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Abstract

We study the Cauchy problem for two systems of equations (Maxwell-Debye
and Maxwell-Bloch) describing laser-matter interaction phenomena. We
show that these problems are locally in time well-posed for initial data in
different Sobolev spaces. In the case of Maxwell-Debye system, which con-
tains some delay term, we study the limit of the solutions when this delay
tends to 0. We also consider an adiabatic approximation of Maxwell-Bloch
system.

1This work has been performed as the author was working in the CMLA, CNRS URA
1611, ENS de Cachan, France and LANOR, CNRS URA 760, Université Paris Sud, France
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Introduction

Our goal is an analytical study of equations governing the propagation of
light through a medium which interacts with the electromagnetic field corre-
sponding to this light wave. Thus we study two systems of equations which
have a similar mathematical structure : Maxwell-Debye system
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which describes the interaction of an electromagnetic wave with a nonreso-
nant medium which has a relevant response time and Maxwell-Bloch system
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which describes the interaction of an electromagnetic wave with a resonant
medium which is constituted by a gas of two-level atoms.

There exists already various articles about a simpler version of Maxwell-
Bloch equations, which consists in neglecting the Laplacian (V?) with respect
to the x and y space variables. Thus we neglect the transversal variations of
the field, i.e. we consider a (141)-dimensional problem.

In an article of Constantin, Foias and Gibbon [4], this (141)-dimensional
equation is studied for periodic boundary conditions with respect to z. Then
the system happens to be a nonlinear hyperbolic one. They study the global
existence of solutions in L? and construct a finite dimensional universal at-
tractor in this space. This attractor is constituted by C* functions. This
system has the complex Lorenz system as sub-system, when we restrict our-
selves to solutions with no dependence with respect to the space variable z.
This enables us to have an inkling of the complexity of the dynamics of these



equations.

Lega, Moloney and Newell [6] derive from the same Maxwell-Bloch equations
a complex equation of Swift-Hohenberg type which capture the main features
of the laser dynamics. They also analyze the stability of travelling wave so-
lutions.

Concerning numerical computations, we cite Martin, Pérez-Garcia, Guerra,
Tirado and Vazquez [7] who developped a linearly implicit finite difference
scheme for the Maxwell-Bloch equations (with no z-dependence) using a
multigrid technique.

We specify in a first part the derivation of both models. The following
parts are devoted to the study of the Cauchy problem. We are dealing with
solutions which are bounded with respect to variables ¢ (on a certain inter-
val) and z and belong to Sobolev spaces with respect to transverse space
variables, x and y. This is consistent with the physical point of view : the
propagation of a laser beam which is regular and localized with respect to
the transverse space variables. In the second part we show that the Cauchy
problem for the Maxwell-Debye equations is locally well posed in H?® for
s > 1 (smooth solutions) and next in H' and L? (weak solutions). In the
case when s > 1, we also show that, as the delay 7 tends to 0, the solutions
to Maxwell-Debye equations tend in H® to that of the Schrodinger equa-
tion which is the formal limit. The third part regroups a few results about
Maxwell-Bloch equations. We begin with the study of an adiabatic approx-
imation to finish with the Cauchy problem in H*, s > 1 for the whole system.

I want to thank here Professor Jean Ginibre, whose kind remarks made
possible great improvements in the proof of some results.



1 The equations of nonlinear optics.

We are dealing with models for the description of the propagation of light
in an active resonant medium. Since the medium has a huge number of
degrees of freedom, we restrict ourselves to a low number of them thanks
to various assumptions. The electric field is supposed to be a collection of
almost monochromatic wavetrains and we assume that the degrees of freedom
that directly or undirectly resonate with the electric field are the only ones
to have a longtime influence. The ingredients of the modelling may be found
in Newell and Moloney’s book [8].

We first begin with the derivation of Bloch equations that describe the
dynamics of oscillators (excited atoms) of the matter.
The state of matter is described by the wave function ¢ and the hamiltonian
operator H whose eigenvalues are the (quantified) energy levels and eigen-
functions are the basis states.
In the unperturbed state, the hamiltonian is denoted by Hj, the energy levels
by E; = hw; with eigenfunctions 1; respectively, verifying Hy; = hw;1);.
{®;} is an orthonormal basis of the phase space and we may choose eigen-

functions so that moreover /ﬁ%(ﬁ)dﬁ =0 and /ﬁ¢]¢;dﬁ =0.

We want to compute the polarization vector induced by the field E. Asa
general rule, it is given by

P= nae/ﬁww*dﬁ
where n, is the volume density of atoms, and e the electric charge.

The first step consists in using Schrodinger equation. We suppose that
is solution to
o

h— =H
oy = Y
where H is the sum of Hy and of the pertubation potential )V = —e / E.dR.

As E

—€

changes very little over atomic distances, we will consider that ¢V =
R.



The second step consists in ﬁnding how unperturbed states read. To that

aim we suppose that ( R t) Z a;(t w] . We obtain in a straightfor-

ward way that if H = H, then aj( ) = a;(0)e ™",
The third step is the computation of the polarization vector. We have

Potom = e/ﬁiw*dé =Y piPiy = Trip

ik
where the density matrix element p;, = a;a;, depends on time and the dipolar
matrix element pj, = e / ﬁw;‘zbkdﬁ not. We clearly have P = naﬁatom.

There remains to write dynamical equations for pj.
The fourth step is the derivation of "raw” Bloch equations (in that they
is too many of them). Using the particular form of H, we obtain

8ak
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and therefore for the density matrix elements

Opji . iE ZE
8_1]5 = —i(wj — wk)pje + 7 Zp]lpuc mepgz
1=1

The fifth step is devoted to the simplification of these equations. We know
how to solve the former equations if we neglect terms containing E, but this
may be only accomplished if they are actually neglectible. In practice, we may
neglect all — Z DjiPik — 25
close to w;, = w; —wg. Thus a large number of terms may ne neglected, their
sum is nonetheless non neglectible. The gradual loss from the few modes
we are interested in to the larger number of other modes is modellized by
adding a term reading —v;ip;x (751 > 0) in the equations for the n energy
levels we keep. We will not study the other equations. Thus we performed a
simplification of the equations as well as a reduction of their number.

The sixth step consists in identifying the possible resonances.

There may be some direct resonance, i.e. frequency w in E is near to Wik

Dikpji terms but those having frequences
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(E. > Djkprk type of products).
There may be D.C. rectification (E. S Pjipi; terms in which frequency —w in
E cancels the frequency w;; ~ w in py;, inducing a longtime cumulative effect
on py;).
Last there may be some parametric resonance as one of the binary combi-
nations of field difference frequencies +w, with dipolar difference frequencies
+wy, are equal to other difference frequencies fwjy.

Thus for the n levels we consider, we have

(9pjk . ZE - - E
o = Hwi —we)pi + - ;Pﬂ/)lk - ; kPl (1.1)
and the polarization vector is given by

P = n,Tr pp. (1.2)

Last we derive Maxwell’s equation governing the envelope of E.
Maxwell’s equations are

v.D 0, electric Gauss equation,
V.B 0, magnetic Gauss equation,
. oB
VXE = —E, Faraday equation,
> o oD
VxH = e + 7, Ampere equation.

E is the electric intensity field, B the magnetic induction field, D the elec-
tric induction field and H magnetic intensity field. These fields are connected
through the relations B= ,uH and D = egE+ P where € and 1 are the dielec-
tric constant and the permittivity of the matter respectively. We consider
here that the electric charge density p and the electric current density 7 are

zero and that p is constant and equal to pi9g = — where ¢ is the speed of
€pC
light in the vacuum and ¢ the dielectric constant of the vacuum.

Then we easily obtain
~, - 10*E 1 9°P

2
ViE = Gy coc? 02t (1.3)




2 Maxwell-Debye equations.

2.1 Modelization.

The presence of an electromagnetic field induces a variation of the medium
refraction index, which we assume here to be nonresonant and with a non
neglectible response time 7. Let D = eon(w)E be the deplacement electric
field, where n(w) is called index of the medium and reads

n(w) = no(w) + on(E).

The equation for dn is Debye’s equation, namely

85n
at + on = n2|E]2

This evolution law is relatively intuitive if we notice that for a medium that
reacts ”instantaneously”, we have n(w) = no(w)+no|E[>. We split the polar-
ization vector in a linear polarization P, = e(n2(w) — 1)E and a nonlinear
one Pyy = 2egnodn(E)E. In the case of an unidirectional wave, we may set
E = eA(F,t)ei*=+1) 4 c.c. and (1.3) becomes

(3+”° a)A——V2A+z—5nA_0

0z ¢ Ot 2k
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In what follows, we will write n instead of dn.

2.2 The local Cauchy Problem.
2.2.1 Setting.

We set 5 - _t —z and A(CL’ Y,z t) (Sata Z, y)a n(%% Z7t) = ﬁ(§’t7 x,y)
Maxwell- Debye equations (2.1), after this change of variable, read

No @A ] 2 .
~ —%V A+ z—nA 0,
(2.2)
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Anew we make a change of variable n = ﬁw’%g, yielding the new system :

ny 0A i 9+ W

——— — —ViA+i— 6 A =
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_— —_— = A TCE
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We study the transport equation with ¢ as evolution variable, and hence,
c

setting =(t) = § + —t, where &, refers to a particular caracteristic,
o

d on. on.
GmEO.se) = (GE0+ ) E0 ).
cdm  Oom\ _
— (S5 + 5 ) G0,
_ .

m(EQ), t;2,y) = m(E(to), to; ©, y) +/ —ZIAE(Q). G2,y) 267220 g

to
From now on, we stay on the caracteristic containing the point (¢,£) = (0, &),
c c
hence Z(t) = § + —t and Z(¢) = & + —C.
Un) o

_ C
m(fo + n_tv t7 xz, y) = (50 + tOv Z(:07 x y)
0

t
n —
* / —2\A<£o+—c,<;x,y>\efc@* 0°d.
T o

to

The first variable is useless since we only consider one caracteristic, therefore
we set

m(& + —t tx,y) = m(tz,y),
(& + —t txy) = n(tzy).
t
s s Ng, « )
m@m@zMWLwﬁ/fmmnwa“‘%a
to
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and accordingly
¢
- - ng, = <
nt;z,y) Zn(to;x,y)+/ flA(C;x,y)IQBTdC.
to

We combine this result with the Schrodinger equation. We still do not choose
a particular ¢ but we suppose it is fixed.

g(; Y) — 2k 2A(t; x,y)+

t
+is {ﬁ(to; ,y) + / Z2IA(G x,y)\QeﬁdC} e T A(t;z,y) = 0.
n() t() T

We now write the integral formulation of this equation using operator U(t)

ted to the li £ e
aSSOCla e O e linear part — —

V2A = 0 of the former equation and

omitting variables x and y.

~ ~ ! Wo | - ? g 2 g

At) = U(t—tl)A(tl)—/ U(t—&)zn— {n(to) +/ ?|A( Q)| efdg} —+ A(6)d6.
t1 0 to

Let us fix the initial data, i.e. values for ¢, and ;.
We arbitrarily set ty = t; = 0. Initial data for A and n, are called ¢ and v
respectively. Thus we get

A(t) :U(t)go—/OtU(t—e)f;—z{w/oe%m( )|2ng}

Proposition 1 If A and n belong to L>(z;0,T; L?), then problems (2.2)
and (2.3) are equivalent.

“HQE

A(0)do. (2.3)

We try to carry out a fixed point method on formulation (2.3) in order to
prove local existence for the Cauchy problem. From now on, we treat ¢t > 0
as a time variable and we consider two space variables  and y. Boundary
conditions in x and y for A are 0 at +oo and —oo.

We will perform a fixed point method. To that aim, we set

PAM) =U(t)p — /Ot Ut — e)z":—z {1/ + /09 %A(g)ﬁefdg} e * A(6)do.

We want to show that for a certain functionnal space X, R > 0and 0 < a < 1
and for all A, B € Bx(0,R), we have ®A € Bx(0,R) and ||[PA — PB| x <
ol|A - Blx.



2.2.2 Estimates on operators.
Let us first set .
Usft)= [ U= 0)f6)as
0

and similarily

hx g(t) = /0 Wt — 0)9(0)d6

1
where h(f) = —e7/7.

With these notations we have :
DA() = U(t)p — i-2U * (y + noh % {|A|2}21) .
N

In this section we state some results about this operator *.
First of all we recall the definition of an admissible pair :

N N 2
A pair (g,r) is said to be admissible if SR where N is the space
r q
: . 2N . .
dimension and r € [2, m) ([2,00) if N =2, [2,00] if N =1).

Lemma 1 There exists some K > 0 such that for all f € L*(0,T; H®),
||U*f||L°°(O,T;HS) < K| fllero,m;me)-

Lemma 2 If (¢,r) and (v, p) are admissible pairs, there exists K > 0 such
that

|U * fHLq(o,T;Wsm) < KHfHLW'(O,T;WSvP’)v
for all f € LY (0,T; W*#").

Lemma 3 (Strichartz estimate) If (q,r) is an admissible pair, there ex-
ists a constant C only depending on N and r such that for all ¢ € L?,

U @)l LamsLr@ny) < Cllollze.

The proof of the two first lemmas may be found in Ginibre and Velo’s article
5], for Strichartz estimate see [9].
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T
Since h belongs to L'(0,T) with norm (1 —e~%/7) < min(1, =), for some
T

positive function g, we have

||h * g||Lq(07T;Ws,p) < ||9||Lq(0,T;Wsm),

2.2.3 Existence and Uniqueness for smooth solutions.

The first idea is to seek smooth solutions, i.e. treat the case when X is an
algebra, thus we will set X = L>(0,T; H*) N L*(0,T; W**) with s > 1.
Remark :

If we consider the initial variables, this corresponds to a L>(&; L>(0,T; H*))N
L>=(& L0, T; W*4)) regularity.

Theorem 1 i) For all (p,v) belonging to H® x H® with s > 1, equation (2.3)
has a unique solution in X = L>(0,T; H*) N LY0, T; W**) for some small
enough T

i) Solutions depend continuously on the initial data, i.e. :

if Ae L=(0,T; H?) N L*0,T; W*4) is solution to Mazwell-Debye equations
for the initial data (@, v), ¢, and v, tend respectively to ¢ and v in H*®, then
for some large enough p, solution /Nlp to Maxwell-Debye equations associated
to initial data @, and v, tend to A in L=(0,T; H*) N L*(0,T; W**4).

Proof of i)
Let us set ®A(t) = I + II + III with

I=U(t),
iy (et
II = znOU*(Ve A) (1),

11 = —i

OZ‘QU* (h*{|[1|2}[1) ().

n

Thank to the above estimates, it is straightforward that for any admissible
pair (q,r) where r < 4 :

[l s o.mwery = Crll@]l s,
where Cy =1,

11| oo rswery < CT || s | All oo o,7501),
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|| ao.rwery < CTN AN o0 7,105)-

Hence

1Al x < L+ C)llelus + CT|vllm[lAllx + CTI A%
Let a = ||| =, we set R = 2(1 + Cy)a. For some small enough time 7', we
do have

|®A||x <a+ CT|v||gsR+ CTR? <R.

We next have to verify that ® is a contraction.

(PA—OB)(t)=I'+1I'

where w R
I'= iU« (ue*?(A - B)) (1),

i [U* (h* {|A|2}A) U« (h* {|B|2}B)] ().

The same estimates yield :

I = — 2

11 || oo ey < CT || | A = Bl oo o859,

Hs

' o, rymery < CT (”AH%OO(O,T;HS) + ||B||%°°(O,T;H5)>
X || A = Bllzoo(o,r;mre).

Hence

[(@A—®B)|x < CT{[Ivllu+ | AI% + B3} 14— Bllx.

Keeping the same R but possibly reducing 7' once more, ® is contractant
in Bx(0,R). We obtain local existence and uniqueness in time for smooth
solutions to Maxwell-Debye equations in an integral form. This ends the first
step of the proof of theorem 1.

Proof of ii)
The second step is proved in the same way than the contraction.
This completes the proof. [ ]

Remark : In the former proof, right hand sides only depend on norms in
L*>(0,T; H*). Hence we might have done the same analysis in L>°(0,7; H®)
only.

12



2.2.4 Existence and Uniqueness of weaker solutions.

Now let us study weaker solutions, i.e. in X’ = L*°(0,T; HY)N L*(0,T; W4)
and X = L*0,T;L*) NC(0,T;L?).

Theorem 2 i) For all (p,v) belonging to H' x H', equation (2.3) has a
unique solution in X' = L>(0,T; HY)NLY0,T; W) for some small enough
T.

ii) For all (o,v) belonging L* x L?, equation (2.3) has a unique solution be-
longing to X~ = L*(0,T; L*) N C([0,T); L?) for some small enough T. More-
over A belongs to L4(0,T; L") for every admissible pair (q,r).

i11) Solutions depend continuously on the initial data in an analogous sense
to that given by theorem 1.

Proof of i)
Let us show that ® maps some ball By (0, R) in itself.

Le (gq,7) be an admissible pair. We obtain the following estimates :

[ zaorwrny = Crllelar,
where Cy =1,

V|| a0y < C

e_ﬁl/fl(t)’

L2(0,T5LY)
CT"?||v|| g2l All e (0,7:12)-

N

| |paoriry < C Hh * {|A|2}A‘

LA/3(0,T5L4/3)

< cnxudr K 7

L2(0,T;L2) LA(0,T;L%)
< C||h|||||A)? . ‘21) ,
< ol APleoran 4], 0
< CT3/4HA||?£<>0(0,T;H1)'
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Let us now study the gradients :
Let us set V1[I = II; + II, with

W _t 1
I, = —zn—ZU* (Ve TV1A> (1),

I = —i“°U « (vlue—fﬁ) ().

11 || oo,z

[ 12| Lao,7; L)

U

IN

C He’él/vlfl‘

L2(0,T;L1)
< CTY2 ||| 1 IV1 Al Lo 1:22).

IN

C

e_ivlufi‘

L2(0,T5LY)
CT"2||V1v| 2| Al| 1= (0,7:22)-

A

We may now write VIl = III, + I, + III3 with

1L =

I, =

I3 =

[ 111 || ago.rizr)

We also have :

IN

[ 11| ago.r;zr)

IA A

—1

—1

—1

.WoT2

hU (h* {\AP} v1£1> (1),

Won2

U*<h*{VPL@}A>@L

U*(h*{AVUF}A>@)

N
.WoT2

)

< Cllhx |A|2||L4/3(07T§L4)”VlAHLOO(O,T;L?),
< CHAHiS/if(o,T;LE%) ||V1A||L°°(0,T;L2),
< CT| Al w0501

e Hh* (Vidd)

||A||L°°(O,T;L8)7

LA/3(0,T;L8/5)
Cl| V1Al Lo 0,752) | A" as3 0,115 | All Lo (0,7:28)
CT* || A3 s (o 1:111)-
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In the same way
13 ooirizry < CTY Al o )

If we set for example R = 2(1+ Cy)||¢||x’, and choose some small enough T,
® maps the ball Bx/(0, R) in itself.

The proof for the contraction is done using the same sort of decompositions
as in the case of H?® solutions and with the same estimates than above. With
a possible new reduction of 7', ® is a contraction from Byx/(0, R) in itself.
This shows the first part of theorem 2.

Proof of ii)

Most of the useful estimates have been derived in the course of the proof
of 1). We now follow Cazenave and Weissler’s proof [3] for the Schrodinger
equation in L? with the critical exponent.

Let (¢q,7) be an admissible pair.

11|l ao,r;zry < Calloll 22,
|| oqo.riery < C'TV2| || 2| All oo,

. (T ~
sz < Cmin (7,1 1Al ey

We first choose r = ¢ = 4 and with the same sort of estimates for the differ-
ences, we find out that ® is a contraction in Brar,z4)(0, R) for some small

R
enough 7" and R such that Cy||¢|| L2 be lower than 3

This yields existence and uniqueness of a solution in this space. Now consid-
ering any admissible pair (¢,r), we find that A belongs to C([0, T]; L?) and
La(0,T;L").

Proof of iii)
The proof for the continuity with respect to the initial data is similar to that
of theorem 1 using the same type of estimates than above. [ ]

Remark : In the proof of theorem 2, right hand sides only depend on norms in
L>(0,T; H). Hence we might have done the same analysis in L>(0,7; H")
only. We use L>(0,T; H') N L*(0,T; W**) because this space is needed for
global existence proofs.
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2.2.5 Regularity result.

In what follows, we show that the existence time of the solution to Maxwell-
Debye equations for some given initial data is the same in all the spaces H?,
s > 1. This result is given by

Theorem 3 Let (¢,v) € H' e x H'¢ ¢ >0, and A be the mazimal solution
to Mazwell-Debye equations in H'¢. Let T\, be its existence time. Let us
moreover assume that (o, v) € H® x H® with s > 1 + ¢, then A is solution to
Mazwell-Debye equations in L>(0,T14¢; H?).

Proof :
To prove this, we consider the integro-differential form of Maxwell-Debye
equations :
A ic ~ Wy " ny, ~ ¢ ¢~
— — — VA +i— —|A(Q)Perd “rA(t) =0.
o - vt fos [RUQRtach e i)
Let J® be the operator (1 — V%)%, We denote by (-, ), the scalar product in
L3(dx, dy).

2
Hs»

0A . 1d

Re (iV2A, J*A) =0,

1A()]

(ve T A(t), JPAY| < (JPve T A(t), J*A),
< NA®) aslvA®) ||+,
<

ClIA®) |2+ (HV\ILwHA(t)HHs + IIVHHstl(t)\ILoo) :

«

([ laoran S wrd| < o [ LaorAn.

<

=L dc, 2 A),

IA

VA g / A PA@®) e

- / A e I A I A 2
A |2 A 1)

< ClIA®)

HS
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Hs

< C|A(@)]

Dl / 140)
LOLAWM)E, / VA |2 mdC.

We assumed that A € L®(0,T; H'*) (i.e. T < Ti4.,) and that ||v||gs and
lol|zs are finite for s > 1 4 €. Using the fact that H'*¢ < L and setting
t

|A(C)||+d¢, we obtain the differential inequality :
0

y'y" < Cly” + yy).

As y = ||A(t)||gs > 0, we may divide by this quantity and set z =y +y/. z
is solution to the equation 2’ < (C' + 1)z with 2(0) = ||¢|| g, therefore

IA®)]

LelCHt

e =y <2 <|l¢llu

2.3 Limit as the delay tends to O.
2.3.1 Existence of solution on a time interval independent of 7.

The former estimates are uniform with respect to 7 (as it tends to 0). Indeed
for the study in H®, we have

1RAllx < [l Allx + CT| A%

ms +CT|v|

Hs

|(@4— ®B)|x < CT {IIllae + A% + 1BI3 } 14— Bllx.

We notice that the situation is the same (with other powers for T') in the
case of H! estimates. Therefore we may state that the solutions to Maxwell-
Debye equations (in the two former functional contexts) exist on a time
interval [0, 7] which does not depend on 7. With this result, we may study
the limit of the solutions to Maxwell-Debye equations as 7 tends to 0. Since
equations formally tend to the cubic Schrodinger equation

0A e _,
ot QkOVA

we hope that the solutions will tend to the solution to this equation.

wo”z

|A| A=o, (2.4)
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2.3.2 Passing to the limit for strong solutions.

Theorem 4 We assume that the initial data (for A and 1 ) are uniformly
bounded in X = L*(0,T; H®), s > 3, and that as T tends to 0, the initial data
@ strongly tend to ¢ in H®. Let A be the solution to the cubic Schrdodinger
equation associated to these initial data ). Then, as T tends to 0, the sequence
of A strongly tends to A in X.

To show this theorem, we will use as main ingredient Ascoli-Arzela’s the-
orem.
The assumptions on the initial data in theorem 4 ensure that the sequence
of solutions is uniformly bounded in X. Moreover
0A ic ~
—(t) — ——V2A(t
ot ) = g ViAD+

i {ye_t/Tfl(t) + g (h X |A|2) } A(t) = 0.
No

We consider the case when H*™? is an algebra (for more simplicity in the
computations), i.e. s > 3. Then

OA c N
Rk Age)|
ot - ano () Hs
Hs—2
“o —t | 5
- s—2 o A t H
F2 g A0
WoTl2 712 i
FE x| AP Ao
c ~
< Age)|
- ano H () Hs
(.UD 1112 ~
2 (Wlles + mall A ) IAG) -

For some small enough 7', this is bounded uniformly in 7 in X. By Ascoli-
Arzela’s theorem, we may state that there exists a sub-sequence A which
tends in C(0,7; H5~¢) for all € > 0 to a function A as 7 tends to 0.

There remains to check that this limit is solution to the cubic Schrédinger
equation (2.4).

We easily notice that l/e_ﬁfl(t) tends to 0 as 7 tends to 0. The only term
which sets us a problem is the nonlinear one. We also want to show that
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~+

(C; 2, y)|2e = dC tends in a certain sense to |A(t)|2.

S

(Q)Pe = d¢ — A

ES

ﬁc\
A=

_t_n1~ 2 <t 1 2, ¢ 2
= [ AR acs [ AR - Ao
_ T L AopeSac s [ AR - A0S
= [ RAQRSF [ Z0AQFR - 1A P ac

t
1 =t _n
[ AR - 40P - e A
t—n
We very easily estimate each term of this sum in the H? norm where o is
lower than s.

By the convergence result, for all o there exists some 7y such that for all
T < T,

| 1A - 140R) a¢

-n

< a.
HO‘
By continuity and hence uniform continuity on [0, 7] for A

AP = 1A®P|,. < @

as soon as ( —t < n and therefore

| Haaor - 1awmea

-1
For some given ¢ this fixes 1. For this 7,
t=n 1 . _ ~112
[ raoreTa| <[4 (e - f).
0 T Ho X

which tends uniformly to 0 on [0,7]. And last He’g |A(t)]?

7 tends to 0.

We notice that all these results are uniform with respect to the time, hence
we obtain the strong convergence in L*(0,7T; H*~).

Thus we did prove that a sub-sequence (and consequently the whole se-
quence) of A converges in L>(0,T; H*~°) to the solution to the cubic Schro-
dinger equation.

<e.
H(T

tends to 0 as
H{T

19



2.3.3 Passing to the limit for weak solutions.

We proceed in a similar way to the smooth solutions case. We may not

use the algebra structure any longer, but estimates are still easy to obtain.
Indeed :

oA C o« N
% < HA@H o Jrerao]
2kng Loo(0,T;HY) Loo(0,T;H-1)
Loo(0,T;H-1)
oo [ (n=140F) At
L (0,T;H-1)
< A(t)H ve At H
ano o0 (0,T5H1) ng Lo (0,T;L3/4)
ot [[(r=140F) A
L°°OTL3/4)
c -
< At H At H
—  2kng ®) LOO(O,T;H1)+TL HV”Lm ®) Lo (0,T;13/2)
won .
L2 A2 ‘A H ,
ng Lo°(0,T5L2) Loo(o,T;L4)
< 5 —|Am)| + 22 ) || A
— ||lv
—  2kng Le=(0,T;HY) My Ht Lo (0,T;HY)
+c°"0”2T1/2HA H .
Lo (0,T;HY)

The rest of the argument is analogous to the former one. We may state the
following result :

Theorem 5 We assume the initial data (for A and n) to be uniformly
bounded in X = L>*(0,T;H'), and that as T tends to 0, the initial data
@ strongly tends to v in H'. Let A be the solution to the cubic Schriodinger
equation associated to the initial data ). Then, as T tends to 0, the sequence
A strongly tends to A in X.
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3 Maxwell-Bloch equations.

3.1 Modelization.

We will now write Maxwell-Bloch equations which describe the interactions
of an unidirectional electromagnetic wave with a medium of gas of two-level
atoms. As we neglect the Doppler effect, polarisation reads

—

P = ng(prap12 + Porpar)-

We moreover suppose that the field is polarized in a unique direction
which is perpendicular to its propagation direction z. Without any loss of
generality, we may assume that the direction of the dipolar matrix element
is parallel to that of the electric field. Hence we have

— —

E = A(z,y, z, t)ei(w/c)ze_i%t + c.c.
(where c.c. stands for the complex conjugate) and
P = E(:c, y, 2, t)el@/zemiwet ¢

Moreover we make the slowly varying envelope approximation. Then equa-
tion (1.3) becomes
oA 10A c >
- —i—V?A
0z + c Ot Z2w 4t c 2¢0C
where x describes losses due for example to mirrors.
Let us denote by é the polarization direction of the field (i.e. A(z,y,z2,t) =
¢A(x,y,z,t) ) and p the modulus of pj;. Then we have

i(w/c)z—iwt )

nepp12 = L(z,y, z,t)e

N
Writting Bloch’s equations for pjp and pas — p11 = — (we neglect terms
na

+2iwt ) assuming that ;7 = 790 and setting

containing second harmonics e
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Wi = W1 — Wo > 0, we get

(0A 10A ¢ _, K W
E—Fga— Zle—l—zA—?ocL,
oL , ip?

< E + (712 —+ z(w12 — w))L = %AN,
ON 21
— N = —(A"L — AL").

| o TN = 5 )

We have to pump energy to the medium in order to keep it active, i.e. we
force a part of the atoms to be in an excited state. The simulation of this con-
tribution is given by the constant term 71Ny in the equation governing the
inversion number N. Maxwell-Bloch equations governing an unidirectional
wave, polarized in a single direction, in a medium constituted by two-level
atoms are also

K

) .
i T v A Py 5}

9z + c ot 2w c 2€0C

oL . ip?

E + (’712 + Z(wlz — w))L = %AN, (3‘1>
ON

21
—_— N — Ny) = —(A*L — AL").
. B + 711 ( 0) h( )

3.2 Study of the quasi-steady state equation.

Neglecting time variations for L and M (adiabatic approximation) we obtain
new equations :

( 0A 10A ¢

2 Mg
82+08t 2wv1 +c ’

2600

;2
. ]
(2 +ilwiz = w))L = "= AN,

-

L 711(N—N0) = 2 A*L—AL*)
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Carrying out substitutions, we get

0A 10A 9
— 4+ -———1—V7A A = —L 2
0z + c Ot 2 V + 2¢€0C (3.2)
where - .
=% . (12 — i(wi2 — wl)NoA (3.3)
h Vi + (W12 —w)? + ;«71112 |A|2

If we set £ = ct — 2z and A(wv,y,2,t) = A(&,t; 1, y) and analogous notations
for L and N, we obtain

0A
94 T PAr kA M
o o Vit o

We easily notice that

At Pdxdy + /i/ A(t)|Pdxdy
Typ——

NolA(t)|?
_ / Y12 No| At i‘ dxdy.
260h Je2 oy + (win — w)? + F2|A(D) 2

h2y11

(3.4)

Hence there exists a constant D such that

0

5 |A( VPdxdy < D |A )|*dxdy.
The second member has the same sign than —NO.
In the case when Ny > 0, we may use 0 as upper bound and set D = —2k < 0.
In the case when Ny < 0, we use

2 N,
_wp i 7120 /|A ) [2dady
2e0h iy + (w12 — w)

wp Y12Vo
GOh ’}/122 + (UJ12 — w)2’

as upper bound and set D = —2x — which is nonpos-

itive if )
wp —Y12No

> . .
2€0h ’)/%2 + (wlg — w)2
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By Gronwall’s lemma

/R2 |A(t)[Pdzdy < (/R2 |A(0)!2dxdy) oDt (3.5)

On a finite time interval, the L? norm remains bounded. This bound is
independent of time and tends to 0 as time tends to +oo in all the cases
when we may choose D < 0.

We clearly have local existence and uniqueness of a solution in L? and (3.5)
ensures that this result is in fact a global one.

To establish a theory in H', it suffices to notice that

Vil = (o + OIAP)?

2

¢ . 4 2
where ' = %(’Yl? —i(wiz —w)), & = + (wiz —w)? and § = LIELY

72
Estimating in the same way than in the course of the study of Maxwéﬁ—lDebye
equations in H!, we obtain the local existence and uniqueness of a solution
to this quasi-steady state equation in H!.

An other possible estimate is

0|1
5 50+ ) [ 1Ay + B2 [ ()

" {%%2 + (o —w)) + 2 ”“’No] |A@)[dady
R

2€0h
P Y12 TN 14
+4dx———= A(t) | dzdy=0.
b | 1AW dady

If D < 0, the quantity

wp* Y12
260h

k(15 + (w12 — w)?) + No

is positive. 4/<ap—£ is also always positive. Then there exists a constant C'

h? 711
such that
0|1

5 50+ o) [ 1Az + 512 [ )

—i—C{ (V3 + (w12 — w)?) / |A(t)|*dzdy —i—p %2/ |A(t |4dxdy]
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and by Gronwall’s lemma

1
[2(712+(W12—w / |A(t)|*dzdy —l—p %2/ |A(t) 4da:dy}

1
{2(712+(w12—w / |A(0)dzdy +p %2/ |A(0 4da:dy]

Hence L? and L* norms of A(t) decrease with time.

2
. = p 1
M t that || L(t)||2 < Nol||A(t)]| 2.
oreover we notice that ||L(t)|z2 < W% T (o = w)g)l/g\ ol [1A()[ 2

Theorem 6 The Cauchy problem is globaly well-posed in L? and in H* for

the adiabatic approrimation of Maxwell-Bloch equations. Moreover, for cer-
2 —~io N _

WP . M2-Yo >, L? norms of A

B Qth Y12 + (wlz — w)2

and L tend to 0 when t tends to 4+o00.

tain values of the parameters <m >

Remark : This damping is clearly due to the positive coefficients x and ~5.

3.3 The local Cauchy Problem.
3.3.1 Setting.

Let us consider again Maxwell-Bloch equations in the form :

((0A 10A

_ —_— 2 e
0z +C(9t 2 VA+ A 2606L
. ip?
a + (712 + Z(wlg — w))L = ?AN,
\ E—i_%l(N Noy) = h(A L— AL").

Maxwell-Bloch equations, rewritten after the change of variables ¢ = ¢t — 2
and with the same notations than for the quasi-steady state equation, are in
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the form :

(A 2,
— - A+ kA= —L
ot 22 vid+ 20
oL 0L , i
c— —|— —|— (712 +i(wiz —w))L = ZﬁAN, (3.6)
o€ h
ON 8N 2%, -~ -
C——+ —— + ’)/11(N N()) Z(A*L — AL*)
WS h
We set M = N — N, hence :
( 2
0A cc
— = A+ kA= —L
5 22 ViA+k 2eg
8E oL _ip? - o
Gt e t il —w)L = %(ANO + AND),
oM  OM 2,
— 4+ c— M= —(A"L — AL").
| B e T =5 )
We write this in an integral form using the operator U associated to the
2
linear equation 5 zzc—VQA = 0 and considering as initial time ¢y = 0.
W

Initial data for A, L and M are respectively called ¢, A and p.
(Al tiay) = Ult)p(&sz,y) ‘
+ / Ut — 0) {—,@-A+ EL] (€,0; 2, y)db,
0 2¢9
L& tey) = AE—ctiy) »
+ / {—(%2 +i(wi — w))L + %(ANO + AM)]
0
(& —c(t—0),0;z,y)do,

n /Ot{ 711M+h(A*L AL*)} (€ — ot — 6),0: 2, y)db.
(3.7)
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Proposition 2 If A, L and M belong to L>=(£;0,T; L?) then problems (3.6)
and (3.7) are equivalent.

We want to use a fixed point method, therefore we set

(& tmy) = Ult)e(&oy) '
_ W —
+ /0 U(t—0) {—/@A—i— 2—604 (&,6;x,y)do,

(& tizy) = AME—ctim,y)
et i(n — w)E 4 (AN, + AND)
+ [ =tnt il =)L+ T (AN +
(& — clt — 0),0;2,)do,
Py tia,y) = W —ctya,y)

+ t {—vm + 2L - AE*)} (€ = clt = 0), 0; 2, y)db.
0 h

\

3.3.2 Existence and uniqueness of smooth solutions.

We will seek a solution belonging to (L>(&; L>(0,T; H(x,y))))® =: X? for
s> 1.

Theorem 7 i) For all (p, A\, ) € L>®(&; H®) x L*>®(&; H°) x L>(&; H?), equa-
tion (3.7) has a unique solution in X3 = (L*®(&,0,T; H®))3 for a small
enough T .

ii) The solutions depend continuously on the initial data in a similar sense
to theorem 1.

Proof :
1P L ormsyy < WU oo (0.1,m5 (2

t .
/ Ut —0) {—/f/_l + ﬂi] (€:0)d0
0 260
< el

- K H—M@H;—:E(@

9

+ ‘
L>o(0,T;H* (z,y))

Hs(z,y)

)
LY(0,T;H*(x,y))
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< @l sz
+ KT (HA<€)HL°°(O,T;HS(x,y)) + HE<€>HL°°(O,T;HS(Ly))> ’

Hence ~ ~
1940l x < 1]z ety + KT (1A« + 121 ) -

||(I)Z||X < ||>‘||L°°(§;H5(x,y))
2

+T H—(m +i(wig — w))L + %(ANO + AM)(€ — c(t —0),0)

Y

X
Sz ere oy + KT (2] + [ Al Mo+ [| 4] [137]] ) -

In the same way

19wl x < Natll oo ooy + BT (1M ]| + ||| ([ 2] ) -

Hence setting

R
B} = sup (H%O“Loo(g;Hs(x,y)) ) H)‘HLoo(g;Hs(x,y)) ) ‘WHLO"(&;HS(w,y))) )

® maps the ball Bys(0, R) in itself for a small enough 7'

Concerning the contraction, we consider two solutions (A, Ly, M;) and (Ay, Ly, M)
to the system with the same initial data at time ¢ = 0, we obtain (omitting
variables x and y)
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(P4, — P4,)(6t) = /0 U(t—90) [—R(Al — Ay) + ;—:)(Ll - LQ)] (£,0)db,

(@, — BL)(E1) = A[—wu+wa—w»@y—L>

b+ (A = ANy + (A — o) + (3T, — M2)A2>}

(& —c(t—0),0)do,

t

(q)Ml —(I)MQ)(5§t) = {—711(]\_41 _MQ)

(4 = ALy — (& — Ay)I;

Carrying on the same type of estimates than before, we obtain (after a pos-
sible restriction of the time interval) the fact that ® is a contraction in the
ball, we consider. This yields existence and uniqueness in X3, i.e. the first
part of the theorem. We show the continuity with respect to the initial data
as in the case of Maxwell-Debye equations. ]

As for Maxwell-Debye equations, the existence time is the same in every
H?. This result is given by the theorem

Theorem 8 Let (p, A\, ) € L>®(& HO) X L(&; H ) x L°(&; H'™), € > 0,
and (A, L, M) be the mazimal solution to Mazwell-Bloch equations in H'T€.
Let Tyy. be its existence time. Let us moreover suppose that (p,\,pu) €
L& HS) x L2(&; H?) x L2(&; H®) with s > 1+ ¢, then (A, L, M) is solution
to Mazwell-Bloch equation in (L>(0, Ty ; H®))®,

Proof :

The method is the same than in the case of Maxwell-Debye equations, but
this time we are not dealing with a single equation.

We keep the initial form for the equation for A and we consider the equations
for L and M after a method of the caracteristics, we choose a single carac-
teristic curve and we define A, L and M as for Maxwell-Debye equations,
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then we obtain :
(DA g ~ w
a(t) = lﬂle(t) _HA(t)+2_q)L(t>’

L(t) = A+ /t — (12 + i(wia — w)) L + %(ANO + AM)} (6)do,

N - M+At_%mw%ﬁgi_gpﬂwma

(3.8)
We multiply the first equation by J*A and take the real part of the scalar
product in L?. This yields the first estimate

1d
2dt
and taking into account the fact that x is positive,

m+04naw

Then we compute the H® norm of the two equations for L and M, together
with the fact that the H'*¢ norm is bounded on the interval of time, we
consider, which yields :

L@ < (A

IA®) |17 + sl A

i < CILO = [ A®) |22+,

IA(®)]

s < |l psdf.

Hs

n qéwmm

=+ [|A(0)]

=+ || M(6)]

Hs }d@,

182 (t)]

we < |plla

+ C/O{HM(G)HHS+HA(G)HHS"‘HE(Q)HHS}CM'

Then we get
IA®) || + | L(2)]

e+ | M(t)]

we < (llpllas + 1A

+ ¢ [ (1o

and by Gronwall’s lemma, the existence time of the solutions to Maxwell-
Bloch equations for initial data in H* is the same as in H'*€. [ ]

He)

we + || L(0)]

s+ ||l

=+ || M(9)|

H) 9
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4 Conclusion

Except for the adiabatic Maxwell-Bloch equations, all the results we obtain
are local in time. A natural question would be the global well-posedness of
the Cauchy problem both for Maxwell-Debye and Maxwell-Bloch systems.
This problem is usually studied for a H' regularity. The case of Maxwell-
Bloch equations seems very difficult since there is no conservation law and we
do not dispose of any H! local well-posedness result. Concerning Maxwell-
Debye equations the situation is a little better since the L? norm of A is
conserved and we have local H' results. Unfortunately we do not have any
H?' conservation law. All attempts to overcome this difficulty have been vain
until now mainly because of the non local in time character of the equations
and the fact that many terms we want to estimate have no definite sign. This
question is also connected to that of finite time blow-up.

Other results are in preparation as the existence of solitary waves.

The models we present here are among the simplest in nonlinear optics.
There exists numerous other systems which are similar to Maxwell-Bloch one
but with a larger number of possible excited states. For a three-level atom,
we obtain coupled Schrodinger equations with six transport equations :

o 10 w

2. " ‘&) At 2kv2A1 o= 12e§c”“plm"m“

i_8+18 Ay + V2 Ao + 035 = i =2 nupamo
82 8t 2 o 2 2412 — % €oC aP2mOm2,

;011 + 7ﬁ(011 — oY) =

%t

7

h
o

=z A2p2mam2

h

Omm + rYH (Umm - Ugnm) =

)
A1p1m0m1 hAlpmlglma
1

;022 T (022 082) —AoPm209m,
%t

ot

h

1
ﬁ(Alplmo-lm + AoPina0ima)

1
—— (Afplm(ﬁm + A;p2m02m) )

R

. i .

E(ﬁm + (Y1m + i(w1 + Wim)) o1 = ﬁplmA1<0-mm —o11) —
0 _ 1 .

aazm + (Yam + i(wa + wam))Tam = ﬁp2mA2<O-mm — 099) —
=012 + (712 + Z(wl —ws + w12))012 = —plmA10m2 - ﬁ

ot h

Maxwell-Debye equations also admit generalizations. This is the case when

7
hmeA 012,
(3

hplmA 021,

Pm2A20 1.
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we replace the monodirectional wave by two counter-propagating waves :
E =¢ (Alez(kz_“’t) + Ageilhz—wt) 4 c.c.). Then we obtain two Schrodinger
equations coupled with two delay equations :

0 un 0 7 9 o .Wo
(E + ?§> A — 2—]{;0V1A1 = —Z? (5710141 + 5”1142) )

0 nyd i W .
(—& + ?0§> Ay — 2—]{:0V%A2 = +Z?0 (5n0A2 + 5”1141) )

0
T&(Sno + 577/0 = N9 (AlAT + AQA;) ,

0 .
T@(Snl + 577,1 = TL2A1A2.

For these equations, the study of the Cauchy problem may be done following
the model of those carried out in the present article.

References

[1] M.J. Ablowitz, D.J. Kaup, A.C. Newell Coherent pulse propagation,
a dispersive, irreversible phenomenon. J. Math. Phys., 15, 1852-1858
(1974)

2] G.P. Agrawal Optical solitons. in Contemporary Nonlinear Optics,
Agrawal and Boyd ed., Academic Press (1992)

[3] T. Cazenave, F.B. Weissler Some Remarks on the nonlinear
Schrodinger equation in the critical case. in Second Harward Univ.
Symposium on Nonlinear Semigroups, PDE and Attractors, Washing-
ton D.C., 1987, Lectures notes in Mathematics, pages 18-29 (1989)

[4] P. Constantin, C. Foias, J.D. Gibbon Finite-dimensional attractor for
the laser equations. Nonlinearity, 2, 241-269 (1989)

[5] J. Ginibre, G. Velo The global Cauchy problem for the nonlinear
Schrodinger equation revisited. Ann. Inst. H. Poincaré, Anal. Non
Linéaire, 2, 309-402 (1985)

32



(6] J. Lega, J.V. Moloney, A.C. Newell Swift-Hohenberg equation for lasers.
Preprint (1994) Universal Description of Laser Dynamics Near Thresh-
old. Preprint (1994)

[7] I. Martin, V.M. Pérez-Garcia, J.M. Guerra, F. Tirado, L. Vazquez
Numerical simulations of the Maxwell-Bloch laser equations. To ap-
pear in ”"Fluctuations phenomena : Disorder and nonlinearity”, Eds.
L. Vazquez and A. Bishop, Nonlinear Science Series, World Scientific
(1995)

[8] A.C. Newell, J.V. Moloney Nonlinear Optics. Addison-Wesley (1992)

[9] R.S. Strichartz Restrictions of Fourier transforms to quadratic surfaces
and decay of solutions of wave equations. Duke Math. J., 44, 705-714
(1977)

33



