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1. I N T R O D U C T I O N  

Our aim is to prove some results about  a nonlocal Zakharov equation introduced by Zakharov 
(see [1, 2]). The derivation of this system is carried out for x ~ ~3, however, we will suppose 
t h a t x ~  R N , N =  1 ,2 ,3 .  

We study the following system 

I i~ + A~ = -B(n4~), 

~-2/~ _ An = AI4,[ 2, 

where B = VA-~V. 
We consider the initial value problem, that is 

I 
~(x, 0) = ~o(X), 

n(x, O) = no(x), 

nt(x, 0) = nl(x). 

The article is divided into four sections. In Section 2, we derive the equation f rom the 
physical equations according to Zakharov (see [1]). In Section 3, we study the local Cauchy 
problem for (4~0, no, nl) e H 2 × H 1 × L z. In Section 4, we study the limit of  the solution to the 
equation when 2 tends to zero. 

The nonlocal Zakharov equation may be connected with two other equations: the classical 
Zakharov equation and a nonlinear nonlocal Schr6dinger equation. 

The classical Zakharov equation is the same one with B = - I .  There is a link between the two 
problems. For example, they are the same in a one-dimensional space and also if we only 
consider radial solutions (because - B  is the LZ-projection on the gradients (see [3]). The point 
is to try to adapt  the results about the classical equation. We may cite different people who 
worked on this equation: Added and Added [4, 5], Sulem and Sulem [6], Schochet and 
Weinstein [7], and Ozawa and Tsutsumi [8]. 

For the existence and the uniqueness for the Cauchy problem, we reason as in [8]. It is 
possible to adapt  the method because of the continuity of  the nonlocal operator  B in a large 
number  of  spaces. The same results on the Cauchy problem would be obtained if we have 
another operator  instead of B, provided we always have these continuity results. 

To pass to the limit when )t tends to oo, we adapt  the proof  in [7]. Lots of  complications are 
due to the nonlocal term. First of  all we have to write the initial system as the dispersive 
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perturbation of a symmetric hyperbolic system, the nonlocal term yields some additional terms 
which make the derivation far more complicated. We then encounter some difficulties in 
estimating the different nonlocal operators of  this new system and need the use of  the theory 
of commutators  to solve these new problems. As for the previous problem, we may want to 
extend our results to some other operator B. We need the same properties as before, and some 
others. For example, we need to be able to define an operator  A such that VB~ = A V ~ .  

A nonlinear, nonlocal Schr6dinger equation is studied by Colin [3, 9]. It consists in taking 
,~ = oo. He obtains some results about  the local and global Cauchy problem, some finite time 
blow-up results and also standing waves and their stability. The limit we obtain when ~. tends 
to oo turns out to be the solutions to this equation. 

2. O R I G I N  OF T H E  N O N L O C A L  Z A K H A R O V  S Y S T E M  

This article deals with some equations introduced by Zakharov (cf. e.g. [1, 2]), to describe 
Langmuir  plasma turbulence. The physical description follows exactly these two articles. 

We consider the hydrodynamical  equations, the system of the Vlasov equations for the 
particle distribution functions and the Maxwell equations for the fields. This system is quite 
complicated, so we first simplify it. The idea is based on the fact that we can distinguish slow 
and fast processes in a plasma. We assume 

• the plasma is sufficiently uniform, 
• the magnetic field is sufficiently weak, 
• the nonlinearity level is not too high, 
• there are no transverse high-frequency electromagnetic waves, 

then the fastest process is the Langmuir  oscillation, whose period is rL - l/t-.Opl, tOpl being the 
Langmuir  frequency. 

The other time scale (when there is no magnetic field) is the period of ion-acoustical 
oscillations, their minimal value being x / ~ i / m e  times higher than rL, where mi and me denote 
the ion and electron masses. 

We average the dynamical equations on a period rL. We only consider long wave oscillations 
with phase velocities far larger than thermal ones. We neglect quasi-linear effects. 

We also neglect interactions between the different high-frequency oscillations, and obtain the 
linearized hydrodynamical  equations 

0 
Ot fine + div(no + an)V~ = 0, (1) 

eE. 
O aVe + Van = (2) 
Ot n m e 

Maxwell 's  equation reads 

1 02E  4~e 0 
c 2 0 t  2 + curl curl E + ~ - ( n o  + a n ) ~  a¥~ = 0. (3) 

Moreover,  we suppose that 

n = n o + a n  + a n e ,  

On, On e "~ /70, 
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where n is the electron density, f n  is the given low frequency plasma nonuni fo rmi ty  and fin e is 
the density variat ion due to the Langmuir  oscillations. E is the electric field and fiVe is the 
variat ion o f  the electron velocity, c is the ion sound velocity. Thus,  we have 

1 ( 0 2 E  ) 3V~ 2 fin 
\ ~ -  + 6o 2, E + curl curl E - ~ -  V div E + COpl c~n~no E = 0. (4) 

Next,  we suppose that  E = ½ ( E e x p ( - i c % l t ) +  l~*exp(icoplt)), where 1~ slowly varies 
(OE/Ot ~ COplE). Neglecting OZE/Ot 2, we have 

02E _~21E + lUApl ~ -  Ot 2 - ~ exp(--iCOplt) + exp(iCoplt) . 

Substituting this in (4), we obtain 

- 2 i  ~ ~ -  + curl curl !~ - ~ -  V div !~ = --(/)pl C---~n 0 E. (5) 

We need a second equat ion in order  to relate On and I/~l 2. 
We suppose that  the electrons are distr ibuted according to the Bol tzmann law 

[ (e(0e' -- (h)- / f n  -- e(Oel -- ~b "~ 1. (6) 
n = no exp -T~ ' n o T~ 

The ion distr ibution funct ion obeys Vlasov's  equat ion 

eno 
Ofi + ( V .  V ) f  i _ e V~el ~ = 0, and 6ni = ~ (~oel - 0) .  
Ot m~ 

We set 1~ = V~u, so div !~ = A~,, 

t: at  ~ -  div V div !~ = - ('Zkpl c2 div !~ , 

2 
- 2 i ~ 2  pl ~ A q /  ~ A ~  ' - C°Pl 

c c 2 \ n  o / 

thus 

A(2iO)pl~'t + 3V~A~')  = O)pldiv V~, . 
\ n o  

We mult iply (7) by ~,* and integrate by parts.  The imaginary part  yields that  

N O = i']vqJl 2 dx 
! 

is conserved. 

(7) 
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First  hypothes is .  The nonlinear phenomena have such a long period (r -1 ,~ kVr) that the ions 
have enough time to reach the Boltzmann distribution law in a low-frequency electric field 

~ n  ~Oel 
- e 

n o T/ 

Now, we also know that On~no = (e~Pel - O)/Te, therefore, 

equals (e2/4me~021)ll~ 12, hence 

fin - 0  
n o T/+ T~ 

(8) 

an - e z IV~z[ 2 

no 4me~o~ (r,. + T~) 
-~o Iv~'l 2 
4no (T/ + T~) 

This result together with (7) yields 

A(2ic%lq 6 + 3V~ A~) - 
_ e  2 

4 m e ( T  i + T~) 
div(lvq/I z v~,), 

( = . 
A i~/t q- 5 (.t)pl f 4meCOpl(T / + T~) dlv([V~u[2 V~,) ,  (9) 

3 A(i~u, + ~2DWp~ A~U) - -eo~p! div([Vq/] 2 V~). 
8no(Ti + T~) 

Second  hypothesis•  r -  1 ,> k Vr, . For low-frequency motions the hydrodynamical 
approximation is valid 

( 02 0 -  c 2 A ) O n -  1 A[E[2. (10) 
+ 2ys ~ 16~rm i 

We assume that the damping rate y, is zero. 

After some changes of  scale, we obtain the equations, we study. For the first hypothesis, we 
obtain 

A( i~ t  + A~u) = div(]V~,[ 2 Vq/). 

We can find some results concerning this equation in [3, 9]. For the second hypothesis, we have 
the following system 

I A(i~t + A~,) -- div(n V~), 

1 
~ n . -  An = A(Iv~,I2) .  
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3. EXISTENCE AND UNIQUENESS FOR THE CAUCHY PROBLEM 

In the s tudy of the Cauchy problem,  we will omit  the cons tan t  c z. It is obvious  to see that  the 

result will be valid for every value of c. Thus  we study 

I A(i~  + Aq/) = V • (nVq/),  (11) 

/~ - An = Alvqzl 2, 

that  is 

I 
i~t + A ~  = A - 1 7  • (n  V ~ ) ,  

?J - An = Alvq/I z 

I iV0z + AV~ = VA-1V • (n Vq/), 

- An = A[VqJl 2. 

We set ~b = VV/. This leads to the system that  we are going to s tudy 

I i6 + A0 = VA-~V • ( n , ) ,  (12) 

h - An = A[O] z. 

In the study, we omit  the fact that  0 is a gradient .  We nevertheless have i6 + A4~ = V f w i t h  

f = A- iV • (n¢). Taking  the Fourier  t r ans fo rm,  we get 

io t¢12g=i,Z 

¢~ + il~12~ = ~f,  

d (~  ̂eir,~12t) = ~?e/l~12t, 

~ e  il~12' - 0(0) = ~ f(~,s)eil~12"ds. 
,o 

As we have ~(0) = {g,(0), 

~ ( ~ , t )  = ~ q](~,0)e -i1~12' + f (~,s)  e-il~lZ(t-S)ds , 
0 

and  ¢ is a gradient .  
These computa t ions  are quite just i f ied.  We set B = V( -A) -~V.  This opera tor  is 

homogeneous  of order  0 in the Four ier  variable.  C a l d e r 6 n - Z y g m u n d ' s  theorem tells us that  B 
is con t inuous  in LP(~'),  for all 1 < p < oo, i.e. 

3 C p / ¥ f ~  LPlIButlLp <-- cpll/llL.. (13) 

A simple a rgument  tells us that  B is also con t inuous  in every W sw, for all 1 < p < oo 

3 C s , p / ¥ f e  W~'PlIBflIw.. <_ C,,pllf l lw,. .  (14) 
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W e  now fo l low the work  o f  O z a w a  and  Tsu t sumi  [8]. The system (12) reads  

l iO + AO = -B(nO),  

- A n  = AI~,I z. 

Sett ing F = 0 ~ ,  we fo rmal ly  get 

i F +  A F =  - B ( O t n ( O o  

h - A n  = a l ~ [  ~, 

(15) 

(16) 

~ ~ ~+1,1I~+ +(0o+ llr~)) + (oo+ f i~ ) l  
We cons ider  the  fo l lowing ini t ial  cond i t ions  

F(0) = i (A0o + B(noOo)) = Fo, 

n(0) = no, (17) 

Otn(O) = n~. 

We work  in ~N with 1 _< N < 3. 
We set 

X = [L=°(I; L 2) f~ LS/N(I; L4)] (~ [L=(I; H l) fq W~'°~(I; L2)], 

where  I = [0, T] .  W e  suppose  tha t  (0o, no, nl) ~ H z × H ~ × L2, and  we set 

a = m a x l l l 0 o l l t 2 ,  II+ollL4, IIA0o + B(no,~o)llt2, I lnol lm ÷ Ilnlllt21 

(as we have (4%, no, nO ~ H 2 × H 1 × L 2, a is finite).  
To begin with,  we want  to ob ta in  the  existence and the uniqueness  o f  a so lu t ion  o f  (16)-(17) 

in X using a f ixed po in t  me thod .  We set N = ( N  1 , N2) with 

Nl[F,n] ( t )  = U(t)Fo + i U ( t -  s) B O~n Oo + + n ds, 
, 0  

3 ~ 
N2[F , nl( t )  = cos(~ot)n o + ~o i sin(~ot)nl + ~o -1 s in(m(t  - s))Al~(s)l z ds, (18) 

0 

< ~ +,,o= Ii~+ +(oo+ i i~))+ (oo+ l i ~ ) l  
where U(t) is the semigroup  genera ted  by the Schr6dinger  o p e r a t o r  and  oJ denotes  4ZS(l~l in 
Four i e r  var iable) .  

W e  set 

= l(F(t) ,  n(t)) ~ x/llFIIt=<l:t2~ <- 2a, IIFI]LS/N(I;L4 ) <-- 2Oa, Y 

Ilnll~=</;w) -< 2a, -~- t=~1;t z) < 2a . 

We first show tha t  N is a con t r ac t ion  f rom Y into Y. To  this end we use the  fo l lowing l emmas .  
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LEMMA 1. L p - L q est imate (see [10, 11]). I f 2  ___p < oo and 1/p + 1/q = 1, then IIu(t)vllt~ <- 

(4ztlt I)~'Jz+NJPllvlt~q, t ~ 0. 

LEM~A 2. Str ichartz es t imate  (see [12]). We set u (N)  = ~ if N = 1, 2; u (N)  = 2 N / ( N  - 2) if 
N > 3. I f  2 < q < c~(N) and ( N / 2  - N / q ) r  = 2, then there exists KI(N,  q) such that  
II u(')vllL~(~;~q) --- g ,  llvllL~ for  all v ~ L 2. 

LEM~A 3. (See [13].) I f  1 < q ' ,  r '  ___ 2, 2 <_ q < o~(N) and ( N / 2  - N / q ) r  = 2, then there exists 

Kz(N,  q')  such that  Ilia) U(t - s)f(s)  ds l l~( , ;~  --- K211f lIL'(I;~¢) Y f ~ E ' ( I ;  Lq'). 

LEMMA 4. For  all t ~ R +, for  all v ~ L 2, we have 

Ilcos(~ot)vll~ -- IlvllL~, I1(1 + coz)1/2co-1 sin(ogt)v[ltz < (1 + t) l lvl[~.  

First step. N maps  Y into Y. The  l e m m a  2 yields that  

Ile(-)i(AOo + B(noOo))IILS/N(~;L 4) < K, IIAOo + B(nomo)llL~ - 0a. (19) 

This fixes 6. We also know that  

II U(') i(AOo + n(noOo))l lL=¢,~;t~)  = llano + B(noOo)[lL~ --- a, (20) 

because U(t) is uni tary  on L 2. Using the first l e m m a  and the cont inui ty  p rope r ty  (13) of  B, we 
have 

IIN,[F, n](t)llL, 

t l ( (  <- [Ig(t)i(AOo + B(noOo))tlL, + g( t  - s) B O,n 4% + 
0 

[[U(t)i(A~° + B(n°~°))IIL4 + f '  
0 

<- []g(t)i(AOo + B(noOo))llt, + ,!' 
,0 

!i 
[[NI[F, n] ]lLs~U(l,t,) 

C lt - sl-N/4 

+ IlnllL211fllt41 ds. 

~i F d r )  + 

l ' )  + F d r  
0 

_ cIdn II~0I[L4 1 t It-- sI-N/4Os 
< (Sa ~t- --~ L~(I;L 2) 0 LS/N(I) 

-}- ~ t  t~(l;t2)ll~JOllt4 ! i l t - - s l - g / 4 ( ~ l i l l f [ l z 4 d ~ ' ) d s  t8/N(, ) 

+ nF  t L 4Is ds 
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N o w  

a n d  

I T T - N / 4  ds L8/N(I) = IlT'-N/411zy~(.) = T ' -N/8 ,  
0 

Ilfll~, d r ) d s  L8/N(I) <~ II T2-N/'IIFII~4 dsIIL.~,,,) = TZ-N/4IIFIILs/u(I.,L4), 

' f  T-N/4IIFIIL4 ds L~N(') 

Hence, we have 

IIN1[F, n] Illume; ~.) 

<_ T1-N/4IIFIIL,~u(, ;L,  ) . 

Sa + CT~-N/4qInIIL~(I,L~)IIFIIL~,~(,;L~) + C T  ' -N/8 dn I1~o11~ 
- dt L~(1;L 2) 

dn 
+ C T  2-N/8 ~ l=(i;1}) ]IFIILS/N(I;L4) 

<- 6a + C(T1-N/4fia 2 + TI-N/8a 2 + T2-N/4Oa 2) 

<-- Oa + C(T1-N/4a + Tt -N/86-10 + T2-N/4a)Oa. 

We choose T sufficiently small so that C(Tl-N/4a + T*-U/8O-la + TZ-N/4a) <-- 1. Hence 

][NI[F, nl][LS/N(/;L4) --< 26a. 

Using the third lemma and (13), we obtain that 

[INI[F, nIIIL=.;L~) 

(( <- ][U(t)i(AO o + B(no4Jo))i]Z=(l;L2) + C B Otn Oo + 

~ a + C Otn o + + nF 

+ + o IIFIIL4 + HnHL2IIFIIL4 LS/'S-Ukl) ___,1 c Ila,,','l~(ll,~oll~4 ,[' a 0 

c d~t L~(I;L 2) "~  L.(I;L 2) i T L8/(8_N)(I ) 
<- C dn a + [](hol[L4[ll[]z8/(, N)(I ) -]- HF]]L4 ds 

, 0  

+ c II n I1~o.; ~)111 IIL4~,4-N,.)liE I1,:~'.; ~'), 

<-- a + C T  I - N / 8  d~t ~(/;~= IIOollL, + CT2-N/411dndt L~(I;L2)IIFII~"~N";~o) 

+ C Y  ' - u ~  II n I1~.; ~>llFIl~,'(~; ~) 
<a + C(T1-N/Sa 2 + T2-N/4cSa 2 + T1-N/afia2), 

<_ a + C(T~-?WSa + T2-N/4~Sa + T~-?w4cSa)a. 

(21) 

-1- nF t L8/fS_N)(I;L4/3) 
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We choose T sufficiently small so that  C(TI-N/8a + TZ-N/4Oa + T1-N/4oa) --< 1. Hence 

[[N1 IF, n] ]]L=(I; Lz) _< 2a. (22) 

In order  to treat the second coordinate  o f  N,  we first estimate 0 in E°(I; H2), 

O(t) = ( - A  + 1) - l  iF + B n Oo + F d s  + 4% + 
, 0  ,30 / d  

( - A  + D0(t )  = iF + B n Oo + F d s  + Oo + Fas ,  
0 0 

II~tlH2 ~ [[FllL z + C nlC~O + llFclst L2 

( t 0 

Now 

then 

fi 
t 

+ I1~o11~ ÷ IIFIk~ds, 
0 

I l f l l~as  + I1~o11~ + 
0 

~r [fF[[L 4 dt  _< CT'-N/SI[FIILs/.~(I;L4), 
0 

[lO[tt=~1;nb <- C(a + a z + Tl-N/S6a2 + Ta). 

Nz[F, nl(t)  = cos(cot)no + to - I  sin(cot)n1 + 0) -1 sin(m(t - s))AI4~(s)l z as. 
, 0  

Using lemma 4 and (23), we have 

IIN2[F, n l ( t ) l lH,  = I1(1 - A)I/2N2[F, n](t)llLz 

-< I1(1 + oJz) */z cos(cot)nollL~ + Ij(1 + oJ2)a/2co -* sin(cot)n~lJL~ 
[ 

+ / I1(1 + co:),J2~-I sin(co(t - s))AlO(s)lZllt2as 
3 0 

/ t  

<--IInollm + (1 + t)IIn,[IL2 + 11(1 + ( t -  s))llAI4~(s)lZllL2as 

" T [ 

_< (1 + T)a + I (1 + T)llAl,~(s)l:ll~2 as 
,0] 

-< (1 + T)a + T(1 + T)lltXl4~lZllL~¢i;~2) 

- (1 + T)a + CT(1 + T)ll4,11~z;~), 

because II AI012 IlL-a; r b  -< C I[oll~(z; ~ b ,  

IINz[F, n]llt=~z;m) <- a + IT + CT(1 + T)(1 + a + T~-U/SOa + T)Za]a. 

IIFIIL2a~. 

(23) 
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We choose T sufficiently small so that  T + CT(1 + T)(1 + a + TX-N/Sga + T)2a _< 1. Hence 

[[N2[F, n] I[L~(I;H l) ~ 2a. (24) 

~tN2[F, nl(t) = -co sin(cot)no + cos(cot)n1 + cos(co(t -s))AIO(s)I z ds .  
j 0  

Using once more lemma 4 and (23), 

d N 2 [ F ,  n](t) t~(1;Lb I 
T 

Ilnoll/~, + IIn,ll/3 + IIAl~(s)1211~zds 
0 

-< Ilnol[m + [InlllL2 + CTII~II~-¢I;~=) 

<_ a + CT(1 + a + Tt-N/Sga + T)2a.a. 

We choose T sufficiently small so that  CT(1 + a + T~-N/Sfia + T)2a _< 1. Hence 

d N2[F, n] <_ 2a. (25) 
L~(1; L 2) 

Collecting the four results (21), (22), (24), (25), we concude that  N maps Y into itself (for T 
small). 

Second step. N is a contraction in Y, i.e. v (F, n), (F ' ,  n') ~ Y and T sufficiently small 

1 [[IN[F, n] - N[F ' ,  n'][[[ _ ~-I[[(F, n) - (F ' ,  n')[[[ 

where [1[" [[[ denotes the natural  the norm of  X. 
The computat ion which follow are essentially the same as in the first step. 

NI[F, n](t) - N1[F' , n'](t)  

= i  t ' i U ( t - s ) l B ( O ~ n ( c k o +  j ' i ~ F d r ) +  n F ) - B ( O s n ' ( O o +  l o F ' d v ) +  n ' F ' ) l  ds, 

NI[F, n] - NI[F' , n'] 

1 I ( s O) = i U ( t - s )  B((O~n- Osn')Oo) + B  (O~n-  O~n') Fd ' c+  ash' ( F - F ' ) d  
0 ,Jo \ j o  

+ B((n - n')F + n'(F - F')) 1 ds, 

IIN~[F, n](t) - N1tF' , n'](t)llL. 

(4zrlt - s l )  -N~4 IIo,n - 0~n'll~llOoll~,* + IIO~n - O~n' l l~  IlFllL,*dz" 
0 0 

+ [[0,n'[[L~ [[F - -  Frill a dr  + IIn - n'IIL~IIFIIL~ + I l n ' l l ~ l l f -  F'I[L4 ds, 
0 
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IIN,[F, n] - N~[F', n']llts~,'(z;L4) 

< c I 12 T-u/4ll°'n-°'n'll'~llO°l''#ds ,,~N(,) 

+ )'2T-'W4ll°'n'llt'i'f IlF-F'l[t'dr ,8,, ,(i ,  

St t ' r  dr LS/N(1) + Y-N/4llO, n - o,,,'11~= Ilcllt4 
0 ~0 

~', "r dr + ,t T-N/4,ln--n'l,t23 HFI]L 4 
0 0 LS/N(1) 

+ T-~"/4lln'l[~'- IlK- r ' l l ~  
0 0 

257 

-- (-I d l l t)  2 T 2 - N / 4  £dt (F/ n' )  < c W -u~8 d r ( .  - I1~o11~ + - ]]El]L*<,,'(/; t4) 
L~(I; L ) L~(I; L 2) 

+ T 2-N/4 d n, t=(l;t_z)llF-- F'IILS/"(I;L 4) + Tl-.'e/4l[n _ n'lrL=a;L~)llFllL.~u(t;t.) 

T I-N/4  B' 2 IF F' I + t~(r;t ) - IIts/N(1;t% 

<_ CIT 1 N/8a + T 2 N/4(6a + a) + Tl-s~/4(da + a)llll(F, n) - (F' ,  n')llr. 

W e  choose  T suff ic ient ly  small  so that C{TI-N/Sa + Tz-N/4(da + a) + T~-N/4(da + a)] --< ~.  
Hence  

IIN~IF, n] - N,[F' ,  n'llltsJN(l;Cb _< ~-III(F, n) - (F' ,  n')lll. (26) 

]IN~[F, n] - NI[F',  n']llt=a;t2) 

( I" ( (l' ))) <- - Ozn')40o) + B (Otn - Orn') F ds + Otn' ( F -  F') ds 
,o0 ~ 0 

+ B((n - n')F + n ' ( F -  F'))llts/(8-,~~(z;L4J3) 

<_ C (O,n - O,n')Oollts...-N>a;t~) + (O,n - Otn') F d s  
0 L8/(8-~')(1; L 4/3) 

Otn' i 't ds + ( F  - F ' )  + I I ( n  - n')Fllt~,8 N)(I;L4/3) 
, 0 L8/(8-N)(I; L 4/3) 

+ IIn'(F- F')llt~J,~ N)(I;L4/3)I 
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I f 
+ Ila,n'llL~ l i E -  F ' I I L , ~  + tllln - n'IIL~IIFIIL, IIL,~,~-~,(1) 

0 LS/(8-N~(I) 

+ II IIn'll~-'llf - f ' l l~ll~-~-. , .)  1 

c T ~ -N~  ~ .  (n - n')  11,~o11~4 + (n - _< 
dt t.l/ L~(I;L2) L (I;L ) 

l i e -  F'IIL~N(Z;L 4) + TI-N/4l l / /  - -  n'IIL~(I;L~)IIFIIL~'(z;L') + T 2 -N /a  n '  L~(1;L 2) 

+ T'-N/4IIn'I[L~(I;L2)IIF F [[LsJ~(I;L4) 

<-- CIT1-N/Sa + T2-N/4(aa + a) + T'-U/4(Oa + a)llll(F, n) - ( F ' ,  n')lll. 

We c h o o s e  T suf f ic ient ly  small  so that  C(Tt-N/Sa + TZ-N/aoa + T~-N/4fia) <-- 1. H e n c e  

IINI[F, n] - NI[F', n'l[lL~O(l;LZ) _< AIII(F, n) - (F' ,  n')lll. 

+ B ( ( n - n ' ) ¢ o ) + B ( ( n - n ' ) l t F d s )  
J 0  / 

/ o ( F -  F ' ) d s  , 

~( t )  - 0 ' ( t )  

= ( - A  + 1 ) - ~ f i ( F -  F ' )  

II~(t) - ~,'(t)llH~ 

I (n ]'TFds z n ' l  T cls Lz <- C ]JF- F'JJL2 + ]](n -- n')Oo]lL2 + - n')  + ( F -  F ' )  
30 IlL 0 

+ ( F  - F ' ) d s  , 
0 L 2 

_< C I l K -  F'IIL~(,;L2) + IIn - n'llL~¢,;~4)llOollL, + IIn - n'lle~,;L4) IIFIIL4~ 
0 

+ IIn'IIL~(,;L4) IIF - F'IIL4 ds + liE - F ' I I L 2 ~  • 
0 0 

(27) 
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S o  

I1~ - 4 , '11L~.; .2> ~ cI1 + a + T'-N/8(da + a) + TIIII(F, n)  - ( F ' ,  n') l l l .  ( 2 8 )  

1 N2[F, n l ( t )  - N2[F' ,  n ' ] ( t )  = o9 -1 s in (o) ( t  - s))(Ale~(s)l 2 - A l ~ ' ( s ) l  2 ds .  
, 0  

IIN2[F, n l ( t )  - N 2 [ F ' ,  n ' l ( t ) l l H ,  

t 0)2) 1/260-1 -< [1(1 + s in (e ) ( t  - s ) ) ( A ] , ]  2 -- A[0 ' ]2 ) ] ]LzdS  
0 

< (1 ÷ (t - s)) l lA(14,(s) l  ~ - 14, '(s)12)llL2dS. 
, 0  

W e  h a v e  I I A ( I , I  = - I , ' I=)I IL2 _< C(II*IIH= + EI , ' I I , ,2 ) I I ,  - * ' l i r a ,  t h e r e f o r e ,  

IINz[F, n l ( t )  - N2[F' ,  n ' l ( t ) l l n ,  -< CT(1 + T ) ( l l o ( t ) l l m  + 114,'(t)llH2)ll(~ - ~ ' ) ( t ) l l m ,  

IlgzIF, n] - Nz[F ' ,  n'IlIL=(I;H,) 

<_ CT(1 ÷ T)(IIq,  I I L ~ . ; . 2 )  + I I * ' I I L ~ . ; m ) ) I I 4 ,  - ~ ' l l ~ . . m ~  

< CT(1 + T)(a  + a 2 + Tl-'W/S~a 2 + Ta) 

× (1 + a + T1-N/8((~a + a) + T)III(F, n) - ( F ' ,  n')[ll. 

W e  c h o o s e  T s u f f i c i e n t l y  s m a l l  so  t h a t  

CT(1 + T) (a  + a z + T1-N/SOa 2 + Ta)(1  + a + TI -N/S(~a  + a) + T )  <_ ~. 

H e n c e  

I l g 2 I f ,  nl  - N2[F' ,  n ' l l l L = u ; . , )  -< k i l l ( f ,  n)  - ( f ' ,  n' ) l l l ,  (29) 

d N 2 [ F ,  n l ( t )  - ~ t N 2 [ F  ', n ' l ( t )  = c o s  ( ~ ( t  - s ) )A(14, (s ) l  2 - ( l ~ ' ( s ) l  2) ds ,  
d t  o 

i d N2IF, n l ( t )  - N2[F' ,  n ' l ( t ) l tL~ -< IIA(I,~(s)l  2 - (14,'(s)12)11~= ds,  
0 

d (N2[F ,  nl  - N2[F' ,  n ' l )  L~u;I~ ~) 

< CT(a  + a 2 + TI -N/S~a  z + Ta)(1  + a + T1-N/8(~a + a) + z)lll(f, n) - i F ' ,  n' ) l l l .  

W e  c h o o s e  T s u f f i c i e n t l y  s m a l l  so  t h a t  

CT(a + a z + TI -N/8da  2 + Ta)(1  + a + T l -N /8 (da  + a) + T)  < ~. 
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n']) 1 d (N2[F, nl - Nz[F' ,  -< -Ill(F, n) - (F ' ,  n')t]l. (30) 
L~(I ;  L 2) 8 

Summing up all the above estimates (26), (27), (29), (30), we obtain 

[[IN(F, n) - N(F ' ,  n')[ll -- kill(F, n) - (F ' ,  n')lll. (31) 

N is also a contraction f rom Y into Y for T sufficiently small. N has also a unique fixed point 
in Y such that  

F(t)  = U(t )F o + i U ( t -  s) B O,n Oo + F d r  + n (Is, 
0 j O  / 

n(t)  = cos(cot)no + co -1 sin(cot)nl + co-l sin(co(t - s))A]0(s)[2 ds, (32) 
~0 

= t F d s  + F d s  . 0(t) ( - A  + 1) -1 i F +  B n ~o + 4% + 
~JO / /  0 

We obtain immediately that 

I 
F(0) = i(A00 + B(noOo)) = Fo, 

n(O) n o , Ot(O ) = n l ,  

0(0) 0o. 

(F, n, ~) satisfies (16), (17), in the integral form. F o ~ L 2 so U(t)F o ~ C(I; L 2) O C1(I; H-2),  and 
OtU(t)F o = iU(t) A F  o = iA(U(t)Fo). As L ~/3 ~ H -1, 

B O,n 4% + ~ F d r  + n e L a ( I ; H - 1 ) ,  
g 0 / 

hence 

U ( t -  s) B O~n 0 o +  F d v  + n d s ~ e ( I ; H - 1 )  N w l ' ~ ( I ; H - 3 ) ,  

and 

0 t ,  U ( t - s )  B + F d r  ds 
• 0 ,)0 / 

= iA•i' I U ( t - s ) I B ( O , n ( O o +  l l F d r ) +  n F ) l  d s + B ( O t n @ % +  l l F d r ) +  n F )  

! l ( (  ((  f ' )  i U(t s)A B O,n Oo + F d r  + d s + B  Otn Cko + + = - n o F d r  n , 
¢ 0  0 
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so that 

OtF(t) = iA U(t)Fo + i o U ( t -  s) B O,n (90 + o F d r  + n 

+ iB(Otn((9o+ j ~ i F d r ) +  n F ) .  

That  is 

O f ( t )  = iAF(t)  + iB Otn (9o+ F d r  + n , 
JO / 

i.e. 

iF + A F  = - B O t n  (90 + F d r  + . 
, 0  

Fur thermore ,  no ~ H ~, n~ e L 2, and A[(91 e ~ L2(0, T;Le),  

n(t) c (3([0, T]; H1), 

and in H - l  we have 

Otn(t) ~ C([O, T];  L 2) and 

Ot2n - An = AI(gl 2. 

at:n( t )  E (3([0, T]; H -1) 

(F, n, (9) also verifies the system (16), (17) with the equalities in H -1. 
We shall now show that  

F( t )  e C J([0, TI; H -2j) N L8/N(0, T; L 4 ) ,  

J 
2 

n(t) ~ N (3/([0, T]; H1-J) ,  
j = 0  

(9(0 ~ e([0, T]; H2). 

We know, in fact,  that  if 1 < q ' ,  r '  < 2, 2 < q < ~(N)  and (N /2  - N / q ) r  = 2, then 

t U(t - s)f(s) ds ~ e 1(0, T; L:) if f ¢ L r'(I; L q'). 
L) 0 

Here we have F o ~ L: and 

B O t n  (90 + F d r  + n ¢ Ls/(s-N)(I; L4/3), 
O0 / 

so that U(t)F o e (3(0, T; L 2) O (31(0, T; H -z) (cf. Kato [14]), 

U(t - s) B O,n (90 + F d r  + n d s ¢ ( 3 ( 0 ,  T;L2),  
0 0 

so that  F(t)  ~ C(0, T; L2). 

(33) 
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2 We have already seen that n(t)  • Oj  = o E J( 0, T; H 1--/). On the other hand, 

(( B O t n  6o + + n • C(O, T ; L  4/3) C C(0, T ; H - I ) ,  

and AF(t) e (3(0, T; H-Z), so that O f ( t )  • e(O, T; H - z ) ,  and 

t F d s  + ( - A  + 1)6(0 = iF + B n 6o + 60 + 
,r0 / /  

so that if(t) • e([0, T]; H2). Then we have the system (33). 
This enables us to differentiate once more in time the equation 

( - A  + 1)6(0 = i F + B  n (% + + 6 o +  • 

We obtain 

( - A  + 1 ) ~ - ( t )  = i f f ~ ( t )  + B ff~ 4~o + + nF(t)  + F(t)  

in H -2. 
On the other hand, 

l l F d s )  c C(0, T; L2), 

which yields 

.06  
( - A  + 1)6(t) = rift  + B(n6)  + 6, 

.06 
l f f~  + A 6  = - B ( n 6 ) .  

( ( i ' )  atF(t ) = iAF( t )  + iB atn 6o + F d s  + n , 
, 0  

thus 

( - A  + 1)F = iF + B a,n 4'0 + F d s  + n + F. 
, 0  

This yields ( 0 / 0 0 6 ( 0  = F(t)  in H -2. 
Furthermore, 

6 ( 0  = ( - A  + 1) -I t i f f  + B ff~ 6o + F d s  + nF(t)  + F( t )  . 
, 0  

The right-hand term belongs to e(0,  T; L z) so that 6 ( 0  e e l (0 ,  T; L2), 

( - A  + 1)6(0 = iF + B n 6o + F d s  + •o + 
0 O0 / 

As we know that I~ F ds= 6 ( 0  - 60, therefore, 
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This gives us the existence of a solution of (15). This solution verifies 

-~- t~(z;t ) _< 2a, 

~ -  Ls/N(I;L4) __< 2d~a, 

On 

L~(I; L2) ~-- 2a. 

On the other hand, i(~ + AO = -B (nO) ,  this gives us the conservation law 

II~(t)l l~ = II~olk~ --- a. 

A second conservation law may be obtained by setting 

On 
- A ~  = - - .  

at  

Then we have 

l 1 2 (Iv(~(t)l 2 + n(t)14~(t)r 2 + ½ ( v o )  2 + ~ n  (t))  = cons t .  

263 

(34) 

with 

IIFflL~(I;LZ) ~ 2a, 

IlF]lL~(z,t4) --- 2da, 

IIF'IIL~(o,r;L~) ~ 2a', 

IIF'II~sJ~(o,T,;~,) ~ 26a' ,  

IIn'll~(o,~',H,) ~ 2a' ,  

lint II~(z;L~) ~ 2a, [In/llL=(o,r,;L2) -- 2a' ,  

maxlll~ollt2, [lOollt4, [IAOo + B(no~o)llL~, [[nollH, + Ilnlllt2} ~ a and a ' .  

We set r = min(T, T ' )  and a = max(a, a ' ) .  Then we have the above estimations with r and a .  
Following exactly the same lines as above with Y defined using r and o~, we obtain the 
uniqueness of  the solution as a fixed point of  N. 

The result is also as follows. 

There only remains to prove the uniqueness of  (0, n) in a convenient space, which is equivalent 
to show the uniqueness of  (F, n) in X. For the time being, we only know that (F, n) is unique 
in Y. 

I f  we have two solutions to the problem, (F, n) and (F' ,  n ' ) ,  we may associate a maximal time 
of existence in X (T  and T ' ) ,  and a value a and a' such that 

(35) 
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THEOREM 1. Let us consider the problem on R N, N = 1, 2, 3, 

i~ + A~b = V A - 1  • (nq~), 

h -  An = AI012, 

n(x, O) = no(x), 

Otn(x, O) = nl(x),  

~(x, O) = ~o(X), 

with n o ~ H 1, n I 6 L z and ~0 ~ H 2 .  

Then there exists a time T > 0 depending only on Nnollt4,, [[nl[IL2, II~ollH2 and N and a 
unique solution (~(t), n(t)) with 

1 
4~(t) ~ C°([0, T ] ; H  z) fq Cl([0, T]; LZ), 

~(t) ~ WI'8/N(0, T; L4) ,  

n(t) ~ C°([0, T]; H l) O C1([0, T]; L z) N Cz([0, T]; H - l ) .  

Remark .  The former result is a result about the local Cauchy problem. Thanks to the two 
conservation laws (34) and (35) we may show, as for the classical Zakharov equation (see [6]), 
that the solutions are global in time in the 1-dimensional case as well as in the 2-dimensional 
case for sufficiently small initial data. 

We consider the problem 

where B = V ( A - 1 ) V ,  and 

4. L I M I T  W H E N  2 ---' oo 

I 1 n 
- ' ~  t t  - A(n + [El 2) = O, 

k. iEt + A E  + B(nE)  = O, 

(36) 

k + E : ~ x  × Rt ~ Ck, 

Our goal is to show that the solutions (n, E)  to (36) tend to ( - I E [  z, L') when 2 goes to infinity, 
where /~ is the solution to iff~t + VE = B ( I / ~ I Z E ) .  W e  follow the work of Schochet and 
Weinstein [7]. We have encountered some new difficulties due to the nonlocal term. This 
complicates the t ransformation of  the initial system and makes useful the use of  commutators .  
We first have to prove the existence of solutions in H s with s > [k/2] + 3 for an interval of  time 
which may be very small but independent of  2. To do that we proceed in two steps: the first one 
consists in writing the system as the perturbation of a symmetric hyperbolic system and the 
second one in computing the solution to this equivalent system as the limit of  a sequence. 

4.1. Transformation o f  the system 

We want to describe the system (36) as a dispersive perturbation of a symmetric hyperbolic 
system. 
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We set 

where 

Hence,  (36) formal ly  reads 

I 1 A_IVnt v = - ~  

Q = n + I f l  2, 

I V: R~ x R, + ~ ~k, 

Q: II~x k x [R[ --, IP. 

Q, + 2 v  • v -  (IEI2)t = o, 

v t + 2VQ = o, (37) 

iE t + A E  - B(IEI 2) ÷ B ( Q E )  = O. 

iE, + AE - B(IEI2E) + B ( Q E )  = O, 

i'Etff~ + tAEff~ - 'B ( IEI )E  + 'B(QE)ff~ = O, 

i(]E[2), + tAEff~ - ' A E E  - t B ( I E I a E ) E  + tB(IEI2F-,)E + ' B ( Q E ) E  - tB(Qff . )E = O. 

Moreover ,  

i OjEt + A OjE - 3 j B ( I E t Z E )  + OjB(QE)  = O, 

where 0j is the differentiat ion with respect to x~. 
This may be written in a condensed fo rm 

i r E ,  + AVE - VB(IEIZE) + V B ( Q E )  = O, 

where, for  a vector t(~l . . . . .  ~k), we have 

V(ID = t(OlllD1 , 01(I)  2 . . . . .  01all) k, 021~ 1 . . . . .  Okl~)R). 

We will call these k2-components  vectors, 2-vectors. 
We also want  to write the 2-vector VB~ in the form AVqb where A is always an opera tor  of  

order 0. 
As V • ~ = F~= ~ 3 j ~  j, we have V • q5 = F • Vqb, where F is the 2-vector 

t(1,0 . . . . .  0 ; 0 ,  1 . . . . .  0; . . . ; 0  . . . . .  0, 1) 

and,  hence, A = VV(A-~)F, ( t ransforms a 2-vector into a 2-vector). We also have 

i V E t  + AVE - AV(IEI2E) + A V ( Q E )  = O. 

N o w  

V(QE) = t(Om(QE1), O~(QE ~) . . . . .  Ok(QEk)) ,  

= Q V E  + t ( a l Q E l ,  O I Q E  z . . . . .  OkQEX),  

= Q V E  + c~(E) v Q ,  

where ~(qb) is the matrix (k  z - k) which has qb on its " d i a g o n a l "  and zeros everywhere else. 
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Similarly, V(IEI2E) = lEt z VE + o4E) V(IEIZ), 

k 
~ ( g )  v ( l E I  2) = ~ t(O,EJff~JE', O~EJfffiE z . . . . .  OkEJff~JE k) 

j = l  

k 
+ ~ '(OaffJEJE 1, Olff~JEJE 2 . . . . .  O~ff, JEJEk). 

j = l  

Then  we have o~(E)V(IEI 2) = 6 t l ( E ) V E  + ~z(E)  Vlf, where 6tl(E) (resp. ~2(E))  is the 
b lock-diagonal  mat r ix  (k  z - k z) such that  each block is equal  to Etff~ (resp. ERE). Hence  

i V E  t + AVE - A ( I E I 2 V E  + 0~I(E) VE + 122(E) VE ) + A ( Q V E  + c~(E) VQ) = 0. 

We now set 

Hence,  we have 

x/2E = F + iG and ~/2 VE  = H + iL. 

I F, G: ~ × ~+ ~ ~k, 

H , L :  ~x × R+,. ~ ~ z .  

Moreover ,  we notice that  B and A preserve the real and imaginary  par ts ,  

(IEI2)t = i(tAEff~ - rAfflE - 'B( IEIZE)E + 'B(IEIZE)E + ' B ( Q E ) E  - tB (QE)E) ,  

j=1 t=1 

where V. is the mul t ip l icat ion by the fol lowing ( k  - k 2) mat r ix  

"° ".. . ° .  °.. 

01 0 0 2 0 ~k 

(IEI2), = i ( tAEE - tAEE _ 'B(IEIZE)p~ + 'B(I f lZg)E + tB(QE)ff~ - tB (QE)E) ,  

( = i - i ' a v  . H +  i T V - L  - i ~ - ( ( I r l  2 + IGI2)(F  + i G ) ) ( f -  iG) 

t B 
+ i ~ - ( ( I f ]  2 + I a l Z ) ( r -  iG) ) (F  + iG) 

i G ) ) ( F -  iG) - i ' B ( Q ( F -  iG)) (F  + i G ) )  + i 'B (Q(F  + 

= ( ' a v  . n -  ' F V - Z )  + - ( ( I l l  2 + I o l 2 ) g ) a  + 5 - ( ( I l l  2 + I c l 2 ) a )  

+ ( tB (QF)G - ' B ( Q G ) F ) .  
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t B 
Qt + ) ~ v .  v +  tFV " L  - ' G V  " H +  ~ - ( ( I F [  z + IGIZ)F)G 

t B 
- ~-  ((IFI z + I G I Z ) G ) F -  ' B ( Q F ) G  + t B ( Q G ) F  = O, 

Vt + 2 V Q =  0, 

i (F + iG) t + A ( F  + iG) - }B((IFI  2 + IGIZ)(F + iG))  + B ( Q ( F  + iG)) = O, 

Ft + A G  - ½B((IFI z + IGIZ)G) + B ( Q G )  = O, 

G, - A F  + ½B((JFI 2 + IGI2)F) - B ( Q F )  = O, 

i (H + iL) t + A ( H  + iL) 

- A ( ( I F I Z  + IGI2) (H + iL) + (~I(F+ i G ) ( H +  iL) + (~z(F+ i G ) ( H -  iL)) 

+ A ( Q ( H  + iL) + o~(F + iG) VQ) = 0. 

In  o rde r  to t rea t  6tt and  6~2, we have 

Etff~ = (F + iG)t(F - iG) = FrF + G t G  + i (GtF  - F t G ) ,  

ErE = (F + iG)t(F + iG) = F t F -  G t G +  i (GtF  + F tG) ,  

Let 9]Z be the o p e r a t o r  which creates a (k 2 -  k2) -d imens iona l  b lock -d i agona l  ma t r ix  with 
ident ical  b locks .  Then 

(~1(F + i G ) ( H  + iL) + (~2(F @ i G ) ( H -  iL) 

= 9E(FtF + G ' G ) H  - 9]Z(GtF - F G ) L  + 9 E ( F F  - G t G ) H  + 9E(GtF + F t G ) L  

+ i[9]Z(FtF + G t G ) L  + 9~(GtF  - F ~ G ) H  - 9E(FtF - G t G ) L  + ~ ( G t F  + F t G ) H ]  

= 29]Z(FtF)H + 2~E(FtG)L + 2i[9]Z(G~G)L + 9E(GtF)H],  

H t + A L  - A(½([F[ z + ]GI2)L + O]~(G'G)L + 9 E ( G t F ) H )  + A ( Q L  + a ( G ) v Q )  = 0, 

Lt - A H  + A(½([FI 2 + [G]Z)H + 9 E ( F t F ) H  + 9T~(FG)L) - A ( Q H  + c~(F) v Q )  = 0. 

Sum ming  up,  we have the fo l lowing system 

r B 
Q , +  2 v -  v +  t F V . L - ' G V . H + ~ - ( ( I F I  2 + [GIZ)F)G 

t B 
(([FI z + [GIZ)G)F - tB(QF)G + ~B(QG)F = O, 
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Vt + 2 V Q =  0, 

F t + A G  - ½B(([F[ 2 + [G[2)G) + B(QG) = O, 

G, - A F  + ½B(([F] 2 + ]G[2)F) - B(QF) = O, 

A ( 7 ( [ F  I + [GI2)L + $]~(G~G)L + 9r6(GtF)H) + A ( Q L  + ~x(G) VQ) = 0, H t +  A L -  L 2 

1 2 IG]Z)H + 9]Z(FtF)H + ~IIL(FtG)L) a ( F )  VQ) 0, L t - A H  + A(~(IFI  + - A ( Q H )  + = 

which also reads  

t B 
Q, + 2 v -  V +  ' F V . L  - tGV " H +  ~- ((IFI 2 + IGIZ)F)G 

t B 
~ - ( ( IF [  2 + [G [ 2 ) G ) F -  tB(QF)G + tB(QG)F = 0, (38) 

V t + /l VQ = o, (39) 

F, - ½B(( IFI  2 + IG I2)G) + B(QG) = - A G ,  (40) 

G, + ½B((IFI 2 + IG I2)F) - B(QF) = AF ,  (41) 

A(~( IF[  + [G]Z)L + 9~(GtG)L + 9"g(G'F)H) + A ( Q L  + a ( G ) V Q )  = - A L ,  (42) Ot  - 1 2 

L t + A(½([F[ z + [G]Z)H + 9]Z(F'F)H-- N'~(FG)L) - A ( Q H  + ~ ( F )  VQ) = A H .  (43) 

We in t roduce  ~he vec tor  with 1 + 3k + 2k 2 componen t s :  U = t(Q, V, F, G, H, L), and  we want  
to write  the above  system in the fo rm 

k 

Ut + ~ [R(AJ(U)Ux/) + 2CJUx/} + S(B(U)U) = K AU, (44) 
j = l  

where R and S are non loca l  ope ra to r s .  
Let  us descr ibe  all the ope ra to r s  

f o 

0 

0 
K =  

0 

0 

~0 

0 0 0 0 0 ~ 

0 0 0 0 0 

0 0 - I  0 0 

0 I 0 0 0 

0 0 0 0 - I  

0 0 0 I O~ 
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C J =  

0 tei 0 0 0 01 

e j 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0~ 

where ~:9 is the j t h  vector of  the canonical basis of  ~k. 

A ~ ( U )  = 

0 0 0 0 -'(c~(G)#) 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

-o4G)# 0 0 0 0 

o~(f)e j 0 0 0 0 

'(c~(F)eJ) \ 

il 
R = 

' I  0 0 0 0 0 

0 I 0 0 0 0 

o 0 0 I 0 0 

0 0 0 I 0 0 

o 0 0 0 0 - A  

~0 0 0 0 0 - 

We denote by /} f lU)  the j t h  column of/}2, and we have 

BI(U) : B 2 ( U )  -~ O, 

1, z IGI2)G) + tB(QF)' / - ~  B((IFI 4- 

B3(U)  = 

0 

0 

-½(IFP 2 + lal  2) + O 

0 

0 
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/~4(U) = 

Bs(U) = 

J~6(U) = 
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/½tB((If lz  + LG IZ)f) - tB(QG)I 

0 

½(Ifl 2 + IGI z) - Q 

o 

o 

o 

o t 
0 

0 

0 

9]Z(G tF) 

-½(IFI 2 + Ia I z) - ~(FtF)  + QI 

o 

o 

o 

o 

½(IFI 2 + 1(312) + ~]'~(GtG) - Q 

- ~ ( F t G )  

o o o o/  

0 0 0 0 

- B  0 0 0 

0 - B  0 0 

0 0 - A  0 

0 0 0 - A  

/~(U) has a non loca l  term in its first componen t  

I 0 

0 I 

0 0 
S =  

0 0 

0 0 

0 0 

4.2. Existence o f  a regular solution for  an independent time o f  2 

We set N = 2k 2 + 3k + 1. We consider the fol lowing i terat ion scheme 

U°(x, t) = Uo(x), 

OUP+l k 
j p+ l  - -  + ~ [R(AJ(UP)U~ +') + 2C U~ I + S(B(UP)U p+') = K A U p * I ,  

Ot j = l  

u'+~(x, O) = Uo(x). 
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We set 

llluIlIs = l l lulL,~ = sup l l u ( . , t ) l l ~ .  
t e  [0, T] 

In what  follows, we assume that  s > [k/2] + 3. 
Moreover ,  we set LIIu0111, = ~ and let 6 > e. We argue as follows 

• v p  >__ o I I Iu" I I I , ,T -<  6. 
, v p  >_ 0 I I Iu  p+l  - u" l l lo ,  T -< c I I I u "  - u P - ' l l l o , r  w i t h  C < 1. 
• Then 

U p ~ U in L°~(O, T; Lz), 

U p is bounded  in L~(O, T; H ' ) .  

Thanks  to the convexity o f  the ]111, norms,  we have 

I I (U  p - u ) ( . ,  t)lls, --' o V S '  < S. 

As s > k / 2  + 1, we may choose s '  > k / 2  + 1. Then U ~  e([0,  T];  C 1) and the solution is a 
classical one. Moreover ,  we have 

U ~ Lip([0, T];  HS-Z), 

U ~ e([O, T];  H s) f) el([O, T];  Hs-z ) .  

There remains to specify the first two points.  

4.2.1. A lemma.  In what  follows, we use the following result. Let us consider the problem 

O,u + a(u) = f ,  

with a(u) = Z~j= l [R(AJ(v) Oju) + 2CJ ~ju] + S(B(v)u) - K Au ,  where IIIvlll,,T ~ 6, 

((OtU , U)) + ( (a(U),  U)) ~_~ Ilfllollull0. 

C J is symmetr ic  with constant  coefficients, so we have ((2C j aju,  u)) = 0. This leads to a result 
which does not  depend on 2. K being antisymmetric,  ((K Au, u)) = 0. Hence,  

k 
((a(u), u)) = ~ ((R(AJ(v) Oju), u)) + ((S(B(v)u), u)), 

j = l  

I((s(&v)u), u))l <_ IIs(&v)u)l[ollullo <- Cllull0 ~, 

where C only depends on 6. 
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There  also remains  to est imate ((R(AJ(v)  Oju), u)) for  all 0 _< j _< k, 

((R(AJ(v) Oju), u)) = ((R(Oj(AJ(v)u)),  u)) - ((R([AJ(v),  Oj]u), u)) J cY 

= ((OjR(AJ(v)u),  u)) - 

= - ( (R (AJ (v )u ) ,  Oju)) - c~ 

= - ( (AJ (v )u ,  R(Oju))) - e~ 

= - ( (u ,  AJ(v)R(O#))) - 

= - ( ( u ,  R(AJ(v)  Oju))) - a - (([AJ(v), RI(Oju),  u)) 

2((R(AJ(v)  Oju), u)) = - ( (R([AJ(v ) ,  Oj]u), u)) - (([AJ(v), R](Oju), u)). 

Hence 2((R(AJ(v)  Oju), u)) = ((R([0j, AJ(v)]u),  u)) + (([R, AJ(v)](0ju), u)). [Oj, AJ(v)l  
c o m m u t a t o r  o f  order  0, hence 

[((g([0j, Aqv) lu) ,  u))[ _< C[[ullg, 

and the constant  only depends on ft. [R, AJ(v)] is a c o m m u t a t o r  o f  order  - 1 ,  therefore ,  

I(([R, AJ(v)l  O~u), u))l -< cllullo ~, 

and the cons tant  only depends on ft. 
Also,  we have 

d ilu(t)llo~ _< cIlu(t)llg + 211fllollullo, 
dt 

where C only depends on d. 

is a 

(*) 

4.2.2. Est imat ion  f o r  the large norm.  We are going to show the result by induct ion:  we 
consider the following assumpt ion .  

(Hp) v o  _< t-< plllu'lll=,~--< ~. 
This is valid for  p = 0 (because e _< (~). 

We want  to show that  ( l ip)  ~ (Hp+ 0 (for a good  choice o f  T).  We choose ~ such that  
[o~[ ___ s, and we set U p+1 = D ~ U  p+l. 

k 

o,u~. +' + E In(AqUP)OjU~ +~) + ~C~ajU~+'I + S(B(U")U. ~+') - K A U £  +1 
j = l  

= ( ~ [RAJ(UP) Oj,DC~] + [SB(UP),D~])U p+1. 
j = ,  

The c o m m u t a t o r  Y~= 1 [RAJ(Up) Oj, D ~] + [SB(UP), D ~] i s  an opera to r  o f  order  [a[. 
This equat ion is in the f o r m  

O,U p+l + a ( U U  1) = f~,  
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with v = U p (and hence ]]]V]]I,.T --< 6), a n d f l  = [ ~ = l  RAJ(Up) Oj + S[I(UP), D~]U p+l, 

II/lllO <-- cIIuP+'ll~°l --- c I I u  p+' s ,  

and C only depends on O. Using (,), we obtain 

d I IuU'( t ) l l~-< c(ll p+' = - u .  ~ (t)llo + I tup+' l l , l luU' l lo).  dt 

Hence,  

d 
dt II uP+'(t)ll~ ~ eli UP+I(t)Hz~, 

, p+l 2 u ( t ) l l ,  _< eC'll Up+I(o)L2 _< eCteZ, 

and C only depends on & 
We choose T sufficiently small such that  

I IuP+'( t)L ~ a 
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vO<_t<_  T. 

T does not  depend on p (nor on 2) because C does not  depend on them. Therefore,  we have the 
est imation for the large norm.  

4.2.3. Convergence in low norm. 

k 

a t g  p+' + ~. [R(AJ(UP)U~ +I) + 2CJgxPy ÷11 -[- S ( B ( U P ) U  p+I )  - K h U  p+' = O, 
j = l  

k 

a , u  p + y. IR(AJ(UP- ' )U~)  + 2 c J g ~ }  + S ( & U P - ' ) U O  - K A U  ~ = O. 
j = l  

Setting V p = U p+I - U p , we obtain 

k 

O, Vp + E {R(AJ(UPlV~) + 2CYV~} + S(B(UP) Vp) - K A V P  
j = l  

k 

~-- -- 2 R ( ( A J ( U p )  - A J ( u p - 1 ) ) U ~ )  - S ( ( B ( U p )  - B ( U p - I ) ) u P ) ,  
j = l  

VP(O, x) = O. 

This equat ion is in the fo rm 

a j v  p + a(V p) = f2,  

with v = U p, and fz = -Y.~= ~ R ( ( A J ( U  p)  - AJ ( up -1 ) )UxP i )  - S ( ( B ( U  p)  - B ( U P - 1 ) ) U P ) .  
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A j is linear a n d / ~  only consists in terms of  the first, 

I I R ( ( A J ( U  p) - A ~ ( e p - ' ) ) u 0 1 1 o  - cII  

- c l l  

-< c l l  

I I s ( ( h ( u  p) - ~(up-'))up)llo __ oil 

-< ell 

- c l l  
where the constants  only depend on ~. 

Using ( ,) ,  we have 

Hence 

second and third order,  we have also 

u p _ up- l l lo l lV~l l~  

u p _ uP- , l lo l l fP l l s  

u p -  v p - ' l l o ,  

u p _ up-XllollfP[I ~ 

u p - up - l l l o l l fP l l  , 

u p _ u p - l l l o ,  

d 
d5 II vp(t)ll2o ~ eli  v P  I1~o + D[I vP-'lloll vPllo.  

D E 
ddt II vp(t)II~ -< cII vPlI~ +/~IF vP- ' I I~ + ~ II VPllo 2. 

We consider fl such that  C + D 2 / 4 f l  = f l  (4fl z - Cfl - D 2 = 0 admits  a positive solution fl) 

d 
d~ II vp¢t)l?o ~ Pll vP I1~o + Pll vp-'ll~,  

then 

II vP(t)llo ~ --- e~'ll vp(0)ll~o + (e ~ ' -  1)11 vP- ' ( t ) l l o  2. 
o 

We choose Tsuff ic ient ly  small such that  e ¢' - 1 < 1 v 0 < t < T. Hence we obtain the conver-  
gence in the low norm.  

4.2.4. Return  to the in i t ia lproblem.  We suppose that the Cauchy  problem is posed for  the 
following initial data  

n(O, x) = no(X), 

am(0,  x) = nl(x),  (45) 

E(0, x) = Eo(x). 

~B((IF[ + V t + 2 V Q  = 0 is one o f  the given equations.  Ft - i 2 [G[Z)G) + B ( Q G )  = - A G ,  and 
G, + ½B((IFI 2 + IGlZ)F) - B (QF)  = A F  immediately yields 

JEt + A E  - B(IEI2E)  + B ( Q E )  = O, 

where we have set E = 1/ ' f2(F + iG).  
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Let us set W =  ( V F - H ,  V G - L ) ,  this is zero at time t = 0  and, therefore, for all t, 
hence VE = 1/~/2(H + iL) and using the last equations of  the perturbated hyperbolic system we 
have Qt + 2v  • v - (IEl2)t = 0. Therefore,  we find again the initial equations. 

We can also get some regularity 

E ~ C([0, T]; H ~+1) O ~31([0, T]; H~-I) ,  

n e e([0,  T]; H ~) A e~([0, T]; H ~-1) fq ez([0, T]; H ' - 2 ) .  

Hence 

I 
1 

- ~ n , -  A(n + [El 2) = 0, 

k. iEt + A E  + B(nE)  = O, 

and the solutions are classical ones. 
In what follows, we call (n ×, E×), the solutions to the initial system (36) which is associated 

to the parameter  ,~. Then we have the following estimation 

1 1 
llE~ll.s+l + IIE~llm-, + Iln~ll., + ~ IIn)ll..-, + ~ IIn~ lira-2 ~ const. (46) 

We may state the following theorem. 

THEOREM 2. Let s --> [k/2] + 3. There exists a unique solution to (36), (45) on a time interval 
[0, T], T n o t  depending on )t but only on Ilnollm, Ilnlllm-, and IlEollm+l, which we suppose are 
finite. 

Moreover,  for all t ~ [0, T] we have the estimation (46). 

4.3. The limit when 2 tends to oo 

THEOREM 3. When X tends to 0% n × + IEXl 2 - ,  0 in e°([0, T] x Re), V(n x + [EX[ z) - ,  0 in 
C°([0, TI;  HS-2), E × -~ E in el([0,  T] × Eg) A C([0, T]; e2), where/~ is the unique solution to 

£ ,  + A/~ - B(l/~tz/~) = 0. 

The proof  is carried out as follows. We differentiate with respect to the time the equation 
(44), and obtain 

k 

U,  + • {R(AJ(U)U~jt + AJ(Ut)Ux,) + 2 c J u x / }  + S ( B , ( U ) U  + B(U)Ut)  = K AUt .  
j = l  

As in the former proof,  we may then show that 

IIu, X(O)IIH,-2 <_ C = IIg,x(t) l lm-z <_ C ' v t e [ 0 ,  T]. 

Indeed. let c~ be such that I~1 -< s - 2, 
k 

Ot(Ut.) + ~ [R(AJ(U)(U,.)~j) + 2CJ(Ut,~)~:I + B(U)Ut,~ - K AU,  o, 
j = l  

= D'~ - Z R(AJ(Ut)Uxj) + S (B , (U)U)  + [RAj (U)  Oj, D'q + [SB(U), D 'q  Ut. 
\ j = l  j = l  
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We set 

f3  = D~(--j~= , R(AJ(Ut)Ux~) - S([~t(U)LO), 

f4= (j~= [RAj(U) Oj,D~I+[SB(U),D~])Ut 

IIAIIo ~ c l l u ,  II,_~, 

k 

s(b,(u)u) ~ II/~11o ~ ~ R(AJ(U,)U 0 4- 
j = l  

k 

c ~ IIAJ(u,)u~, 11~-2 + clIb,(U)U)II~_~ 
j = l  

c l l u ,  II~_~. 

We have an equation in the form 

a (u ,~ )  + a(U,~) = A + A ,  

with v = U a n d  IIA + f4llo ~ cllg~ll,_~. (,) yields 

d 
d~ II u .~( t ) l l  z ~ II u,~( t ) i lo  z , 

l lu,( t) l l2_~ ~ eC'llu,(o)llsZ_~, 

and [[Ut(0)tl~Z_2 is finite using the initial regularity and equations (38)-(43). V t + ~ vQ = 0, 
then G× e L=([0, T]; H s-2) =* )L VQ x E L°~([0, T]; HS-2), 

~ s - l t q ,  k l l k / 2 ( s - 1  ) g-.~× 1 - k / 2 ( s - l )  

and 

C~L - k / 2 ( s - l )  ' 

When ~ tends to +0% IlQ~lleo(fo, r j  × ~b  -~ 0 and livQXII~O~Io, TI;H,-% -~ 0, hence n × + IE×l z -~ 0 
in C°([0, T] × Rk). 

This allows us to obtain the first two results of convergence. To obtain the last one, we set 
v × = (F x, G ×, H ×, L×). Iv ×] is bounded in C°([0, T]; H ' ) ,  [vt x} is bounded in C°([0, T]; H ~-z) 
(which yields the equicontinuity of v×). Therefore, using Ascoli-Arzela's theorem, we have the 
convergence of a subsequence in ~°([0, T]; Hl*o~2). 

Using interpolation and the boundedness in C°([0, T]; H ' ) ,  we have the convergence of a 
subsequence in C°([0, T]; H~o~ ~) v e > 0. Let (F, 0 , / q ,  L) be the limit of this subsequence. 
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F x Thanks to the equations governing ( t ,  Gt x, Ha ,  x L,), we obtain the convergence in the sense 
of  Cl([0, T]; Hl~o-~z-~), q e > 0. The equations pass to the limit 

_ 1B((lf l2 + 1 ~ [ 2 ) ~ )  = - A G ,  (47) 

d ,  + ½B(CPl z + Id l2 ) f )  = A f ,  (48) 

,9, - A(½(Ifl  2 + Id  ? )£  + ~Z(d'G)L + ~ z ( d ' f ) B )  = - a £ ,  (49) 

L, + A(½(Ifl  2 + Id l2) f I  + ~z( f 'P ) f t  + ~ ( P t d ) £ )  = A~r. (50) 

The regularity of  the solutions enables us to return as before to the initial equations and we have 

i/~, + A/? = B(I~I2~). 

Remark. The different constants which are used in this section are said to depend only on 
(they, of  course, also depend on the space dimension). We may be more precise and give 
additional information about how these constants depend on ~ in order to estimate T. 

In the proof  of  the lemma, we obtain in fact the following estimate 

__d Hu(t)ll2 _< KI(~ + c~3)Hu(t)Ho2 + 2l[fHoilUllo 
dt 

During the estimation in large norm we have the following estimates 

Ilflll0 - gl(¢~ + ~3)Iup+III,, 

d iiup+l(t)ll~ < g , , ( 6  + )11 ( )11,, - -  __ 3 3 U p + I  t 2 

dt 

We also have the following estimate on T 

2 5 
T </£1/(5 + c ~3) log - 'e 

Studying the convergence in low norm, we have the following results 

IlAllo --- K2(6 + 63)1VP-II[0, 

f l  = KII I ( (~  + 63), 

II vP(t)ll~o <- (e ~' - 1)ll VP-1( t ) I ]~) .  

As we want fiT < log 2, this yields 

log 2 
T <  

K m ( ~  + 63) . 
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Taking everything into account, we obtain that 

2 6 
T ~ K o ( 6  + 6 3 ) l o g ~ .  

In the rest of  the section, no other restriction on T is made. 
We may think of  some extensions of this study. For example, the same arguments as in [8] 

enable us to study the Cauchy problem for (~0, no, nl) ~ H "  × H ''-~ z H m-2. There are 
opened problems for the Zakharov equation which are opened for this equation too. We may 
for example think of  the global Cauchy problem in three dimensions. 
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