o)llu +110" | Leg,

<max(L e, (s — ) (106 — () ey 14 5, )
:C[(H+—57>Nn+(w_<w>)' 0
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A.3. Properties of the A operator.
Proof. (Proof of Lemma 3.2). By definition

Mo}t =arpr —r(ap).
The algebraic properties of Proposition 2.1 and inequalities (2.7) ensure the direct bound
Ne(Mp}) SNa(a)Ni (@) + Ne (@) {ap)] < (1+Ne () Nic(@) N ().
Since Ny (¢ —id) <e,
Ni(p) SN (id) + Ni(p—id) <1+ec.
Gathering theses estimates, we obtain
Ne(Me}) <1+ (1+0) M(1+c) = (2+¢)(1+c) M.
Last
Mpt =M@ =a(p—8)—p(alp—)) — (¢ — ) (ad),
and this can be bounded as
No(Afp} = MY < (14 (L+) + (1+¢)) MNL (0 — ) = (3+2¢) MNu (0 — §).
Setting N.=(2+c¢)(1+¢) and L. =3+ 2¢, we obtain the estimates of Lemma 3.2. 0

REMARK A.1. The same type of estimates are also valid with no closure assumption.
In this case, we find that (p)~! can be bounded from above by 1/(1—c), and the
constants should be N.=2(1+4¢)/(1—¢) and L.=4/(1—c)?.

A.4. Properties of the derivatives of the A operator.
Proof. (Proof of Lemma 3.3). Using the Leibniz’s product rule

P
0= (1 )ora.on .
 \p
p’'=0
we have
" (p
fortael = ( s floza) ( su flozel) = (1) <2clons sup ozl
0<p<gq 0<p<gqg p 0<p<gq

p'=0
Recalling also that |{ap)| < M(1+c), we obtain

sup [|02(A{p})]|= sup [|0%(ap—p{ap)|| < (29CLD +1+c)M sup ||dFy].
0<p<q 0<p<gq 0<p<q

Moreover, assuming also that sup [|0P¢|| <c@ and sup |87 <@,
0<p<q 0<p=q

s 162 (A{p} — A{Z})] :Og;gqﬂﬁf (ale—@) —pla(p—3)) — (¢ —&)(ad)) ||

<290 4+t 14¢)M sup [|9P(9—@)|.
0<p<q
Setting Nc(q) :2‘106@ +1+¢ and LEQ) :Nc(q) +C(Q), we obtain the estimates of
Lemma 3.3. 0

Appendix B. Bloch computations. In this appendix, we present some computa-
tions to clarify the description and the implementation of the rate equations derived from
the Bloch model, considering that the quantum system is forced by a (quasi-)periodic
wave.
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B.1. Explicit expressions of the transition rates. We consider a r-
chromatic wave of the form

E T
“(r)= 70 Zcos(pr).
p=1

Using the computation

T Qesr Q
/0 e cos(w(r —0))do = QinQ + QinQ sin(wT) — mcos(oﬂ)

and introducing the coefficients

OJ@QT QeQT
R(7,w,Q)=Re <wQ+QQ> and S(7,w,Q) = <w2—|—92> (B.1)

we obtain expressions for ¥ and ¥ defined respectively in (4.4) and (4.5). They read

U, =0F + 0 and U =0f

with
2F2 .
(W= 2 o 2 575 cos(eon ) (siniopa VRO, )+ cO5(e0paT)S (0,050, 0)),
p1=1p2=1
and

2E
(\I/E—)lj = 0 |plj Z Z COS wpl 7' wpz,Qlj).

p1=1p2=1

We remark that the term ef’” appears only in the expression of \I/Z meaning that the
frequencies of the term W¥ _ are those of the electromagnetic wave, the eigenfrequencies
of the quantum system acting only on the amplitude coefficients. Then, the average
transition rate defined in (4.7) may be cast as

E? a
<\I/>lj - Tg|plj |2 ZS(OawPanj)'

p=1

Notice that

Yij 1 1
S(0,w, + )
( )= 2(@+@+&@F ﬁ+@&+@?>

This explicit expression emphasizes that some resonances can occur between the high-
frequency oscillations of the electromagnetic wave (carried by w) and that of the quan-
tum system (carried by the eigenfrequencies E; — E;).

B.2. Off-line computations for the Bloch micro-macro problem. For
the simplicity of the presentation, we consider in this appendix a mono-chromatic wave
V(1) = Epcos(wr) and compute coefficients needed for the implementation of the micro-
macro scheme of order 1 associated to Equation (4.6). The treatment of the r-chromatic
wave and the addition of the exponentially decreasing terms associated to Equation (4.3)
only make more complex the expressions and do not bring further difficulties.
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For this restricted case, we simplify notations introduced in (B.1) denoting
R;;=R(0,w, ;) and S;; =S(0,w,;).
The transition rate reads
(W55 = (Wi, )iy = 2By (cos(wr)sin(wr) Ry +cos(wr) Sy ),
and its average is given by
(©)ij = E5 |pij |* Sy

Then, in order to obtain the near-identity map at first order ®[!!, we need to compute
the integral
oo ._ T [eS) o Eg|plj |2 ) .
(YX):= (W) — ()5 dO’—T sin”(w7) Ryj +sin(wt) cos(w)Sy;
0

as well as its average
oo Eg ‘pl ’|2
(0% = =5 Ris-
Finally, in order to compute Al as well as A{@[l] }, we consider the product
_ 2E5|py; [’ il

(T2 (T2 ks . (cos(wr)sin?’(wT)leRki+cos3(w7')si 7)S1;Ski

n(w
+cos?(wr)sin®(wr) (RujSki+ Sij sz)) .

Since (cos(wT)sin®(wr)) = (cos®(wT)sin(wr)) =0 and (cos?(wr)sin®*(wr)) = %, the aver-
age of this product is

E§pij |*pril?
(V5T = % (Ri;jSki+Sij Rii)-
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