Available at

] H D
5 WO
;ﬁ% <%’ NUMERICAL

MATHEMATICS

ELSEVIER Applied Numerical Mathematics 44 (2003) 281-298

www.elsevier.com/locate/apnum

Multidimensional corrections to cell-centered finite volume
methods for Maxwell equations

B. Bidégaray?, J.-M. Ghidagli&*

a Mathématiques pour I'Industrie et la Physique, CNRS UMR-5640, Université Paul Sabatier, 118 route de Narbonne,
31062 Toulouse cedex 4, France
b Centre de Mathématiques et de Leurs Applications, CNRS UMR-8536, Ecole normale supérieure de Cachan,
61 Avenue du Président Wilson, 94235 Cachan cedex, France

Introduction

Most numerical computations of electromagnetic phenomena only involve monochromatic solutions
which are described by the Helmholtz equation. This equation is a time-independent elliptic system and
finite difference or finite element methods are particularly appropriate in this context. New applications
for numerical simulations now necessitate the computation of solutions to the full time-dependent
Maxwell equations. This is the case in the context of stealth for military aircrafts (more precisely
the determination of the Radar Cross Section of the airship) but also in plasma physics and nonlinear
electromagnetism in general.

Since Maxwell equations are a conservative system of hyperbolic equations, the finite volume
methods are (with conservative finite difference methods) appropriate methods. Of course in the case
of unstructured meshes, it appears that finite volume methods are more tractable. Again in the context of
stealth, the industry tries to use RAM (radar absorbent material) coating. Since we are dealing with thin
layers on the aircraft, it is clear that one must use a method that takes into account complex geometries
like finite volume methods do. Moreover meshes corresponding to these geometries are obtained througt
a CAD software and they are also used to compute the equation of fluid mechanics (CFD), see, e.g.,
Schnack et al. [21] and Shankar et al. [22].

This gives at least two reasons for deriving finite volume method for the time-dependent Maxwell
equations: on the one hand the hyperbolic character of the system is taken into consideration and on
the other hand electromagnetic codes may be implemented using data structures initially designed for
finite volume computational codes for the equations of fluid mechanics (Euler, Navier—StokeBhis
approach also allows to consider a possible coupling.
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Although the above-mentioned applications are quite complex, there are still some very basic problems
to solve for the simulation of the Maxwell equations. This article is focused on one of them, namely the
fact that finite volume solutions to Maxwell equations often show some mesh dependent structures. This
is due to the fact that solutions are piece-wise constant and wave equations well propagate discontinuities
Besides finite volume methods compute fluxes across edges in definite directions, increasing the
directional effects, whereas the propagation of the physical wave is isotropic. To avoid this, some
genuinely multidimensional approaches have been studied (see, e.gtolké&kdedvidova, Morton
and Warnecke [17-19]). Our goal is to combine classical characteristic methods with multidimensional
corrections. These corrections are derived following a method suggested by one of the author (JMG) and
has led to [13,14] and [5] in the context of gas dynamics (later and independently Abgrall [1] has used
the same type of ideas). It consists of computing the exact solution to the wave equation associated to
piece-wise constant initial data on a given mesh.

The outline of this article is as follows. In Section 1, we recall what cell-centered finite volumes are
and fix our notations. In Section 2, we give the theory for the derivation of multidimensional corrections
(the details of the effective computations are given in [2]) for first order and higher order methods. In
Section 3, we describe the derivation of different boundary conditions.

Some partial results, with numerical results on simple test cases, have been announced in [3].

1. Cdl-centered finite volume methods for Maxwell equations

The corrections we derive are specifically designed for cell-centered finite volume schemes, for which
all the variables are discretized at the same location. It is necessary to introduce here the schemes we de:
with, although they are not new, especially to describe notations which are also used in the expressions
for the corrections.

1.1. Formulations for Maxwell equations

In their initial formulation Maxwell equations read

oD .
— —curlH =—j,
ot

B
{ — 4+ curlE =0,
ot
divD =p,
divB =0,
together with the constitutive laws
D=¢E, B=uH.

We are interested in the special case of vanishing charge and current densitiessi0eandj = 0. To
design the method we use Maxwell equations in terms of varidblaad B only, namely:

oD
— —curl(B =0,
a7 (B/w)

oB
o7 +curl(D/g) =0.
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SettingU ='(D, B) the conservative formulation for this system reads

aUu .
E +divAU =0, (1.2)

whereA is given in the next subsection. Physical boundary conditions will however be given in Section 3
in terms of variable¥ andH .

1.1.1. TE and TM modes

As we restrict the study to a two-dimensional space, we may decouple some of the variables. For
instance if the space variabteplays no role, the TEmode only deals with variable§D,, D,, B;)
and the TM mode only with variablegD,, B,, B,). Since passing from one mode to another (in
absence of charge current) is straightforward we restrict the study to thende and therefore we
takeU ='(D,, Dy, B,) and2/ + divAU = 0 whereA = (A,, A,) and

0O 0 O 0 0 —1/u
sz(o 0 ],/M), Ay=< O 0 0 )
0 1/ O ~1/e 0 0

1.1.2. Finite volume formulation

Given a space decompositiéh that consists of polygonal cells;, we integrate Eq. (1.1) over one
of these cells. We compute the evolutionldf which is an approximate (mean) valuefon C;. This
reads

du;
|C[|d—t:—Z/AU-ndo:—Z¢PU, (1.2)
J Cij J

where the summation involves indicgselative to the cell<”; that have a common interface (edgg)
with C;, and whergC;| denotes the area @f; andr is the outgoing unit normal vector ¥G; pointing
into C;.

We notice tha;; = |C;;|AU - n;;, wheren;; denotes the outgoing unit normal vectordp across
C;; and |C;;| is the length of edger;; and AU is the mean value oAU on the interface. We set
AU, n)=n-VyAU that does not depend dhwhen dealing with linear Maxwell equations. Therefore
we will write A(rn) = A(U, n) in the sequel and;; = |C;;|A(n;;)U.

The definition of the finite volume method is only determined by the approximation that is chosen for
®;;, i.e., the approximatiod (n;;)U of A(n;;)U on the interface.

1.2. Cell-centered methods

1.2.1. Steger—-Warming decomposition

The Steger—Warming decomposition [23] consists of splitting the wave according to the different
characteristics. The eigenvalues of matfign) are +c, wherec = (eu) %2, and 0. We rewrite matrix
A(n) asA(n) = PA(n) P~ whereA(n) is a diagonal matrix the elements of which are the eigenvalues
of A(n). Then the splitting readsi(n) = A*(n) + A~ (n) with A*(n) = PA*(m)P~ and A+ (n)
(respectively A~ (n)) only contains the eigenvalue (respectively—c). To reduce notations we set
Z =./uje andY = Z~1 = \/e/uu. Once the calculations are made, one finds that

1
A*(n) = E(A(n) +|Al(n)). (1.3)
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0 0 -nyY —c 0
A(n)=c( 0 0 n.Y ) and A(n)=< 0 O
—nyZ n.Z 0 0 O

C)
The change of basis is given by

n,Y n, —n,Y 1{ My Z -—-nZ 1
P=<—an ny n.Y ) P_lzé( 2n, 2n, 0),

o o

1 0 1 -n,Z n,Z 1
and therefore the “directional” matrices read
. c :I:ng Fnun, —n,Y
AT(m) = 3 | Freny +n2  nY |,
-n,Z nZ +1
and
n§ —nyny, 0
|Alm)=c| —n,n, n2 O
0 0 1

Hence the Steger—-Warning fI@@W consists of choosing
AU = AT (m)U; + A~m)U ;. (1.4)

In this expressiorl7,- andﬁj are approximate values féf; andU ; which will be chosen below to ensure
a certain order to the numerical method. Expression (1.4) means that everything that goes out of the cell
may only depend on the value inside the cell and what enters the cell across a given edge only depend:
on the value in the neighboring cell. The corresponding Steger—Warming flux reads

o3, U;) = C;|(ATm)T; + A~m)U)) (1.5)

and

Z(ps"v U, U;)

1.2.2. First order method

The simplest choice is to taléi = U;, i.e., the value that is taken into account is the one at the
“center” of the cell. This leads to a first order approximation and is the classical upwind flux, which is a
generalization of the one-dimensional flux of Lax et al. [16].

1.2.3. Gradient reconstruction

In order to design higher order methods (next paragraph), we once more use a Steger—Warming flux
but it is not applied to the constant values in the cells anymore, but to evaluations of the value on each
side of the interfacel/;; andU ;;. This evaluation requires to construct a value for the gradient in each
cell C; and we denote it by U,;.

Given constant values in each cell, different reconstructions for the gradient may be thought of. We
describe here a method that is based on a Green formula and therefore close to flux calculations in finite
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volume schemes. It has the advantage of simplicity and applies to any type of mesh. Other reconstructions
may be found in the literature. They have been developed in the context of computational fluid dynamics
and only apply to triangles in order to define Galerkin basis functions. They are either based on a
reconstruction of the gradient at the nodes [9] or in the elements [11]. Their application to Maxwell
equations is discussed in [6-8,15]. In [20] it is shown that the finite volume gradient formulation gives
as good results as these more complicated formulations. The Green fofmWlEl dx = [, U - ndo
leads to the approximation

1 U +U

VU =Y ——LiC;jIny;,
Gl &2 sl

where the sum involves neighboring cellsGp

1.2.4. Higher order methods
For accuracy and stability reasons,Sescheme is used, which is given fgr<]0,1[ by &@;; =
‘piw(UU’ Ujl) and

1
U;=U;+ E{(l_ 28)(U; —U;) +2BVU, - G;G,},

1
Uji:Uj_E{(l_zﬂ)(Ui_Uj)+2,BVUj'GiGj},

whereG; is the barycenter of the cell;. This is an interpolation between two ways to complite: the
mean valudl;; =U ;; = (U; + U,)/2, and the half-upwind gradient calculation

1
Uy =Ui+3VU; GG,
1
Uji=U;~3VU; GG,

The B-scheme is proved to be a third order scheme for the specific ch?oit:% in the case of node
Galerkin gradient reconstructions (see [10]).

We may of course think of other schemes, for example in [4] is introdugke/ascheme that consists
of coupling theg-scheme with a relaxation of the definition faF given by Eq. (1.3)

1
A*(n) = E(A(") + y|Al(m)),

wherey € [0, 1], in order to control numerical diffusion. Since we add corrections, we do not consider
such schemes that follow another philosophy for correcting computed solutions.

1.3. Time discretization

In practice the finite volume formulation (1.2) is solved in time using an explicit scheme that has the
same order than the space method. This is based on the following approximation

d d
d—t/de_d—t/de|,=O=—ufi(U), (1.6)
C,‘ Ci
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where the notation?; (U) is only introduced to make simpler the description of the numerical schemes
below.

For the first order approximation, there is no need to use something more elaborate than the simplest
first order explicit scheme

n n At n
Ui+1=Ui |C| (U )

For the higher order approximation a third order Runge—Kutta method is typically implemented

v =U;.

U(l): (0)_L ( { 1)) ]=1.213
1 1 (4_ l)|Cl| 1 ’ y Ly Iy

Un+l U(3)

2. Multidimensional corrections

The corrections we introduce in this paper consist of giving an exact value for the time derivative
instead of the approximation (1.6). This exact value is easier to derive from the wave equation. Indeed, in
the case when there is no charge and charge current, each compobientsafiution to a wave equation.
Integrating this equation over a cél} and the time intervgl0, ¢], we obtain

;/de_d /de| /%(/U(d,S)dS)do. (2.1)

aC; 0

The evaluation of the first term in the right hand will be done using one of the classical methods
described in Section 1.2. To evaluate the second term, that we dendke, ye use the fact that we
know an exact solution to the wave equation, that is given by Kirchoff formulae. This explicit expression
has already been used in scientific computation. We may cite articles by Gilquin et al. [13,14] and the
Ph.D. Thesis of Chaira [5] in which an exact Riemann problem is solved using the above equations after
having linearized the equations of gas dynamics to obtain a wave equation. The calculations have howevel
to be reproduced for Maxwell equations since the solutions are not self-similar, a property extensively
used in the gas dynamics context.

2.1. Kirchoff formulae

Letu :R? x RT — R be solution to the wave equation
2

912
u(x,0) =ug(x), x e R?,
ur(x,0) =up(x), x € R2,

—u(x,t) — PAu(x, 1) = f(x,1), xe€R% t>0,
(2.2)
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The exact solution to the Cauchy problem (2.2) is given by Kirchoff formulae:
t
0
u(;t) = gF(-; Hxug+ F(;t)*xug+ / ds F(-;8) % (-, 5). (2.3)
0
In Eq. (2.3) the convolution is performed with respect to the space variadhel
1 H(*?—|x]?)

27 ¢ /c242 — |x|2
is the fundamental solution to the wave equation, wiéris the Heaviside function. Eq. (2.3) holds in
the sense of distributions.

F(x;t)=

2.2. Calculation of the correction
Proposition 1.

(i) For the first order model, let us define the set of neighboring edges to one specifig@dgécell
Ci: Nf={(j.D) | j #i, aC, N IC} # 4}, thenK; reads

K=o Y (W0 - W, mBlack.ac)

k(j.eNk

B C_:T Z Z A@mj)((Uo); — (Uo)i)Ta(3CF, 3C§-).

k (j,heNk

This correction does not change the conservativeness of the finite volume scheme.
(ii) For the second order model, let us define the set of neighboring cells to one specificGidafecell
Ci: MF={j | C; N3Ck # ¢}, thenK, reads

= ——Z Y (VU - mi Jo(dCF, C)) + —Z Y A(VU0),A(3C C)).

]EMk jGMk

Each component of the vectdf is solution to a wave Eq. (2.2). If we s#'(x, 1) = jO(U(x s) —
U;(x,0)) ds that is defined on the whole spad¥&/ is also solution to a wave equation Wheuéo 0,
W’ =Uq — (Up); (WhereU,(-,0) = (Uy);), f' = U;. The variableW' is used instead olU for
computing the correctiolK ;. The time integration makes it more regular and subtractingonsists
of studying fluctuations of the variable and not its value. The corredipnow reads

t

Ki=cz/i<fU(a,s)ds)do=c2fiW[(o,t)dcr.
on on

aC; 0 aC;

Then calculations will differ according to the fact that we have reconstructed a gradient (second or
third order scheme) or not (first order scheme) in the treatment of the first term in Eq. (2.1). In the first
order casel/, is a Dirac function supported by the edges of the mesh. In the higher ordelcasas a
reconstructed constant value on each cell.
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In the sequel indices for normal vectors and integration variables specify the triangulation element we
refer to, which is crucial for determining signs. According to (11I},= —divAU, — (Uyp);) and we
compute for each indeithe correction

K, = 02/V<F(';1)*(U0—(Uo)i)+/dSF('§S)*U1>(Ui)'nid0i
0

aC;

t
= CZ/(F(-;t)*V(Uo— (Vo)) +v/ ds F(-;s)*Ul> (0;) - n; doy,
aC; 0

where we notice tha¥ (Uy — (Ug);) andU; have the same “regularity”.

In order to be able to write convolutions properly, we introduce the notaioen r) for the kernel
Vfé ds F(x; s). We compute this kernel in terms 6f(x; ¢). Letus sekk = (x, y),r = |x|. ForO< r < ct

a
Gl = (;‘jj) gr31),

t
1 1 1 ct
i) = ds = Argch( — |,
g(r ) 27'[6'/«/6'252—7‘2 g 27TC2 g (}’)

r/c

0 t 1 t
—8(r;t) =— =——F(x;1),
Brg(r ) 2mre \/c2t2 — 2 r (3 1)
t
G(x:1) = —— F(x:1).
lx|2

This equality also holds true f¢x| > ct. Thus

K, = 62/(F('; 1) *V(Uo— (Ug);) + G(-; 1) x U1)(0;) - n; do;. (2.4)
aC;

2.2.1. First order case
Exact value for the correction. In this case we have to get rid of all derivatives in frontgf since they
are not defined in a classical way. In the first place we have

(F(;0xV(Uo— (Uo)i))(00)

S / F(o; — y: )V (Uo(y) — (Uo);) dy

j/CjETCj
== Z ((UO)j_(UO)i)/F(Gi_Uj;t)njde.
j/CjET 3Cj

We notice thath (Ug — (Uy);) belongs taR? and use in what follows the fact that for two vectars,
andp, which take their values iR?, the following relation holdsf a(V - ) = — [(V ® «)B. Therefore
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(G(:0) % Us) (o) = —1 f DL P =y U () dy

yeR?
g, —y .
=t / WF(Gi -yt d|Vy(A(UO(.Y) - (Uo)i)) dy
yeR? l
. g; —
=—t ) /d|Vy®<fy2F(O’i -y t)>A(U0(y)_(UO)i)dy
jiCer loi — |
O; —O’j
=—t Z nj®ﬁF(O—i_O—j;t)dO—j A((Uo)j_(UO)i)-
JICieT Ny loi = o

Hence collecting the two terms in (2.4)

K;

_c2 Z / dOdei[((Uo)j—(UQ)i)F(O’i—O'j;l)nj
i1Ci€Tye;xac;
0, —0j

———F(oi —0j; f)>A((Uo)j - (UO)i)i| ‘1,

t .
" <nj ® lo; — o |?
= —c? Z / dO’dez‘[((Uo)j—(Uo)i)F(Ui—O“j;f)nj'ni
i1Ci€Tye xac;
0 —0j
+inj - A((Uo); — WUo)i)| ———5F(0i —0j;0) - m;
loi — o]
= —c? Z / do; do,-[((Uo),- — (Uo)i)F(o; —0j;0n; - m;
i1€i€Tye xac;
9

o; —
+1tA(mn;)((Uo); — Uo):) (7

loi — o |?

F(oi—oj;t)-ni>i|. (25)

Reduction. We first notice that ifj =i then the factor(Uo); — (Uo);) is zero. Besides, we split the
integral in the expression & over Cartesian products of segments, and if we denot&hyne specific
edge ofC;, then the quantity¥ (o; — o;; t) will be zero for all the edgeacj that have no intersection

with aC* (see Fig. 1), under a reasonable CFL condition. Moreover we may add one computational
restriction, which leads to easier implementations.

Hypothesis 1. We only consider edges of cefls that are neighboringC;.

This hypothesis leads to take into account the same neighbors as for the finite volume method and to
easier implementations.

Elementary contributions. Considering Hypothesis 1 or not we have
SUpfdac;) C SUPASE) U SUpfde ) U SUPSEr)
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)%Ct aC!

C;

Fig. 1. Influence over a time

Table 1
o 0(E=E) General case Flat
To L — 2ct ctn — o] ct
| sina|
1+ cosa
e 0 Tt 0
2 |sina|

where E is the edge through which we compute the flux. Both other ediesnd E”, have a point
intersection withE. As we split the integral in the expression Kf over Cartesian products of such
segments, we notice that quantiti@®/o); — (Uo);)n; - n; andA(n;)((Uo); — (Uo);) are constant and
we only have to compute two types of elementary contributions

H(c*? — o —o'?)

Io = do do’,
/22 _ o — o2
ExE'
H(czt —0'Y (0 —0') -ng
/ | do do”’.
/|2 /Cztz |6 |2
ExE'

We may notice easily that these integrals are invariant under rotations and translafmsnideed
they only involve Euclidean distances. Therefore the computation of the two above integrals only depend
on the length of the edges and E’ and of the anglex between them. Besides the CFL condition will
imply that onlyZ, in the case wheilt = E’ will depend on the length of denoted by.

The computations are very tedious and details may be found in [2]. The results are however rather
simple, namely, see Table 1, where the flat angle case is thedimitz of the general case. These
results are valid under the CFL-like condition

ct < m|n|sma| min . (2.6)
¢ adjacent tax

Approximate values for the correctionWe define three sets of indices for neighboring edges (which
are represented in Fig. 2), namely
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Fig. 2. Neighbor setsV¥, N* andN¥. The reference edgiC¥ is represented with a bold line, edges belonging to the different
sets are represented by dotted lines.

Nf={(j.D]j#i. 9C,NaCt #0},
N} ={(, D e Nf |dm(C;nC) =1},
Nf = {U.neNfIC ne=act).

The definition oflVl." and IVI." are two different ways to take into account Hypothesis 1 whereas choosing
N} does not lead to any approximation, according to Fig. 1. Of course the reMfionN* > N/ holds
true. Besideg N/} = 7 andgN* = 1. Coming back to Eq. (2.5) we obtain

Ki=-2) ) / [((Uo>,~—(Uo)i)F<a,»—aj;n(n,--ni)

. k
ko Gben, dCkxaC

+ 1AM ) ((Uo); — (U@J(ﬂnm — i) n)] do; do;

loi — 012
= 2T Y (W, W), mmfackic)
k- (j.eNk
_ % Z Z A@n;j)((Uo); — (Uo)i)T2(9CF, 3CY). @)
k- (j,heNk

If Hypothesis 1 holds truey* has simply to be replaced tﬁi" or ﬁi" in all the above expressions. In the
special case of boundary elements, we perform exactly the same reconstructigrhéuing previously
determined an "external data” which is the subject of Section 3.

Conservation. The fact thawp;; = —@ j; is called the conservation property for a finite volume scheme.
This property holds for the first and higher order schemes discussed in Section 1. We may ask whether this
property still holds if we use our corrections. The correctibrmay be written a¥; = — Z,- («b?j + «bb)

where

@] = %Z Y (o) — Wo)i) ;- n)To(dCE, 0CY),

k 1/(j.hent

o} Z%Z Y A@)(Wo); — W) Ta(dCk, 9C).

ko 17(j,heNk
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We notice that we have the “symmetry” properties

(j,) € Nf & (i,k) e N',

(j,)eN} & (i,k)eN],

(j.D) e Nf <= (i.k) e N.
Besides it is clear thak(C}, dC") = Io(dC}, 9Cf) and therefora, = —@9,. If we choose neighbors
in N* then the sum only mvolves one term addn;) = —A(n;). Thereforedﬁ1 = —@7,. For the

other choices the expressions Br(dC¥, 8C’) are quite involved and we do not expect to have the

conservation property. This may be one reason to choose the approxmétatﬂnough it is approximate
in contrast withN*.

2.2.2. Higher order case

Exact value for the correction. Once more we first give an expression for the two terms in Eq. (2.4). We
may now use a value fdv; and the first derivatives df o that is constant on each cell. The computations
are less tricky in this case:

(FC(;0%xV(Uo— (Uo)i))(00)

= > /F(of—y;t)VUo(y)dy= > (VUo),-/F(of—y;t)dy,

j/Cje’TCj j/1CieT C
(Ga:t)xUy)(o)=—t Y_ A(VUO),/| F(cr, y; 1) dy.
Jj/C;eT
Therefore
2 ) (0i—y)-n )
=c Z dy do; (VUO)j‘niF(Ui_y,t)_tA(VUO)/|—F(Uz yin)|.
i1€i€Tyc/xc; o
(2.8)
Reduction. In this contextj = i does not lead to zero contributions. Nevertheless the quantity

F(o; — y; 1) will be zero for all the cellC’. that have no intersection withC* (see Fig. 1). Now a
computational restriction might be:

Hypothesis 2. We only treat cell€”; that are neighboringC;, including C;.
Under this condition, given an edg€*, only one cell is taken into account.
Elementary contributions. The first order case, considering or not Hypothesis 1, leads to the

computation of two types of contributions concerning two edges. Considering Hypothesis 2 or not will
lead to different calculations.
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Indeed in the case Hypothesis 2 holds true, the @difealways belongs to the cell; whereas without
this hypothesispC* and C; may only have a point-wise intersection. This configuration is shown on
Fig. 3 and obviously

Ty =(TF =T~ (JF =T =Tf -T2 p=0.1

In the case wheg and/ora are greater tham, we replace7,’,8 (respectively7 ) by Ty - (respectively
J,~*) in the above expression. This may also easily be generalized to the case when many cells insert
betweenE andC.

As in the first order case, we only have to compute two types of elementary contributions

H(c%? — o — y|?
T = ( lo — y )da dy.
2 —lo — yP?

ExC
H(2 =0 —y|®)(c —y)-n
T = (c IZG 2y2| ) (o y)2 E 4o dy.
e lo — yley/cote — o — |

The detail of the calculations may be once more found in [2], leading to results in Table 2,avhere

if @ > 0 anda™ = 0 otherwise. To derive these results we have to suppose in addition to condition (2.6)

thatcr < % min/, which is not a restriction if at least one of the angles in the mesh is smaller than 30
We notice that in the point-wise intersection case, the contribution of anglencels as well as terms

2t and—2f in Jp and. 71, respectively.

Approximate values for the correctionWe define new index sets that determine which cells have to be
taken into account once an ed@€! is fixed.

Fig. 3. Point-wise intersection case.

Table 2
a General case Flat
mlet T 9 of(T + le] mlet w2 22
T ot ((F ) —eoany) Tt
nl ct ct 24
—— 4+ —+ —(n - cotan -
J1 >+t 2(n o) ot >
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Mf = {j1C;nack #0),
M} = {jeM! |dimcC;nC) =1},
Mf = {jeM!|C;nCi>ack).

These sets also have symmetry properties, for example
3k|jeM < 3l|j M,

We may now specify the nonzero contributions in the expression (2.&),fd¥first dropping Hypothesis 2

Ki — ZZZ f dyd0’i|:(VUO)j-niF(O’i—y;l)—lA(VUo)j%F(ol y;t):|
feM:ackxc
= ‘—Z > (VU0 - miJo(0CF, C;) + 5 L3S Y AU, A(0CE €5). (2.9)
]EMk k jGMk

As in the first order case, Hypothesis 2 consists of replasffidy M or M* in (2.9).

Conservation In this context, even in the simplest case (choicelﬁf}‘f for neighboring cells), the
computation ofZy takes into account much of the geometry of the neighboring cells. For example
Zo(dC}, C)) involves anglesx anda’ (see Fig. 3) which belong t@;. In the same wayZo(dC}, C;)
involves angles irC;. Therefore no conservation is to be expected.

2.3. Time discretization

Taking into account the corrections, the semi-discretized finite volume scheme reads

=-uS(O) - W) (1) — v U) @),

where the relation with above used notations{8V(U) = > <1>SW(U,, Uy, w2U)(1) ==Y, P,
and¥r(U)(t) = Z tbu, using similar notations as in Eq. (1.6). In this expresdibnand U ; are
initial values. In the fII’St order caséf,l(U)(t) is linear with respect to time On the contrar)wi0 also
contains a constant term for- 0 and is zero for = 0. It is therefore discontinuous. A way to take this
into account is to introduce a paramefes [0, 1] that weights the correction or at least its constant part.
Separating now the constant and linear parts,

=—vNWU) - v WU) - 1w ),
may be discretized as
At 0 At Ar?
U?—H' — U? _ _q/iSW(Un) _ —lpiC(Un) _ lI/iL (Un).
|G ICil 2G|

Paramete# has to be chosen relatively small in order to avoid extra dissipation (see [3]). The higher order
case may be treated in the same way using a Runge—Kutta method. In this case there are no constant tern
or discontinuities to deal with.



B. Bidégaray, J.-M. Ghidaglia / Applied Numerical Mathematics 44 (2003) 281-298 295

3. Boundary conditions

All the above study has been performed taking into account no boundary. Since the computational
domain has to be bounded by physical or artificial boundaries we have to treat this case. The finite
velocity of solutions together with the CFL condition (2.6) tell us that we only have to treat the case
of boundary cells, the other cells behaving like cells in the whole space. Moreover, we do want to treat
the boundary cells as the inner cells for implementation reasons. Therefore to treat different boundary
conditions properly, we denote by the fictitious cell that is symmetric to the boundary cEllwith
respect to the boundary, and want to define at each time step al¥alae this fictitious cell in terms of
UX. This is useful only in two cases: the case of a reduced number of neighboring cells (Hypotheses 1
and 2) and if the mesh consists of quadrangles.

In this section results will be expressed in terms of the outgoing unit normal vector to the domain
n = (n,,n,,0) and the left eigenvectord_., lo,l.) (respectively the right eigenvectors_., ro, ))
which, up to some normalization, are the linesPof! (respectively the columns df) (see Section 1.2.1).

3.1. Absorbing conditions

There are some perfectly absorbing boundary conditions but these conditions are nonlocal and
therefore difficult to implement exactly. We nonetheless know local conditions that approximate in a
reasonable way these exact conditions for Maxwell equations (see [12]). Here we use the first order
Silver—Muller absorbing condition:

n/\Ebz—\/gn/\(n/\Hb), (3.1)

where E” and H” are respectively the values & and H on the boundary. In order that interference
reflections do not interact with the diffracting object, it is sufficient to set the fictitious domain boundary
at least two wavelengths away from the object. This restriction is quite stringent for 3D simulations but
quite tractable in 2D.

In terms of the variabl@&”?, condition (3.1) readé_.(n) - U = 0. For the first order Steger—Warming
decomposition, such a conclusion is sufficient and the numerical flux across the boundary is simply
taken asA(n)U = I.(n) - UXr.(n). For higher order methods and for our correction we need the full
value of U and two more conditions are needed. They are numerical conditions: the computation within
the domain (inK) yields the two missing information. The characteristic boundary condition method
consists of taking these information along in-going (or possibly flat) characteristics.

lo(n) - U =lo(n) - U,

I.(n)- AU’ =1,(n)- Am)UX.
The first numerical condition is chosen in this way because the more natural oggtajorA(n)U is
identically zero. The three conditions give a unique valuelfor

Uf = (A4 n2)UE +non,Uf —n,vUS),

Ul = %(nxnyUlK + (1+n2)US +n,YUY),
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1
Ut = E(—nyZUlK +n,ZUS +UY),
which may be summarized as
1
U'=UX + “A~(m)UX.
C
As we stressed above, we are interested in the value on the fictitious exterior cell and not in the value on
the boundary. The characteristics method implies that we look fosuch that

I_o(n)- AmU® =1_.(n) - A(n)U*,
lo(n) -U" =lg(n) - U*,
I.(n) - AU’ =1.(n) - A(n)UX.

The third equation does not invol&”, and this is expected since the characteristics method does not
use this component di~. To close the system, we choadsén) - A(n)U” =1.(n) - A(n)U*. Thus we
have

Ut =lo(n) - UNro(n) +1c(n) - UXro(n) = U, (3.2)
3.2. Incident field condition
We want the incoming field to be the incident fidid'® on the boundary. The natural condition is

I_.(n)-U"=1_.(n)-U™. (3.3)

Besides we add the same two numerical conditions as for absorbing boundary conditions and the relation
U’ = U’ always holds. Therefore

Ui = %((1+ n2)Uf +n2U3° + nn, (UF — UY®) —n,Y (UF — UY9)),
Us = %(nxny(UlK —UP) + (L+n2)UF +n2U)° + n, Y (US — UY9)), (3.4
Uk = S (-n, Z(UF — UP) + 0. Z(UF — UF9) + (UF +UF))

3.3. Perfectly conducting surface

The perfectly conducting surface condition is:
nAE’=0. (3.5)
We add the same two numerical conditions as for the previous conditions as well as the relation
U = U’. Therefore
UL =n2U0K +nn,UX,
Uy =nen,Uf +n3U5, (3.6)
Uy =—n,ZUf +n, ZUf + U¥.
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4. Conclusion

We have been able to develop multidimensional corrections to finite volume schemes and to
give their explicit value in terms of simple functions which is of importance in view of the
numerical implementation compared to the double or triple integrals in their initial formulation. The
multidimensional approach takes into account the structure of the equations more than MUSCL (van Leer
[24]) approach does. We think that this will lead to more physical solutions when real complex test cases
will be run.

These results are of course a first step towards a study which would include charge and current
densities, and more complex media. Future developments for this study first include the generalization
to heterogeneous media in order to treat aircraft coatings for example. In this context each component of
the field is not a solution to a wave equation with uniform light velocity, therefore an extension of our
method has to be derived. A careful study of which material constaautsl .« have to be considered has
to be performed as in the case of the finite volume schemes [20].

The generalization to three-dimensional Maxwell equations may also be addressed but all computation
for the corrections have to be reproduced since the kdrnafl the three-dimensional wave equation is
different.
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